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Proximal normal structure and
relatively nonexpansive mappings

by

A. ANTHONY ELDRED (Chennai), W. A. KIrRK (Iowa City, IA)
and P. VEERAMANI (Chennai)

Abstract. The notion of proximal normal structure is introduced and used to study
mappings that are “relatively nonexpansive” in the sense that they are defined on the
union of two subsets A and B of a Banach space X and satisfy ||Tz — Ty| < ||z — y||
for all z € A, y € B. It is shown that if A and B are weakly compact and convex, and
if the pair (A, B) has proximal normal structure, then a relatively nonexpansive mapping
T:AUB — AU B satistying (i) T(A) C B and T(B) C A, has a proximal point in the
sense that there exists xo € AU B such that ||zg — Tzo|| = dist(A4, B). If in addition the
norm of X is strictly convex, and if (i) is replaced with (i)’ T(A) C A and T(B) C B,
then the conclusion is that there exist zop € A and yo € B such that xg and yo are fixed
points of T" and ||xo — yo|| = dist(A, B). Because every bounded closed convex pair in a
uniformly convex Banach space has proximal normal structure, these results hold in all
uniformly convex spaces. A Krasnosel’skil type iteration method for approximating the
fixed points of relatively nonexpansive mappings is also given, and some related Hilbert
space results are discussed.

1. Introduction. Let X be a normed linear space and D C X. Recall
that a mapping 7' : D — D is nonexpansive if ||[Tx — Ty|| < ||z — y|| for all
x,y € D. In this paper we consider mappings that are “relatively nonexpan-
sive” in the sense that they are defined on the union of two subsets A and
B of X and satisfy ||Tz —Ty| < |z —y| for all z € A, y € B. We introduce
the notion of “proximal normal structure”, and we show that if A and B
are weakly compact and convex, and the pair (A, B) has proximal normal
structure, then every relatively nonexpansive mapping T': AUB — AUB
for which T'(A) C B and T(B) C A has a best proximity point. This means
that there exists x € AUB such that ||x —Tz| = dist(A, B). As a companion
result we show that if, in addition, the norm of X is strictly convex, then the
assumptions T'(A) C A and T(B) C B imply the existence of g € A and
Yo € B such that zo and yo are fixed points of T" and ||xg —yo|| = dist(4, B).
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Strict convexity is essential for the second result. The significance of these
two results lies in the fact that the “relative nonexpansive” assumption is
much weaker than the assumption that 7" is nonexpansive; in fact, it does
not even imply continuity of 7. Also, in contrast to the results of [5] where
the contractive conditions on the mappings force A and B to intersect, the
interesting case here is when A N B = (). In the event that AN B # () then
the restriction of T to AN B is nonexpansive, and our first result yields the
fixed point theorem of Kirk [3] as a special case.

A Krasnosel’skil type iteration method for approximating the fixed points
of relatively nonexpansive mappings is also given, and in Section 3 some re-
lated Hilbert space results are discussed.

To describe our results we need some definitions and notation. We shall
say that a pair (A, B) of sets in a Banach space satisfies a property if each
of the sets A and B has that property. Thus (A, B) is said to be convex if
both A and B are convex; (A,B) C (C,D) & A C C and B C D, etc. We
shall also adopt the notation

0(A,B) =sup{|lr —y|| : z € A, y € B};
o(z, A) = sup{|jz =y 1 y € A};
dist(A, B) = inf{[|z —y|| : € A, y € B}.

DEFINITION 1.1. A pair (A, B) of subsets of a normed linear space is said
to be a prozimal pair if for each (x,y) € A x B there exists (z/,y') € Ax B
such that
lz =yl = |2 — y|| = dist(A, B).

DEFINITION 1.2. A convex pair (K7, K3) in a Banach space is said to
have proxzimal normal structure if for any closed, bounded, convex proxi-
mal pair (Hy, Hy) C (K3, K3) for which dist(H, Hz) = dist(K7, K2) and
0(Hy, Hy) > dist(Hy, Hy), there exists (z1,x2) € Hy X Hs such that

5($1,H2) < 5(H1,H2), 5($2,H1) < 5(H1,H2).

