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A new characterization of the Sobolev space
by

P1oTrR HAJLASZ (Warszawa)

Abstract. The purpose of this paper is to provide a new characterization of the
Sobolev space W11 (R™). We also show a new proof of the characterization of the Sobolev
space WP (R™), 1 < p < oo, in terms of Poincaré inequalities.

The Sobolev space W1P(R"), 1 < p < oo, consists of functions u €
LP(R™) such that |Vu| € LP(R™). It is a Banach space with respect to the
norm

[ellp = llullp + IVl

Let us point out that from the point of view of Banach spaces the structure
of various Sobolev type spaces, with the particular emphasis on W1, has
been investigated by A. Pelczynski, M. Wojciechowski and others; see e.g.
[4], [40]-[43] and references therein.

The purpose of this paper is to provide a new characterization of the
Sobolev space W1(R™). Here, however, we emphasize future applications
in geometric analysis and analysis on metric spaces rather than the theory of
Banach spaces. Actually one of the reasons for finding new characterizations
of the Sobolev space is the development of analysis on metric spaces; see e.g.
], 21, (51, [6), [12), [13], (15] [19], [21], [23], [24], [28] [31], [38], [47] [49],
[51]. More references will be given later. In order to define a Sobolev type
space on a metric-measure space we need a characterization of the space
WLP(R™) that does not involve derivatives. One such characterization is
given in the following result.

THEOREM 1 ([19]). u € WIP(R"), 1 < p < oo, if and only if u € LP(R™)
and there exists 0 < g € LP(R™) such that

(1) u(z) —u(y)] < lz —yl(g9(z) + 9(y))  ae
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Moreover
[Vull, = ilglngHp,

where the infimum is taken over the class of functions g satisfying (1).

Inequality (1) holds a.e. in the sense that there is a set E C R™ of
measure zero such that (1) holds for all z,y € R™ \ E. Writing A ~ B we
mean that there is a constant C' > 1 such that C"1B < A < CB.

Let us note that yet another characterization of the Sobolev space has
been obtained recently in [9] and [10].

The above theorem was a point of departure in [19] for the definition of
a Sobolev space on an arbitrary metric space equipped with a locally finite
Borel measure. For further results involving this approach see e.g. [3], [8],
[13], [15], [16], [18], [20]-[22], [24]-[30], [32]-[37], [39], [44], [45], [49], [52], [53].

If u € WHP(R™), 1 < p < oo, then we have an elementary inequality ([7],
19))

(2)  fu(@)—u(y)] < Cn)|z—y|(Ma)y—y | Vul(z) + Mz _y [Vul(y))  ae.
where
Mgg(z)=sup § |g(2)|dz
T<RB($,T’)
is the restricted Hardy—Littlewood maximal function. Here and in what
follows the integral average of a function uw over a set E is denoted by

1
UER §;de |E’J§Jud:p,

where |E| denotes Lebesgue measure of E. Moreover C will always stand
for a general constant that can change its value even in the same string of
estimates. Writing C' = C(n) we will emphasize that the constant depends
on n only.

If we take R = oo in the definition of Mg, then we obtain the classical
Hardy—Littlewood maximal function

Mu(zx) = sup S lul .
>0
B(z,r)
Hence it follows from inequality (2) that
u(z) —u(y)] < Clo —y|(M|Vul(x) + M|Vul(y))  ae.
This and the boundedness of the maximal function in LP for p > 1 (see [50])

imply (1) with ¢ = CM|Vu| € LP(R™). The implication in the opposite
direction in Theorem 1 follows from the lemma.

LEMMA 2 ([20, Proposition 1]; cf. [28, Remark 5.13]). If u € Li _(R")

loc

and 0 < g € L (R") satisfy inequality (1) a.e., then Vu € Li _(R™) in
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the weak sense and
(3) |IVu| < C(n)g a.e.

This lemma is relatively easy and its proof is based on the observation
that (1) implies absolute continuity of u on almost all lines parallel to co-
ordinate axes. If we know in addition that g € LP(R™), then inequality (3)
implies that |Vu| € LP(R™), which completes the proof of Theorem 1.

Observe that the only place in the proof of Theorem 1 where the as-
sumption p > 1 was employed was the application of the boundedness of
the maximal function in LP. It turns out that the assumption p > 1 is es-
sential because Theorem 1 does not hold for p = 1. This follows from the
next example.

