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Convergence of greedy approximation II.
The trigonometric system

by

S. V. KONYAGIN (Moscow) and V. N. TEMLYAKOV (Columbia, SC)

Abstract. We study the following nonlinear method of approximation by trigono-
metric polynomials. For a periodic function f we take as an approximant a trigonometric
polynomial of the form G, (f) := ZkeA f(k)el(k’x), where A C Z% is a set of cardinality
m containing the indices of the m largest (in absolute value) Fourier coefficients f(k) of
the function f. Note that Gy, (f) gives the best m-term approximant in the La-norm, and
therefore, for each f € La, ||f — Gm(f)|l2 — 0 as m — oo. It is known from previous
results that in the case of p # 2 the condition f € L, does not guarantee the convergence
If — Gm(f)llp — 0 as m — oco. We study the following question. What conditions (in
addition to f € Lp) provide the convergence ||f — Gm(f)|lp — 0 as m — oco? In the case
2 < p < oo we find necessary and sufficient conditions on a decreasing sequence { Ay, }o2
to guarantee the Lp-convergence of {Gm (f)} for all f € Ly, satisfying an(f) < Apn, where
{an(f)} is the decreasing rearrangement of the absolute values of the Fourier coefficients

of f.

1. Introduction. We study the following natural nonlinear method
of summation of trigonometric Fourier series. Consider a periodic function
f e Ly(T, 1< p< oo (Leo(T? = C(T?)), defined on the d-dimensional
torus T?. Let m € N and t € (0,1] be given, and let A, be a set of k € Z4
with the properties:

~ ~

(11) min [F(0)] > t ax [FE) [ Au] =m.
where
Flk) = @2m) = | f(2)e " ®" da
Ta
is the kth Fourier coefficient of f. We define
Gha(f) == G, T) = S, (f) = > flk)el™)

k€A,
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and call it an mth weak greedy approximant of f with regard to the trigono-
metric system 7 := {e!®®)}, ,a. We write G, (f) = GL.(f) and call it
an mth greedy approzimant. Clearly, an mth weak greedy approximant and
even an mth greedy approximant may not be unique. In this paper we do
not impose any extra restrictions on A, in addition to (1.1). Thus the theo-
rems formulated below hold for any choice of A,, satisfying (1.1) or in other
words for any realization G!, (f) of the weak greedy approximation.

There has recently been much interest in approximation of functions
by m-term approximants with regard to a basis (or a minimal system; see
surveys [D] and [T2]). We will discuss in detail only results concerning the
trigonometric system. T. W. Korner, answering a question raised by Car-
leson and Coifman, constructed in [K1] a function from Lo(T) and then
in [K2] a continuous function such that {G,,(f,7)} diverges almost every-
where. It has been proved in [T1] for p # 2 and in [CF] for p < 2 that there
exists f € L,(T) such that {G,,(f,7)} does not converge in L,. It was
remarked in [T2] that the method from [T1] gives a little more: 1) There
exists a continuous function f such that {G,,(f,7)} does not converge in
L,(T) for all p > 2; 2) There exists a function f that belongs to all L,(T),
p < 2, such that {G,,,(f,7)} does not converge in measure. Thus the above
negative results show that the condition f € L,(T 1), p # 2, does not guar-
antee the convergence of {G,,(f,7T)} in the Ly-norm. The main goal of this
paper is to find an additional condition on f (besides f € L,) to guarantee
that || f — Gm(f,T)||, — 0 as m — oo. In Section 2 we prove the following
theorem.

THEOREM 1. Let f € L,(T%), 2 < p < oo, and let ¢ > p' :=p/(p —1).

Assume that
> 1T R)I = o(n?G-/r),
|k|>n
where |k| := maxi<;<q |k;|. Then
Tim_[[f — Gl (£. Tl = 0.
For f € Ly(T%) let {f(k(l)) 7°, denote the decreasing rearrangement of
{f(k)} ez, Le.
(1.2) [f(E@)] = 1 f(k2)] = ...
Set a,(f) := \f(k(n))| In Section 3 we prove the following theorem.

THEOREM 2. Let 2 < p < oo and let {A,}52, be a decreasing sequence
satisfying

(1.3) Ap, =o(n'P™h)  as n — oo
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Then for any f € L,(T%) with a,(f) < Ay, forn=1,2,..., we have
(1.4) Tim ]~ G (£, = 0.

We also prove in Section 3 that for any decreasing sequence {A,,} satis-

fying
limsup A,n'~Y? > 0
n—oo

there exists a function f € L, with a,(f) < A, for n = 1,2,... and with
the sequence {G,,(f)} of greedy approximants divergent in L,,.

In Section 4 we prove a necessary and sufficient condition on the majorant
{A,} to guarantee (under the assumption that f is continuous) the uniform
convergence of the greedy approximants to the function f.

THEOREM 3. Let {A,}5°, be a decreasing sequence satisfying the con-
dition (As):

(1.5) Z A, =0(1) as M — oc.

M<n<eM
Then for any f € C(T) with a,(f) < A, forn=1,2,..., we have
(16) i [/~ G (£, Tl = 0.