Notice that the pair (K, K) has proximal normal structure if and only if
K has normal structure in the sense of Brodskii and Milman (cf. [3] and [1]).
This can be seen by taking K1 = Ky and H; = Hs in Definition 1.2, and
observing that §(Hy, Hy) = diam(Hy) and dist(Hy, Hy) = 0. If §(z1, Hy) <
0(Hy, Hy) then z is a nondiametral point of H;.

2. Main results. We will show below that every convex pair in a uni-
formly convex Banach space has proximal normal structure, as do compact
convex pairs in an arbitrary Banach space. First, however, we turn to our
applications.
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THEOREM 2.1. Let (A, B) be a nonempty, weakly compact convex pair
in a Banach space, and suppose (A, B) has proximal normal structure. Let
T: AUB — AU B satisfy

(i) T(A) € B and T(B) C A4;

(ii) |Tz — Ty|| < ||l — y|| forx € A, y € B.

Then there exists (z,y) € Ax B such that ||x—Tz| = |ly—Ty|| = dist(4, B).

We also have the following fixed point result for relatively nonexpansive
mappings. This requires the added assumption of strict convexity on the
underlying space.

THEOREM 2.2. Let (A, B) be a nonempty, weakly compact convex pair
in a strictly convex Banach space, and suppose (A, B) has proximal normal
structure. Suppose T : AU B — AU B satisfies

(i) T(A) € A and T(B) C B;

(ii) [Tz = Ty|| < |z — y|| forz € A, y € B.

Then there exist xg € A and yo € B such that
Txo =xz9, Tyo=1yo, and |xo—yo| = dist(A,B).

Before proving the theorems, we introduce some more notation. Let A
and B be subsets of a normed linear space X. The pair (z,y) € A x B is
said to be prozimal in (A, B) if ||z — y|| = dist(A, B). We use (A, By) to
denote the proximal pair obtained from (A, B) upon setting
Ag={z € A: |z —1y|| = dist(A, B) for some ¢ € B},

By ={y € B: |2’ —y|| = dist(4, B) for some 2’ € A}.

In particular, if the pair (A, B) is nonempty, weakly compact and convex,
so also is the pair (Ag, By), and moreover dist(Ag, By) = dist(A, B). For
details, see [4]. Also we use B(x;r) to denote the closed ball centered at
r € X with radius r > 0.

Proof of Theorem 2.1. The theorem is trivial (via the theorem of [3]) if
AN B # 0, so we assume dist(A, B) > 0. Let (Ao, By) be the proximal pair
associated with (A, B) as in (2.1). As we have just observed, Ay and By
are weakly compact and convex, and dist(Ag, By) = dist(A, B). Let x € A.
Then there exists z € By such that ||z — z|| = dist(A, B). Thus

|Tx — Tz| < ||z — z|| = dist(A, B).
This implies Tz € By; hence T'(Agp) C By. Similarly, T'(Bp) C Ap. Also
[Tz — Tyl < [lz —y| for x € Ao, y € Bo.

(2.1)

Clearly (Ayp, Bp) also has proximal normal structure. Now let I" denote the
collection of all nonempty subsets F' of AgU By for which F'N Ay and F'N By
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are nonempty, closed and convex,
T(FﬂAo)gFﬂBo, T(FﬂBo)gFﬂAo,

and dist(F'N Ao, F'N By) = dist(A, B). Since Ag U By € I', I' is nonempty.
Let {Fa}acs be a descending chain in I', and let Fy = (1), Fn. Then
FoN Ao =, (FaNAp), so FyNAg is nonempty, closed and convex. Similarly
Fy N By is nonempty, closed and convex. Also
T(FoﬂAD) C FyN By, T(FoﬂBD) C Fy N Ap.

To show that Fy € I' we only need to show that dist(Fy N Ag, Fo N By) =
dist(A, B). However, for each o € .J it is possible to select z,, € F, N Ag and
Yo € Fy N By such that

|a — Yol = dist(A, B).

