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Subspaces of L,, p > 2, determined by
partitions and weights

by

DALE E. ALspacH (Stillwater, OK) and SIMEI ToNG (Eau Claire, WI)

Abstract. Many of the known complemented subspaces of L; have realizations as
sequence spaces. In this paper a systematic approach to defining these spaces which uses
partitions and weights is introduced. This approach gives a unified description of many
well known complemented subspaces of L. It is proved that the class of spaces with such
norms is stable under (p,2) sums. By introducing the notion of an envelope norm, we
obtain a necessary condition for a Banach sequence space with norm given by partitions
and weights to be isomorphic to a subspace of Lp. Using this we define a space Y, with
norm given by partitions and weights with distance to any subspace of L, growing with n.
This allows us to construct an example of a Banach space with norm given by partitions
and weights which is not isomorphic to a subspace of L.

1. Introduction. Prior to Rosenthal’s 1970 paper [R], only a few com-
plemented subspaces of L, were known: ¢, {a, £, & l2, (> ¢2), and L, itself
([P], [F]). Rosenthal’s paper added several new spaces but more importantly
it was seminal. In 1975 Schechtman [S] combined Rosenthal’s results with a
tensor product construction to show that there are infinitely many isomor-
phically distinct complemented subspaces of L,. A few years later, it was
shown by Bourgain, Rosenthal and Schechtman that up to isomorphism,
there are uncountably many complemented subspaces of L, (see [B-R-S]).
Recently the first author proposed a new approach to describing the com-
plemented subspaces of Ly[0, 1], p > 2. For any partition P = {N;} of N and
weight function W : N — (0, 1] define

[(ad)llpw = (Z(Z a?w?)pm)l/p.

7 jGNi

Now suppose that P = (Px, Wi )rer is a family of pairs of partitions and
functions as above. Define

(1.1) I(aa)llp = sup [[(@i)ll(p,wi)-
keK
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There are two fundamental questions which we begin to study in this
paper. What conditions on (Py, Wi)rex imply that ||(a;)||p defines a norm
on a space of sequences X so that X is isomorphic to a complemented
subspace of L,[0,1]? Is every complemented subspace of L, (other than L)
isomorphic to a space of this form?

This paper includes four major sections in addition to this introduction.
Unless otherwise noted we will assume that p > 2 throughout. We will also
assume that the scalar field is R.

In Section 2, we present well known examples of complemented subspaces
of L, with norm given by partitions and weights. We discuss some natural
conditions on the families and in particular normalization of the basis by
inclusion of discrete partitions. We also prove that the natural sums of such
Banach spaces are stable under these norms, i.e., have norms which are also
given by partitions and weights.

In Section 3, we first observe that if the norm on a space X is given by
finitely many partitions and weights, then X is isomorphic to a subspace
of L,. Then we give the definition of an envelope norm and we prove the ex-
istence of the envelope norm generated by a family of partitions and weights.
We also give a lower bound on a norm which is necessary for a space to be
isomorphic to a subspace of L,,. Finally we show that if a space with norm
given by partitions and weights is isomorphic to a subspace of L, then its
norm is equivalent to the associated envelope norm.

In Section 4, we construct examples which demonstrate the difference
between a norm given by partitions and weights and the corresponding enve-
lope norm. As a consequence we obtain an estimate of the distance between
a certain Banach space Y,, with norm given by partitions and weights and
&, Xp. Finally we give an example of a Banach space with norm given
by partitions and weights which is not isomorphic to a subspace of L, by
applying the results from Section 3. Thus we find that not every sequence
space with norm given by partitions and weights is a £, space. (See [L-P]
and [L-R].)

In the last section we pose some questions for further study. In particular
we discuss the Bourgain, Rosenthal and Schechtman construction and define
spaces X} with norm given by partitions and weights which are natural
candidates for sequence space realizations of the spaces R.

We will use standard terminology and reults in Banach theory as may
be found in the books [L-T-1], [L-T-2] and [J-L]. Many results on subspaces
of L, may be found in the exposition [A-O] and its references.

2. Norms determined by partitions and weights. In this section,
we examine some examples of complemented subspaces of L, in order to
motivate the idea of a norm given by partitions and weights. Then we develop
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the formal definition of a norm given by an admissible family of partitions
and weights. Finally we give some results about sums of spaces with these
norms.

In the following we will see that many well known complemented sub-
spaces of L, have equivalent norms of the form defined in the Introduction.
Here it is sometimes convenient to take partitions and weights defined on
sets other than N. For each example we will have a family of partitions (Py)
of N™ for some m and weights (W}) for k in some index set K.

EXAMPLE 2.1 (examples with one partition and weight; K = {1}).

(1) If P={{i} : i € N} and W = (w,,) is any sequence of positive
numbers, then X ~ £, since

ol = ol = (3o ) " = (3 o)
n=1

(2) If P = {N} and W = (wy,) is any sequence of positive numbers, then
X ~ /{5 since

()| = ((i ’xn’2wz>l>/2>l/p _ <i ]xn]2w721> 1/2'
1 1

(3) If the index set is N x N, the partition P = {{n} x N:n € N}, and
W = (wn,m)n,m€N7 then X ~ (Z 52)[ since

| (zn)| = (Z(Z |22 nm>p/2)1/p'

n—=
EXAMPLE 2.2 (examples with two partitions and weights; K ={1,2}).

