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Dedicated to Professor Mikihiro Hayashi on his sixtieth birthday

Abstract. We prove basic properties of Orlicz—Morrey spaces and give a necessary
and sufficient condition for boundedness of the Hardy—Littlewood maximal operator M
from one Orlicz—Morrey space to another. For example, if f € L(log L)(R™), then M f is
in a (generalized) Morrey space (Example 5.1). As an application of boundedness of M,
we prove the boundedness of generalized fractional integral operators, improving earlier
results of the author.

1. Introduction. Orlicz spaces, introduced in [29, 30|, are generaliza-
tions of Lebesgue spaces LP. They are useful tools in harmonic analysis and
its applications. For example, the Hardy-Littlewood maximal operator is
bounded on LP for 1 < p < oo, but not on L'. Using Orlicz spaces, we can
investigate the boundedness of the operator near p = 1 precisely (see Kita
[14, 15] and Cianchi [4]). It is known that the fractional integral operator I,
is bounded from LP(R™) to LI(R™) for 1 < p < ¢ < oo and —n/p+a = —n/q
(the Hardy—Littlewood—Sobolev theorem). Trudinger [40] investigated the
boundedness of I, near ¢ = oo. The Hardy—-Littlewood—Sobolev theorem
and Trudinger’s result have been generalized by several authors: [28, 37, 38,
5, 4, 23, 24, 25|, etc. For the theory of Orlicz spaces, see [18, 16, 33].

On the other hand, Morrey spaces were introduced in [19] to estimate
solutions of partial differential equations, and studied in many papers. For
the boundedness of the Hardy-Littlewood maximal operator and fractional
integral operators, see [31, 1, 3, 20].
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The author introduced Orlicz-Morrey spaces in [26] to investigate the
boundedness of generalized fractional integral operators. Orlicz—Morrey
spaces unify Orlicz and Morrey spaces. Recently, Orlicz—Morrey spaces were
used by Sawano, Sobukawa and Tanaka [34] to prove a Trudinger type in-
equality for Morrey spaces.

In this paper we prove basic properties of Orlicz—Morrey spaces and
give a necessary and sufficient condition for boundedness of the Hardy—
Littlewood maximal operator M from one Orlicz—Morrey space to another.
It is known that, on a finite ball B C R", if f € L(log L)(B), then M f €
LY(B) (see also [35]). However, on R" this relation does not hold. We show,
for example, that if f € L(log L)(R™), then M f is in a (generalized) Morrey
space (see Example 5.1).

Moreover, we give a sufficient condition for weak boundedness of the
Hardy-Littlewood maximal operator M. As an application of boundedness of
M, we show the boundedness of generalized fractional integral operators. In
the proof, we use a pointwise estimate by M f(x) and the boundedness of M.
This method was introduced by Hedberg [13] to give a simple proof of the
Hardy-Littlewood—Sobolev theorem. Our results improve those in [26]. For
generalized fractional integral operators, see also [32, 23, 24, 25, 6, 7, 11, 8|.

Our definition of Orlicz—Morrey spaces is different from that of Koki-
lashvili and Krbec [16, p. 2].

We recall the definitions of Orlicz and Morrey spaces in the next sec-
tion, and give the definition of Orlicz—Morrey spaces in Section 3. In Sec-
tion 4, we give generalized Hoélder’s inequality and inclusion relations for
Orlicz—Morrey spaces. The results on boundedness of the Hardy—Littlewood
maximal operator and of generalized fractional integral operators are stated
in Sections 5, 6 and 7, and proved in the remaining sections.

2. Orlicz and Morrey spaces. First we recall the definition of Young
functions. A function @ : [0,400] — [0,400] is called a Young function if
& is convex, left-continuous, lim, 1o ®(r) = ®(0) = 0 and lim, 4 P(r) =
&(+00) = +00. Any Young function is neither identically zero nor identically
infinite on (0,400). From the convexity and ¢(0) = 0 it follows that any
Young function is increasing.

If there exists s € (0,400) such that @(s) = 400, then ¢(r) = +oo for
r > s. Let

ro = inf{s > 0: &(s) = +o0}.

Then ro > 0, since lim, 4o @(r) = @(0) = 0. If &(rp) < +o0, then P is
absolutely continuous on [0, rg] by convexity and monotonicity. If ®(r¢) =
+00, then @ is absolutely continuous on any closed interval in [0,79) and
lim, _,—0 @(r) = +oo by left-continuity. Note that, if &(rg) < +oo, then
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(r) for some

we can find a Young function ¥ such that ¥(ér) < &(r) <
=U(ryg) = +oc.

0<d<1,¥(r) < +4oofor 0 <r <y, and lim, o ¥ (r)
Let Y be the set of all Young functions & such that

(2.1) 0<P(r)<+4oo for0<r < +oo.

'4
4

If € Y, then @ is absolutely continuous on any closed interval in [0, 4+00)
and bijective from [0, +00) to itself.

DEFINITION 2.1 (Orlicz space). For a Young function &, let

L®(R") = {f € L (R"): S & (k|f(x)]) dx < +o0 for some k > O},
RTL
£l e = inf{)\ >0: | @(f(x)/\) dx < 1}_

R

Then || f| ;¢ is a norm and L?(R") is a Banach space. This norm was
introduced by Nakano [27] and Luxemburg [17]. If &(r) =77, 1 < p < oo,
then L*(R") = LP(R"). If &(r) = 0 (0 < r < 1) and &(r) = +oo (r > 1),
then L?(R™) = L>®(R").

We note that

[ @17 @) /1l po) do < 1.

]Rn
For Young functions ¢ and ¥, we write @ ~ ¥ if there exists a constant
C > 1 such that

O(Cr) <W(r) <®(Cr) forallr>0.

If & ~ ¥, then L?(R") = LY(R") with equivalent norms. We note that, for
Young functions @ and ¥, if there exist C, R > 1 such that

O(C7ir) <w(r) <®(Cr) forre (0,R 1)U (R, +00),

then & ~ V.
For a Young function @ and for 0 < s < 400, let

() =inf{r>0:®(r)>s} (inf() = +00).
If ® € Y, then ! is the usual inverse function of &. We note that
D(P(r) <r <& HP(r)) for0<r< +oo.
The following is due to O’Neil [28] (see also Ando [2]).

