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Extremal sections of complex [,-balls, 0 < p <2
by

ALEXANDER KOLDOBSKY and MARISA ZYMONOPOULOU (Columbia, MO)

Abstract. We study the extremal volume of central hyperplane sections of com-
plex n-dimensional lp-balls with 0 < p < 2. We show that the minimum corresponds
to hyperplanes orthogonal to vectors £ = (€1,...,¢") € C" with |¢!| = ... = |¢"], and
the maximum corresponds to hyperplanes orthogonal to vectors with only one non-zero
coordinate.

1. Introduction. This article continues the study of extremal sections
of [,-balls. We denote by B,(R") and B,(C") the unit balls of the real and
complex n-dimensional l,-spaces, I,(R™) and [,,(C™), respectively.

The extremal hyperplane sections of the cube are known in both real
and complex cases. Hadwiger [Ha] proved that the minimal volume of hy-
perplane sections of the real unit cube is equal to 1 and corresponds to the
sections parallel to the faces. Different proofs of this fact were later given by
Vaaler [V], who generalized the result to sections of arbitrary dimensions,
Hensley [He| and Ball [B]. It was shown in [BK] that this property of the
cube is in some sense stable, i.e. for every 0 < ¢t < 3/4 the slab parallel
to the face has minimal volume among all central slabs of the cube with
fixed width ¢. The exact upper bound v/2 for the volume of hyperplane sec-
tions of the real unit cube was found by Ball [B] and corresponds to the
hyperplane orthogonal to the vector (1,1,0,...,0). The case of the com-
plex cube was studied by Oleszkiewicz and Pelczynski [OP], who proved
that the minimal sections are the ones orthogonal to vectors with only one
non-zero coordinate, and the maximal sections are orthogonal to vectors of
the form e; 4 oey, where j # k, e; and ej, are standard basic vectors, and
o € C, |o| = 1. Note that the “minimal” part also follows from an earlier
result of Meyer and Pajor [MP, Corollary 2.5].

The critical sections of [,-balls, 0 < p < oo, are different for p > 2 and
p < 2. Meyer and Pajor [MP] proved that the section orthogonal to the
vector (1,0,...,0) is minimal for p > 2 and maximal for 1 < p < 2. The
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latter result also holds for 0 < p < 1, as proved by Caetano [Ca]. In the
same paper, Meyer and Pajor proved that the minimal hyperplane section
of B1(R"™) is the one perpendicular to the vector (1,...,1) and conjectured
that this is also true for every p € [1,2]. This conjecture was proved in [K1]
for 0 < p < 2. Tt is still an open question what are the maximal sections of
B,(R™) when 2 < p < oo. Oleszkiewicz [O] showed that the answer must
depend on p and the dimension.

In this article we characterize the extremal sections of complex [,-balls
B,(C") for 0 < p < 2.

THEOREM 1. Let 0 < p < 2. For £ = (£1,...,&") € C", £ # 0 denote
by He = {z € C" : (2,£) = 0} the complex hyperplane in C" orthogonal
to §. The (n—1)-dimensional complex volume of B,(C™)NH¢ is minimal if
€ = ... =€, and it is mazimal if € has only one non-zero coordinate.

The part of this theorem related to the maximal sections was established
earlier by Meyer and Pajor [MP, Corollary 2.5] for 1 < p < 2, and by Barthe
[Ba] for 0 < p < 1. In fact, these papers cover a more general case of the
unit balls of the real spaces [;(13") and show that, for every integer k, the
“standard” sections of these balls of dimension km are minimal for p > 2
and maximal for 0 < p < 2.

We prove Theorem 1 by generalizing the method of [K1] to the complex
case. As in the real case in [K1], the minimal and maximal sections are
identified simultaneously.

2. Preliminaries and notation. We identify /,,(C") with the real 2n-
dimensional space equipped with the norm

(1) 2llp = [(@F +23)P/ + .. + (5,1 +23,)7?)V/7,
where
C'oz= (.fCl +1To,...,Ton_1 + iﬂ?gn) — (ﬂ?l,CEQ, . . ,flfgn,l,iﬁgn) e R?",

It is easily seen that this mapping identifies the complex hyperplane H¢ with
a (2n — 2)-dimensional subspace E¢ of R?", orthogonal to the vectors

n= (517527 o 7£2n717£2n)7 Y= (_527517 ey _6271,75271,71)-

Let Hg- be the set of vectors in C™ perpendicular to H¢. This set corre-
sponds to a 2-dimensional subspace in R?", which is denoted by Eé and
is orthogonal to E¢. Let |- | be the Euclidean norm in R*". If [¢| = 1 the
vectors 7, ¥ form an orthonormal basis in Egl