EXAMPLE 3 ([20]). Let 2 = (—1/2,1/2) and u(z) = —z/(|z|log|z|).
Then u € WH(£2) because u/(x) = |x|~*(log |z|) =2 € L'(£2). Suppose now
that there exists 0 < g € L1(—1/2,1/2) such that (1) holds a.e. Then for
a.e. 0 < x < 1/2 we have |u(z) — u(—x)| < 2z(g(x) + g(—z)) and hence

-2
<2 —
gz = z(g(z) + g(—x)),
which, in turn, yields
1/2 1/2 1/2 d
—dx
| o(@)dz = (gla) + o)) dw> | S =
—-1/2 0 0

This contradicts integrability of g. The function u is defined on the interval
(—1/2,1/2) only, but one can extend it to a function in WH1(R) to fit into
the setting of Theorem 1.

The main result of the present paper is the following characterization of
WhEHR™).

THEOREM 4. v € WEYR™) if and only if u € L'(R™) and there exist
0<ge L' R") and o > 1 such that

(4) ‘u(x> - u(:l/)’ < ‘.%' - y‘(Makv—y\g(x) + Ma|a:—y\g(y)) a.e.
Moreover if (4) holds, then |Vu| < C(n,o0)g a.e.

The implication from left to right follows from the elementary inequality
at (2). It turns out, however, that the implication from right to left is much
more difficult than the corresponding one in Theorem 1.

The proof that inequality (4) implies v € WHI(R™?) is split into two
steps. In the first step we prove that (4) implies the family of Poincaré type
inequalities
(5) §|u—uB|§C’r Sg

B 30B
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for every ball B of any radius r. Here and in what follows, 30 B denotes the
ball concentric with B and with radius 3¢ times that of B. Observe that
inequality (5) with 30 B replaced by B would readily follow from (1) upon
integration over x,y € B. In our situation, however, we cannot integrate
(4) because the maximal function of an L' function need not be integrable.
This is the main difficulty in the proof and, actually, this first step is the
main new ingredient in the proof.

In the second step we show that the family of inequalities (5) on every
ball B imply that u € W(R") with |Vu| < Cg a.e. This implication has
previously been proved in [15]. Here we provide a new, simpler proof.

Both steps are direct consequences of the following more general results
applied to p = 1. We will prove the lemmas in the whole generality, i.e. for
all 1 < p < oo. This way we will clearly see what kind of new difficulties
have to be faced when passing from the case p > 1 to p = 1.

LEMMA 5. Let u € Ll (R"),0<ge LF (R"),1<p< oo, and o > 1.
Then the inequality
6)  Jul@)—u()| < [e=y|(Mylpyg” (@) P+ (Moja_y g (y)'/?)  ace.
implies that
(7) flu—us| < Cnp.oyr( § o)
B 30B
for every ball B of any radius r.

1/p

For p > 1 Lemma 5 was proved in [24] and [29]. The case p = 1 turns
out to be much more difficult.

LEMMA 6. Assume that u € L _(R"), 0 < g € L? (R"), 1 < p < oo,
and o > 1 are such that

®) flu—usl<r( § )"
B

g

or every ba of any radius r. enu € ' an
f ball B of dius r. Th WP(R™) and
|IVu| < C(n)g a.e.

Ifue VVlif (R™), then by the classical Poincaré inequality [14, p. 142],
we have

§ lu —upg| < C(n)r§ |Vu| < CT< S |Vu|p)1/p,
B B 0B
which shows that we also have the opposite implication in Lemma 6, and
thus (8) is a necessary and sufficient condition for u to be in Wé’f(R”).
As already mentioned, the case p = 1 of Lemma 6 was proved in [15].

The case 1 < p < oo was proved earlier in [36]. If we assume, however, that
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1 < p < o0, and in addition g € L? for some ¢ > p, then Lemma 6 follows
essentially from the work of Calderén [11].

Proof of Lemma 5. All the constants C' in the proof will depend on n, p
and o only. First let us sketch the proof for p > 1. We will clearly see why
this proof cannot be extended to the case p = 1.

It follows from (6) that for z,y € B,

[u(z) = u(y)] < |z = y|(M(g"Xa, ) @)'? + (M(g"X5, 5) () /7)  ace.

Employing the Cavalieri principle we obtain

§lu—up| < § ¥ lu(@) —uly)| de dy

B BB
< dr S(M@nggB)(x))l/p dx
B
= 4r([B|71 | [{z € B; (M(g”Xy, ) ()7 > t}| dt
0
:4r|B\—1< §+§ )
0 to

For 0 < t <ty we estimate the integrand by the measure of the ball B, and
for t > to we estimate it by the weak type estimate for the maximal function
(see [50]). This gives

¢ T (cw
§|u—u3|§4rB|_1<S]B|dt~l—S <—: | gp>dt)
B 0 to t 30B
— 4r[B|™ (to| Bl + Cn,p)t5 " § g7).
30B

Now taking to = (|B|™'§;, 5 gP)V/? yields the result. Observe that the as-
sumption p > 1 was employed to integrate ¢t~ from tg to oco.