It is also possible to choose weakly convergent subnets {z,} and {y. }
(with the same indices), say weak-limy z, = = and weak-lim, yo = v.
Then clearly x € FyN Ag and y € Fy N By. By weak lower semicontinuity of
the norm,
lz =yl < dist(A, B);
hence
dist(A4, B) < dist(Fy N Ao, Fy N By) < ||z — y|| < dist(A, B).
Since every chain in I" is bounded below by a member of I', Zorn’s

lemma implies that I" has a minimal element, say K. Let K1 = K N Ay and
K5 = K N By. Observe that if

(5(K1, KQ) = diSt(Kl, KQ),
then ||z — Tx| = dist(K, K2) = dist(A, B) for any x € Kj, and we are
finished. So we may suppose that
(S(Kl, KQ) > diSt(Kl, KQ).
We complete the proof by showing that this leads to a contradiction.
Since K is minimal it follows that (K7, K2) is a proximal pair in (Ag, Bp).

By proximal normal structure there exist (y1,y2) € K1 x Ko and g € (0,1)
such that

0(y1, K2) < BO(K1, K2),  0(y2, K1) < B(K1, K3).
Since (K71, K») is a proximal pair there exists (y},v5) € K1 x K such that
lyr = wall = lly2 — w1l = dist(Ky, K).
So for any z € Ko,

/
|

Y1 — 2 Yy — 2

2 2
< ﬁ(S(Kl, KQ)/Q + (S(Kl, KQ)/Q = ad(Kl,Kg),

g
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where a = (1+)/2 € (0,1). Let 1 = (y1 +v})/2 and similarly zo =
(y2 +3)/2. Then

0(x1,K9) < ad(Ky,K2), d(x2, K1) < ad(Ky, Ka),
and ||x1 — x2|| = dist(K7, K2). Define
Ly ={x € Ky :d(x,K2) < ad(K1,Ks)},
Ly ={y € Ks:4(y,K1) < ad(K1, K2)}.

Then L; is a nonempty closed convex subset of K;, i = 1,2, and since x1 € L
and zo € LQ, diSt(Ll, LQ) = diSt(Kl, KQ) (: dlSt(A,B))

Now let x € L1, z € Ko. Then ||Tx —Tz|| < ||z — z|| < ad(K1, K2). This
implies

T(K3) C B(Tz;ad (K1, K2)) N Ky = K{

Clearly K] is closed and convex. Also, if y € K> satisfies ||z —y|| = dist(4, B)
then ||Tx —Ty| = dist(K1, K2). Since Ty € K7, we conclude dist(K], K2) =
dist(A, B). Therefore K{ U Ky € I', and by minimality of K it must be the
case that K| = Kj; hence K1 C B(Tx;ad(K1,K2)) and since z € Ly
was arbitrary this proves T(Li) C Ls. Similarly T'(La) C L;. Therefore
LiULy € I'. But §(L1, L2) < ad(K7, K2), and this contradicts the minimal-
ity of K. m

Proof of Theorem 2.2. Let (Ap, Bp) be the proximal pair associated with
(A, B) and choose z € Ap. Then there exists z € By such that ||z — z|| =
dist(A, B), and moreover |Tx — Tz|| = dist(A, B). Thus T : Ay — Ap.
Similarly T' : By — By. Now let I' denote the collection of all nonempty
subsets F' of AgU By for which F'N Ag and F N By are nonempty, closed and
convex,

T(FﬁAo)gFﬂAo, T(FﬂBo)gFﬁBo,

and dist(F' N Ag, F N By) = dist(A, B). Since Ag U By € I', I' is nonempty.
Proceed as in the proof of Theorem 2.1 to show that I' has a minimal
element K. Let K1 = K N Ay and Ky = K N By. First, suppose one of the
sets is a singleton, say K1 = {x}. Then Tx = z, and if y is the unique point
of Ky for which ||z — y|| = dist(K7, K2) it must be the case that Ty = y.
Since ||y — z|| = dist(A, B), we are finished. So we may suppose both K;
and K5 have positive diameter, and because the space is strictly convex this
in turn implies that
(5(K1, KQ) > diSt(Kl, KQ).