(1) If P = {{n}} with weight W7 = (1) and P» = {N} with weight
Wy = (wy,), then X is the space X, w,, defined by Rosenthal, with norm

et = mas{ (3 o) ™ ()}

Rosenthal [R] proved the following:
(a) If inf,, wy, > 0, then X, w, ~ lo.
(b) If S wi?/ P72 < oo then X, w, ~ £p.
(c) If there is some € > 0 for which {n : w, > ¢} and {n : w, < ¢} are

both infinite and for which »_ = __ w072 - 00, then X, w, ~ lo @ ).
(d) For each ¢ > 0,

(%) Z w2l (P=2) = oo,

wn <€

If Wy satisfies (), then X, w, ~ X,.
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(2) If P = {{(i,7)}} with weight W7 = (1) and P» = {{n} x N}
with weight Wy = (wy,m) where wy,, = (1/n) for all n,m, then X ~
(2_n Xp.(1/n))p- Moreover, X, = X, 1/,) is isomorphic to f2 and we have
sup,en d(Xn, l2) = 00, so X ~ By, as defined by Rosenthal.

EXAMPLE 2.3 (an example with four partitions and weights). Let K =
{0,1,2,3}. Let i represent the first index and j represent the second index
in the set N x N. Assume the sequences (w;) and (w}) satisfy (x). Let

Py ={N x N} with weight Wo = (w; - w}),
P ={{n} xN:neN} with weight W; = (1-wj),
P, ={Nx {n}:neN} with weight W5 = (w; - 1),
Py ={{(i,5)}:4,j € N}  with weight W5 = (1-1).
Then this is Schechtman’s [S] basic example X ~ X, ® X,,, with norm

(2.1) max{ (Z i ‘2w3w92> vz (Z (Z i Pw;?)pm) v

(] v J
2 2 \P/2\ VP )P o e
<Z<Z i1 wi) ) ’ (Z 51 ) } - HZQZ’](% ®yJ)HLp(1xI)'
J 1 2,] 2y

This example can be generalized by using the index set N™. If |K| = 2"
and the partitions and weights are chosen in a manner similar to the above,
then X ~ @) _, X,. Thus we get isomorphs of Schechtman’s examples.
Additional detail about these examples is contained in Section 4.

We will now give a general definition of a space with norm given by
partitions and weights. Below A is any countable set.

DEFINITION 2.4. Let P = {N;} be a partition of A and W : A — (0, 1]
be a function, which we refer to as the weights. Let z; € R and w; = W (j)

for all j € A. Define
PW = (Z(Z x?w?)pm)l/p.

i jJEN;

[(z5)jeal

Suppose that (Pg, Wi)rex is a family of pairs of partitions and functions
as above. Define a (possibly infinite) norm on the real-valued functions on
A, (w3)iea, by [[(xi)l] = supgex | (®i)ll(p,,w,) and let X be the subspace of
elements of finite norm. In this case we say that X has a norm given by
partitions and weights.

REMARK 2.5. Because of the nature of this norm, X will have a natu-
ral unconditional basis. Thus this approach to describing the complemented
subspaces of L, is limited to complemented subspaces of L, with uncondi-
tional basis. At this time, no complemented subspace of L, without uncon-
ditional basis is known.
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PROPOSITION 2.6. Suppose that X has a norm given by partitions and
weights. Then X is a Banach space.

We leave the straightforward proof to the reader.

PROPOSITION 2.7. Suppose X is a Banach space with norm given by one
partition and weight. Then X ~ £y, X ~ Uy, X ~ o &), or X ~ (Z@Eg)gp.

Notice that these are the spaces given in Example 2.1 and their direct
sums. The proof is a routine computation after normalization of the basis.

Since normalization of the basis is an important first step to under-
standing the spaces, we now introduce admissible families of partitions and
weights to incorporate this and some other properties.

DEFINITION 2.8. The partition {{a} : a € A} of A will be called the
discrete partition. The partition {A} of A will be called the indiscrete par-
tition.

DEFINITION 2.9. A family of partitions and weights is called admissible
if it contains the discrete partition with the trivial weight (w(a))qea = (1)
and the indiscrete partition with some weight.

The discrete partition is included to force the natural coordinate basis
to be normalized. This requirement is not really a restriction because every
normalized unconditional basic sequence in L, has a lower ¢, estimate. (See
the Preliminaries section of [A-O].) The indiscrete partition gives a candi-
date for a natural ¢ structure on the space X. Because we are concerned
with embedding these spaces into L,, p > 2, there always must be some /5
structure on the space.

Notice that in the previous examples, Rosenthal’s space and Schecht-
man’s space have norms given by admissible families of partitions and
weights. Each of the other cases can be equivalently renormed using an
admissible family of partitions and weights. Unless otherwise noted we will
assume from now on that a Banach space X with norm given by parti-
tions and weights is actually given by an admissible family of partitions and
weights.

Next we are going to prove some stability results for sums of spaces when
the spaces are equipped with these norms.

DEFINITION 2.10. Let (X,,) be a sequence of subspaces of L,(€2, u) for
some probability measure p, and let (w,) be a sequence of real numbers,
0 < w, < 1. For any sequence (x,,) such that z, € X,, for all n, let

)y = masc] (3 )7 (3 lali3u) )
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and let
X = (Z Xn)(m( = an) n € X for all (@)l 0, < o0}

We will say that X is the (p,2, (wy)) sum of {X,}.