The condition (As) is very close to the convergence of the series ) Ay;
if it holds then

N
ZA" =o(log,(N)) as N — oo,
n=1

where log, (u) is defined to be bounded for v < 0 and to satisfy log, (u) =
log, (logu) 4+ 1 for u > 0. The function log, (u) grows more slowly than any
iterated logarithmic function.

The condition (As ) in Theorem 3 is sharp.

THEOREM 4. Assume that a decreasing sequence {A,}52, does not sat-
isfy the condition (A ). Then there exists a function f € C(T) with
an(f) < A, forn=1,2,... and such that

limsup [[f = G (f,T)[c >0

for some realization G, (f,T).

Theorems 3 and 4 will be proved in Section 4. Also, in that section we
will prove the following theorem.

THEOREM 5. Assume that a decreasing sequence {A,}5%, is not sum-
mable. Then there exists a function f € C(T) with an(f) < A, for all n,
such that the partial Fourier sums of f diverge at some point.
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We note (see Section 2) that sufficient conditions for convergence of
greedy approximants in Theorem 1 for p = oo also imply the convergence of
partial Fourier sums. Theorems 3 and 5 demonstrate that the conditions for
convergence of greedy approximants in terms of the decreasing rearrange-
ments of the Fourier coefficients of continuous functions are weaker than the
ones for convergence of partial Fourier sums.

2. Sufficient conditions in terms of Fourier coefficients. Proof
of Theorem 1. Let us begin this section with some historical remarks.
The question of the rate of greedy approximation of functions in certain
smoothness classes was discussed in [T1]. In particular the following function
class was considered. For 0 < r < oo and 0 < ¢ < oo, let F denote the

class of those functions in L1 (T?) such that

[fleg = IR (R Drezelli, <1, [FO] < 1.

Here we use the notation |k| := max{|k1|,...,|kq|}. The following error
estimates have been proved in [T1] for

Gl )y = 599 I = Gon ()l

q

THEOREM 2.1. For any 0 < ¢ < oo and r > d(1 —1/q)+ we have

(2.1) G (FD)p < m—/d=1/at1/2, 1<p<2,

(2.2) G (FT

It has also been noticed in [T1] that the method used in the proof of
Theorem 2.1 allows us to prove order estimates similar to (2.1) and (2.2)
for classes a little wider than ;. We define these classes now. It is easy to
verify that for f € F; and each [ > 1 we have

ey (X Ifwr) " <2, (fo) <

2-1< || <2

We use (2.3) as the definition of a new class DF, (D stands here to stress that
restrictions are imposed on the dyadic blocks). Here is a remark from [T1].

)p - mfr/dfl/qqtlfl/p’ 2 < p< oo.

REMARK TO THEOREM 2.1. The relations (2.1) and (2.2) are valid when
the class F is replaced by DFy.

For » > 0 and 0 < g < oo, denote by Fo the space of functions f €
L (T?) satisfying
(2.4) > 1F(R)|T = o(nT9).
|k|>n

We will now prove Theorem 1 from the introduction.
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THEOREM 1. Let 2 < p < 0o and q > p' = p/(p — 1). Assume that
f € L,(T?) N Foy with r = d(1/p" — 1/q). Then for any 0 <t <1 we have

If = Go(H)llp =0 asm — oo

Proof. First we note that (2.4) is equivalent to

(2.5) S Ifk)T <o), =12,
keU (1)
where U(l) := {k € Z¢ : 2!=1 < |k| < 2'}. Tt has been proved in [T1, (3.18)]
that the estimates
Solfkle<e e =12,
keU(1)
imply
an(f) = O(m~"/4=19),

In the same way one can prove that (2.5) implies that
(2.6) a(f) = o(m=/471/0).
Since r = d(1/p’ — 1/q) we deduce from (2.6) that

am(f) = o(m™"/7").

In the case 2 < p < oo we can finish the proof of Theorem 1 by applying
Theorem 2 from the introduction. However, we choose to give an indepen-
dent proof for the following two reasons. The proof below is simpler than
the proof of Theorem 2 (see Section 3); moreover, the proof below covers
the case p = 0o, where Theorem 2 does not hold (see Section 4).

Let

G (f) = 8a,.(f)

with A, satisfying (1.1). Consider first the case 2 < p < oo and estimate
154, (£) — Sa,,. (f)]lp, where

> k)™ Q(m) == {k: |k| <m%}.
keQ(m)

Then we have

(27)  Sp(f) = Sa.(f)

Z J/c\(k)ez(k,z) . Z f(k)ez(k,z)
keQ(m)\Ap, k€ An\Q(m)
= 21 — 22.

