STUDIA MATHEMATICA 172 (2) (2006)

Completely multi-positive linear maps
between locally C*-algebras and
representations on Hilbert modules

by

MARIA JOITA (Bucuresti)

Abstract. A KSGNS (Kasparov, Stinespring, Gel’fand, Naimark, Segal) type con-
struction for strict (respectively, covariant non-degenerate) completely multi-positive lin-
ear maps between locally C*-algebras is described.

1. Introduction. It is well known that a positive linear functional on a
C*-algebra A induces a *-representation of A on a Hilbert space by the GNS
(Gel’'fand, Naimark, Segal) construction. Stinespring [12] extended this con-
struction to completely positive linear maps from A to L(H), the C*-algebra
of all bounded linear operators on a Hilbert space H. On the other hand,
Paschke [9] (respectively, Kasparov [7]) showed that a completely positive
linear map from A to another C*-algebra B (respectively, from A to the
C*-algebra of all adjointable operators on the Hilbert C*-module Hp) in-
duces a *-representation of A on a Hilbert B-module. Kaplan [6] introduced
the notion of n-positive linear functional on a C*-algebra A, an n X n matrix
of linear functionals on A which induces a positive linear map from M,,(A)
to M, (C), and showed that an n-positive linear functional on a C*-algebra
induces a x-representation of this C*-algebra on a Hilbert space in terms of
the GNS construction. On the other hand, Heo [1] generalized Kaplan’s con-
struction to a completely multi-positive linear map from a unital C*-algebra
A to another unital C*-algebra B, an n X n matrix of linear maps from A to
B which induces a completely positive linear map from M, (A) to M, (B),
showing that a completely multi-positive linear map from A to B induces a
x-representation of A on a Hilbert B-module.

Locally C*-algebras are generalizations of C*-algebras. Instead of be-
ing given by a single norm, the topology on a locally C*-algebra is defined
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by a directed family of C*-seminorms. Such important concepts as Hilbert
C*-modules, adjointable operators, (completely) positive linear maps, (com-
pletely) multi-positive linear maps, C*-dynamical systems can be defined
with obvious modifications in the framework of locally C*-algebras. The
proofs are not always straightforward. In [2], the author extended the
KSGNS (Kasparov, Stinespring, Gel’fand, Naimark, Segal) construction to
a strict continuous, completely positive linear map from a locally C*-algebra
A to Lp(E), the locally C*-algebra of all adjointable operators on a Hilbert
module E over a locally C*-algebra B. A covariant version of this construc-
tion is proved in [5].

In this paper we extend the KSGNS construction to strict continuous,
completely multi-positive linear maps from a locally C*-algebra A to Lp(FE)
and prove a covariant version of this construction. That is, we consider multi-
positive linear maps between locally C*-algebras, not necessarily unital, and
show that a strict completely multi-positive linear map [g] = [Qij]ijl from
a locally C*-algebra A to Lp(E) induces a non-degenerate continuous -
representation @[, of A on a Hilbert B-module E,}, called the KSGNS rep-
resentation of A associated with [g] (Theorem 3.4). Moreover, this represen-
tation is unique up to unitary equivalence. In particular, when A and B are
unital C*-algebras and E = B we obtain Theorem 2.1 of [1]. Then we con-
sider the covariant version of this construction: given a locally C*-dynamical
system (G, A, a), a covariant non-degenerate completely multi-positive lin-
ear map from A to Lp(FE) induces a non-degenerate, covariant represen-
tation of (G, A, «) on a Hilbert B-module which is unique up to unitary
equivalence (Theorem 4.3). This construction extends Heo’s construction
associated with a covariant completely multi-positive linear map with re-
spect to a unital C*-dynamical system. Finally, as an application of this
construction we show that given a locally C*-dynamical system (G, A, «)
such that « is a continuous inverse limit action, a covariant non-degenerate,
completely multi-positive linear map from A to Lp(F) extends to a non-
degenerate, completely multi-positive linear map from A X, G to Lp(FE)
(Proposition 4.5).

2. Preliminaries. A locally C*-algebra is a complete complex Hausdorff
topological *-algebra whose topology is determined by a directed family
of C*-seminorms. If A is a locally C*-algebra and S(A) is the set of all
continuous C*-seminorms on A, then for each p € S(A), the quotient algebra
A/kerp, denoted by A,, is a C*-algebra with the norm induced by p. The
canonical map from A onto A, is denoted by 7. For p,q € S(A) with p > ¢,
there is a canonical map mp, from A, onto A, such that m,,(mp(a)) = m4(a)
for all a € A. Then {Ap; Tpq}p ges(a), p>q 1S an inverse system of C*-algebras
and A can be identified with lim, A4,
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An approzimate unit of A is an increasing net {e)}rca of positive el-
ements of A such that p(ey) < 1 for all p € S(A) and for all A € A,
p(aex —a) — 0 and p(exa —a) — 0 for all p € S(A) and a € A. Any locally
C*-algebra has an approximate unit [10, Proposition 3.11].