Let A be a countable set and let (X,)qe4 be a family of Banach spaces
of functions defined on sets (Bg).c4, respectively. That is, for each a € A,
X, has a norm given by a family of partitions of B, and weights on B,.
Let I, denote the index set of the corresponding family for X,. For each
i(a) € Iy, let Pia) he a partition of B, and W%{® be a weight function,
i.e., Wi . B, — (0,1]. For each a € A and i(a) € I,, the norm on X,
with respect to P%i@) 1W%i(a) ig given by

|| (Zab)be B, || pasica) Waila) = < Z (Z $ab (w™ (b))2)1?/2)1/p.

Qepasi(a) bEQ

For each a, we assume that there is one distinguished indiscrete partition
and weight. We will denote the index of this partition and weight as (). Let
P»0 = {B,}, and W*0) be the associated weight. For each a, define

1(%a,)beBall2 = (Z (Zap)?(w™( )(b))2>1/2-

beEB,

Suppose that for the index set A, we have an associated weight function
WA — (0,1]. Let (3_,c4 Xa)p2w be defined on B =[], 4B, as above
using the norm ||(z4)veB, |2 as the ||-||2 in the definition. Let I = [[,c41oU
{( )} Let (i(a))aeca € I. Then there is a natural partition of B and weight
on B given by Py = {{a} x P : P € Pui@) g € A} and Wiia)) =

(wy” (a))beBa acA- We deﬁne as a special case the partition and weight for ( )

as P {HaeAB } and W( )y — (W(a)wa’( )(b))beBa,aeA-
If we expand the definition of the norm we have

(2.2)  [(%ap)acAbeB, lp2w

= max{ (Z |\(xa,b)bega|\§(a)1/p, (Z H(:Ea,b)beBa||%(W(a))2>1/2}

acA a€A

/
= max{ (Z sup {|/(zq, b)bGBaHPa’L (@ Wa,z(ﬂ,)}) P’

acA H@)€la
(Cw@? X w0 has?) ).

acA beBg

Notice that for each a € A, we take a supremum over I,, then we take
summation of those supremums, and finally we take the maximum of two
sums. If we consider the index (i(a)) which for each a approximates the
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supremum, it is one element in I. So instead of taking the maximum over
each I,, we can compute the norm for each index in I, and then take the
supremum of them only once. Hence the norm becomes

H(ma,b)aeAﬁEBaHp,?vW = Ssup H(ma,b)bGBaHP<1'(a))7W<i(a))'
(i(a))erl

This gives us the following result:

PROPOSITION 2.11. Let (Xg)aca be a family of Banach spaces each
with norm given by partitions and weights. Then the norm of the space
(>", Xa)pow can also be expressed as a norm given by partitions and
weights. In other words, the class of spaces with norm given by partitions
and weights is stable under (p,2) sums.

COROLLARY 2.12. Let (X4)aea be a family of Banach spaces with norm
given by an admissible family of partitions and weights. Then the norm of
the space (Y, Xa)e, can also be expressed with partitions and weights.

Proof. Choose W such that >, , W(a)?/(?P=2) < 1 in the previous re-
sult.

3. Embedding into L,. In this section, we first show that any space
X with norm given by finitely many partitions and weights is isomorphic
to a subspace of L,. Then we give the definition of an envelope norm. We
prove the existence of the envelope norm generated by a family of partitions
and weights. We also determine a necessary condition for a space with un-
conditional basis to be isomorphic to a subspace of L,, p > 2, by giving a
lower bound on the L, norm of elements of any subspace of L, with uncon-
ditional basis in terms of blocks relative to the basis. Finally we show by
using this necessary condition that if a space with norm given by partitions
and weights is isomorphic to a subspace of L,, then its norm is equivalent
to the natural envelope norm.

PROPOSITION 3.1. Any sequence space X with norm given by finitely
many partitions and weights is isomorphic to a subspace of L.

Proof. Let X be the sequence space with partitions and weights
(P, Wo)N_,. Let X,, be the space of sequences with norm given by one
partition and weight (P,,, W), 1 <n < N. Then it is easy to see that

(), ~ (%),

Take the isometric embedding from X into (25:1 Xn)e,, defined by = —
(:U)ivzl. Since for each n = 1,..., N, X, is isomorphic to a complemented



214 D. E. Alspach and S. Tong

subspace of L, by Proposition 2.7, we see that (ZTILI Xn)e, is isomorphic
to a complemented subspace of L,. Hence X is isomorphic to a subspace
of L, =

This trivial approach fails if there are infinitely many partitions and
weights. We do not know any general sufficient condition on the partitions
and weights to guarantee that the space is isomorphic to a subspace of L.
By using the fact that these spaces have unconditional basis, we can give a
useful necessary condition.

DEFINITION 3.2. Let X = {(ap)scp} be a Banach space defined on a
countable set B with norm given by a set of partitions and weights P =
{(PI,WJ):j € K}. Then P has the envelope property if for any partition @Q
of B and any function i : Q — K, the partition and weight (FPp, W) belongs
to P where

Py ={K'": K' = qn K, # 0 for some g € Q, some K, € pila)}
and
Wo = (w; D peqqeq  where WO = (wy@)yep.
In this case we will say that || - || = sup,ck || - || pi w is an envelope norm.