Now assume that p = 1. We will employ some ideas from the proof of
the Sobolev embedding theorem in [19]. Fix a ball B. Replacing u by u — b,
where b is any constant, will not affect inequalities (6) and (7). Hence by
subtracting a suitable constant from u we can assume that essinfg |u| = 0,
where £ C B is any set of positive Lebesgue measure. The set E will be
chosen later.

For z,y € B we have

(9) lu(z) —u(y)| < |z —yl(Mh(z) + Mh(y)),
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where h = gX;_ . Now it suffices to prove that
(10) S!u—uB| <Cr § h.
B 30B

If h =0 a.e. then wu is constant in B and hence (10) follows. Thus we can
assume that h > 0 on a set of positive measure and hence 830 gh > 0.
Moreover we can assume that

1
(11) h2§ S h>0on30cB and h=0onR"\30B,
30B

otherwise we replace h by
p(§ 1),
30B
We will prove that any integrable function h with properties (9) and (11)
satisfies (10) as well. For k € Z let
Ep={z € B; Mh(z) <2*} and a; =sup|ul.
k
Since
o0

(12) Vlw—upl<2(|ul<2 > aplBi\ Byl

B B k=—o0
we need to find good estimates for aj, in order to estimate the left hand side
of (10).

From Ey C Ejy; it follows that ar < ags1. In order to estimate the
growth of aj, we have to estimate aj, in terms of ax_1 first. By (9) the function
u restricted to Ej, is 28T1-Lipschitz. Hence for z € Ej), and y € Ey_1 we have
(13) u()] < [u(@) = u(y)] + |u(y)] < 2" e -yl + a1

To obtain a good estimate for the right hand side we have to show that for
a given x € Ey there exists y € Ej_; with a relatively small distance to z,
|z — y|. Choose = € E}, arbitrarily and observe that

(14) |B(z,7) N B| > wp(r/2)" for r < diam B.

Here w,, denotes the volume of the unit ball. Assume that |E;_1| > 0. Choose
r < diam B such that

(15) wn(r/2)" > |B\ Ek_1].

Then (14) and (15) imply that there exists y € Fy_; such that |z —y| < r.

Since the lower bound for r satisfying (15) is 2w;1/n|B\Ek_1 |1/ we conclude
from (13) upon taking the supremum over z € Ej that

a, < ag_1 + C2%|B\ Ej_ |/
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Invoking the weak type estimate for the maximal function (see [50]), we
obtain

_ c
|B\ Ej_1| = |{z € B; Mh(z) > 2" 1}|§2_k S h,
30B

and hence
k(1—1/n) 1/n
ap < ag_1+ C2 n( X h)
30B
Assume now that n > 2. The case n = 1 can be treated in a similar way, we
leave the details to the reader.

Iterating this inequality yields

(16) ar, < ag, —|—C( zk: 21’(171/71))( S h>1/n

i=ko+1 30B
1
< gy 20U (| )"
30B
for k > ko, provided |Ey,| > 0. For k < ko we will use the estimate a; < a,.
Choose kg such that

Such a kg exists because Ej = () for sufficiently small k, due to the lower
bound (11) for h, and |Eg| — |B| as k — oo. Since Ej, # 0, there exists
x € B such that
1
(18) 3 b h< Mh(a) < 2P
30B
The left inequality at (18) follows from (11). On the other hand the left in-
equality at (17) along with the weak type estimates for the maximal function
implies
B C
(19) 1B] < |B\ Eg,—1| = |{z € B; Mh(z) > 21} < S h.

2 = 2ko
3cB

The two inequalities (18) and (19) yield
(20) 2ko S h.
30B

As mentioned at the beginning of the proof, we can assume that essinf By, |u
= 0. Since u is 2*0 1 Lipschitz on Ej, we have

(21) ap, < 2" diam B < C'diamB § h.
30B
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Now (12) together with the estimates (16), (20) and (21) implies

o
S lu —up| <2 Z ag|Ey \ Ex—1]

B k=—o00
ko
<2( Z ko | Bk \ Eg—1]
k=—oc0
+ Z (ak; + C2k- 1/”)< S h)l/n>|Ek\Ek—1|>
k=ko+1 30B
<2( 3 B\ Bl § )Y B By
k=—00 30B k=ko+1
ngiamB< ! h)\B|+C( i h)l/n i PH(1-1/mgk {
30B 30B k=ko+1 30B
< CdiamB | &,
30cB

which completes the proof of Lemma 5.