THEOREM 2.1 ([28, Theorem 2.3]). If there exists a constant ¢ > 0 such
that
O )@ (r) < @yt (r)  for all v >0,
then
1fgllpez < 2¢llfll 21 llgll L2
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A Young function @ is said to satisfy the As-condition, denoted @ € Ao, if
&(2r) < kd(r) forr >0,

for some k > 1. If & € Ay, then @ € ). A Young function @ is said to satisfy
the Vao-condition, denoted @ € Vg, if

1
< — >
B(r) < 5 B(kr), 720,

for some k£ > 1. The function ®(r) = r satisfies the Ag-condition but does
not satisfy the Va-condition. If 1 < p < oo, then @(r) = rP satisfies both
conditions. The function @(r) = e" — r — 1 satisfies the Va-condition but
does not satisfy the As-condition.

For a Young function @, the complementary function is defined by
~ sup{rs — ®(s) : s € [0,400)}, r € [0,4+00),
() = {

+o00, T = 400.

Then & is also a Young function and ¢ = &. If &(r) = r, then &(r) = 0
(0<r<1and®(r) =—+oo (r>1).If1 < p < 00, 1/p+1/p' = 1 and &(r) =
1 /p, then &(r) = 2 /p/. I B(r) = " —r—1, then &(r) = (141) log(1+r)—r.
Note that @ € V4 if and only if ® € A,. It is known that

(2.2)

(2.3) r< & ()@ (r) <2r forr>0.
Let Vi be the set of all # € such that X(l] d(t)t=2 dt < +o0. For o€y, let
( (1)
(2.4) ot(r)=r| —g-dt, >0,
0

Then @7 € Y and &(r) < &+ (2r) for all r > 0.

THEOREM 2.2 ([16, Theorem 1.2.1]). Let & € Y. Then the following are
equivalent:
(i) @ € Vy (that is, D € Ay).
(i) @ € Yy and &1 =~ .
(iii) The Hardy-Littlewood mazimal operator is bounded on LT(R™).

Next we recall the definition of Morrey spaces. Let B(a,r) be the ball
{z € R" : |z — a|] < r} with center a and radius r > 0.

DEFINITION 2.2 (Morrey space). For 1 <p < oo and 0 < A <mn, let
LPAR™) = {f € L (R™) : || fll pr < +00},

loc
1 1/p
flr = s (S {@par)
B=B(a,r r B

Then LPA(R™) is a Banach space. If A = 0, then LP*(R") = LP(R"). If
A = n, then LPA(R") = L>®(R").
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If 1/p1 + 1/p3 = 1/py and A\1/p1 + A3/p3s = A2/p2, then by Holder’s
inequality we get

(2.5) 19l p2ne < U f Lo 9]l s s

It is known that, if 1 < p < ¢ < oo and 0 < A < n, then there exists a
function f € LPA(R") such that f ¢ L%*(R") for all 0 < p < n (for example
[10, p. 67] and [22, Remark 2.3]). We will extend this fact to Orlicz-Morrey
spaces (Theorem 4.9).

3. Definition of Orlicz—Morrey spaces. For a measurable set (2
in R™, we denote the characteristic function of {2 by x and the Lebesgue
measure of 2 by |£2|. For a ball B = B(a,r) and k > 0, we shall denote
B(a, kr) by kB.

A function 6 : (0, 4+00) — (0,400) is said to be almost increasing (resp.
almost decreasing) if there exists a constant C' > 0 such that

O(r) < CO(s) (resp.O(r) > Ch(s)) forr <s.
A function 6 : (0,+00) — (0,+00) is said to satisfy the doubling condition
if there exists a constant C' > 0 such that
C1<o(r)/o(s)<C for1/2<r/s<2.
For functions 6, k : (0, +00) — (0, 400), we write §(r) ~ x(r) if there exists
a constant C' > 0 such that
C'0(r) < k(r) <CH(r) for r > 0.

Let G be the set of all functions ¢ : (0, +00) — (0,400) such that ¢ is
almost decreasing and ¢(r)r is almost increasing. If ¢ € G, then ¢ satisfies
the doubling condition. Let 1 : (0,+00) — (0,+00) and ¢ ~ ¢ for some
¢ €G. Then ¢ € G.

For a Young function @, ¢ € G and a ball B, let

1005 = inf{)\ 50 ’B‘(;(’BD ; ¢<rf<;>|> iz < 1}.

DEFINITION 3.1 (Orlicz-Morrey space). For a Young function @ and

¢ € g, let

LIPO(R") = {f € Lie(R") : | fll o0 < +o00},
1l Lo = sup 1flle.6.5-

Then || - || @.¢) is a norm and L) (R") is a Banach space, since

”f”é,qﬁ,B = Hf’\L¢(B,dx/(|B|¢(|B|))),
which is a norm on the Orlicz space L?(B,dxz/(|B|¢(|B|))).
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DEFINITION 3.2 (generalized Morrey space). If &(r) =P, 1 < p < oo,

then
B < 1 by )1/19
”f”d%@B - ‘B’(ﬁ(‘BD ]_Sg|f(x)‘ €T .

In this case we denote L(®9)(R") by L®9)(R™).
By the definition we have the following.

PROPOSITION 3.1. If ¢(r) = 1/r, then L(®®)(R") coincides with the
Orlicz space LY(R™). If &(r) = P and ¢(r) = v~ " (0 < X\ < n), then
L®9)(R™) coincides with the Morrey space LPA(R™).

From the next proposition, if & ~ ¥ and ¢ ~ 1, then L(®9)(R") =
L¥¥)(R™) with equivalent norms.

PROPOSITION 3.2. Let @,¥ be Young functions and let ¢,9 € G.
(1) If &(r) < ¥(Cr), then
L@IR™) > LYI)RY), | fllp@s < Cllfllzwe-
(2) If ¢(r) < C(r), then
L@O(R") C LPYI(R™Y),  max(L,C)||fll s = If ]| o
Proof. We note that

V(£ @)I/IIf || eor) dz < |BI(|B])  for all balls B.
B
Conversely, if there exists A > 0 such that

[ ®(1f(x)|/A) dz < |B|¢(|B]) for all balls B,
B

then HfHL@,(p) <\
By the inequality

(@) > ( ()] )
¢l ———— Ul —
<cuf||L<w,¢> =Y\l )
we have (1). By the convexity of ¢ we have
()] > 1 ( ()] ) 1 < ()] )
] 9] — g L
(maxa,cwfrrm) = max(1,0)  \Iflpwe ) = €\t we )
which yields (2). =

By the definition and Lebesgue’s differentiation theorem we have the
following.