Note that the function 7 in this definition induces a map ¢ : Q — P by
o(q) = (Pi(q), Wi(q)). Conversely any map ¢ : (Q — P induces a correspond-
ing map 4. In what follows we will often start with ¢ when applying the
definition.

EXAMPLE 3.3. Let X, be Rosenthal’s space with the norm

=l (5 ) (S o))

where (wy,) satisfies (x). Let P, = {{n}} with weight W7 = (1) and P, = {N}
with weight Wy = (wy,). Then P = {(P1, W1), (P2, Wa)} defines the norm
on X,. It is easy to see that P does not have the envelope property. To get
a family of partitions and weights which has the envelope property we need
to add all the possible combinations of the given two. Let Q be the set of
all partitions on N. Let Q € Q and T : ) — P. Define

P(Q,T)={K: K ={n}ifn € qand T(q) = (P, W) for some q € Q}
U{K : K =qif T(q) = (P, W>) for some q € Q}

and

WQT) = (ol negac where w(m) = { | " =@ 70—

wy if n € g, T(q) = (P2, W),

Then an equivalent envelope norm is defined by sup p )5 |- l¢p,wy where

P={(PQ.T),W(Q,T):QeQ T:Q— P}
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REMARK 3.4. In the case of the norm of X, in Example 3.3 the envelope
norm can be written in the form

p/2\1/p
(St + ()
I neq ngq

Next we show by generalizing the construction above that there is a
natural envelope norm associated to each norm given by partitions and
weights.

ProproOSITION 3.5. Suppose X is a Banach space defined on a countable
set B with norm given by a family P of partitions and weights. Then there
exists a natural family of partitions and weights P (defined below) such that
-1l = SUD(p 1) e |- lpw is an envelope norm.

Proof. Let Q be the set of all partitions of B. Let P = {(P;,W;) :
i € K} be the given family of partitions and weights for X. Let Q € Q.
Letting T be a map from Q into P denote T(q) by (P9, W¥a)) for all
q € Q. Define P(Q,T) = {K : K = qnp # 0, q € Q, p € PW}
and W(Q,T) = (W'D (b))peq qco Where WD = (wi@(b))yep. Let P =
{(P(Q,T),W(Q,T)) : Q € Q T :Q — P}. Define a norm on X as
(x| = SUD(p 1y ||(zi)||pw. We claim that P has the envelope prop-
erty and thus | - || is an envelope norm.

Let @ be any partition of B. Let S be any map from Q into 73, ie.,

5(@) = (P(Qq,T3), W(Qq, T7))

for all § € Q. For any g € Q, let T;(qo) = (P*@%) Wi@)) for all ¢y € Qg
and let @— {§#0:3=q9N7, € Q, g € Qz}. Because @and Qg are
partitions, ¢ uniquely determines § € Q and qo € Qg such that ¢ = qo N g.
From Definition 3.2 we have Py = {K # ) : K = gN Ky g€ Q, K; €

P(Qg,T7)}, which is exactly what the definition above gives for the partltlon
P(Q, S) of B determined by @Q and S. Thus

Py=P(Q,S)
={K:K=qnK;#0.3€Q, K € P(Q3.Ty)}
(3.1) ={K:K=qNn(qNp)#0,7€Q, q € Qg, p € P10}
(32)  ={K:K=(3Nq)Np#0,aNgqeQq pe P}

(83)  ={K:K=7np#0.i=anqecQ pecP@)

where (3.1) follows from the definition of P(Qg,T3), (3.2) by the definition
of Q, and (3.3) by the uniqueness of § and gg. Define T - C:2 — P by
T( ) = (P@%) Wia:9)) where § = N qo, qo € Qg, @ € Q. Then we have
shown that P(Q, S) = (Q,T).
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Because Ty(q) = (PY@9) Wi@9)) = (P39 (@9 (b))yep), we have

S(@) = (P(Qq. Ty), W(Qq. Tyg)) = (P(Qq, Tg), (w' PV (b) )veq, qe,)-

Suppose Wo = (wp)pep. If § € Q and b € g, then as in Definition 3.2,
wy, = w®0)(b) where b € o and gy € Qq Hence for b € ¢ = @ N qo,

w'(@%)(b) is also the choice specified by T(7). Hence Wy = (Q T)
(Po, W) € 7) n

COROLLARY 3.6. If X has a norm defined by a finite number of parti-
tions and weights, then there is an equivalent envelope norm on X.

The next result follows by simply checking that all the partitions and
weights in the construction are required for the envelope property.

PROPOSITION 3.7. Suppose P is a family of partitions and weights on B.
Then P as in Proposition 3.5 is the minimal family of partitions and weights
on B containing P and having the envelope property.

COROLLARY 3.8. Let P be a non-empty family of partitions and weights
on B. Let (Px)xea be any chain of families of partitions and weights on B
such that each Py contains P and has the envelope property. Then (¢ 4 P
has the envelope property.

Our purpose in introducing envelope norms is to show that the envelope
norm is related to a property of subspaces of L, with unconditional basis
that we will now explain.