A morphism of locally C*-algebras is a continuous *-morphism @ from
a locally C*-algebra A to another locally C*-algebra B. An isomorphism of
locally C*-algebras is a bijective linear map @ from A to B such that @ and
&1 are morphisms of locally C*-algebras.

Let M,,(A) denote the x-algebra of all nxn matrices over A with the alge-
braic operations and the topology obtained by regarding it as a direct sum of
n? copies of A. Then {M,,(A,); WﬁZ)}p,qes(A)ypzq, where Wég)([ﬂp(aij)]zjzl) =
[mg(aij)]i j—1, is an inverse system of C*-algebras and M, (A) can be identi-
fied with lim, M, (4,).

A linear map ¢ : A — B between two locally C*-algebras is com-
pletely positive if the linear maps o™ : M, (A) — M, (B), Q(")([aij]?jzl) =
[Q(aij)]zjzl, n=1,2,..., are all positive. 7

DEFINITION 2.1. A pre-Hilbert A-module is a complex vector space F
which is also a right A-module, compatible with the complex algebra struc-
ture, equipped with an A-valued inner product (-,-) : E X E — A which is
C- and A-linear in its second variable and satisfies the following relations:

(i) (€, m)* = (n,§) for every &, n € E;
(ii) (£,€) > 0 for every € € E;
(iii) (£,€) =0 if and only if £ = 0.

We say that E is a Hilbert A-module if E is complete with respect to
the topology determined by the family {| - ||, }pes(4) of seminorms, where

€ll, = V/p((&,€)) for € € E [10, Definition 4.1].

Let E be a Hilbert A-module. For p € S(A), &, = {£ € E; p((£,€)) = 0}
is a closed submodule of E and E, = E/&, is a Hilbert A,-module with
(€ + &)mpla) = Ca+ & and (£ + &0+ &) = mp((§m). The canoni-
cal map from E onto E, is denoted by o,. For p,q € S(A) with p > ¢
there is a canonical morphism of vector spaces op, from E, onto E,; such

that opg(0p(£)) = 0q(§) for & € E. Then {Ep; Ap; 0pglpges(a),p>q i an
inverse system of Hilbert C*-modules in the following sense: opq(&pap,) =

pq(&p)mpg(ap) for & € Ep and ap € Ap; (0pg(Ep), 0pq(1p)) = mpq ({&p, 71p)) for
Epsp € Ep; opp(&p) = &p for &y € E, and oy 0 0pg = 0py if p > g > 7, and
lim,, £, is a Hilbert A-module which can be identified with £ [10, Proposi-
tion 4.4].

Let E and F be Hilbert A-modules. We say that an A-module mor-
phism T : E — F is adjointable if there is an A-module morphism 7% :
F — FE such that (T¢,n) = (£, T*n) for every £ € E and n € F. Any
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adjointable A-module morphism is continuous. The set L4(E, F') of all ad-
jointable A-module morphisms from FE into F' becomes a locally convex
space with topology defined by the family {p},c s(A) of seminorms, where
BT) = () (D) () Tor T € La(E.F) and () (D)(E + &) =
T¢ + Fp for £ € E. Moreover, {La,(Ep, Fp); (Tpg)«}pges(a), p>q 15 an in-
verse system of Banach spaces, where (1)« @ La,(Ep, Fp) — La,(Ey, Fy),
(Tpg)«(Tp)(04(€)) = Xpa(Tp(0p(£))), and Xpq, P, q € S(A), p > g, are the con-
necting maps of the inverse system {F}},cs(4); the limit limy, L4, (Ep, F})
can be identified with L (E, F) [10, Proposition 4.7]. Thus topologized,
L4(E, E) becomes a locally C*-algebra, and we write L4(FE) for La(E, E).

The strict topology on L 4(E) is defined by the family {||-||,¢}p.o)es(a)xE
of seminorms, where ||T||, ¢ = || T¢], + || T for T € La(E).

Two Hilbert A-modules E and F' are unitarily equivalent if there is a
unitary element in L4(E, F).