PROPOSITION 3.3. Let @ be a Young function and ¢ € G.
(1) If co = sup,~g ¢(u) < o0, then
LEDR") € LXR") and ||fllz= < &7 (co) | fll -
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(2) If ¢1 = infyso ¢(u) > 0, then
LR 5 LOR")  and ||fllz~ > & ()| f]l o

Therefore, if ¢ ~ 1, then L(®#)(R") = L>®(R"™) with equivalent norms.
By the next proposition we may assume that ¢ is continuous and strictly
decreasing in the definition of L(®®)(R™).

_ PROPOSITION 3.4. If ¢ € G, then there exists ¢ € G such that ¢ ~ ¢ and
¢ is continuous and strictly decreasing.

Proof. Let

- o(r) o to(t)
(3.1) Cp = o<t§7}1<)+oo B(t) and ¢y = 0<tle1[<)+oo ro(r)

Then 1 < Cpy Cp < OO by the definition of G. Let
¢1(r) = inf o(t).

Then ¢; is decreasing, ¢1(r) < ¢(r) < g¢¢1(r), and so ¢ € G.

If inf,~0 ¢(r) = co > 0, then lim, . ¢1(r) = co. We choose a strictly
increasing function 6 : (0,+00) — (0,400) so that lim, .o #(r) = 0 and
lim, 400 0(r) = ¢o/2, and let ¢ = ¢ — 6. Then ¢ is strictly decreasing
and ¢z < ¢1 < (3/2) 2.

If inf,~0 ¢(r) = 0, then lim,_, o ¢1(r) = 0. In this case we let ¢2 = ¢;.

Let

+oo
o(r)=r S qﬁigt) dt.

r

Then ¢ is continuous and strictly decreasing. Indeed, for r < s,

r+§oo ¢i§t) dt = r+§o(wcit = $+§0Wdt
5 +§o d)igt) dt.
Moreover, S
T i< T i) <20 | 2
< dcyr 2{ ¢2t§t) dt < 4cyr +§O gbigt) dt.

Therefore ¢ ~ ¢ and ¢ €G. m
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4. Generalized Hoélder’s inequality and inclusion relations
THEOREM 4.1. Let @; be Young functions and ¢; € G, i = 1,2,3. Assume
that there exists a constant ¢ > 0 such that
D1 (rn ()5 (rgs(s)) < ey (rgals))  forr,s > 0.
If f € LI®191)(R™) and g € L®3:93)(R™), then fg € L(*2%2)(R") and

1f9ll #2600 < 2¢|| fll pe@r.on 9] L@3.05)-

Proof. We follow the proof of [28, Theorem 2.3]. We may assume that
I fll L@1.00) = |19l (@365 = 1. For any ball B and z € B, let

r—mfmx(qﬁl(‘f( ) Ps(lg(z )

¢1(IBl) 7 ¢s(|BI)

We note that r < +oo for a.e. z, since {5 @1(|f(z)|) dz < |B|¢1(|B|) and

§p P3(lg(@)]) dz < |B|s(|Bl). From &1(|f(2)[) < ré1(|B]) it follows that
[f(@) < 27 (D1 (|f(2)]) < D7 (rén (| B]))-

In the same way we have

l9(x)| < 25 (P3(1g(2)])) < D5 (ré3(|BI)).

Hence

|[f(@)g(x)| < 7' (ror(IB1)) 25 (rés(|BI)) < @3 (réz(|BI)),

and

o (0t) 1

| /\

C

( (2)g(x >< (55 <r¢2<\B|>>>_fr¢z<!Bl>
1
o1

([f(x)D) | P3(lg(=)])
=3 ( (B) " es(IB) )W’B‘)'
Therefore
JSB%< 2c )d §2<§3 ¢1(1B]) d +§3 6s(1B)) d >¢>z(\B|)
< |B|¢2(|B]).
This shows

”ng<152,¢273 < 2c,

and the conclusion. =

COROLLARY 4.2. Let @; be Young functions, i = 1,2,3, and ¢ € G.
Assume that there exists a constant ¢ > 0 such that

ST ()5 (r) < cdyN(r)  forr > 0.
If f € LP9(R") and g € L®9)(R"), then fg € L®>)/(R") and

1fgll s < 26l fll pewro 9l ezson-
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COROLLARY 4.3 ([21, 22]). Let 1 < p; < o0 and ¢; € G, i = 1,2,3.

Assume that 1/p1 +1/ps = 1/pe and that there exists a constant ¢ > 0 such
that

ypl(r) é/p:g(r)gcgi);/m(r) for r > 0.
If f € LPr9)(R™) and g € LP3:#3)(R™), then fg € LP2%2)(R™) and
||fg||L(P27¢2) < 2CHf||L(P17¢1> ”g”L(P3v¢3)'

THEOREM 4.4. Let @; be Young functions and ¢; € G, i = 1,2. Assume
that

Do(r)Pa(s) < coP2(rs)  forr,s >0,
and there exists @3 € Y such that
() @3 (r) 1@y (1), 61(r)/Pa(P5 (¢1(r))) < caga(r)  forr > 0.
Then
L@l"z’l)(R”) C L(%’@)(R"),
1Nl L0 < 2max(1, co) c1 max(L, co)|| f| @y .00
By elementary calculations we have the following.
LEMMA 4.5. Let @ be a Young function and ¢ € G. Then
L6, =1/ (6(|BI)).
Proof of Theorem 4.4. By Theorem 4.1 and Lemma 4.5 we have
11122018 < 2¢1l|flloy 01,51 0615 < 2¢1ll fllor.00,8/P5 " (91(1B])).

Let ¢j = max(1,co) and ¢, = max(1, c2). By the assumption we have

(@) ) 1 ( f (@) >
[ 1)
2<2cac1c'2ufu¢l,¢l,3 =4 P\ & G (B)) | flowr s
1 f(@)] ) | ( £(@) >¢2<rB|>
— & P .
=4 2<Hf||¢2,¢>1,3 o2 @1 (BD) = 2\ fleons ) 61(B)

)
Hence

S g, 0B g (),
Qe 7= 60080 3 P [Tlanors ) = P10205D:

This shows

1 l#2.00.8 < 2¢0c165|1 f @165 for all balls B,

and the conclusion. =
COROLLARY 4.6. Let 1 < g<p<ooand ¢ €G. Then
/
LPA®R®) C LY R and | fIl, g0y < 1l



202 E. Nakai

COROLLARY 4.7. Let @ be a Young function and ¢ € G. Then &~1(¢)
€3G and

LPO®®) < LOTONRY) and (|f| 0010 < 41F ]l -
Proof. Note that @~ !(cr) < c@~!(r) for ¢ > 1 and r > 0, since ¢! is

concave and nonnegative. Let ¢ and ¢, be the constants defined by (3.1).
Then, for 0 <t < r < +00,

DTH(r)) < DT Heyd(1) <y H(o(1)),
0~ (p(t) < 1D (Cyro(r)/t) < curd ™ (9(r)).
Hence & 1(¢) € G. Let @ be the complementary function of @. Then it
follows from (2.3) that
o ()@ (r) <21, B(r)/H(B(r) < BTH(e(r)).
By Theorem 4.4 we have the conclusion. =

COROLLARY 4.8 ([25]). Let @ be a Young function and ¢(r) = &~1(1/r).
Then ¢ € G and

L*(R") c LYPR™Y) and || f]| e < 4lIfl|ze.
THEOREM 4.9. Let &,¥ € Y, ¢ € G and ¢(r) — 400 as r — 0. If

lim, oo @1 (r) /W~ (r) = 400, then there exists a function f € L(®9)(R™)
with compact support such that f ¢ LYY)(R™) for all ¢ € G.