Let X be a Banach space defined on B with a norm given by partitions
and weights. Let ¢ be a one-to-one map from N onto B such that z, =
€¢(n) Where (ep)pep is the natural unit vector basis of X. Then (x,) is an
unconditional basis for X. Let z = ) 7, apz, for some (a,). Let @ be
any partition of B. Let {F}}7°, be the corresponding partition of N, i.e.,
¢(F)) = q for some g € Q. Then

x—ZZanxn—sz—Zz

k=1 neF, q€Q
where
= Z AnTyp = Z ane¢(n) = Z a(bfl(b)eb = zq/b(Fk) = 2(/1
ner, neFy beq=¢(F)

Since () is an unconditional basis and (2;,) (hence (z;)) is a block of (z),
we see that (zj) is an unconditional basic sequence with unconditional con-
stant 1.

REMARK 3.9. We are abusing the terminology a little here. It would
be more correct to use partitions {F}} containing only finite subsets of N
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and the map ¢ which has the property that for all k, if n € ¢~!(F}) and
m € ¢~ (Fyy1) then n < m.

In the lemma below we use the notation introduced in Proposition 3.5.

LEMMA 3.10. Let P = {(P!,W?) :i € K} be a family of partitions and
weights on B. Let X be the corresponding Banach space defined on B. If X
is 1somorphic to a subspace of Ly, then there exists a constant C, depending
only on the Banach—Mazur distance of X to a subspace of Lp, such that for
any partition Q of B and any map T : Q — P, ||z|| > C|lz||p W(Q,T))
where T(q) = (P"@, Wi9),

Proof. Let ¢ : N — B be as above and T : Q — P such that T'(q) =
(Pi(q), Wi(q)). If X is isomorphic to a subspace of L,, with isomorphism R,
then (Rz) (hence (Rzy)) is a block of (Rxy,) which is an unconditional basic
sequence in L, with constant A. So

S HREERE
Jallx H;zk > IR [ R,

(3.4) > HRH_l)\_l (Z HRZng) 1/p
k
I
> |R||—1)\—1<zk: H”R’iu)'(p) r ||R|| ||R R <Z ||Zqu)
(3.5) > C(Z Z ( Z lan|%( Z(q )p/Q)l/p

q€Q rePi(a) ¢(n)erng

_c< 3 (Z |an | (w > >/p—CHxHP(Q,T)7W(Q,T)

qeP(Q,T) ¢(n)egq

where (3.4) follows from the standard lower ¢, estimate [A-O], and (3.5) is
true since zq = 3 e o(7)=qg nns and ||zgllx = ||zl pic) wie - In (3.5),
q is the unique element of () such that ¢ C ¢. =

THEOREM 3.11. Suppose X has a norm given by a family P of partitions
and weights and X s isomorphic to a subspace of L,. Then there is an
envelope norm || - || such that || - || ~ | - ||x

Proof. If we take a supremum over all the choices of () and T" in Lem-
ma 3.10, we have ||z||x > C||z|, where || - || is the envelope norm defined by
P in the proof of Proposition 3.5. On the other hand, since P C P, we get
[#]|x < llz]l. Hence [|z]|x ~ [|z[. =
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REMARK 3.12. Because the natural basis of a space with norm given by
partitions and weights is 1-unconditional, the unconditional constant of the
image of any block basis under an isomorphism R is at most | R |[[R™}|.
Hence the constant A in the proof of Lemma 3.10 and consequently the

equivalence in Theorem 3.11 depend only on the distance to a subspace
of Ly.

PROPOSITION 3.13. Let (X4)aca be a family of Banach spaces each with
norm given by partitions and weights which satisfies the envelope property.
Then the norm of the space (D, Xa)p2,w can also be expressed as a norm
given by partitions and weights which also satisfies the envelope property.

Proof. This follows from equation (2.2). Indeed, if @ is any partition of
[Hyca Ba and ¢ : Q — {(Pa) W) : (i(a)) € I} then for each ¢ € Q
let ¢(q) = (PO Wwila)a )) Then (Qq, W), where Q, = {gN ¢ # 0 :
q€Q, ¢ € P4} and W, = (w Zl(a q))beBa, must be one of the partitions
and weights in {(P®*(®) W) : i(a) € I,} since this family of partitions
and weights has the envelope property. m

Next we consider the L, tensor product of spaces with norms given
by partitions and weights. Because the tensor product is only defined for
subspaces of L,, we will assume that the two spaces are also isomorphic
to subspaces of L, and thus the defining families of partitions and weights
must have the envelope property.

PROPOSITION 3.14. Suppose that P and Q are families of partitions and
weights defined on sets A and B, respectively, and having the envelope prop-
erty. Let X and Y be the corresponding spaces on A and B and let (24)qen
and (yp)ven, respectively, be the natural bases. Suppose that S is an isomor-
phism from X into L,[0,1] and T is an isomorphism from Y into Ly[0,1].
Then there is a constant C > 0 such that for any constants (cqp)acA,beB
with only finitely many non-zero, any (P, (w,)) € P and any (Q, (w})) € Q,

Hanbea®TybH >C< Z ( Z (o 2100 (1) )p/2)1/p

pEP,qeQ a€p,beq

Proof. With the given notation we can directly estimate the norm as
follows:

Hanbea@)TybH ’anbea )Tyb()‘ dt ds

SHZ(anbea ))Tun()| dtds

00 beB acA
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[7(30 (3 cunsnn(s) ) s

beB acA

(Qlﬁl}%@( > (Z’Z Ca,waa(S)’Q(wé’V)p/Q) ds

qeEQ1 bEq acA

~

O ey = O ey =

(since T is an isomorphism)

- | (D22 cansaals)