We complete the proof by showing that this leads to a contradiction.
Since (A, Bp) has proximal normal structure, we may define Ly and Lo
as in the proof of Theorem 2.1. Choose z € Lq. For any z € K>,

Tz —Tz| < ||z — z]| < @d(K1, K>),
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and this implies
T(KQ) - B(T.%', 0((5(K1, KQ)) N K.

By minimality of K it follows that Ky C B(Tx;ad(K;, K2)), and this in
turn implies 0(Tx, K2) < ad(Ki, K2). Therefore T(Ly) C L;. Similarly
T(L2) C Lg. Since Ly and Lo are, respectively, nonempty closed convex
subsets of Kj and Kb, and since §(Li, L2) < ad(K;, Kg) for a < 1, this
contradicts the minimality of K. m

REMARK. The strict convexity assumption is essential in Theorem 2.2.
To see this, it suffices to consider compact convex sets A and B in /4, that
have the property that ||z—y| = d > 0for x € Aandy € B. Then (A, B) has
proximal normal structure (vacuously). Any (even discontinuous) mapping
T:AUB — AUB with T(A) C A and T'(B) C B satisfies the assumptions
of Theorem 2.2, but in general such a mapping need not have fixed points.

Now let X be a uniformly convex Banach space with modulus of con-
vexity d. Then §(g) > 0 for € > 0. Moreover, if z,y,p € X, R > 0, and
r € [0,2R], we have

|z —pl| <R N
ly —pll <R :HxTy—pHSO—é(%))R.
|z =yl >r

It is well known that all uniformly convex Banach spaces have normal struc-
ture. They in fact have proximal normal structure.

PROPOSITION 2.1. Every bounded closed convex pair in a uniformly con-
vex Banach space X has proximal normal structure.

Proof. Let (Hy, Ha) be a bounded closed convex proximal pair in X, and
suppose 6(H1, Hy) > dist(Hy, Hz). Choose z,y € H; with « # y. Then if
Z,y € Ho satisfy

H.%' - 5” = Hy - gH - diSt(Hlv H2)7
it follows (by strict convexity) that = # y, and
r+y T4y
2 2

H = diSt(Hl, HQ).

Take ¢ = min{||z — y||, ||z — y||}. For any z; € Hs,
|z = z1]] < 6(Hy, Ha),  [ly — 21|l < 0(Hy, Hy).
Then if « =1 —0(e/5(H1, H2)) we have
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Similarly if zo € Hy then
T4y
2

— z2 S O[(;(Hl,HQ)

and the result follows. =

COROLLARY 2.1. Let (A, B) be a nonempty bounded closed convex pair
i a uniformly convexr Banach space. Let T : AUB — AU B satisfy

(i) T(A) € B and T(B) C A;

(i) | Te — Tyl < |~ yll forz € A, y € B.
Then there exists (x,y) € Ax B such that ||x—Tx| = ||y—Ty|| = dist(A4, B).

COROLLARY 2.2. Let (A, B) be a nonempty bounded closed convex pair
i a uniformly convexr Banach space. Let T : AUB — AU B satisfy

(i)) T(A) C A and T(B) C B;

(ii) [Tz = Ty|| < |lx — y|| forz € A, y € B.
Then there exist x € A and y € B such that Tx = x, Ty =y, and ||z —y|| =
dist(A, B).

Next we show that Krasnosel’skii’s iteration process (cf. [6]) yields a
convergence result if X is uniformly convex. In this theorem Ag is the set
in the proximal pair (Ao, By) associated with the pair (A, B) as described
above.