To prove Theorem 4.9 we state a lemma, whose proof is in Section 8.

LEMMA 4.10. Let @ be a Young function, ¢ € G and
cpy= sup  to(t)/(ro(r)).

0<t<r<4oo

Assume that ¢ is continuous and strictly decreasing. For 0 < t < r, there
exists a function f € L'®9)(R™) and a ball By such that

I fll@e < C,
supp f C Bo,
(4.1) |Bo| = (2¢/n)"cy T,
lsupp f| = [cero(r)/(td(t))]t,
f(x) =@ 1(4(t)) for x € supp f,

where the constant C' > 0 depends only on n and cy, and the notation [s]
represents the greatest integer less than or equal to the real number s.

Proof of Theorem 4.9. By Proposition 3.4, we may assume that ¢ is
continuous and strictly decreasing. Let 0 < t; < 1/2% and

U1 S
W,l(gb(tk))zs; for k=1,2,....
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Then B
(P

Using Lemma 4.10, for every k, there exists a function f; such that (4.1)
holds for t = t; and r = 1. Since the radius of By is independent of ¢t = tj, we
may assume that every supp fj is included in the same By, i.e. |, supp f

C By. Let
F=Y 2"
k=1

Then f € L(®9) (R™) and supp f is compact. On the other hand, for all
A > 0, there exists kg such that A\ < 2¥0. Then, for k > kg, we have

2 [ (2 ) /N de > | (1 ful2)]/8Y) da
By By
= 0(D(d(tr))/8")esd (1) / (tud(tr))]tr = co0(1)/2,
ie. SBO @(|f(x)|/\) dz=~+o00. This shows that f¢ L% (R") for all y€G. u

COROLLARY 4.11. Let1 <p<qg< o0, ¢ € G and ¢(r) — +o0 asr — 0.
Then there exists a function f € LP?(R™) with compact support such that

f ¢ LYY (R™) for all ¢ € G.

5. A necessary and sufficient condition for the boundedness
of the Hardy—-Littlewood maximal operator. The Hardy—-Littlewood

mazimal function of f € Ll _(R™) is defined by
1

Mf(z) =Ségg|m;\f(y)\dy7

where the supremum is taken over all balls B containing x.

In this section we give a necessary and sufficient condition for the bound-
edness of the operator M from one Orlicz—Morrey space to another.

THEOREM 5.1. Let ®,W € Y and ¢, € G. Then the following are
equivalent:

(i) There exists a constant A > 1 such that

(5.1) & (p(r) < AU ((r))  forr >0,
and
N0 B(s) (r)
(5.2) S o dt < A s o for (r,s) € E,

7= (Y(r))
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where

E ={(r,s) € (0,+00)? : 240 (¢(r)) < 5 < 1811;10)@71(4)(71))}

(ii) The operator M is bounded from L(®9)(R™) to L¥¥)(R").

REMARK 5.1. By Proposition 3.4 we may assume that ¢ is continuous
and strictly decreasing. Indeed, in the proof of Proposition 3.4, we have
¢ < ¢. If @ and ¢ satisfy (5.1) and (5.2), then so do @ and ¢.

ExAaMPLE 5.1. For 0 < a <1, let
o T, r<e, 1
(r) = rlogr, r>e, o(r) = re’
1/re, r <e,
!p g 5 =y
(ry=r W) {(logr)/ro‘, r>e
Then (5.1) and (5.2) hold. Therefore, the operator M is bounded from
L@®)(R"™) to LY (R™), where L(LY)(R™) is a generalized Morrey space
defined in Definition 3.2. In the case o = 1, the operator M is bounded
from L?(R") to L(LY)(R™).

ExAMPLE 5.2. For 0 < a < 1, let

r, r<e, :[/7"0‘7 r<e,
®(r) = ¢(r) = o
rlogr, r>e, 1/(r*logr), r>e,
1
By =r, ()= -
Then (5.1) and (5.2) hold. In the case « = 1—\/n (0 < A < n), the operator
M is bounded from L) (R") to L'*(R"), where L'*(R") is the Morrey

space defined in Definition 2.2.
For ¢ = 4, Theorem 5.1 yields the following.

COROLLARY 5.2. Let ®,W € Y and ¢ € G. Then the following are equiv-
alent:

(i) There exists a constant A > 1 such that

(5.3) U(s/A) < d(s) for ir;% o (p(u) < s < ili% O L(p(u)),
and
s/A
(5.4) | Wt(;) dt < A quj)

infy>o @1 (¢(u))

for 2Ainf U7 (p(u)) < s < sup Do (u)).
u>0 u>0

(ii) The operator M is bounded from L(®9)(R™) to L% (R™).
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For @ = ¥, Corollary 5.2 and Theorem 2.2 give the following.

COROLLARY 5.3. Let ® € Y and ¢ € G. If ¢(r) — +00 as r — 0 and
¢(r) — 0 as r — 400, then the following are equivalent:

(i) @ € Vy (that is, D € Ay).

(i) @ € V1 and & ~ &, where T is defined by (2.4).
(iii) The operator M is bounded from LT(R") to itself.
(iv) The operator M is bounded from L(®®)(R™) to itself.

From Corollary 5.2 we have the following.

COROLLARY 5.4. Let® € V) and ¢ € G. Then the operator M is bounded
from L(®7%) (R™) to L(®9)(R™).
ExaMPLE 5.3. For e >0 and 6 > 0, let ® € ), with
o(r) = {7“(10g(1/r))51 for small r > 0,
r(logr)? for large r > 0.