0 g€Q beq acA

“p?)”) s

11

~ Z S S ’Z Z CapSTa(s)wyry(u) ‘p duds

qg€EQ00 beq acA

(by Khinchin’s inequality, where (73)cp is a sequence of Rademacher func-

tions)
1

- Z S H Z (Z Ca,bUJ;)Tb(U)) Sxzq(s) Hp du

qeQ0 a€A beq

~ Z i Py 71(11102})(;)673 ( Z (Z (Z Ca,bngb(u))2wZ2>p/2) du

qeQ0 pEPI a€p begq
(since S is an isomorphism)

> (S (S (S i) )

qgeQ0 peP a€p beq

— Z Z § (Z (Z caybwg,warb(u)>2>p/2 "

qgEQ pEP 0 a€p beq

11
~ Z Z S S ‘Z Z ca,bwéwarb(u)rfl(w) ’p dw du

qgeQ peP 00 beq a€p

where (r/)qca is another sequence of Rademacher functions, independent
of (rp)veB)

2
~ Z Z (Z Z cz’b(w{,)zwg)p/ . m
geEQ pEP beq acp
In the proof above there are two inequalities which result from taking
only one of the partitions and weights defining the norm. If the norm is
equivalent to a norm given by finitely many partitions and weights, then
we can remove the inequality lines, insert maximums, and complete the
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argument as above except that at a few places we must interchange the
maximum with an integral. This is possible with a constant depending on
the number of partitions and weights. Therefore we have

COROLLARY 3.15. If X and Y have norms given by finitely many parti-
tions and weights, then the L, tensor product of X and Y also has a norm
given by finitely many partitions and weights.

COROLLARY 3.16. With the same hypothesis as in Proposition 3.14,
there is a constant C' > 0 such that for any partition R of A x B and
partitions and weights (Pr, (wya))rer and (Qy, (w;.,))rer such that for each
r € R, there exist p, € P, and q. € Q, with r C p, X q,, we have

[ccsseac il 2 (S (52 lntomarar) )™

reR a,be

Proof (sketch). Because SX @ TY is a subspace of L,, this follows by
the argument given in the proof of Lemma 3.10. u

4. An isomorph of ®?:1 Xp. In this section, we construct an example
which demonstrates the difference between a norm given by partitions and
weights and the corresponding envelope norm. We also obtain an estimate
of the distance between a certain Banach space Y,,, isomorphic to ®;.L:1 Xp,
with norm given by partitions and weights, and any subspace of L,. Finally
we give an example of a Banach space with norm given by partitions and
weights which is not isomorphic to a subspace of L.

We will define Y,, to be a Banach space with norm given by partitions
and weights which has essentially the same form as the norm on the se-
quence space realization of @’_; X, introduced by Schechtman [S] in 1975.
First we will estimate the distance between Y,, and Y,, with the associated
envelope norm for the case n = 3. Then for any n € N we can easily extend
the argument to Y,, with the original norm given by partitions and weights
and Y,, with the corresponding envelope norm. Consequently, we prove that
not every sequence space with norm given by partitions and weights is iso-
morphic to a subspace of L, and the envelope norm on the sequence space
realization of ®?:1 X, may be a better choice for some purposes.

We will define Y3 on N? x N? x N2. Let (w;)%°; be a sequence of weights
such that w; — 0 as ¢ — oco. Let iy, o, and i3 represent indices for the first,
second and third pair of coordinates, respectively. Define weights on N? by
Wi = W) = Wy where i = (m,n) for all m,n € N. Let (€4, 1,.i5)7 3, 15en
be the natural unit vector basis of Y3. The partitions of N? x N? x N? and
the corresponding weights are given as follows:
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Py = {N? x N? x N?}, Wo = (wy, - wi, - wiy),
Py = {{(m,n)} x N> x N? : m,n € N}, Wi
Py = {N? x {(n,m)} x N?: m,n € N}, Wy
Py = {N? x N? x {(m,n)} : m,n € N}, Ws
Py={{(m,n)} x {(s,t)} x N? :m,n,s,t e N}, W, =
Ps = {N? x {(m,n)} x {(s,t)} : m,n,s,t e N}, Ws
Ps={{(m,n)} x N? x {(s,t)} : m,n,s,t € N}, W
P, ={{(l,m,n,s, t,u)}:l,m,n,s,t,u € N}, Wr =
Then the norm on Y3 can be calculated by

H Z Qi ,ig,is i1, ia,i3 Y3_IC{123}{(Z ( Z|CL11,12,13’ H wll )P/Q) 1/P}

iy,io,i3 ickel ip:lelc lelc

Z ’au,u’lg’ . 2> >1/p7 (Z (Z ’ail’i%ig|2(wi1)2)p/2>1/p’

ig,is 11

(St )

11713 11712713
= maX{Si}i:O
where S; for i = 0,1,...,7 are the sums in the previous expression in the

same order.
Let Z3 denote Y3 with the envelope norm generated. Next we will show
that
wup 1712 g1
z€Y3 H:L’ HYB