From the definition of A,, we get
: < )| <! min |f(k)| <t * :
(2.8) am1(f) < max |f(k)] < ¢ min [f(k)] <™ am(f)
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Thus by the Hausdorff-Young theorem (see [Z, Chap. 12, Section 2]),

o~ ’ 1/ / ’
1=l < (2 F@P) " = 0tan(fmi) = o(1).
keQ(m)\Am

Using the Hausdorff-Young theorem again and also the Holder inequality
with parameter q/p" we get

~ 7 /p, ~ /(1 ’
(2.9) yyz2y\pg( 3 ,f(k),p)l s( 3 ,f(k),q)l /P 1/a
keA,\Q(m) k€A \Q(m)
< (3 1R e = o)

kgQ(m)

It remains to remark that || f — S& (f)[|, — 0 as m — oo.
Let us now consider the case p = co. We remark that the relation (2.5)
with 7 = d(1 — 1/q) and the Holder inequality imply

(2.10) Yo R =o(1).
n<|k|<2n

First, observe that the cubic Fourier sums S, (f) uniformly converge to
f as n — oo. Indeed, consider the de la Vallée Poussin sums

-y Hmm( 25D e,

|[k|<2n j=1
It is known (see [B]) that for any f € C(T?),
(2.11) Va(f) = flloo = 0(1)  (n — o).
Further,

I1Sn(/) =VaDllw < D IR,

keZd, n<|k|<2n
and by (2.10),

(2.12) 150 (f) = Va(F)lloo = o(1)  (n — 00).
The relations (2.11) and (2.12) imply
(2.13) 150 (f) = flloo = o(1)  (n — o).

Thus, we obtain the uniform convergence of S, (f) to f.

The rest of the proof is similar to the above case 2 < p < oo with the
only difference that instead of the Hausdorff-Young theorem we use the
inequality || f|loo < >4 [f(k)|. Theorem 1 is proved.

Let us now discuss the possibility of improving the assumption f €
Ly(T%) N Fop, r = d(1/p' —1/q), in Theorem 1.
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PROPOSITION 2.1. For each 2 < p < oo there exists f € L,(T¢) such
that

(2.14) [F (k)] = O(k| = =/7)

(and therefore f € DF; with r = d(1/p’ —1/q)) and the sequence {G..(f)}
dwerges in L.

Proof. We will apply a construction from [T1]. We make use of the
Rudin—Shapiro polynomials:

(2.16) Rn(z) = Z epe™ e =41, x €T,
[k|<N

which satisfy the estimate
(2.17) RN |loe < CN/2
for an absolute constant C'. For s = +1 define
Agq o= {k : Ry (k) = £1}.
The estimate (2.17) implies
(2.18) |[A1] = |A_1]| = [Rm(0)] < Cm!/2.

Let s = £1 be such that |As| > |A_g|. Take a small positive § and consider
the function

(2.19) fm,s := R + 56Dy,

where

|k|<m

is the Dirichlet kernel. Since |fm75(k)| =146 for k € A; and ‘fm’g(k}” =1-9
for k € A_g and |As| > m, the frequencies of G,,,(fm,5) are in As and

(2'2()) HGm(fm,é)Hoo Z ‘Gm(fm,é)(o)’ = (1 + 5)m
Next,
221) | fmsllp < I Rmllp + 01Pmlly < [Rumlle + 011D 137 D125/
< Cm'/? 4+ 5(2m + 1)1 r < cymt/?

for § < m!/P~1/2_ By the Nikol’skii inequality for trigonometric polynomials
the relation (2.20) implies

(2.22) G (fm5)llp = Com™ PG (fm,6) low > Com! /7.
Now define

d
H fm sz z(4m)zJ
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and

fr=> 270l C(2),  0< g <27,
=1

The relation (2.14) is obviously satisfied. Moreover, (2.21) implies that
(2.23) 1f = Ven (f)lloo = O(27201/271/0IM),
However, (2.22) shows that {G,,(f)} diverges in L,,.

Let us make some more comments. For a given set A define

Ex(f)p == inf Hf chel(’”)

Ck,ke/l

REMARK 2.1. Theorem 1 implies that if f € L,, 2 < p < oo, and
(2.24) Eom)(f)2 = O(H—(l/Q—l/p))

then GL, (f) — f in L,.
Indeed, (2.24) is equivalent to f € Foh with r = d(1/2 —1/p).

REMARK 2.2. The proof of Proposition 2.1 (see (2.23)) implies that there
is f € L,(T?) such that

Eqny(f)se = O(n*/P71/2)
and {G,,,(f)} diverges in L,, 2 < p < o0.

REMARK 2.3. There exists a continuous function f satisfying (2.10) such
that {G,,(f)} diverges in the uniform norm.

We construct an example in the univariate case. Define f := ), ., by
with B

Sk
=5 Y e, e
1=1
where {s} is an increasing sequence such that all frequencies of by lie to
the right of the frequencies of b;. Then by (2.21) we get
billoc < Crsy/ 27472,
and therefore f € C(T). The relation (2.10) is also satisfied. It is clear that
max || G, (bi)[|oo > 5172
m
This implies the divergence of {G,,(f)}.

REMARK 2.4. The construction in the proof of Proposition 2.1 can be
used to prove that the convergence set for greedy approximation {G,, }5°_;
is not linear in L, 2 < p < oo.



Convergence of greedy approzimation II 169

Indeed, consider

Gmo = Y, Ron(k)(1—=0k/m)e™™,  hyps = fins = Gm.s,
where f,, s is defined by (2.19). Similarly to the definition of f (d = 1),
f= Z 27(171/p)lf2l7516i2l+2x, 0< g < 27l73,
1=1

we define

oo

g := Z 27(171/p)l92l75l6i2l+2w, 0< g < 27l73,
=1

b= Z2—(1—1/p)lh2l’6lei2‘+217 0< 68 <2°b-3,
1=1

Thus f = g + h. It has been proved in Proposition 2.1 that the sequence
{Gn(f)}5o_, diverges in L,. However, it is easy to check that {G,,(g)}oo_,
and {G,(h)}o°_, converge uniformly. Indeed, h has an absolutely conver-
gent Fourier series and G,,(g9) = Sny(g) for some N (greedy ordering for
g coincides with the natural ordering). Then the uniform convergence of
{Gmn(g)}5o_; follows from (2.23).