Then
& () ~ {r(log(l/r))‘f for small r > 0,
r(log 7)o+t for large r > 0.
EXAMPLE 5.4. For 1 <p< oo, e € Rand § € R, let ® € ), with
o(r) = {rp(log(l/r))_e for small > 0,
rP(log )% for large r > 0.
Then & € Vo and &1 ~ & (see Theorem 2.2).
EXAMPLE 5.5. Let ¢ € G and ¢(r) > 1. For 5 >0, let
r for small r, r for small r,
(r) = {r(log r)P*+t for large r, vir) = {r(log r)?  for large 7.
Then (5.3) and (5.4) in Corollary 5.2 hold.
Let @(r) = r in Theorem 5.1. If sup,~o @ (¢(u)) = +oo, then (5.2)
does not hold for any ¥ € Y or for any ¢ € G. Thus we have the following.

COROLLARY 5.5. Let ¢ € G and ¢(r) — +oo as r — 0. Then the oper-
ator M is not bounded from L9 (R™) to L¥)(R™) for any ¥ € Y or for
any Y € G.

EXAMPLE 5.6. For 0 < a < 1, let

O(r) =W(r) =7, (r) = { 52: g TS0 ) = min(1, /%),

Then (5.1) and (5.2) hold. In this case the operator M is bounded from
LA (R™) to LY (R™),

For generalized Morrey spaces we have the following.
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COROLLARY 5.6. Let 1 < p,q < oo, ¢, € G and ¢(r) — 400 asr — 0.
Then the following are equivalent:

(i) p > q, p > 1 and there exists a constant A > 1 such that
(5.5) ()P < Ap(r)YT forr > 0.
(ii) The operator M is bounded from LP9)(R™) to L&¥)(R™).

REMARK 5.2. Let 1 < p,q < o0, ¢,7 € G and ¢(r) — +oo as r — 0.
By the corollary the operator M is bounded from L®®)(R") to itself. From
p > q and (5.5) it follows that L) (R") ¢ L(&¥)(R™) (see Proposition 3.2
and Corollary 4.6).

Proof of Corollary 5.6. Assume that (i) in the corollary holds. Then
(5.1) holds in Theorem 5.1. Case 1: p > ¢ > 1. If ¢(r)}/9 < s, then 1 <
(s¢(r)1/9)P~%, and

sI71 < P~ Loy (r 1=p/a < Apgp—1 (T)
") o(r)
Hence we have (5.2). Case 2: p > ¢ = 1. There exists a constant C' > 1 such
that if Cv(r) < s, then log(sy(r)~!) < (sy(r)~1)P~L, and so

log(s0(r) ") < 57~ ()7 < vt )

(r)
Hence we have (5.2).
Conversely, assume that (ii) in the corollary holds. Fix r and let s — 400
in (5.2) in Theorem 5.1. Then p > ¢ > 1 or p > g =1 is needed. m

6. Weak boundedness of the Hardy—Littlewood maximal opera-
tor. In this section we consider weak boundedness of the Hardy—Littlewood
maximal operator.

For a measurable set 2 C R”, we denote the Lebesgue measure of 2
by |{2|. For a measurable set {2 C R™, a measurable function f and ¢t > 0,
let

m($2, f,t) = {z € 2:|f(z)] > t}].

In the case 2 = R", we briefly denote it by m(f,t). For ® € ), ¢ € G and
a ball B, let

_ o tm(B, (| f|/N), )
1fll#,6,B,weak = lnf{)\ >0: iglg Blo(B)) < 1}.

We note that || f||¢,¢Bweak < || f|le,¢ 5 and
sup B(t)m(92, f,t) = sup tm(92, f, &~ (t)) = sup tm(82, (| ), 1).
t>0 >0 >0
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DEFINITION 6.1 (weak Orlicz-Morrey space). For @ € ) and ¢ € G, let
P,
Lol (B") = {f € Lo (") : | o.0» < +o00},

weak
wea.

£l @.0) = sup || fl|o,6,B,weak-
weak B

(2,9)

weak (R™) is a complete quasi-normed

Then ||-||, @) is a quasi-norm and L
weak.

space. We note that
17 +gll o < 2011000 + gl 0.0

THEOREM 6.1. Let @ € Y and ¢ € G. Then the operator M s bounded
from L®9)(R™) to L5V¢’¢)(R”). Moreover, if & € Va, then M is bounded

eak

from L(®9)(R™) to itself.
We shall prove this theorem in Section 10.

COROLLARY 6.2 ([20]). Let ¢ € G. Then the operator M is bounded from
LI9)(R™) to Lgvlegl){(R”) If 1 < p < oo, then M is bounded from L®®)(R")
to itself.

COROLLARY 6.3 ([3]). Let 0 < X\ < n. Then the operator M is bounded
from LY (R™) to Li;e)‘ak(R"). If1 < p < oo, then M is bounded from LP(R™)
to itself.

7. Generalized fractional integral operators. As an application of
the results for the Hardy—Littlewood maximal operator, we give a sufficient
condition for the boundedness of generalized fractional integral operators.
The results in this section improve those in [26].

For a function g : (0, 4+00) — (0, 4+00), let

L) = | o 2E=ut g,

o |z —y|"

We consider the following conditions on g:

1
(7.1) é%@ﬁ<+%
(7.2) igﬂgAl for 1/2 < s/r <2,
1~ o(r)
(7.3) (:) < Ay Q(SS) for s <r.

If o(r) = r®/m (0 < o < n, then I, is the fractional integral operator denoted
by I,.
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For a function 6 : (0, +o00) — (0, +00), let

T +oo
0*(r) :S@dt, 0.(r) = | Hi’f)dt.
0

t

r

THEOREM 7.1. Let @, € Y and ¢, € G. If there exist © € Y and a
constant A > 1 such that

(7.4) o (p(r) < AOT (P(r))  forr >0,
(7.5) S @t(;) dt < A P(As) ZEZ; for (r,s) € E,
O=1(y(r))
where
E=/{(r,s) € (0,+00)? : 24071 (¢(r)) < s < ig}é@_l(qﬁ(u))},
and

(7.6)

O Lo d(r)o*(r) + (D~ o d)o)s(r)
w( .

then the operator I, is bounded from L(®®)(R") to L"¥)(R™).

) < ¢(r) forr >0,

We shall prove this theorem in Section 11. In the proof we use a pointwise
estimate by M f(x) and boundedness of the operator M. This method was
introduced by Hedberg [13] to give a simple proof of the Hardy—Littlewood—
Sobolev theorem.

If, in Theorem 7.1, we use &' and & instead of & and O, respectively,
we obtain the following.