Since w; — 0 as ¢ — oo, for any given ¢, 0 < ¢ < 3, there exists an N
such that if n > N, then w, < (¢/3)Y/? < (¢/3)"/?. Let ny,n9,ng > N.
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Choose integers K1, Ko, K3 such that
wo, KV S (3/0)YP > 1, wp, KAPTVP > (3/6)VP > 1,
wny K327V > (3/6)/P > 1.
Now take three blocks with constant coefficients as follows:

e a block x; of size K; with coefficient (wm)_lel/2 and support

{(nl7 1a na, 1)”3) 1)5 (nla 25”27 1a ns, 1)5 ey (nlv Kl?”?) 1)”3) 1)}7

e a block z9 of size Ky with coefficient (wp,) 1K, /2 and support

{(nl)Kl + 1a n2, 27”3) 2)’ (nla Kl + 17”27 37 ns, 2)7
©y (n17K1 + 17 TLQ,KQ + 17 ns, 2)}7

e a block x3 of size K3 with coefficient (11)713)*1K3_1/2 and support
{(nl, K+ 2, na, Ky + 2, ns, 3), (Tll, K+ 2,712, Koy + 2,713,4),
(1, K1 +2,n9, Ko + 2,13, K3 + 2)}.

Now we estimate the eight sums to get an estimate of the norm of the
element

(n1,K1)
1g—1)2
(41) @i 4wt as= Z W Ky o 1m0
(n171)

—17-—1/2
+ E Wy, Ko 7 eny Ki41,i0,m3,2

—17-—1/2
+ E W Ky "' "en, ki +2,n0,Ka+2,i3-
iz=(n3,3)

So = [(wm)_2K1_1(wn1)2(wn2)2(wn3)2K1
+ (Wny) 2K (wny ) (wny)? (wny )2 K
+ (Wny) 2K (wny ) (wny)? (w2 5]V
= [(Wny)? (Wi )? + (Wi, )2 (W) + (i )2 (wng) 22 < V2,
S1 = [((wny) 72K (Wng) (W) P2 K1 + (wng) 2K 5 (W) (wny) 2K 2)P/?
+ (wny) K5 (wny) (w2 K 5)P/ )P
= [(wn, 5127 P) 7P (i P ()P + (i )P + (i, PP < V1P,
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Similarly we have Sy < £!/? and S5 < &!/P. Next,
S = (K1((wn,) 2Ky (wn,)?)P?
+ Ko ((wny) 2Ky (wing) )P + ((wny) 2Ky (wny)? K3)P/2) 1/
= ((wn, K327 (g P+ (0, K2 P) 7P (g )P 4 1)
< (e+ 1)V,
Similarly S5 < (¢ + 1)%/? and Sg < (¢ + 1)/?. Finally,
St = ((wny K127Y) 2 (wy Ky P TVP) 2 e (w2 P) Y < M,

Since € can be arbitrarily small, if we take the maximum of these eight sums,
the norm will be as close to 1 as we want.
Now let us look at the envelope norm of the element x1 +xz2+x3 in (4.1).
Let @ be a partition of N? x N? x N? such that the support of each of
the above three blocks is an element of Q). (The other sets in the partition
do not matter.) Let P be the given family of weights and partitions, i.e.,
P = {(P,W;) : i =0,1,...,7}. Let T : @ — P be a map such that
T(suppz1) = (Ps, Ws), T'(supp xz2) = (Ps, W5), and T'(supp z3) = (Ps, Wa).
Then the envelope norm of 1 + 22 + x3 can be estimated from below using
P(Q.T):
(n1,K1) (n2,K2+1)
H’ Z _lK_l/Qellmz,Lns,l + Z em,Kl—H,ig,ng,Q
i1=(n1,1) ia=(n2,2)
(n3,K3+2)
+ Z _IK en17K1+2,n2,K2+2,13
i3=(n3,3)

(n1,K1)

Z (wgllKl—l/Q)gwi21>p/2

i1=(n1,1)

v

(na2,K2+1) (n3,K3+2)
n < Z (w;21K;1/2)2wi22)p/2 N ( Z (w;31K;1/2)2w123)p/2)1/p

ig=(n2,2) i3=(n3,3)
> (((wny) 2Ky (wny )2 K1 )P
+ (wng) 2Ky () K2)P 4 ((wig) K5 (wng) 2 Ka)P/?) /P = 31/P,
Hence the envelope norm on Y3 is at best 3'/P-equivalent to the given norm.
Next we will describe how this computation can be generalized. We define

Y, for any n € Non N2 x...xN? (n times). Let w; = ws; = w; for i = (s, 1),
s,t € N, as above. Let I C {1,...,n}. Define
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n
P = {H Ap: A =N2 k& I; Ay = {(mp, 1)}, k € I, my, I € N}
k=1
and
Wr = <H wik>.
kgl
For a given sequence (w;) such that w; — 0 as i — oo and any 0 < ¢ < 1,
there exists N such that if m > N, then w,, < (¢/n)'/? < (g/n)'/?.
Let mq,...,m, > N. We choose n blocks with size K; for [ =1,...,n
in (N?)" so that wy,, K;'/>71/7 > (n/e)'/p.

The block of size K;,; would have coeflicient wl K ~1/2

myp1” 41
(my, K1 +1,mo, Ko+ 1, ... omyyq, L+ 1,00 my, L+ 1)
(m17K1+l7m27K2+l7'"aml+17l+2a"'7mnal+1)

and support

<m17K1 +lvm27K2 +l7 "7ml+17l +Kl+17' . '7mTL7l+ 1)
where 0 <[ <n—1.
By applying similar arguments to that for n = 3 we deduce that the value
of the envelope norm of the sum of these blocks is at least n'/? while the
value of the norm given by partitions and weights remains approximately 1.