We note that the statement in Remark 2.1 can also be obtained from
some general inequalities for || f — Gy, (f)|l,- We now define the m-term best
approximation to be

on(f)p = inf

p

f _ Z Cjei(kj@)
j=1

It has been proved in [T1] that for any f € L,(T?) one has

If = Gu(£)llp < (L4 3m" o (f)p, 1< p< oo,

where h(p) := |1/2 — 1/p|. Similarly to the above inequality one can prove
the following relation.

THEOREM 2.2. For each f € L,(T?%) and any 0 <t <1 we have
If = Gh(Dllp < (L + 2+ 1/)m" Doy (f)y, 1 <p < oo,
where h(p) :=11/2 —1/p|.

Proof. We repeat the proof of Theorem 2.1 from [T1] that corresponds
to the case t = 1 with one minor change. Let

GL(H) = D flye®n, |A@) =m, A =A(1)

ke A’ (t)
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Then the change in the proof from [T1] to adjust it to the case of t < 1 is
the following. Instead of the obvious relation (see [T1, (2.10)]):

[Savar (D2 < [1Sana(f)llz for any A with [A] = m,
we make use of the inequality
(225)  Saarn(Flle ¢ Sa@a(Hllz  for any A with |4] = m,
which follows easily from the definition of A’(t).
We now prove one more inequality.

PROPOSITION 2.2. Let 2 < p < oo. Then for any f € L,(T?) and any Q
with |Q| < m, we have

1f = GL(Dlls < 1Lf = Sa(Hlly + (B +1/)(2m)" P Eq(f)s.
Proof. As above, let G}, (f) = > e arn) F(k)ei®2)  Then

(2.26) I1f = GOl < I = Sa(Nllp + 150 (f) = Sary (Hllps
and by [T1, Lemma 2.2], g

(2.27) 1Sa(f) = Saiey(Dllp < 2m)"PISQ(f) = Sariy () 2-
Next,

(2.28) 1S (f) = Sawy(Nll2 < IIf = Sa(Hllz + I1f = Sarey (F)ll2-

Using (2.25) with A = A" we get
1S4y (f) = Sar (D3 = 1S arnar (D3 + [1Sana iy (HI3
< A+ [Swena (HIE < (L +172)om(f)3.
Therefore,
(229)  |If = Sawy (N2 < f = Sa(Hllz + 154wy (f) = Sar (]2
<2+ 1/t)om(f)2 < (2+1/1)Eq(f)e-
Combining (2.26)—(2.29) we complete the proof of Proposition 2.2.

We now study the convergence of greedy approximations of univariate
functions of bounded @-variation. Let @ : R, — R, be an increasing func-
tion and ¢(0) = 0. The class Vg of functions of bounded P-variation is
defined as the set of functions f defined on T such that

ve(f) = SHPZ¢(\f(bj) — f(ay)]) < oo,

where the supremum is taken over all possible finite systems of disjoint
intervals (a;,b;) C T. For @(u) = u the class Vi is the class of functions of
bounded variation. Clearly, if @;(u) < CPy(u), then Vp, C Vg, .

The classical Dirichlet-Jordan test asserts that if f € C(T) is a function
of bounded variation then the Fourier series of f uniformly converges to f
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(see [Z, p. 57]). The convergence of Fourier series for functions of bounded
¢-variation was studied by many authors; see related references in [O] where
it was shown that the uniform convergence of Fourier series on the class
C(T) N Vg is equivalent to the condition

1

Slog(l/@(u)) du < oo.

0

We proceed to a proposition that shows that we need a stronger restriction
on @ than the above one for convergence of greedy approximations.

PROPOSITION 2.3. (a) If u? = o(®(u)) (u — 0) and f € C(T) N Va,
then
If =Gl =0 asm — oo

(b) For ®(u) = u? there exists a function f € C(T) N Vg whose greedy
approzimants {G.,(f)} diverge at x = 0.

Proof. Let 1 < p < o0, § > 0, and let w(f,d), be the L, modulus of
continuity of f:

w(f,0)p = sup 1FC+h) = FO)lp-

0<h<

Let us estimate w(f,d)q for f € C(T)NVg. Take h > 0 and n = [27/h] + 1.
We have

I£C+h) = FO3

nh n  jh
<V IE+m =P =Y | [fE+h) - f0)Fat
0 §=1(j—1)h
h n
= (X1 +gm) = £+ G = DR at
0 j=1

n

h h
Fo( Yo @(f(t+3h) = f(t+ (G = 1)R))) dt = §o(2vs(f)) dt = o(h).
0 0

Jj=1

Thus, w(f,8)2 = o(v/6) as § — 0, and, by Jackson’s theorem [A, p. 200],
E.(f)2 = o(n"'/?).
This means that f satisfies (2.24) with p=o0. By Remark 2.1, || f—GL, (f) |l
— 0 as m — oo.
To prove (b), we use the example from Remark 2.2 with p = oo. We

have E,(f)eo = O(n~'/?). By Bernstein’s theorem [A, p. 206], this implies
W(f,8)so < CV$ for some C. We show that the d-variation of f is finite for
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®(u) = u?. Indeed, for any disjoint intervals (a;, b;),

er flag)* <D C|b; —a;| < 2nC?,

J

and so vg(f) < 27rC’2. This completes the proof of Proposition 2.3.

