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Unconditionality of general Franklin systems
in LP[0,1], 1 <p < o0

by

GEGHAM G. GEVORKYAN (Yerevan) and ANNA KAMONT (Sopot)

Abstract. By a general Franklin system corresponding to a dense sequence 7 =
(tn,m > 0) of points in [0, 1] we mean a sequence of orthonormal piecewise linear functions
with knots 7, that is, the nth function of the system has knots tq, . . ., t,. The main result
of this paper is that each general Franklin system is an unconditional basis in L?[0,1],
1 <p<oo.

1. INTRODUCTION

The classical Franklin system is a complete orthonormal system con-
sisting of piecewise linear continuous functions with dyadic knots. It was
introduced by Ph. Franklin [9] in 1928 as an example of a complete or-
thonormal system which is a basis in C[0,1]. Since then, this system has
been studied by many authors from various points of view. In particular,
an important tool in the study of the Franklin system is provided by the
exponential estimates proved by Z. Ciesielski [4]. It is well known that the
classical Franklin system is a basis in C|0, 1] and L?[0,1],1 < p < oo, uncon-
ditional for 1 < p < oo (S. V. Bochkarev [1]), a basis in HP[0,1],1/2 <p <1,
unconditional for 1/2 < p <1 (P. Wojtaszczyk [19] for p = 1, P. Sj6lin and
J. O. Stromberg [16] for general p), and the coefficients of functions with
respect to the Franklin system give a characterization of Holder classes in
LP-norms with exponent o, 0 < o < 1+ 1/p, BMO and VMO (Z. Ciesiel-
ski [4] and P. Wojtaszczyk [19]). Various generalizations of this system, like
systems of orthonormal splines of higher order and regularity on [0, 1], and
versions on R (see e.g. [18]), have also been studied.
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In this paper, we are interested in a generalization of the classical
Franklin system obtained by passing to general sequences of knots. Thus,
given a sequence 7 = (t,,n > 0) of points in [0, 1] admitting at most double
knots and dense in [0, 1], by a general Franklin system corresponding to
7T we mean the complete orthonormal system consisting of piecewise lin-
ear functions with knots 7 (see Section 2 for a more detailed description).
Z. Ciesielski [3] has proved that the L>°-norm of the orthogonal projection
onto the space of piecewise linear functions with arbitrary knots does not
exceed 3. This implies that each general Franklin system is a basis in L?[0, 1],
1 < p < o0, and if all knots are simple (so that all functions from the system
are continuous), it is a basis in C]0, 1]. Various properties of these systems
have been studied by Z. Ciesielski and A. Kamont [7], G. G. Gevorkyan
and A. Kamont [10], G. G. Gevorkyan and A. A. Sahakian [11]; see also the
survey article by Z. Ciesielski and A. Kamont [8].

In this paper, we are interested in the unconditionality of general
Franklin systems in LP[0,1], 1 < p < oo. Recall that S. V. Bochkarev [1]
has proved the unconditionality of the classical Franklin system in L]0, 1],
1 < p < 0. For general Franklin systems this question has been treated
in [10] and [11], where some partial answers have been obtained, under
additional conditions on the sequence of knots; those results, as well as
methods of proof, are described in more detail in Section 2.1. Now, devel-
oping the method from [11], we prove that for any sequence of knots dense
in [0,1], the corresponding Franklin system is an unconditional basis in
LP[0,1], 1 < p < c0. Moreover, we show that each general Franklin system
normalized in LP[0,1], 1 < p < oo, is a greedy basis in this space.