Let G be a locally compact group and let A be a locally C*-algebra.
An action of G on A is a morphism « from G to Aut(A), the set of all
isomorphisms of the locally C*-algebra. The action « is continuous if the
function (¢,a) — ay(a) from G x A to A is jointly continuous. An action « is
called an inverse limit action if we can write A as an inverse limit hmge A As
of C*-algebras in such a way that there are actions a(® of G on A5 such

that oy = limse ag ) for all ¢ in G [11, Definition 5.1]. An action « of G on
A is a continuous inverse limit action if there is a cofinal subset Sg(A, @)
of G-invariant continuous C*-seminorms on A (a continuous C*-seminorm
p on A is G-invariant if p(a:(a)) = p(a) for all @ in A and for all ¢ in G).
So if « is a continuous inverse limit action of G on A we can suppose that
S(A) = Sa(A, a).

A unitary representation of G on a Hilbert module E over a locally
C*-algebra B is a map u from G to Lp(E) such that

(i) ug is a unitary element in Lg(FE) for all g € G;
(ii) ugr = uguy for all g,t € G;
(iii) the map g — u4€ from G to E is continuous for all £ € E.

If u is a unitary representation of G on FE, then for each ¢ € S(B),

g — (mg)«ou is a unitary representation of G on E,. Moreover, uy = limg ug",
where

ugq) = (mg)«(uy) forallgeG.

A locally C*-dynamical system is a triple (G, A, «), where G is a locally
compact group, A is a locally C*-algebra and « is a continuous action of G
on A.

A non-degenerate, covariant representation of (G, A, «) on a Hilbert B-
module E is a triple (@,v, E), where ¢ is a non-degenerate, continuous
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x-representation of A on F, v is a unitary representation of G on E and

P(ag(a) = vyP(a)y;

forall g € G and a € A.

Let o be a continuous inverse limit action of G on A. The set C.(G, A)
of all continuous functions from G to A with compact support becomes a
x-algebra with convolution of two functions

(F x h)(s) = | F(D)au((ts)) dt
G
as product and involution defined by

FHt) = AW e (f(E))
where A is the modular function on G. The Hausdorff completion of C,(G, A)

with respect to the topology defined by the family {NVy},cg(4) of submulti-
plicative x-seminorms, where

Ny(f) =\ p(f(s)) ds,
G
is denoted by L'(G, A, ), and the enveloping locally C*-algebra A x, G
of L(G, A, ) is called the crossed product of A by « [4, Definition 3.14].
Moreover, the C*-algebras (A x, G), are isomorphic with A x ) G for all
p € S(A) and so A X, G can be identified with lim;, A x ;) G [4, Remark
3.15).

3. Representations associated with a completely multi-positive
linear map. Let A and B be two locally C*-algebras. An n X n matrix
[0ij]7 ;=1 of continuous linear maps from A to B can be regarded as a linear
map from M, (A) to M,(B) defined by

[0ij]1j=1([ai;]7j=1) = [0ij(ai;)]ij=1-
Moreover, [Qij]zjzl is continuous.
We say that [Qij]zjzl is a multi-positive (respectively, completely multi-
positive) linear map from A to B if it is a positive (respectively, completely
positive) linear map from M, (A) to M, (B).

DEFINITION 3.1. Let E be a Hilbert B-module. A continuous completely
multi-positive linear map [Qij]?,jzl from A to Lp(F) is strict (respectively,
non-degenerate) if the nets {oi;(ex)}rea, @ = 1,...,n, are strictly Cauchy
(respectively, strictly convergent to the identity map on E) in Lg(FE), for
some approximate unit {ey }req of A.

Recall that a continuous x-representation of A on E is a continuous
s-morphism @ from A to Lp(FE). A continuous *-representation ¢ of A on
E is non-degenerate if ®(A)E is dense in E.
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PROPOSITION 3.2. Let A and B be two locally C*-algebras, let E and F
be Hilbert B-modules, let Vi, i = 1,...,n, be n elements in Lp(E, F), and
let @ be a non-degenerate, continuous x-representation of A on F. Then
[Qij]gjzl, where

oij(a) =V;*®(a)V;  forallae A and i,j € {1,...,n},
is a strict completely multi-positive linear map from A to Lp(E).
Proof. 1t is a simple verification. =

CONSTRUCTION 3.3. Let A and B be locally C*-algebras, let E be a
Hilbert B -module and let [o]= [0;;]; ;_; be a completely multi-positive linear
map from A to Lp(E).

Let ¢ € S(B). Then [g4] = [(7¢)+ 0 0i5]7 ;=1 is a completely multi-positive
linear map from A to Lp, (£,). We denote by (A ®a1g £y)" the direct sum of
n copies of the algebraic tensor product A®,1, Fy of A and E,. Using the fact
that [g,] is a completely multi-positive linear map from A to L B, (Ey), and
the same arguments as in the proof of Theorem 2.1 in [1], it is not difficult
to check that (A ®a1e £q)" becomes a right Bg-module with the action of B,
on (A ®qig Eg)" defined by

m

( G:a(ai,s ®&is) ) i: é ais ® & b)

s=1"
and the map (-,-)o from (A ®a1 £y)" % (A Qalg £y)" to By defined by

l n m,l n
<Z @ a; s®£z s 72 @ 7, t®77j,t)>0: Z Z <§i,57 (Trq)*(Qij(a;sbj,t))nj,t>
1J=1

s=11= t= sit=14,5=1
is C- and By-linear in its second variable and satisfies conditions (i) and (ii)
of Definition 2.1.