In particular, Proposition 2.3 implies that weak greedy approximations
converge for any absolutely continuous function f € C(T). The same is
true for f € C(T?). We use the notion of absolute continuity of a function of
several variables suggested by L. Zajicek and developed in [H]. Let v € (0, 1).
We say that a function f : T? — C is absolutely continuous if for each € > 0
there is ¢ > 0 such that for each disjoint family {B; := B(t;,7;)} of balls
in T? the inequality > ; V(Bj) < ¢ implies

D0 s f(E) = FE) <
j tr'eB(tinrg)

where B(t,r) = {t' : |t —t'| <r} and V(B) is the d-dimensional volume of

the ball B. It is proven in [H] that the definition does not depend on ~ and

for d = 1 coincides with the classical definition.

PROPOSITION 2.4. (a) If f is absolutely continuous on T2, then we have
1 = Gl — 0 as m — 5.

(b) For d > 2 there exists a function f absolutely continuous on T¢ such
that its greedy approzimants {G,,(f)} diverge at z = 0.

Proof. 1t is shown in [H] that the gradient of any absolutely continuous
function f € C(T9) belongs to L4(T%). Therefore, in the case d = 2 this
implies (see [N]) that

Eqm(f)2 = o(n™'/?),
and by Remark 2.1 we have
If =G (Fllee — 0 asm — oco.

Further, from the example in Remark 2.2 it is easy to see that for d > 2
there exists a function f continuously differentiable on T? whose greedy
approximations diverge at x = 0. It follows from the definition that the class
of absolutely continuous functions contains all continuously differentiable
(and, moreover, all Lipschitzian) functions. This proves the proposition.

3. Conditions in terms of decreasing rearrangements of Fourier
coefficients. Proof of Theorem 2. Let us begin with the proof of The-
orem 2. We repeat the statement for convenience.

THEOREM 2. Let 2 < p < oo and let {A,}5%, be a decreasing sequence
satisfying

(3.1) A, =o(n'P™Y)  asn — .
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Then for any f € L,(T%) with a,(f) < An forn=1,2,..., we have
(32) i [ = G (£, T = 0.

Proof. By the M. Riesz theorem (see [KS, Chap. 4, Section 3]), for any
f € Ly(T?%) with 1 < p < oo we have
(33) If = Sx(f)ly =0 as N - oco.

We first consider the case t = 1. Let us estimate [|S% (f) — G (f) |- Set
X1 :=8%(f —Gn(f)) and Xy := (Id — S¢) (G (f)). Then

Sin(f) = G (f) = S3.(f) = S (G (f)) — (d = S5) (G (f)) = 21 — Zo.

For the first sum, by the Paley theorem (see [Z, Chap. 12, Section 5]) we
get

2m+1

34 15l < Cod) (Y an(hn2) " = Olan(fim'=17) = o(1)

n=1

We now proceed to the second sum X5. We first prove a general inequality.

PROPOSITION 3.1. Let 2 < p < oo and u € Ly, ||u|l, # 0. Then for any
v € L, we have

lullp < llw+vllp + (lllzp—2/ [l lv]l2-

Proof. Set F := |ul}"Pa|u[’P~2. Then |[F|l, = 1 and (F,u) = [lull,.
Therefore,

lull, = (Fyu) = (Fu+v) = (F0) < [lu+ o, + [[Fll2[v]2-
It remains to observe that ||F|l2 = (||ull2p—2/||ul,)P .
LEMMA 3.1. Let 2 < p < co. Let f € L,(T%) and assume that a,(f) =

o(n'/?=1). Then
1(1d = S ) (G ()]l = o(1).
Proof. We use Proposition 3.1 with
wi=(1d = Sp)(Gm(f)), wvi=[f—5Su(f)—u
Then

(35) ol < 1 = Gu(Dl < (Y an(h)?)

n>m

Y2 omi/e1r2),

By the Paley theorem,

m 1/2
(3.6) gt = O((D an(h)P2?=1) ) = o(m!/217),

n=1
Combining (3.5) and (3.6) and taking into account that ||u + v|, =
If — S4(f)ll, = o(1), by Proposition 3.1 we conclude that |ull, = o(1).
Lemma 3.1 is now proved.
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The required estimate || Xs]|, = o(1) follows from Lemma 3.1. This to-
gether with (3.4) completes the proof of Theorem 2 in the case ¢t = 1. The
general case 0 <t <1 follows from the case t = 1 and Lemma 3.2 below.