The (n — 1)-dimensional complezx volume of the section of B,(C™) by H¢
is defined as the (2n — 2)-dimensional volume of the section of the unit ball
of the norm || - ||, by the subspace E¢. We write

vole,—1(Bp(C") N He) = vola,—2(B,p(C") N Ee),
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using the same notation B,(C") for the unit ball of the complex l,-space
and for the unit ball of the norm || - ||, in R?":

B,(C") = {(avl +iTo,. .., Top_1 + iTo,) € C": Z(asgj_l + x%j)pﬂ < 1}
=1
= {(55173727---7502%1737%) € R*™ . Z(mgj_l +x§j)P/2 < 1},
j=1

3. The Fourier transform formula for sections of B,(C"). As in
many of the papers cited in the introduction, our result is based on a certain
Fourier transform formula for the volume of sections. We use the following
general result proved in [K2, Th. 2]: for any infinitely smooth symmetric star
body K in R™, the volume of its section by an (n — k)-dimensional subspace
H of R", 1 <k < n, is equal to

1 —n+k
(2) vol, (K N H) = — Vel da
Sn—lmH

1 1
“ o ) (el e,
Sn—1nH+L
where || - || x is the Minkowski functional of K. Although the bodies B,(C")
are not always smooth, we assume that formula (2) holds for the norm || ||,
introduced in (1). In Section 5 we present a simple approximation argument
proving this assumption.

Throughout this paper we use the Fourier transform of distributions. We
denote by S the space of rapidly decreasing infinitely differentiable functions
(test functions) on R?" with values in C. By &’ we denote the space of
distributions over S. Every locally integrable real-valued function f on R2"
with power growth at infinity represents a distribution acting by integration:
for every ¢ € S,

(f.0) = | f(@)o(x)da.

R2n

The Fourier transform of a distribution f is defined by (f, o) = (f, @ for
every test function ¢, where

o(z) = | 6()exp(—i(x,8))ds
R2n

is the Fourier transform of ¢.

LEMMA 1. Let 0 < p < 0o, y = (y1,--.,Y2n) € R?". Then the Fourier
transform of || - ||,;2"2 (in the sense of distributions in R*") is equal to a
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locally integrable function on R2™:

(I 115 ()

o0 n
—it(y2j—1T2j—14+Y2jTa;) ,— (x5 +$2-)p/2 . .
2n 2 S (H S J J 172 e 25—1 1725 dx2],1 dxgj dt.
p )0 j=1R2

Proof. From the definition of the Gamma function, we have

[eo]

—2n4+2 _ p 2n—3 _—tP||z||?
(3) ”fL’H 2n+2 = S7on—2\ t e » dt.
p F( np ) §]

We first fix t > 0 and compute the Fourier transform of the function z +—
el for any y € R?", making a change of variables tx = z we get

(4) (e "INy = | et eIl gy — | emiw/elel—2n g

RZn RZn
n
— ¢ 2n H S e_i(y2j—lz2j—l/t+y2jZ2j/t)6_(zgj—1+zgj)p/2 dz2j71 dZZj-
j=1R2

The function |[|z||,;*"** is locally integrable on R*". Using (3), (4), Fubini
and the change of variables 1/t = s, we get, for any even test function ¢,

(152728, 6) = (Il >, 6)

= | ol 2 420(@) do = o §(§ 202 Ie0E at) o) da
R27n F(T) R2n 0
=P Oft%%g =125 3 () dz dit
F(anQ) 0] R2n
- p(ﬁz) 22 § eI @) o(y) dy dt
p 0 R2n
— - t2n73t72n
) )

S e*i(yzj—1Z2j—1/t+yzjzzj/t)e*(zgj—1+zgj)p/2d22j_l dZQj ¢<y) dy> dt

<.
Il 3
—

=
o

4 . . s /2
X S S(H S e Z3(2123—122J—1JF?J2JZZJ) (22] 1+sz) dz2]._1 dz2].) dsdy
0 j=1R2

Since ¢ is an arbitrary even test function, the result follows.
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REMARK 1. We define a function g on R? by

U o—i(ya—122 -1ty aag) o— (22, 422 )P/?
9(2j-1,425) = Se (vas—1z2j-1tw2i225) g~ (2251 +225) dzgj 1 dzg;.
RQ

. (2. 2 \yp/2 . . .
The function (2951, 225) +— € (22;-1%22;)""" ig 4 radial function on R2, so is
its Fourier transform. Therefore,

9(ty2i—1,tye;) = g(tVy3; 1 + y§j, 0)

R R L e i
RZ

p/2
) dZQj_l dZQj.