Let Ny = {2 € (A ®ag Eg)™; (x,2)0 = 0}. By the Cauchy-Schwarz
inequality, N is a Bg-submodule of (A ®q1g Eq)". Then (A Qaig Eq)" /Ny
becomes a pre-Hilbert B,-module with the action of By on (A ®q1g Eq)™ /Ny
defined by

(x 4+ Ng)b=zb+ N,

and the inner product defined by
(x +Ng,y + Nog) = (2, 9)o.

The completion of (A ®.14 Ey)" /Ny is denoted by E, ;. Let ¢,r € S(B) be
such that ¢ > r. Since

n n

(D (a5 ® 0 (6)), D (s @ 00 (6)))0 = Tor (B (a1 © 7(60)), B (@ ® 74(€)))o)

i=1 =1 =1 i=1
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foralla; € Aand & € E, i =1,...,n, we can define a linear map o, from

(A ®aig Eq)" /Ny to (A ®ayg Er)" /N, by
aq@(ai ® 0q(6)) +Ny) = @ai ® 0,(&)) + ;-

Moreover, g, extends by continuity and linearity to a surjective linear map
Ogr from Ej, ) to El, ). One can check that {E[gq}§Bq§5qr}qzr,q,reS(B) is
an inverse system of Hilbert C*-modules. We denote by E, the Hilbert
B-module limg B, ;. Also it is not difficult to check that (E,), can be iden-
tified with E, for all q € S(B). Then by Proposition 4.7 of [10], the locally
C*-algebras Lp(E,) and lim, Lp,(E|,,) are isomorphic, as are the locally
convex spaces Lp(F, Ejy) and limg Lp, (Fy, Ej,,)), where F' is an arbitrary
Hilbert B-module.

The following theorem extends the KSGNS construction for strict con-
tinuous completely positive linear maps between locally C*-algebras [2, The-
orem 4.6] to the case of strict completely multi-positive linear maps between
locally C*-algebras.

THEOREM 3.4. Let A and B be locally C*-algebras, let E be a Hilbert
B-module and let [o] = [gij]zjzl be a strict completely multi-positive linear
map from A to Lp(E).

(1) There is a continuous x-representation ®|, of A on Ej, and n ele-
ments Vi i, i = 1,...,n, in Lp(E, E,) such that

(a) gij(a) = [Q] Z915[91( a)Vig,; for all a in A and i,j € {1,...,n};

(b) {P1g(a)Vg,&a € A, § € E,i=1,...,n} spans a dense sub-
module of Ej,

(2) If F is a Hilbert B-module, ® is a continuous x-representation of A

on F, and Wi, i =1,...,n, are n elements in Lg(E, F) such that

(a) gij(a) = W} P(a)W; for alla in A andi,j € {1,...,n};

(b) {P(a)Wi&; a€ A, (€ E,i=1,...,n} spans a dense submodule
of F,

then there is a unitary operator U in LB(E[Q], F) such that

(i) ¢(a)U =UP; ()forallamA

(ii) W; = UVg]lforallze{l M}
DEFINITION 3.5. The representation (@[g}, Vig,i» i = 1,...,n; E|,) con-
structed in Theorem 3.4 is called the KSGNS construction associated with
o] = [Qz‘j];‘%jzl-

REMARK 3.6. The KSGNS construction associated with a strict com-
pletely multi-positive map [Qij]gjzl is unique up to unitary equivalence.
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REMARK 3.7. In particular, we obtain the GNS construction for con-
tinuous completely multi-positive linear functionals on locally C*-algebras
[3, Theorem 4.1] as well as Stinespring’s construction for completely multi-
positive maps between unital C*-algebras [1, Corollary 2.4].

Proof of Theorem 8.4. We partition the proof into three steps.

STEP 1. Suppose that A and B are C*-algebras. Let {e)}rca be an
approximate unit of A such that the nets {o;i(ex)}rea, @ = 1,...,n, are
strictly Cauchy in Lp(E).