LEMMA 3.2. Let 2 <p < oo, t € (0,1], and let f € L,(T?) be such that
an(f) = o(n'/P=1). Then

IGm () = Gr(Hlly =0 as m — oo,

Proof. Let G (f) = Sa(f) and G, (f) = Saw)(f). Then
Gm = Gu(f) = GL(f) = Y Flk)e ™ — 3~ fk)ern),
ke A\A(Y) keA(t)\A
It is clear that

~

f(R) < am(f), ke Al)\ A
The relation (2.8) implies
FBI <t an(f), ke A\A®R).
Thus, for the Fourier coefficients of the function g,, we have
|G (k)] <t am(f).

Taking into account that g,, has at most 2m terms, the Paley theorem shows
that

lgmlp = Olam(fym'=H/?) = o(1).
This proves the lemma.

Let us note that by the Hausdorff-Young theorem the condition
o
ZAﬁ <00, 2<p<oo,
n=1

which is stronger than (3.1), implies that for any f such that a,(f) < A,
its Fourier series converges in L, unconditionally.

PROPOSITION 3.2. Let 2 < p < oco. Suppose that a decreasing sequence
{A,}22, does not satisfy the condition (3.1) of Theorem 2, i.e.,

lim sup A,n' =P > 0.

n—o0

Then there is f € C(T) with a,(f) < A, forn=1,2,... such that {G.,(f)}
diverges in L.

Proof. We make use of the functions constructed in the proof of Propo-
sition 2.1. Let ¢ > 0 and {ny} be such that

1/p—1
Ap, > cnk/p ;o ong > 4dng_1, np >4
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Define my, := [ny/4] and
> .
f = Czni/pilfmkﬁkemkas’
k=1

where the f,, 5 are defined by (2.19). Then f is a continuous function satis-
fying a,(f) < A,. The divergence of {G,,(f)} follows from (2.22).

4. Conditions in terms of decreasing rearrangements of Fourier
coefficients. Proof of Theorems 3—5. We begin with the proof of The-
orem 3. We reformulate it here for convenience.

THEOREM 3. Let {A,}52, be a decreasing sequence satisfying the con-
dition (Ax):

(4.1) Z A, =0(1) as M — oo.
M<n<eM
Then for any f € C(T) with an(f) < A, forn=1,2,..., we have
(42) i (1 = S, (£l =0,
where A, is an arbitrary subset of 7Z satisfying
(4.3) (A | =m,
(4.4) ain |F(k)| > ¢ ma (k)]

Proof. Set as above

Gun(f) = Y Flk(n)e* ",
n=1

-~

Note that if & # k(n) for n < m then [f(k)| < an(f). Also, by (4.4), if

~

k & A, then |f(k)| < an(f)/t. Therefore,
(4.5) 154, (f) = Gm(H)lloo < mam(f) +mam(f)/t.
It is clear that (4.1) implies A,, = o(n™!), and therefore
(4.6) am (f)m = o(1).
Relations (4.5) and (4.6) give
(4.7) 154, (f) = Gm(F)lloe = o(1).
Let us estimate ||V, (f) — Gm(f)|loo, where V,,,(f) is the de la Vallée

Poussin sum

V()= Y min<1, QmT_’k’ﬁ(k)e“m.

|k|<2m
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We have V,,,(f) — G (f) = X1 — Yo, where
2= Vm(f - Gm(f))7 Yo = (Id - Vm)(Gm(f))

For the first sum we get
4m—1

[Z1]lee < Z am(f) < 4man(f).
n=1

Therefore, by (4.6), [|X1]lcc = 0(1).
We proceed to the second sum X5. Consider

(48)  f=Vu(f)— o= > An f(k(n))e* T 4 g — 554 g,
m<n<e¢” k(n)>m

where 0 < \,, < 1. Using (2.11) and the assumption (A ) from (4.8) we get

(4.9) 122+ glloo < F = Vin(H)lloo + 1 X500 = o(1).

Next we have

(4.10) gl < (Y an()?)

n>ee™

1/2 m
= o(e=¢"/?).

We need the following lemma that we will prove a little later.

LEMMA 4.1. Suppose that a function f with ||f||cc =1 has the form
F=3 fkye=, A <m.
keA

Then for any function g such that ||g|l2 < 1(4mm)~™/2 we have

1+ glloc = 1/4.
This lemma and (4.9) imply that || X2|lcc = o(1). Together with (4.7)
this completes the proof of Theorem 3.

Proof of Lemma 4.1. Denote by |lu| the distance from a real number u
to the closest integer. For a fixed j € N define

Fj={xeT:VkeA, |jka/(2n))| < 1/(4mm)}, F = Fy.
Well known estimates for simultaneous diophantine approximation (see
[C, p. 13]) give
T=|JF, J=@m)™
j<J
Note that pF; = pF for all j. Therefore,
1<) uFy < JuF,

isJ
or
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(4.11) wF > (4mm) ™.

Let |f(zo)| = ||fllo =1and E={zo+y:y € F}. Forz =x9+y € E and
k € A we have

e — eteo| < 2ml|ky/ (2m)|| < 1/(2m).
Therefore,
£(@) = F@o)l < D 1F(R)[[e — kol < 3~ 1/(2m) < 1/2.
keA keA
Thus, |f(z)] > 1/2 for x € E.
Suppose that
(4.12) If + gl < 1/4.
Then |g(z)| > 1/4 for x € E, and by (4.11),

918 > o) du> (5 ) (amm)

E
This contradicts the assumption of the lemma. Hence, (4.12) is not true,
and the proof is complete.