The latter formula defines a function f on R that we are going to use
throughout the paper:

f(u) _ S e—iuz2j71e_(Zgj—1+Z§j)p/2 dZijl dZQj, u € R.
R2
THEOREM 2. Let 0 < p < 2, £ € C", [{| =1, and He = {x € C" :

(x,&) = 0}. Then the complex volume of the section of the unit ball B,(C™)
by the complex hyperplane H¢ is

(¥)  volcp,—1(Bp(C™) N He)

1 1 o n
271' 2n — 2 [’ 2" 2 S H €23 1+€2])1/2)d
p 0

Jj=1

Proof. Using the definition of complex volume and formula (2) with
K = B,(C") and H = E¢ (via the approximation argument of Section 5),
we get

VOlCnfl(Bp((Cn) N Hg) = VOlQn,Q(Bp((Cn) N Eg)

- — el w)dy.

S27L—lmE£l

By Lemma 1, Remark 1 and Fubini’s theorem, the latter quantity equals

1 1 P T 2 2\1/2
O) GrgE an—2 r(2=2) Vo VeI e +u3)' ) dedy
P S2n—1ingd 0 j=1
11 p n
-Vt T rews . +vs)?) dyat.

- 2 — 2n_2
We shall now prove that the function under the inner integral in (5) is
constant on S?" N Egl As mentioned in Section 2, EEl = span{n, ¥}, where

n=(&,...,&m), 0 = (=&2,&,..., —&an,&on—-1). Let y € Egl; then y can
be written as a linear combination of 7, ¥, i.e. there exist A1, A2 € R so
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that Yy = )\177 + )\2”(9 and, for all ] = 1,...,77,, Y2j—1 = Alfgjfl — )\252]‘,
Y25 = M&2j + A2&2j—1. Therefore,
y%j—l + ygj = (A + A%)(égj—l + 5%]’)7 Jj=1...,n,
and hence
WP =i+t e T U = AT NG+ G+ 6 +HED)
= (AT +ADIELP = AT + A3,
since |¢| = 1. Thus, if y € S?"~1 N E§l then A + A3 = 1, and we get

—.

H f(t(y%jfl + y%j)l/Q) =

Jj=1

FROT+ )2, + 6)')

<
Il
-

|
.::3

f(t(f%jq + fgj)l/Q)-

<
Il
=

Hence, the inner integral in (5) is equal to

S H f(t(ygjﬂ + y%j)l/Q) dy = S H f(t(ggjﬂ + f%j)lﬂ) dy
s-1nEg j=1 s2n-1nEE j=1
=27 H f(t(égj—l + fgj)lm)’
j=1
since $2"~1 N E} is a 2-dimensional unit circle. The latter equality and (5
3
imply (x).

4. Proof of Theorem 1. The result of Theorem 1 immediately follows
from Theorem 2 and the following lemma.

LEMMA 2. If 0 < p < 2 then the function f(y/-) is log-convez on [0, 00).

Proof. For every 0 < p < 2, the function exp(—| - |P/?) is completely
monotone, so by Bernstein’s Theorem (see [W]), there exists a measure s,
on [0,00) so that, for every ¢t € R,

2 T
e Z T e dpy (),
0

which implies
[o@)

M = § e diy ),
0

and so
o0

/
ef(xfﬂng)P 2 _ S efu(wf+x§) d'up(u)7 r1,29 € R.
0
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Therefore, by Fubini’s theorem,

Se_““e‘(ﬂ”l‘”%)p/2 day = Jeiom § e D) dyy () dary
R R 0
%) ) )
= | e7m e e day dpsyy (u)
0 R
— WOSOG*“’““S 1 e /A gy, (u).
0 \/a ’

Now integmte2 the latter in x5 over R. Using Fubini and the well known
identity {, e™"" dt = /7, we get the following expression for the function f:

f(S) _ S S e*isxlef(a:f+z§)P/2 dl’l d.’L'Q _ \/ES S efuwz . *82/4u d/J'p(u) dCL'Q
RR RO

T 2 2
— \/_ —s“/4u —uzy g d ( )
T [S] —\/ae (ﬂie 332) [Lp u

and hence

Flo) = § e dpy )

Now, for any aq,as > 0, using the latter formula and the Cauchy—Schwarz
inequality, we get

<f< “1;@)) _ [ —a1/8ue—a2/8u%dup(u):|2

S

0
(OSO e dpy (u )(Ogi ‘“2/4“dup(U)>
= f(Va)f(Vaz),

which implies that f(1/-) is log-convex.