For comparison, recall that unconditionality in L?[0,1], 1 < p < oo, of
each general Haar system (i.e. the orthonormal system consisting of piece-
wise constant functions with a given sequence of knots, dense in [0, 1]) follows
from D. L. Burkholder’s results on boundedness of martingale transforms
(see e.g. [2]). On the other hand, it is natural to ask whether one can obtain
an analogous result for orthonormal spline systems of higher order and with
arbitrary knots. It follows from the recent result of A. Yu. Shadrin [15] (uni-
form bound of L*-norms of orthogonal projections onto splines of higher
order and with arbitrary knots, with the bound depending only on the order
of the splines) that each such system is a basis in LP[0,1], 1 < p < oo, and
C10, 1]. In fact, it is well known that in the case of dyadic knots orthonormal
spline bases are unconditional in LP[0,1], 1 < p < oo (see Z. Ciesielski [5]).
Under some conditions on the sequence of partitions (in the terminology of
[10], for quasi-dyadic strongly regular sequences of partitions), to get un-
conditionality, it is enough to use estimates from [6] and follow the scheme
of proof from the dyadic case. However, in the general case the estimates
from [6] are not sufficient.
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The paper is organized as follows. In Section 2, we recall the definition
of a general Franklin system and formulate the results: Theorem 2.1 and
Corollary 2.2. In Section 2.1 we recall the results on unconditionality of
general Franklin systems from [10] and [11] and comment on the method
of proof. The basic properties of Franklin functions and Franklin systems
needed for the proof are summarized in Section 3. The proofs of Theorem
2.1 and Corollary 2.2 are given in Section 4. Finally, Section 4.3 contains
some comments and related results.

NoTATION. Throughout the paper, for a set A C [0, 1], we denote by x4
the characteristic function of A, by |A| the Lebesgue measure of A, and by
A° the complement of A; for t € [0, 1], dist(¢, A) is the distance from ¢ to A.
For a finite set B, # B denotes the number of elements of B. For a function
f:1]0,1] - R, Mf is the Hardy-Littlewood maximal function of f. The
notation a ~ b means that there are positive constants cy, co, independent
of the variables appearing in a, b, such that cia < b < cya. Also, the usual
abbreviations z V y = max(x,y), £ A y = min(x, y) are used.

2. DEFINITION OF A GENERAL FRANKLIN SYSTEM
AND MAIN RESULTS

Let us begin by recalling the definitions of a general Franklin function and
a general Franklin system.
Let 0 = (54,0 < i < N) be a partition of [0, 1] admitting at most double

knots, i.e., a sequence of points in [0, 1] such that

0=150<s51<---<sy_1 <sy=1,
{3,~<3,~+2 forall i, 0 <i< N —2.
Denote by S(o) the space of piecewise linear functions on [0, 1] with knots o,
that is, functions linear on each (s;, s;+1), left-continuous at each s; (and
right-continuous at sy = 0) and continuous at each s;, 1 < i < N — 1,
satisfying s;—1 < s; < s;j+1. Each f € S(o) has a unique representation

(2.1)

N
(22) f = Z aiNg,i,
i=0
where
s1—t t—SN_1
N t — . t y N t = —_— . t ,
0'70( ) $1 — So X[SQ,Sl]( ) U,N( ) SN — SN_1 X[SNfl,SN]( )
for ¢ such that s;_1 < s; < s;4+1 we have
t— s;i_
-l fort e [31_1781'],
Si — Si—1
; = S; —t
NU’Z(t) e S for t € [SZ', Si+1],
Si+1 — Si

0 otherwise,
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and for 7 such that s;_1 = s;,

t—S;_9 Siy1 — ¢
Noi—1(t) = m “N[siasi1] (), Noi(t) = ﬁ “X(sisi41] (8)-
a; —

The coefficients a; in (2.2) are given by: ag = f(s0); an = f(sn);
= f(si

f(s;) for ¢ such that s;-1 < s < 8415 and a;—1 = f(si—1)
limy_s, ,—0 f(t) and a; = limy_,5, 10 f(t) for ¢ such that s;_1 = s;.

Now, let 0 = (s5;,0 < i < N) and 0" = (57,0 < i < N + 1) be a pair
of partitions of [0, 1] satisfying (2.1) and such that o* is obtained from o
by adding one knot s*. Note that s* may be different from all points of o
(in this case, for some i, we have s* = s and s;_; < sj < sj,;), or for
some i, s* = s; (then sj_; < sf = s* = 57, < s7,5). Now, there is a
unique function ¢ € S(o*) such that ¢ is orthogonal to S(o) in L2[0,1],
llell2 = 1 and p(s*) > 0. This function is called the general Franklin function
corresponding to the pair of partitions (o,0™).

Now, we turn to sequences of partitions and general Franklin systems.