COROLLARY 7.2. Let® € Y1, ¥ € Y and ¢ € G. If there exists a constant
A > 1 such that

&0 §(r)e" (1) + (@) "0 9)0). (1)
o ,

then the operator I, is bounded from L@ ?)(R™) to L¥:9)(R™).

THEOREM 7.3. Let @, W € Y and ¢ € G. If there exists a constant A > 1
such that

>§¢v% r >0,

(7.7)

&0 §(r)g" (1) + (@1 0 9)o). (1)
o( A

)§¢WL r>0,

then the operator I, is bounded from L(®®)(R™) to L9 (R™). Moreover, if

weak

® € Vo, then I, is bounded from L®9)(R™) to L9 (R™).

We shall prove this theorem in Section 11.
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EXAMPLE 7.1 ([1]). Let 0 < a <n, 1 <p < g < oo, —n/p+an/(n—N\)
= —n/q, and

o(r)y=r" B(r)y=1rF, W) =1  Gr)=r TV
Then @ € V4 and
@*1 o qb(r)g*(r) + ((@71 o) ¢)Q)*(T) ~ T(*1+)\/Tb)/77+0£ — T(71+)\/n)/q'

Therefore the operator I, is bounded from LPA(R™) to L%*(R™). This is the
result of Adams [1] (1975).

EXAMPLE 7.2. Let £ : (0,+00) — (0, +00) satisfy the doubling condition
and

(log(1/r))~% for small r > 0,
Lr) =
log r for large r > 0.

For B > 0, let
(r) = { (log(1/r))=#=%  for small r > 0,
(logr)?~1 for large r > 0.
Then p satisfies (7.1)—(7.3) and
* 0 t
o"(r) =| Qi)dt ~ 3(r).
0
Let
B(r)=1P, W(r)=rPP8(r), (1<p< o)
o(r) =r~1FMN" (0< A< n).
Then we have the following boundedness:

n n W: n
I,: "R = LYD®RY) — LR (p=1),
I, : IPA(R™) = LPO)(R™) — LR (1 < p < o0).
ExAMPLE 7.3. Let £ and ¢ be as in Example 7.2. For p > 0, let

(r) = 1/exp(1/rP) for small r > 0,
P\ = exp(rP) for large r > 0.
Let

D(r) =ep(r), Y(r)=eqy(r) (=1/p+8=-1/¢<0),
o(r) =r~ M (0 <A < n).

Then the operator I, is bounded from L(®9)(R™) to L(¥:#)(R").
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EXAMPLE 7.4. Let £ and ¢ be as in Example 7.2. For ¢ > 0, § > 0 and

B >0, let
r(log(1/r))~¢ for small > 0,
P(r) = 41
r(logr) for large r > 0.
r(log(1/r))=¢~" for small r > 0,
o(r) =
r(logr)? for large r > 0,
{r(lo g(1/r))=¢=# for small r > 0,
r(logr)o+H for large r > 0,

p(r) =r~ 1A (0 < XN <n).
Then the operator I, is bounded from L(®®)(R™) to L¥9)(R™).

8. Proof of Lemma 4.10. Let k = [cyro(r)/(to(t))], ie

cod(r)r
SRTOr

()
(t)

Let k be the positive integer such that k™ < k < (k + 1)". We denote the
measure of the unit ball in R™ by o,,. First, we choose a cube (g and a ball
By so that

Qo C B(), |Q0‘ = 4nC¢T/O'n, ‘BQ| = (2\/771)716(;57“.
In this case the side length of Qg is 4(cgr/0,)'/™ and the radius of By is
2v/n(cgr/on) /™. We divide Qq into (k +1)" cubes Q; (j =1,..., (k+ 1))
with side length 4(cgr/o,)/"/(k +1). Let T = (t/0y,)"/". Then
(C¢T/Un)1/n
k+1

So we can choose balls B; C Qj, j =1,... ,k < (k + 1)" of radius 7 each.
Then

<k+1.

Then

kt<c¢2 r < cgr.

21 = 2(t/0,) /" < 2]{:” (t/on)/m < 4 (t/ )<

k
|BJ|:t fOI‘jzl,,k’, BJOB]/:Q fOI‘];’é]/, UBJCBO
j=1

Let
k

f Z¢ 1 XBja

where xp; is the characteristic functlon of Bj.
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Next, we show f € L®®)(R") and | f|| @ < C. For all balls B, if
|B| < t, then

V@£ (2)]) dz < |Blo(t) < |Blo(|BI).

B
If t < |B| < r, then the number of B; which intersect B is less than or
comparable to k|B|/r, and so

J D(If (2)]) dx < (cak] BI/r)tg(t) < (cal Bl /r)coro(r)

B
= Cnc¢|B|¢(r) < ch¢|B|¢>(|B|),
where ¢, depends only on n. If r < |B|, then
V(1 (@)]) da < kte(t) < coro(r) < (cg)?|Bl(| B).
B
Therefore || f|| @.0) < max(cpce, (cp)?). m

9. Proofs of Theorem 5.1. First, we note that, for @ € ), its left and
right derivatives exist for all » > 0 and are both increasing. Then @ can be
expressed by

&(r) = \a(t) dt
0

for some increasing function a : [0, +00) — [0, +00) such that a(r) > 0 for
r > 0. In this case a(r) = @'(r) for a.e. r > 0 and
/

(9.1) &(r) <rd'(r) <P(2r) fora.e r >0,
since r 2r 2r
o(r) =\a(t)dt < ra(r) = | a(r)dt < | a(t)dt < &(2r).
0 T 0

The following is known.

THEOREM 9.1 ([41]). For a Young function ¢ and its complementary

function @,

| [f(@)g(@)|dx < 2| fll |9l -
Rn
REMARK 9.1. Theorem 9.1 is valid for any measure space instead of R™.

To prove Theorem 5.1, we state five lemmas. The first three are in [26].
We give the proofs for convenience.

LEMMA 9.2. For a Young function @, ¢ € G and B = B(a,r),

| F(2)g(x) dz < 21BIo) | Fllo.o8l9ll5,, 5
B

where @ is the complementary function of &.



212 E. Nakai

Proof. For L?(B,dx/(|B|#(r))) and L5(B,dx/(\B]¢(r))), Theorem 9.1
gives us

dx

]ng(fﬁ)g(l‘) Blo() <2 fllze(B,ds/B16e 91 13 (B de ) (1BI6)))

= 2 fllog 5z , - m
LEMMA 9.3. For a Young function @, ¢ € G and B = B(a,r),
1545 < 271 (o(r)/(r),
where ® is the complementary function of &.
Proof. Apply Lemma 4.5 and (2.3). =

LEMMA 9.4. For a Young function @, ¢ € G and a ball B, if f €
L@@ (R™) and supp f N 2B = 0, then

M f(x) < CO™H(|B))fwey  forz € B,
where C' is a constant depending only on ® and ¢.