1

\/—
1
u

Now, to prove Theorem 1, note that the log-convexity of f immediately
implies that for any 0 < a1 < 81 < B2 < ag with o2 + a3 = 82 + 32 = 1,
we have

FAB)f(tB2) < f(ton)f(tas), ¥t > 0.

Therefore, the integrand in the formula of Theorem 2 decreases pointwise
when we change the vector & = (£%,...,£") € C™ so that it remains a
unit vector but the absolute values of any two coordinates become closer
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to each other. In particular, the integrand is maximal when only one of
the coordinates is non-zero, and minimal when the absolute values of the
coordinates are equal. The latter property immediately implies the result of
Theorem 1.

5. An approximation argument for B,(C"). We prove in this sec-
tion that formula (2) can be applied to the bodies B,(C") and subspaces
E¢ in spite of the fact that these bodies are not always smooth. This will
give a formally correct proof of the formula of Theorem 2.

For € > 0, we introduce a star body B, .(C™) defined as the unit ball of
the norm

[zllpe = [((21 + 23) +e(23 +... +23,))? +
ot (@3, +23,) el + ..+ 23, _,)) PR

Clearly, ||z||pe is a continuous function of ¢, and | - ||, € C*(S*"1).
Moreover, |z|,c — ||z]|, as € — 0T, uniformly with respect to z € $2"1.
Applying formula (2) to K = B, .(C") and H = E¢, we get

(6) [ lolpz*2de=—— | (a2

(2m)?
S’"‘_lmEg Sn—lmEé

) (0) db.

Obviously, the left-hand side of the latter equality converges to the same
integral with ||z||, in place of ||z|/,., as ¢ — 0. Therefore, it suffices to
prove that the same happens on the right-hand side.
Recall that the measure y,, 0 < p < 2, introduced in Section 4 has the

property that, for any z1,...,22, € R and € > 0,

o
(7) e~ (@iHadte(@i+ ta3 )" o S e vEitalre(eit +a3)) gy (v),

0

where ¢ > 0. Let u = (u1,...,u,) € R? = [0,00) x ... x [0,00). We shall
use the same notation j, to denote the product measure on R, pu,(u) =
o un) - 1y ).

Following the steps of Lemma 1 and using formula (7), one can easily
show that the Fourier transform of || - |22 (in the sense of distributions)

is given by the formula

®) (72" )

:F(QJZ St3gg

p 0

W (ygj_l‘i’ygj) dup(u) dt

where Uj(u) = uj + €32, ;. u;. Therefore, the right-hand side of (6) is
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equal to

(9) 12

2 I(22)

p)
S

]R" S2n lmE :

3

W_(yg‘jfl"_yg‘j) dyd,up(u) dt.

In the same way as in the proof of Theorem 2, one can show that for
every y € S?"~1 N EX,

jHlU<u>e

so the inner integral in (9) equals

1 2 2
67W(£2j71+£2j)

Uj(u) ’

1 2 2 n
T aU; (w2 (v2;1tw2;) _ H

=

j=

4Uj(u)tE 2j—=1152j
)

Jj=

and the expression in (9) equals

1 p 3 R AT
(10) 2n—2 S t S H A 7 dpy(u) dt.
o 1(222) =), Rn joi Uj(u
It remains to prove that the latter quantity converges to
L p Tt 117 et
(11) — —— S t S H —e ittt T dpy(u) dt
o F(2n—2) 117 P
p 0 R7 j=1 "7
as € — 0, because (11) is equal to
1 _
L Voo (el )7 (0) 6,
SnolnEF

which follows from Lemma 1 and (7), in the same way as it was done for
the norm || - ||,c.

The pointwise convergence of functions under the integral in (10) is ob-
vious, so we can apply the dominated convergence theorem to finish our
argument. To do that, recall the properties of the measure p, on R (see
for example [Z]). The measure i, has density that decreases at infinity like
[v|~17P/2. Moreover, ;" v=! du,(v) < co. Now, break the integral over dt in
(10) into two integrals: from 1 to co and from 0 to 1. To find a dominating
function in the integral from 1 to oo, just estimate the exponential by 1
In the integral from 0 to 1, use the fact that exp(—1/x2) < ka'*P/® for
every = € [0,00) and some fixed k£ > 0. The integrability of the dominating
function follows from the order of decay of the density of the measure p,,.
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