(1) Let @ € A. It is not difficult to check that the linear map ®(,)(a) from
(A ®alg E)" to (A ®a1g £)" defined by

n n

Py (a)(D(ai ® &) = D(aa; ® &)

=1 =1
extends to a bounded linear operator @, from Ej,; to Ej. Moreover,
®(,)(a) is adjointable and (P, (a))* = Py (a”). Thus we have obtained a
map Py from A to Lp(Ej,). It is easy to verify that @, is a continuous
*-representation of A on E,).
Let ¢ € {1,...,n}. Since

m n 9 m n m n
szgik(ak,s)gk,s = < Zgzk Q. s gksazzgzk A, s fks> ‘
s=1 k=1 s=1 k=1 s=1 k=1
n m n
< Z<Z 0ik (ks ) ks Z Z Qik(ak,s)fk,s> ‘
i=1 s=1k=1 s=1 k=1
m n
= Z Z <£ksaZka aks Qz](a]t)gjt>H
s,t=1k,j=1 i=1
< Molymall]| 22 3 (6umr et asntsn)|

s,t=1k,j=1
(Lemma 5.4 in [8])

I[0ij]ij= IHHié ak75®§k’s)+NH2

for all 70" | @j_1(ak,s @ &k,s) € (A®aig )", the linear map @y _, (ar @ &)
+N = > 7p_ oik(ar)& from (A®ae E)" /N to E extends by continuity and

linearity to a bounded linear operator V; from Ej, to E.
Let A € A and € € E. We denote by & the element in (4 ®,, E)" whose
1th component is ey ® £ and all the other components are 0. Since

16} + N) = (&' + NP = 1€, 0isl(ex — en)?)E < 20(E, oii(en — )€
for all \,u € A with A > pu, and since the net {o;;(ex)&}rca is convergent
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in F, the net {£} + N} eq is convergent in Ejg- Define a map V), ; from E
to E[Q] by

Vg€ = lim (&} + ).

To show that V], ; is an element in Lp(F, E|,) it is sufficient to show
that . .
<V[g},i€7k691(ak ® &) +N) = (¢, Vz‘(k@l(ak ® &) +N))
for all £ € E and @Zil (ap @ &) € (A Ralg E)".
Let £ € E and @)_; (ar ® &) € (A ®aig E)". Then we have

n

Vg6 @ (ax @ &) + M) = lmn(€), D (a © &) + )
k=1 €4

k=1

= lim (¢, 3 oik(exar)ér )

= <€7 z”: Qik(ak)€k>
h=1

= (&, V(D (ar @ &) + N)).

k=1
Hence V[QM S LB(E,E[Q}).

Let a € A and £ € E. We denote by &, the element in (A ®,, £)"
whose ith component is a ® £ and all the other components are 0. It is not
difficult to check that ®,(a)Vjy,§ = &ia + N. Therefore the submodule
of Ejy generated by {P,(a)Vjyé;a € A, € € E,i = 1,...,n} is exactly
(A ®@a1g E)"/N and thus condition (b) is satisfied.

Let a € A and i,j € {1,...,n}. Then we have

V1210 (@) Vig i€ = Vig.i(&ia +N) = 0ij(a)§

for all £ € E and so condition (a) is also satisfied.
(2) Using the fact that

0ij(a) = Vi P (a)V]g ; = WiP(a) W
foralla € A and 7,5 € {1,...,n}, it is not difficult to check that

= HZ Z Olids(as)wié-s
s—1 i— s=1 i=1

for all a,...,an € C, a1,...,am € A and &1,...,&n € E. Therefore the
linear map @y (a)V]y),i§ — @(a)W;§ from the submodule of Ej, generated by
{P1g(a)V]g,i& a €A € E,i=1,...,n} to the submodule of F' generated
by {P(a)W;&; a € A, £ € E,i=1,...,n} extends to a surjective isometric
B-linear map U from Ej, onto F. Then, by Theorem 3.5 of [8], U is unitary.
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Let a € A. From
D(a)U (P (0)V]g,i§) = P(a)P(b)Wi€ = U(P|y(ab)V]y,i€)
= U®g)(a)(21g)(b) Vfg,i€)

forallbe A, § € Eandi € {1,...,n}, we conclude that ¢(a)U = U®,(a).
Since ¢ and @[, are non-degenerate, by Proposition 4.2 of [2], we have

UVjg.€ = }\gl/ﬂl Uy (ex)Vg,i€ = }\1611/11 Dex)W;il = Wik
forall§ € Eandi € {1,...,n}. Therefore W; = UV}, ; foralli € {1,...,n}.

STEP 2. Suppose that A is a locally C*-algebra and B is a C*-algebra.
Then there is p € S(A), a strict completely multi-positive map [op] =
[o5;17 =1 from Ay to Lp(E) such that [0;]7,—y = [0}; o mp)i'j_y, and a -
representation @, of A, on F' such that & = &, o m,.