Proof. Let r > 0 be the radius of B. For all balls B’ > x, if the radius
of B’ is less than or equal to r/2, then {,, | f(z)|dz = 0, and if it is greater
than r/2, then using Lemmas 9.2 and 9.3, we have

1 /
V1 (@) de < 26(IB)(If |2.6,5:111]l5,4 5

1B'] 5
7 < 20(|B')|fll o0 @~ (9(IB'])) /(| B'])
<207 (O(IBM fllp@er < CE™HSUBN)IS N oo

since ¢ is almost decreasing, and ®~! and ¢ satisfy the doubling condition. m

LEMMA 9.5 ([39, p. 92]). If f € L*(R™), then

“+o0o
m(Mf,t) < %n S m(f,s)ds  for allt >0,
t/2

where ¢, 1 a constant depending only on n.

LEMMA 9.6 ([12, p. 57, [9, p. 144]). If f € LY(R™), then

m(Mf,t) > S |f(x)|dx  for allt >0,

[fI>t

“|$

where ¢, 1 a constant depending only on n.
Proof of Theorem 5.1(i)=(ii). Let f € L(®®)(R™). For all balls B, let
f=h+Tfs fi=[fxes.
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Then
Vo (Mfi(2)/N) de = | m(B, M fi/\ 6)¥(t) dt.
B 0
Let u=¥~1(¢(|B])) and A\ = 44| f||; #.¢). Then
{m(B, M fi/\ )@ (t)dt < |B|\&'(t) dt = |B|¥(u) = | Bl3b(| B).
0 0

Using Lemma 9.5 and (9.1), we have

Tm(B,Mfl/)\,t)W’(t) dt < ¢y | LGP | m(fi/A,s)ds
u t/2

H dt S m(4Af1/\,4As)ds
t/2
®) dt S m(4Af1/A,s)ds
¢ 2At
oo ,5/(24)
en v'(t)
— 4A2§;u< | . dt>m(4Af1/)\, s)ds

u

3
:1/18
S

B
83
S

0o ,8/(24)
Cn, W (2t)
< QL( S - dt)m(4Af1/)\,s) ds

u
s/A

:%1 | (2 | u—/t(;)dt>m(4Af1/)\,s)ds.
2Au 2u

Let w = sup,o @ (¢(u)). If w < 400, then m(4Af1 /A, s) =0 for s > w by
Proposition 3.3. Using (5.2) and (9.1), we have

s/A

| m(B, Mfi/x\ ) (t)dt < %1 | ( | Ept(;)dt>m(4z4f1/)\, s)ds
2Au  2u

u

(B1) USJ QS(SS)m(ZLAfl/)\, s)ds

s | P (s)m(AAf1/N, 5) ds
A
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- VB (14 00)
2B A

2B|¢(|2B]) < C|BJy(|B).

Thus we have

| (M fi(2)/\) do < (1 + O)| Bl (|B)),
B

and
Mfl(l“)
;w<(1+0))\) dz < |B|y(|B]).
Hence
(9.2) M fillww,p < 4AL+ O)|[fl| .0

Since supp fo N 2B = (), using Lemma 9.4, we have
M fo(x) < CO™H(o(IB)| £l oo

()

¥(I1B) dz = |Bly(|B)),

Hence, by (5.1),

M fo(x
Ul ————~2 | d
5 (Acnfan) !

IN

"
-

and

(9-3) 1M follwy,5 < AC| fllpe.00-
Now (9.2) and (9.3) yield the conclusion. m

Proof of Theorem 5.1(ii)=(i). By Proposition 3.4 and Remark 5.1, we
may assume that ¢ is continuous and strictly decreasing. Since r¢(r) is
almost increasing, there exists a constant c, > 1 such that r¢(r) < cgs¢(s)
for r < s.

CASE 1. Assume that (5.1) does not hold. Then there exists a positive
sequence {7y} such that

& (p(r)) > kO (Y(ry)) fork=1,2,....
We choose a sequence {By} of balls so that |By| = rg. Let
fil@) =271 (o(|Bl))xp, fork=1,2,....
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Then, for all balls B,

V(| fi(@)]) dx = | B N Be|g(| Bil)
B :
{ [Blo(|Bk|) < [Blo(|B])  if [B] < [Bl,
— UIBklo(IBkl) < cg|Blo(|B]) if |B| = |Bg.
Hence f, € L(®®)(R™) and || fx|| .6y < cg. On the other hand,

S W(W) dr = | E!-,<(~15_1(¢>l§|15k:|))) d

By, By,

> § @ (W(Bi)) dr = [Bef(| By
By

This shows that || M fi||;w.v) > k. Therefore M is not bounded.

CASE 2. Assume that (5.1) holds and (5.2) does not. Then there are
positive sequences {ry} and {si} such that

sk/k
w(t) P(sk) ¥(rx)
(9.4) —=dt >k ,
w—%im» v s 0(re)
(9.5) 260 (h(1p)) < sp < sup P Hp(u), k=1,2,....
u>0

In this case we have

7 (P(ry)) < AP W(rx)) < 200 (1h(ry)) < sp, < Sup 7 (p(u))
for k > A/2. Then, for k > A/2, we can choose t; with 0 < ¢, < r; so that
sk = D~ 1(4(t1)) by the continuity and strict decreasingness of ¢.
By Lemma 4.10, for every k, there exists a function f; € L(®9)(R") and
a ball By, such that (4.1) holds for t = t, r = r and By = By.
In the following we show | M fi|| v > ck for k > c4A, where c is

a constant independent of k. We note that &~!(r)/r is decreasing, since
@~1(0) = 0 and ! is concave. Then, for x ¢ 3By, we have

[eorsd(r) /(txd(t))ltsk _ cod(rs)

T o ¢<tk)
< w H(P(rh)) = cp@ H(d(r1)) < co AT ().

Therefore, for k > cy A, we have

m(M fy, )k, t) = m(3By, M f/k,t)  for t > &1 (y)(rp)).