THEOREM 4.1. The distance from Y, to a subspace of L, goes to oo
with n, i.e., there is a sequence (K(n)), K(n) — oo, such that for all iso-
morphisms T : Yy, — Z C Ly, |T|| || T~ > K(n).

Proof. It T :Y,, — Z C L, is an isomorphism, then by Theorem 3.11,
the norm of Y;, given by partitions and weights is equivalent to the envelope
norm with a constant depending on ||T'|| ||T~}|. Since the envelope norm of
some element of Y;, of norm 1 has value at least n!/P, we have
- nl/p
= i

COROLLARY 4.2. The distance between Y, and ®§L:1 X, goes to oo
with n.

T = A~ ! P

COROLLARY 4.3. (3, Yn)e, with norm given by partitions and weights
is not isomorphic to a subspace of L.

5. Remarks and open problems. We introduced the envelope prop-
erty to show that there is a space with norm given by partitions and weights
which is not isomorphic to a subspace of L,,. It seems unlikely that this prop-
erty alone determines whether a space with norm given by partitions and
weights is isomorphic to a subspace of L.
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QUESTION 5.1. Is there a space with norm given by partitions and
weights which has the envelope property but is not isomorphic to a subspace

of L,?

QUESTION 5.2. What are necessary and sufficient conditions for a space
with norm given by partitions and weights to be isomorphic to a subspace

of L,?

We showed that the tensor product of two spaces with norms given by
finitely many partitions and weights is isomorphic to a space with norm
given by partitions and weights.

QUESTION 5.3. Suppose X and Y have norms given by partitions and
weights and are each isomorphic to a subspace of L. Is X ®Y isomorphic to
a subspace of L,? What if X and Y are each isomorphic to a complemented
subspace of L,?

The construction of uncountably many complemented subspaces of L,
given by Bourgain, Rosenthal and Schechtman is based on two fundamental
operations. If X and Y are subspaces of L,[0, 1] then a distributional version
of the £, sum is used, X @, Y, with each space being isometrically mapped
to a space supported on half the interval in a canonical way. The second
operation is used with sequences of subspaces of L,. Let (X)) be such a
sequence with each X, containing the constant functions and let X, o denote
the subspace of mean zero functions in X,,. An infinite sum is created by
placing (isometrically) X, o onto an infinite product of probability spaces
as functions depending only on the nth coordinate. The space (> X,)r is
the span of these transported copies of X,,, n = 1,2,..., and the constant
functions.

With these two operations an induction on w; is used to construct the
spaces. Let Rg be the constant functions on [0, 1]. If R} has been defined,
define RS = RY @, RY. If a is a limit ordinal, define RY = (X s<a Rg)].

These operations and the construction are investigated in [A]. In partic-
ular it is shown there that the constant functions do not play an important
role in the construction. If we make a few adjustments we can mimic this
construction using (p,2, W) sums. For the ¢, sum of two spaces, we use
the (p,2, W) sum with two equal weights, W, = (2(2-P)/(2p) 2(2=p)/(2p)),
For the independent sum we use the (p,2, Ws) sum with Wy equal to the
constantly 1 sequence. In each case we will also assume that we take the
envelope norm generated. In addition in order to strengthen the correspon-
dence between this construction and the very distributional construction of
Ry, we will use at each step the fact that the space R}, has an unconditional
basis which is orthogonal in Lo. Define Ypo = [1j0,1/2) — 1[1/2,17)- This is just a
one-dimensional space. Let XS be the sequences of length one. If Y;* and X}/
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have been defined, define Y, = Y, @pYO‘ and X0 = (X5, Xa)(p 2.w)- If
 is a limit ordinal, let Y,* = (Zﬁ<a #); and XO‘+1 (Zﬁ<a )(p727W2)

It follows from the results in Chapter 2 of [A] that for a < w? the spaces
Ry, Y, and X are isomorphic. The choice of weights Wy and W3 is such
that the natural mapping from (Y, |- [|2) to (X7, ]| - [[2) will be an isometry.

QUESTION 5.4. Is X7 isomorphic to R for all « < wy?

We think it unlikely to be true but it would be nice to know the answer
to the following simple question.

QUESTION 5.5. Is L, isomorphic to a space with norm given by parti-
tions and weights?

Finally we note that the envelope norm suggests that a useful alternative
form of Rosenthal’s inequality for a sequence of mean zero independent
random variables (f,,) might be

o { (S 1l + (%ufnr%)”/z)””}
< H S al| < Gomas { (S bl (S 108)") "}
n ngQ neq

QUESTION 5.6. What are the best constants in this form of Rosenthal’s
mequality?

(See [J-S-Z] for results on the constants in the original form.)

At this time very little is known about the isomorphic properties of
the whole class of spaces with norm given by partitions and weights. The
development of the isomorphic properties for X,, by Rosenthal [R] suggests
that it is very helpful to be able to choose special representations of X,
which allow the use of standard gliding hump arguments. In the case of X,
a weight sequence in which every weight is repeated infinitely often is such
a special representation. The proof that any X, ,, with w = (wy,) satisfying
(*) is isomorphic to X, and hence to the special representation of X, relies
on the ability to construct projections on special blockings. This type of
detailed result for general spaces with norm given by partitions and weights
seems unlikely. Among more restrictive classes of these spaces such as the
L, spaces similar results are far more likely.
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