REMARK 4.1. Actually, in the proof of Lemma 4.1 we have shown the
following. If

F=3 fkere, |l <m,

keA

and G C T has uG > 1 — (4wm)~™, then

[flloe < 2sup |f(z)]-
e

Recently the first author and Nazarov have proved (unpublished) that the
last inequality holds under the assumption uG > 1 — ¢™ for a small con-
stant c¢. This can be used to weaken the assumption on ||g|/2 in Lemma 4.1.
However, it does not affect Theorem 3.

We proceed to the proof of Theorem 4 from the introduction. The core
of the proof is the following lemma.

LEMMA 4.2. Fiz A, 6 > 0. Assume that positive integers m — oo and
M — oo are such that

(4.13) log M = o(m).

Let mqy =m, mg =m+ M, m; < ma < ms. Let {A,}22, be a decreasing
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sequence satisfying

(4.14) A, < A/n,
mo ms
(4.15) Yoo A=) An=1,
n=mi+1 n=mso+1
(4.16) Asm > 6An,.

Then for sufficiently large m there exists a trigonometric polynomial T () =
T (z) = 22/[:1 T(k)e™* ™ such that

(4.17) ap(T) < Ay (1<k<M),
(4.18) IT)|oo — 0 (m — o00),
(4.19) Ingmx]Gn(T, 7)(0)] > 0.01.

Proof. Take independent random variables 7, (1 < k < M) so that
each 7y, takes value n, m; < n < mg, with probability 1/(10M), and n = my
with probability 0.9. A polynomial T is defined as

M
T(ZE) = ZankAnke“ma
k=1

where o(m1) =0, 0, = 1 for my < n < mg, and o, = —1 for my < n < ms.
We prove that T' satisfies (4.17)—(4.19) with large probability. Probability,
expectation and variance will be denoted by P, F, and V, respectively. We
will estimate the probabilities of the following events:

Ei: JA>1:{k:m <n<my+1} >1,

Ey: ||T)le > 3(A, log(2rM?))'/2]

Es: > Ay, <005

k:mi<ne<ms

Note that nonoccurrence of Eq, Fo, F5 implies (4.17), (4.18), (4.19), respec-
tively. In the case of F5 and (4.18) we apply (4.13) and (4.14) to prove that
A log(2nM?) = o(1).

Consider the event

Evi: H{kimi<me <mp+1}>1L
We have

(4.20) P(Ey) <> P(Eyy).
l

Further,
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(421)  P(Ey)

0= 2 () (o)

< 20 () )

For any j > [ we have

L’ Y l I\t 1 \M
— i < - < - )
<1OM> < 10 <M> , 1_6(1 M) _e(l M>

Therefore,
2 G0 = 2 ()G )
< (e/10)".
By (4.20) and (4.21) we get
(4.22) S0y < 172

l

To estimate P(E5), we use the following theorem [Ka, pp. 68, 79].

THEOREM A. Let E be a measurable space with measure v and p(E) < oo.
Let B be a linear space of measurable bounded functions on E, closed under
complex conjugation, and suppose that there exists o > 0 with the following
property: if f € B and f is real, then there exists a measurable set I =
I(f) C E such that p(I) > p(E)/o and |f(t)| > 3||fllec fort € I. Consider

a random finite sum
P=>Y"&/fr

E(&) =0, E(gl%) = b%v &kl < 1.
Moreover, suppose that || fxllcc =1 and r=>"b7 > logp. Then

P(||P|o > 6(rlog 0)*/?) < 4/0.

where

We apply Theorem A for £ =T, B = {224:1 ckei(/’“»fﬂ)}7 fr = eik)
&k = 0p,, An,. /Am. Note that

(4.23) P(x)=T(x)/An
One can guarantee the existence of the required set I(f) by taking

(4.24) 0=2nM?
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([Ka, p. 49]). Further, for k = 1,..., M we have E{; = 0, and by (4.16),
m3

1 mo?
¥R =F&2 = — A2 >
k= B 10M A2, 2. Az 10M
n=mi+1

Therefore, r > md?/10, and by (4.13) and (4.24), for sufficiently large m
the condition r > log ¢ holds. On the other hand,

ms ms3
(4.25) Y OAL<An ) An=24,,
n=mi+1 n=mi+1

b2 <1/(BMA,,), and r < 1/(5A,,). Thus, by (4.23),
P(||P|l = 6(rlog 0)'/?) = P(||Plloc > 3(log(2mM?)/An)"/?)
= P(||T||oc > 3(Am log(2mM?))'/?),

and Theorem A gives
(4.26) P(Ey) <4/o< M2

To estimate P(Es3), we define the random variables vy,...,vy as v, =
Ay, for my < ni < mg and v = 0 otherwise. The event E3 can be rewritten
as

M
Ej : Z’/k < 0.05.
k=1

We have E(v;) = 1/(10M), and by (4.25),

A
V(n) < B(v}) < =2,
() < BGR) < £
Hence,
M M A
= 0. < m
B(35m) -0 v(3ow) <
k=1 k=1
and by Chebyshev’s inequality,
M
(4.27) P(Ey) < — Vo=t gy

) <
(E(X4ly vi) — 0.05)?
So, by (4.22), (4.26), and (4.27), P(E1) + P(E2) + P(E3) < 1, and there
is a choice of T' for which none of Fq, E5, E3 holds. This completes the proof
of Lemma, 4.2.