THEOREM 2.3. Let A and B be nonempty bounded closed convex subsets
of a uniformly convex Banach space and supposeT : AUB — AUB satisfies

(i) T(A) C A and T(B) C B;

(ii) |Tz — Ty|| < ||l — y|| forx € A, y € B.
Let xg € Ao, and define xp 1 = (2 +Txy)/2, n=1,2,.... Then

lim ||z, — Tz,|| = 0.
n

Moreover, if T(A) lies in a compact set, then {x,} converges to a fixed
point of T.

Proof. 1f dist(A,B) = 0, then Ag = By = AN B and the conclusion
follows from a well known theorem of Ishikawa [2] and the fact that T :
AN B — AN B is nonexpansive. So we assume dist(4, B) > 0. By Theo-
rem 2.2 there exists y € By such that Ty = y. Since

Ty + Tzp _y+TyH

lni = yll = | 2 5

<lan —yll/24 |Ten = Tyl/2 < [Jan -yl

{||zn—y||} is nonincreasing and lim,, ||z, —y|| = d > 0. Suppose there exists a
subsequence {zy, } of {z,} and an € > 0 such that ||z, —Tx,, | > > 0 for
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all k. Since the modulus of convexity 0 of X is an increasing (and continuous)
function it is possible to choose £ > 0 so small that

<1—6<di£)>(d+£) <d.

Then if k is chosen so that ||z, —y|| < d+ &, we have the contradiction:

(s

This proves that lim, ||z, —Tx,|| = limy, ||z, —2n+1|| = 0. If T'(A) is compact
then {z,} has a subsequence {z,,} that converges to a point z € A. Also
{zn,+1} and {Txy, } converge to z. Let D = dist(A, B) and choose w € By
so that ||z — w|| = D. We now have ||z, —w| — ||z —w| = D, and by (ii),

Ty, + TTp,
2

ly — Zns1ll = Hy -

|20, — || > ||Zn,11 — Tw| — ||z — Tw],
so ||z — Tw|| = D. By strict convexity of the norm, Tw = w, and by (ii),

Tz = z because z is the unique point of A which is nearest to w. =

It is possible to give simple examples (even on the real line) to show that
the assumption xg € Ap is necessary in Theorem 2.3.

Finally, we have the following result, which illustrates that proximal
normal structure is similar to normal structure in another way.

PROPOSITION 2.2. Ewvery compact convex pair (Ki,Ks) in a Banach
space has proximal normal structure.

Proof. Let (Hj, H2) be any bounded closed convex proximal pair con-
tained in (K, K2) for which 6(H, He) > dist(H;, H2), and suppose §(z, Ha)
= §(Hy, Hy) for each x € Hy. Let xg € Hi. Then there exists yg € Hz such
that ||zo — yo|| = d(H1, H2). Since (Hy, Hs) is a proximal pair there exists
x1 € Hy such that ||x1 — yo|| = dist(Hy, Hz). Therefore

|21 = zoll = |lzo — yoll — lz1 — woll = 6(Hx, Hz) — dist(Hy, Ha).
Choose y; € Hs so that ||(z1 + x0)/2 — y1|| = 6(Hy, Hz). This implies
21 = 1]l = [lzo — wull = 0(Hy, Ha).
Having chosen {z1,...,z,} in Hi, take y, € Hy so that
Tt T,
n

= §(Hy, H).

Yn

Now choose x, 41 € Hy so that ||zn4+1 — yn|| = dist(Hy, Hy). Having defined
the sequence {z,}, observe that since ||x; — y,|| = 6(H1, Hz) for all i =
1,...,n, we have

H$n+1 - $l” > ”xz - yn” - Hxn-i-l - yn” = 5(H1’H2) - diSt(HlvHQ)
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for i = 1,...,n. Since §(H;, Ha) — dist(Hy, Hz) > 0 this contradicts the
compactness of Hj. Therefore there exists x € Hj such that 0(x, Ha) <
0(Hq, Hy). Similarly there exists y € Hs such that 6(y, Hy) < 0(Hy, Hz). =

3. Hilbert spaces. We now examine the results of the previous section
in a Hilbert space setting. Suppose A is a nonempty closed convex subset of
a real Hilbert space X. For any x € X let Psx denote the unique point of
A for which

lx — Paz|| = dist(x, A).
It is well known that P4 is nonexpansive and characterized by the inequality
(3.1) (z — Ppx,Pax —xz) >0 forallz € X and z € A.
The next observation provides an example of a relatively nonexpansive map-
ping.