It is not difficult to check that the linear map U from (A Ralg E)" to
(Ap ®alg )" defined by

n

—~ n
D(a: 0 €)= Blmle) )
= i=
extends to a bounded linear map U from Ejy to Ejp,)- Moreover, Uis unitary.
Therefore, the Hilbert B-modules Ej, to Ef, ) are unitarily equivalent.
By Step 1, there is a *-representation D[y, Of Apon Ej,,); and n elements
Vig,i» i =1,...,n, in Lp(F, E|, ) such that

Q%(CL) = ‘/v[;;p]ai@[gp](a)‘/v[gp]vj

for all a € Ap and 4,7 € {1,...,n}, and {P,,)(a)V],,)i§; a € Ap, E € E, i =
1,...,n} spans a dense submodule of Ej,,)- Also there is a unitary operator
UP in Lp(E,,), F') such that @,(a)UP = UP®, (a) for all a in A, and
Wi =UPV|,,iforalli=1,... ,n.

Let &y = Py, ©Tp, Vigi = U*Vig,i» i = 1,...,n, and U = UPU. A sim-
ple calculation shows (P,); Vigir @ = 1,...,n; E|y) is the KSGNS construc-
tion associated with [Qij]zjzl, and U is a unitary operator in Lp(Ej,, F)
such that @(a)U = U®|y(a) for all @ in A and W; = UV,; for all i =
1,...,n.

STEP 3 (The general case). For each q € S(B), [04] = [(7)« 0 0i5]7 ;=1 18
a strict completely multi-positive linear map from A to L, (E,), and &, =
(7¢)«0® is a continuous *-representation of A on E,; such that (7). (0ij(a)) =
(ma)- (W), (a) (). (W) for all a € A and {@,(a)(r, ). (Wi)é: a € A, € € .
i=1,...,n} spans a dense submodule of Fj.
Let (D)5 Viggint = 1, -, 5 Elp,)) be the KSGNS construction associ-
ated with [gg]. By Step 2, there is a unitary operator Uy, in Lp,(E,,), Fy)
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such that @,(a)U; = UyP(, ) (a) for all a in A and (7g)«(Wi) = UyV,,),i for
alli=1,...,n.
It is not difficult to check that

(Tqr)« 0 ‘p[eq} = P,

for all ¢,r € S(A) with ¢ > r. This implies that there is a continuous
*-morphism @, from A to Lp(El,) such that (my). o P = P, for all
q € S(B). Also it is not difficult to check that (Vj, i), i = 1,...,n, are
coherent sequences in Lp, (Eqy, Ej,,)) and (Uy), is a coherent sequence in
LBq (E[Qq}’Fq)'

Let Vigi = (Vggi)gs t = 1,...,n, and U = (Uy)q. A simple calculation
shows that (Py; Vi, @ = 1,...,n; E|y) is the KSGNS construction asso-
ciated with [g], ®(a)U = U®,(a) for all a in A, and W; = UV},; for all
ie{l,...,n}. =

4. Covariant representations associated with a covariant
completely multi-positive linear map

DEFINITION 4.1. Let (G, A,a) be a locally C*-dynamical system and
let w be a unitary representation of G on a Hilbert B-module E. We say
that a completely multi-positive linear map [g;;];';—; from A to Lp(FE) is
u-covariant with respect to the locally C*-dynamical system (G, A, ) if

*

0ij(ag(a)) = ugoij(a)u, forallae A,g€ G andi,je{l,...,n}.

PROPOSITION 4.2. Let (G, A, ) be a locally C*-dynamical system, let
u be a unitary representation of G on a Hilbert module E over a locally
C*-algebra B, let (P,v, F) be a covariant non-degenerate representation of
(G, A,«) on a Hilbert B-module F, and let V;, i = 1,...,n, be n partial
isometries in Lp(E, F) (that is, V*V; =idg for alli =1,...,n) such that
Viug = vgV; for all g € G and i = 1,...,n. Then there is a u-covariant
non-degenerate completely multi-positive linear map [o] = [Qij]?,jzl from A
to Lp(E) such that

oij(a) =V ®(a)V; forall ac Aand i,j=1,...,n.
Proof. 1t is a simple verification. =
The following theorem is a covariant version of Theorem 3.4.

THEOREM 4.3. Let (G, A, «) be a locally C*-dynamical system, let u be
a unitary representation of G on a Hilbert module E over a locally C*-
algebra B, and let [o] = [Qij]ﬁ»’jzl be a u-covariant, non-degenerate, com-
pletely multi-positive linear map from A to Lp(E).

(1) There is a covariant representation (45[9},1)[9],]5[9}) of (G,A,a) and
n elements Vig;, i =1,...,n, in Lp(E, E,) such that
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(a) gij(a) = [Q] z@[Q]( ) jforallac Aandi,je{l,...,n};

(b) {2g(a)Vg, 15, a € A § € E,i=1,...,n} spans a dense sub-
module of E,

(c) véQ]V[Q]’i = V[g}’l-ug forallge G and i € {1,...,n}.