THEOREM 4. Assume that a decreasing sequence {A,}52  does not sat-
isfy the condition (A ). Then there ezists a function f € C(T) with
an(f) < A, forn=1,2,... such that

limsup||f — Gom(f, T)lloe > 0.

m-—0o0
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Proof. Without loss of generality we may suppose that
(4.28) lim sup Z A, > 8,

U— 00
u<n<e*

where u € R. Also, we may assume that for sufficiently large n,
(4.29) A, <10/n.

Indeed, if (4.29) fails for infinitely many n’s, we replace all A, by A} =
min(A4,,10/n). If A, > 10/m for some large m, then

doA= > 10/m>9,

logm<n<m logm<n<m

and (4.28) holds for A]. Now, observe that F(F(u)) > e* for sufficienly
large u and F(u) = eV*. Therefore,

YA Y A+ Y A,

u<n<e" u<n<F(u) F(u)<n<F(F(u))
and (4.28) implies
(4.30) lim sup Z A, >4
umee u<n<evu

We now prove that there exists an arbitrarily large integer m such that

(4.31) > A>3,
m<n<e3vm
(4.32) Ao > Ay /100.

Indeed, by (4.30), we can take a large u with

Z A, > 4.

u<n<evu
Let mo = [u]. If Ay,y > 1/(2my), then m = [mg/2] satisfies (4.31) and (4.32)
(we use (4.29) with n = m). If A,,, < 1/(2my), we define m; = 2/mg. We
take for m the minimal m; satisfying (4.32). To show the existence of such
an m and to prove (4.31), we note that

whenever A,,, < A,,/100,...,Ap; < A, _,/100. Hence, the number m
does exist, and moreover,

which clearly implies (4.31).



182 S. V. Konyagin and V. N. Temlyakov

We now take any large m = m; satisfying (4.31) and (4.32) and define

mQ:min{m': Z An21},
mgzmin{m’: Z A, > Z An}.

mo<n<m/’ mi<n<mao
We have
Z An <24 2apm,, + am, < 3.

mi<n<ms

This inequality combined with (4.31) shows that ms < e3V™. We now apply
Lemma 4.2 to the sequence {A] }, where

(X 4) 4 w<m),

<k<
A/ — mi Sma2 1
S A A (n>ma),
mo<k<msg

We get a polynomial T = T;,, satisfying (4.17)—(4.19). Set
f(@) =Y Tn(x)e™,
m

where the sum is taken over a sparse sequence of m’s with n,, chosen to
make the sets of frequencies of T}, (x)e"™? disjoint. This completes the proof
of Theorem 4.

THEOREM 5. Assume that a decreasing sequence {A,}5%, is not sum-
mable. Then there exists f € C(T) with a,(f) < A, such that the partial
Fouries sums diverge at some point.

Theorem 5 is a simple corollary of the following lemma.

LEMMA 4.3. Assume that a decreasing sequence {A,}52, is not sum-
mable. Then for any l € N and my € N there exist a trigonometric polyno-
mial T'(z) = Ti;(z) and numbers m > mo, N € N such that

(4.33) ap(T) < Apyr (E>1),
(4.34) IT||oe — O (I — 00),
(4.35) |Sn(T,0)] 00 (I — 0).

Proof of Lemma 4.3. By the conditions on {A,,}, for any [ € N we have
> A2in = 00. Therefore, for any [ > 1 we can find m; > mg and ma > my
such that
(4.36) (log)™/2 < > Agp < 2(logl) ™12,

mi<n<ma
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We associate with any n, m; < n < me, a trigonometric polynomial

. .
T, (z) = Agppetn® Z M7
=Y
where K and k,, satisfy

kn=N—-—n, K>my, N>IK
for some positive integer N. We define

T = Z T,,.

m1<n<mg

Let us prove (4.33) with m = 2m;. We observe that by the choice of &,
and K the spectra of T;, are disjoint, that is, for any j there exists at most
one n such that 7T),(j) # 0. We have

To()= Y Tulky + Kj)e'Fnt iz,
1<5]<1
T (kn + K3)| = Ao/ (213])-
Therefore,
T (kn + Kj)| < Asin < Aspey (1< 5 <),

|T\n(kn - K.])| < Aan < Aanfnfj (1 < j < l)

Note that for n > my, 1 < j <[, the numbers 2in — j, 2ln —n — j are all
greater than 2m; and pairwise distinct. This proves (4.33) with m = 2m;.
We now check (4.34) and (4.35). Using the well known estimate

L ..
Z (q)

= 7

<C

[Z, p. 61], we get
Tl <C > Agm,

mi<n<ms

and by (4.36),
IT]|o0 < 2C(logl)~/2.

Let us estimate Sy (7,0). We have

Sn(T;,0) = —Amz—

Hence,

ENGUIEENDY Amnz—

mi<n<msg

and (4.35) follows from (4.36). The proof is complete.
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