PRroPOSITION 3.1. Let A and B be two closed and convex subsets of a
Hilbert space X, and define P: AU B — AU B to be the restriction of Pg
on A and the restriction of P4y on B. Then P(A) C B, P(B) C A, and
|Pz — Py|| < ||z —yl|| forze A and y € B.

Proof. Suppose x € A and y € B. Then by (3.1),
(y — Ppx, Ppr —x) 20, (x— Pay,Pay —y) = 0.
Adding the above two terms, we have
(y — Ppx, Ppr — x) — (x — Pay,y — Pay) = 0.
Simple calculations yield
(y — Ppx,Ppx + Pay — (z +y)) + (y — @ + Pay — Ppx,y — Pay)
(y — x4+ Pay — Ppx, Ppx — x) + (v — Pay, Ppx + Pay — (x +y))
Adding again we have
(Pay + Ppz) — (z +y), (z +y) — (Ppx + Pay))
+ (y — x4+ Pay — Ppx,y — x + Pgx — Pay) > 0.

>0,
> 0.

Thus
(3:2) 1Psz — Payl® < |l = y|* = (x +y) — (Pay + Ppa)]?,
which implies |Pgz — Pay|| < ||z — y]|.

Now suppose T': AUB — AU B (A and B as above) satisfies T'(A) C A
and T'(B) C B, and suppose

(3.3) |Tx —Ty| < ||z —y| forze Aandye B.
Define U : AUB — AU B by setting
Ur=PgTzr ifxec A and Uy= PsTy ifye€ B.
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Then by Theorem 2.1 there exists 9 € Aoy such that ||xg — PgTxo| =
dist(A, B). Since ||zg — Ppxo|| = dist(A, B), (3.3) implies ||[T'zo — T Ppxol|
= dist(A, B). But this in turn implies | Txo — PpTz¢|| = dist(A, B). This
means that both xzg and Tzy are proximal points for PgT'zg, so by unique-
ness of proximal points, Tzg = xg.

Thus in a Hilbert space setting Theorem 2.2 follows directly from The-
orem 2.1. This does not appear to be true in general.

Similarly there is a more direct approach to Theorem 2.2 in a Hilbert
space setting. The mapping T of Theorem 2.2 need not be continuous on
AU B, although it is fairly easy to see that it is continuous if (A, B) is a
proximal pair. In a Hilbert space setting T is in fact nonexpansive on AU B
if (A, B) is a proximal pair.

PROPOSITION 3.2. Suppose A and B are bounded closed convex subsets
of a Hilbert space, and suppose A = Ag and B = By. Suppose T : AUB —
AU B satisfies

(i)) T(A) C A and T(B) C B;

(ii) [Tz = Ty|| < |lv — y|| forz € A, y € B.

Then T is nonexpansive on AU B.

Proof. Let u,v € A and let d = dist(A, B). Since | TPpu — Tu| <
|Ppu — ul|| it must be the case that

T(Pp(u)) = Pp(T(u)).
Also it is easy to see that the segment [u, Ppu] is orthogonal to [u,v]. (This
follows from the fact that u is the point on the line passing through u and

v which is nearest to Pgu.) Similarly the segment [T, PgT'u] is orthogonal
to [T'u, Tv]. By the Pythagorean Theorem we have

& + | Tu = Tv|* = | TPpu — Tol|* < || Ppu — vl|* = d® + [lu — v||?,
from which | Tu — Tv|| < ||lu —v||. =

Proposition 3.2 in conjunction with the fixed point theorem for nonex-
pansive mappings immediately ensures the existence of a fixed point xg of T
in A, and the unique point yg € B which is nearest to xg satisfies Tyo = yo
and ||xzg — yo|| = dist(A, B).
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