(2) If F is a Hilbert B-module, (®,v, F) is a covariant representation
of (G,A,a) and W;, i =1,...,n, are n elements in Lp(E, F') such
that
(a) gij(a) = W P(a)W; for alla € A and i,j € {1,...,n};

(b) {P(a)Wi&; a€ A, E € F,i=1,...,n} spans a dense submodule
of F;
(c) vgW; = Wiug for all g € G and for all i € {1,...,n},
then there is a unitary operator U in Lp(E,, ) such that
(1) @(a)U = U®,(a) for all a € A;

(ii) vgU = Uvgg] for all g € G}
(iii) Wi = UVjg; for all i € {1,...,n}.

Proof. We partition the proof into two steps.

STEP 1. Suppose that B is a C*-algebra.

(1) Let {ex}xea be an approximate unit of A such that the nets
{oii(ex)}ren, i =1,...,n, are strictly convergent to the identity operator on
E, and let (®(g; Vig,i» i = 1,...,m; Ey) be the KSGNS construction associ-
ated with [g;;];';_;. Then V|, ; is a partial isometry for each i € {1,...,n}.

For each g € G, we define a linear map v[g] from (A ®aig £)" to (A Ralg E)"
by

P

(B a0 €)= é(agmi) & uyi).

Using the fact that [Qij]mzl is w-covariant, it is not difficult to check that

vgg] extends to a bounded linear map vgg] from Ej, to Ep,, and since

n

(D (@ @ &) + V), Db @ m) +N)

i=1 i=1

— (D0 &)+ N, old @( @ m) +N))

1=

for all @ (ai ® &), D;_1(bi ® 1) € (A ®ag E)", vf[,g} € Lp(E},) and
moreover, ( é[,g]) [g,}l. Also it is not difficult to check that the map g —

sy

Uég] is a unitary representation of G' on Ej,.

To show that (@[g],v[g],E[g]) is a covariant representation of (G, A, ) it
remains to prove that @, (ay(a)) = vgg]é[g}( ) el for all g€ G andac A
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Let g € G and a € A. We have

(0l21,(a)19,) (P (a: @ &) + N)

=1

-

= (0 P11 () (P (ag-1(a:) ® ug-1&) +N)

=1

— Ugg](éé(aag,l(ai) ® 'U,gflfi) +N)

i=1

= D(ay(a)a; ®&) + N

= (@(05(a) (D © &) + )

for all @7, (a; ® &) € (A ®uig B)". Hence dyy(ag(a)) = vy (a)v/?,.

By Theorem 3.4(1) conditions (a) and (b) are satisfied. To show that (c)
is satisfied, let £ € E, g € G and i € {1,...,n}. Then we have

0! Vigia€ = Vig g€ I* = i [0 = Vig g€
= lim 1€, 0ii(€3)€) + (£, €) — {oii(ag(en))ug, ug€) — (ug, oii(ag(ex))ugé) |
< lim €€, 0ii(ex)&) + (£, &) — (eiien)E, &) — (&, vii(ex)§) ||

= /1\121 (€ — 0ii(ex)&, &)l = 0.

Hence condition (c) is also satisfied.

(2) By Theorem 3.4(2), there is a unitary operator U in Lp(Ej,, F')
defined by U (377", DI ai®y)(as)Vig,ils) = Doimq 2 iy «i®(as) Wik, such
that @(a)U = UP(,)(a) for all a € A, and W; = UV, ; for all i € {1,...,n}.

Let ge G,ie{l,...,n},a€ A, { € E. We have

(04U (@) Vi ) = vy (B(a)WiE) = Ba)u Wi

= é(a)Wiugf = U(é[g} (a)v[g},iugg)

= U (@1 (a)vif'Vigi€) = (U ) (@(g(a)Vig i€)-
This implies that v,U = Uvé[]g] and thus assertion (2) is proved.

STEP 2 (The general case). Let ¢ € S(B). Then [oq] = [(mq)« 0 045]7 j—; 18
a u?-covariant, non-degenerate, completely multi-positive linear map from A
to Lp,(Ey), ((7g)« o ®,v9, Fy) is a covariant representation of (G, A, ) and
(mq)«(Wi), i =1,...,n, are n elements in Lp_ (Eq, F,;) such that conditions
(a)—(c) of (2) are satisfied.
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By Step 1, there is a covariant representation (Q[gq],v[gq},E[Qq]) of
(G,A,a) and n elements Vjgq);, i = 1,...,n, in Lp, (Eqy, Ej,,)) which satisfy
conditions (a)—(c) of (1) and there is a unitary operator Uy, in Lp, (E|,,) Fy)
which satisfies conditions (i)—(iii) of (2). Moreover,

() (0 ® 0y (6) +N;) =

=1 =1

for all ;" (a; ® 04(&)) € (A Qag Eq)™ and g € G.