M fr(x) <

O (p(tr))
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By Lemma 9.6, (9.1) and (9.4) we have

| (M fi(2)/k) do

3By
00 00

> | m@Be, Mfip/k, )W (t)dt =\ m(M fi/k )P (t)dt
UL (y(ry)) UL (y(ry))

Cn |fk‘($)‘ /
> _—
S < y S 3 dr |¥ (t) dt

T ((ry)) [ frl/k>1

o

lfe@N/k
= | |f’“($)|< | g/t(t) dt) dx
[fl/E>® =1 (3 (k) U= 1((r))

sk/k

= (]

supp fx V=1 (y(ry))

Wt(t) dt) dz

sk/k
> eulegrsolr) (o)t | Y ay

7= ((re))

> aleanidln)/(uo(t) () S

(1)
B(rr)

Since |3By| is comparable to r; and |3Bg| > ri, we have

= caleord(ri) (o)l (t) =005 = T riab(r).

| @M fi(@)/k) do > c|3Byl(13By)).
3By

If ¢ > 1, then ||M fi|| ;v > k. If ¢ <1, then

S w(f‘@;{m) ar> ! w(W) dr > [3Byl(3By).
3By, 3By
Hence || M fi||pw.v) = ck. =

10. Proof of Theorem 6.1. By Corollary 5.3, if & € Vs, then the
operator M is bounded from L(®®) (R") to itself. So we only prove weak
boundedness.

Let f € L(®9)(R™). For all balls B, let

f=h+fo fi=Ffxs
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Let A =2/ f||;#.6). Then, by Lemma 9.5 and (9.1), we have

+oo +oo
B(tym(M fi /) 1) < C”f“) | m(fi/x s)ds <cn | m(fi/X 5)®(t)ds
t/2 t/2
+oo
<cn | m(f/N 8)P (25)ds < | D2If(2)|/)) dar
t/2 2B

< cal2B16(12B]) < C|BI6(|B).
We may assume C' > 1. Then
S(t)ym(M f1/(CN),t) < |Blo(|B|) for all t > 0.
Hence
(10.1) 1M fille,p,Bweak < 2C| fllp@.0)-
Since supp fo N 2B = (), using Lemma 9.4, we have
Mfo(z) < CONG(B))fll oy for z € B,

i.e.
Pl — L B f B.
(mum@@ < #Bl) forze
Then
tm(B, o(If|/(Cfll @), t) < tm(B, ¢(|Bl),t) < [Blo(|B]).
Hence
(10.2) 1M foll@,6,B,weak < Cllfl| pc@.0)-

By (10.1) and (10.2) we have the conclusion. =

11. Proof of Theorems 7.1 and 7.3. To prove Theorems 7.1 and 7.3,
we state a lemma. For the proof, see [36, p. 63].

LEMMA 11.1. Let g be a function on R™ which is nonnegative, radial,
decreasing (as a function on (0,00)) and integrable. Then

| F)g(@—y)dy < Mf(@)llgllr, 2 €R™
Rn

Proof of Theorem 7.1. By Theorem 5.1 we have the boundedness of M
from L(®®)(R") to LY (R"), ie. [|Mf| 0w < Collfll@e- If we prove
the pointwise estimate

(111) W<CIH.]CHL(¢’¢) <© COHfHL(‘f’d’) ’
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then we have, for all balls B,
S g(’I@f@)’) dr < S @(W) dz < |B|y(|B|).
IR Ty A RN i e

This shows || 1o f|| L) < C1llfllp@.e-
To prove (11.1), for arbitrary r > 0, let By, = B(z, (28r)V/"), k =
0,1,.... Then

LfG) = | f 2E=v g,

i |z —y|"
n +oo n
T — T —
= B gy S| g Y,
5 |z —y| P |z -yl
0 =0 By+1\Bk
+o0
=J(z)+ Y Je(x), say

k=0

Let
h(t) = inf{o(s")/s" : s <t}, t>0.
Then h is decreasing, h(t) ~ o(t")/t" and
rl/n r
o(t™) ,._ o(t

B0 Dlppopry = ) Alehdz<o | &g - o0 g,

B(0,r1/m) 0 0
By Lemma 11.1 we have

[ o)
[T@) <OV @Il —yl)dy < CMf(2) | == dt.
Bo 0

We note that @~!(¢(r)) satisfies the doubling condition, since ¢ does and
&1 is concave. By Lemmas 9.2 and 9.3 we have

) o(lz —y[")

@< p—

B 1+1\Bj
_ o(IBx]) S
| Bi|

dy

rf<y>rdys9(,§’f|’> [ 1£@)ldy

Byj4+1\Bk Br11
o(|B|)
| Br|
o(|B|)
| Br|

<2 [ Be1|¢(1Bra1 DIl fll#,6,814: 1113 4. 5,

<2 | Bres11¢(| Bt DI 1l oo @7 (@I Bresa])) /(| Brea )
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~ & (oI Br)) oI BED I fll ooy ~ 7 (0(2%7))0(2") || fl] o)

—12k+1r 1/ 4 fok gy At
= (log2) S P (0(2°r))o(2"r) ) 1 f1l c@.0)
2k
2 dt
~ S 1’71((25@))@(07HfHL@@)-
2k
Thus
T +oo £ 1
(11.2) | f(x )]<Cg<Mf Sé’(:dwr”fyyu% S Wdt)'
0 r

Choose 7 so that @ L(¢(r)) = M f(x)/(Col|f|l ;@.4). Then

r 400 L _
1) < CaCol o (07 (60 [ Al a4 | 2D ),
0

r

Let Cy = AC2Cy, where A is the constant in (7.6). Then
(ALY ¢y (@70 0.0
Crllfll e A

M)
S“”‘@Q%mmw)‘

This is (11.1). =
Proof of Theorem 7.5. Theorem 6.1 implies ||M ]|, @.0) < Col|f|[1@.0)-
weak

Moreover, if @ € Vg, then ||M f||@.e) < Collfll 1.0 -
We use (11.2). Choose r so that @1 (¢ (r)) = M f(x)/(Co| f| ;.#). Then
r +00 £_1
t) b t t
1af(@)] = oGl oo (2700 | 20 ar+ | 2D ),
0

Let Cy = AC2Cy, where A is the constant in (7.7). Then
I M
Cillfll e Coll fll L.
Since || M f||, (@, 0 < Co|| fll ;#.¢) we find that, for all balls B

weak

sup tm(B, ¥ (Lo f /(C1[|fll L@.)): 1)
t>0

< iggtm(B,Q(Mf/(Collfllm,as))),t) < |Bl¢(|B]).

This shows HI@fHL“”"’ff < Ci|| fll ) -
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Since | M f||;@.0) < Col| fll;@.¢) We see that, for all balls B,

| f ()] Mf(x)
| g,(cleHLH) o< @<00HfHL()> de < |B|o(B)).

This shows [[Iof||pwe) < CillfllL@.e. =
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