Proof of Lemma 6. At the beginning we will follow the argument of
Calder6n [11, Theorem 4] (cf. [19, proof of Theorem 1]); then, however, we
have to use different ideas because Calderén’s argument relies on the L/?
integrability of the maximal function of g” under the additional assumption
that g € LY for some g > p.

All the constants C' in the proof will depend on n only.

Let ¢ € C3°(B"(0,1)) with ¢ > 0 and {4 =1 be a generating mollifier.
As usual we set 1. (x) = e "(z/e) and consider a smooth approximation
of u defined by u * ..

The distributional derivative du/dz;, i = 1,...,n, is a functional on
C3°(R™) defined by

8u[ ]::_Suago

oz, 7 . for ¢ € Cg°(R™).

Note that

ou . . BT 6¢E

Since § 0. /0x; = 0 we conclude that

<u gﬁj)( ) = (U —UB(ze)) * gﬁj( )

(22)
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and hence

e
Gxi

U *

(@) <C | |uly) —up@nldy e < C( | gp)l/p-
B(w,e) B(z,0¢)

For a compact set K C R™ we have

o |P
(23) S aﬁ
K

u *

<c?| § ¢y dyde
K B(z,0¢)

— Py (02) ™ | P ) § Xy () ddy
Koe K

<cr | g (y)dy,
KO'E

where K, is the set of points in R™ with distance to K less than oe. Now
(22), (23) and Hélder’s inequality yield

’ ! P\ 1/p
o [gte] <umie (5) (oo 5
' supp v
<o(fe) " (] )"
supp ¢

where 1/p+1/p’ =1 with p’ = cc if p = 1.
Assume for the time being that 1 < p < oo. Fix a ball B. Then (24)
applied to ¢ € C§°(B) implies that

ou
2
(25) ity il
extends to a continuous functional in (L? (B))* = LP(B). Hence du/dx; €
LP(B) and

ou [P\ /P 1/p

< P .

(26) <£ ox; > _C<§gg)

Inequality (26) applied to balls that converge to Lebesgue points readily
shows that

g;t <Cg ae.
In the case p =1 we have
ou
2 —_— < o .
(27) oete] < Cllel |
Supp ¢

Hence (25) extends to a continuous linear functional on Cy(R™), the space
of continuous functions vanishing at infinity. Thus according to the Riesz
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representation theorem [46],

ou
amﬂwk—§¢du

for some signed Radon measure p. We will show that p is absolutely contin-
uous with respect to the Lebesgue measure. By contradiction assume that
there is a compact set K of Lebesgue measure zero and such that p(K) # 0.
Let ¢; € C§°(K ;) with 0 < ¢; <1 and ¢;|x =1 be a decreasing sequence
of functions. Here as before K /; stands for the 1 /i-neighborhood of K. We
have

0 < |u(K)| — [[idu| < Cllgill | g0
Ky
as ¢ — 00, which is a contradiction. Thus according to the Radon—-Nikodym
theorem and the definition of the weak derivative we have

ou ou
dp=+—dz, —— € Lj,.
a Ox; “ Ox; loc
Hence inequality (27) implies that
ou
‘S%—xi < Cllglle | 9

B

for every ¢ € C3°(B). Since the sign function sgn(du/dz;) can be approxi-
mated in L' by ¢ € C§°(B) with ||¢||« < 1 we conclude that

ou

<Clyg
B

for every ball B. Then the argument with Lebesgue points yields
ou
8:1:1-

This completes the proof of Lemma 6 and hence that of Theorem 4.

<Cg ae.

If we put all the results together we obtain the following theorem as a
direct consequence.

THEOREM 7. Foru € LP(R™), 1 < p < oo, the following conditions are
equivalent:
(i) u € WhHP(R™).
(ii) There exists 0 < g € LP(R™) such that
§ lu—ug| <r S g
B B

for every ball B of any radius r.
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(iii) There exist 0 < g € LP(R™), 1 < ¢ <p and o > 1 such that

[ lu—upl < 7.( ! gq>1/q

B oB

for every ball B of any radius r.
(iv) There exist 0 < g e LP(R™), 1 < g <p and o > 1 such that

[u(@) = u()] < |2 = Yl (Mglz—y 9" (@) /4 + (Mgpay g% ()19 ace.
Moreover each of the inequalities in (ii)—(iv) implies that
[Vu| < Cg a.e.

Observe that Theorem 1 is not included here. Theorem 7 extends to the
case of a regular domain replacing R". Part of the implications extend even
to the more general setting of metric spaces equipped with a doubling mea-
sure (see [15], [22], [21], [24], [29], [36]). For a direct proof of the implication
(iii)=(iv) see [24, Theorem 3.2].
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