Let (®(y); Vig,i»i = 1,...,n; E|g) be the KSGNS construction associated
with [0;]7 ;1. According to the proof of Theorem 3.4, (m¢)« 0 Py = Py,
(mg)+(V[g),i) = Vigglii» t = 1,+ .., n, and (Eg)q = Ej,,) for all ¢ € S(B).

It is not difficult to check that for each g € G, (v [Q‘Z])q is a coherent

@:

(agla;) ® ufoy (&) + Ny

sequence in Lp, (E,,), and the map g — vgg], where vé[]g] = ( égq})q’ is a
unitary representation of G on Ej,. Also one can check that ((P[g],v[g], E[g])

is a covariant representation of (G, A, a)) which satisfies conditions (a)—(c)
of (1).

Since Uy(Py,,1(@)V]p,1,i74(§)) = (mg)+(P(a))Wicy(§) for alla € A, £ € E,
i € {1,...,n} and ¢ € S(B), it is not hard to verify that (U,), is a co-
herent sequence in Lp, (E,,, Fy). Then U = (Uy), is a unitary element
in Lp(E},, F') which satisfies conditions (i)—(iii) of (2), and the theorem is
proved. =

is a unital C*-

REMARK 4.4. In the particular case when (G, A, )
= B, the statements

dynamical system, B is a unital C*-algebra and E
of Theorem 4.3 are given in Theorem 3.1 of [1].

In [1], Heo showed that given a unital C*-dynamical system (G, A, «), a
covariant completely multi-positive linear map [QU]? =1 from A to B extends
to a completely multi-positive linear map on the crossed product A x, G.
We generalize this result to the case of locally C*-dynamical systems, not

necessarily unital, in the following proposition.

PROPOSITION 4.5. Let (G, A, «) be a locally C*-dynamical system such
that o is a continuous inverse limit action, let B be a locally C*-algebra, let
FE be a Hilbert B-module and let u be a unitary representation of G on E.
If [o] = [0} ;=1 is a u-covariant, non-degenerate, completely multi-positive
linear map from A to Lp(E), then there is a unique completely multi-positive
linear map [pij]}';—1 from A xo G to Lp(E) such that

wij(f) = S 0ij(f(9))ug dg
G
for all f € C(G,A) and i,j € {1,...,n}. Moreover, [pi;|}';—y is non-
degenerate.
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Proof. By Theorem 4.3, there is a covariant representation (45[9] ,olel E[Q])
of (G,A,a) and n elements Vi, ;, i = 1,...,n, in Lp(E, E,) such that
oij(a) = V[ZLZ@[Q](CL)V[Q]J and vgg}V[Q],i = Vjg,iug for all a € A, g € G and
i,j€{l,...,n}.

Let &y x vl@ be the representation of A x, G associated with (D(g); vl
Ejg) [5, Proposition 3.4]. For each 4,j € {1,...,n}, define ;; : A xo G —
Lp(E) by

pij () = Vi (D1 x ) (2)Vg 5.
Clearly [goij]gszl is a completely multi-positive linear map from A x, G to
Lp(E). Let {ex}xea be an approximate unit for A and let { € E. Then,
since Pp,) ¥ vle and [g] are non-degenerate,

lim pii(ex)§ = lim Vi (P X vl (ex)Vig i€ = Vi iViga€ = €

for all i = 1,...,n. Therefore [SOij]ijl is non-degenerate. Moreover, if f €
C.(G,A), then

i (f) = Vi@ x o) (HVigy = | V581 (F(9)el Vg dg
G
= | Vi1 (F(9)Vigjug dg = § 01 (f(9))ug dg,
G G
and since C¢(G, A) is dense in A xo G, 4]} ;1 is unique. =

Using the fact that any continuous action of a compact group on a locally
C*-algebra is an inverse limit action [11, Lemma 5.2], from Proposition 4.5
we obtain the following corollary.

COROLLARY 4.6. Let (G, A, ) be a locally C*-dynamical system, B a lo-
cally C*-algebra, E a Hilbert B-module, u a unitary representation of G
on E, and [0] = [0;]} ;=1 a u-covariant, non-degenerate, completely multi-
positive linear map from A to Lg(FE). If G is a compact group, then there
is a unique completely multi-positive linear map [goij]gszl from A x4 G to
Lp(E) such that

wii (F) = | 03 (£(9))ug dg
G
for all f € C(G,A) and i,j € {1,...,n}. Moreover, [pi;|}';—, is non-
degenerate.
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