DEFINITION 2.1. Let 7 = (tn,n > 0) be a sequence of points in [0, 1].
The sequence 7 is called admissible if to = 0, t; = 1, t,, € (0,1) for each
n > 2, for each t € (0,1) there are at most two different indices ny > ng > 2
such that t = t,,, = ty,, and 7 is dense in [0, 1].

For an admissible sequence of points 7 = (t,,n > 0) and n > 1, let
Tn = (tni, 0 < i < n) be the partition of [0, 1] obtained by the nondecreasing
rearrangement of the sequence (¢;,0 < i < n), counting multiplicities. Note
that each 7, satisfies (2.1), and 7, is obtained from 7,1 by adding one
knot t,,.

DEFINITION 2.2. Let 7 be an admissible sequence of points. A general
Franklin system with knots 7 is a sequence of functions { f,,, n > 0} given by

folt) =1, fAt)=V3(2t—1),

and for n > 2, f,, is the general Franklin function corresponding to the pair
of partitions (m,—1,7Ty).

It follows from the estimates of L°°-norms of orthogonal projections onto
piecewise linear functions (see [3]) that for each admissible sequence of knots,
the corresponding Franklin system is a basis in LP[0,1], 1 < p < oco. In
addition, each continuous function on [0, 1] is a limit, in the uniform norm,
of the sequence of its partial sums with respect to a general Franklin system,
and if all knots in 7 are simple, then the corresponding general Franklin
system is a basis in C0, 1].

The main result of the present paper is the following:
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THEOREM 2.1. Let T = (t,,n > 0) be an admissible sequence of knots
in [0,1]. Then the corresponding general Franklin system is an unconditional
basis in each LP[0,1], 1 < p < co.

REMARK 1. In fact, our proof gives more: for each p, 1 < p < oo, the
unconditional basic constants for general Franklin systems are bounded by
a constant C, depending only on p. That is, for each p, there is a finite
constant C), such that for each admissible sequence 7, the corresponding
Franklin system {f,,n > 0}, each sequence of coefficients {a,,n > 0} and
each choice of signs {e,,n > 0}, &, € {—1,1},

00 00
Hzgnanfn SCpHZanfn
n=0 P n=0

The existence of C), is just a consequence of the method of proof.

p

To formulate the next result, Corollary 2.2, we need to recall the concept
of greedy basis (see S. V. Konyagin and V. N. Temlyakov [14]). Let (X, || - ||)
be a Banach space with a normalized basis X = (z,,n > 0) (i.e. with
|zn|| = 1). For x € X and m € N, let

om(z) = inf inf Hx - Z CiTn,

N15..sMm C1,.-,Cm

i=1
In addition, for z = Y >° ja,z, and given m € N, let A,, be a subset of
indices such that #A4,, = m and
S, ol 2 g o

and put G (7) = Y2, c 1 anTn. Clearly, oy (7) < ||z — Gp()|. Following
S. V. Konyagin and V. N. Temlyakov [14], a normalized basis X = (z,,n>0)
of a Banach space (X, || -||) is called greedy if there is a constant C' > 0 such
that for all m € N and z € X,

(2.3) & = Grn(@) | < Cola).
Now, we have the following consequence of Theorem 2.1:

COROLLARY 2.2. Let T = (tp,n > 0) be an admissible sequence of knots
in [0,1] with the corresponding general Franklin system {f,,n > 0}. For
given p, 1 < p < oo, let fnp = fu/lfullp- Then for each p, 1 < p < oo,
{fnp,n >0} is a greedy basis in LP[0, 1].

REMARK 2. For general Franklin systems normalized in LP[0,1], 1 <
p < 00, the constants in (2.3) can be chosen so that they depend on p, but
not on the sequence of knots.

2.1. Earlier results and comments on the method of proof. As
already mentioned, unconditionality in L?[0,1], 1 < p < oo, of the classical
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Franklin system (i.e. with dyadic knots) has been proved by S. V. Bochkarev
[1]. In G. G. Gevorkyan and A. Kamont [10] and G. G. Gevorkyan and
A. A. Sahakian [11] some partial answers to the question of unconditionality
in LP[0,1], 1 < p < oo, of general Franklin systems have been obtained.
In both [10] and [11], there are some assumptions on the structure and
regularity of the sequence of knots under consideration. The first assumption
is the quasi-dyadic structure of 7 = (¢,,,n > 0). This means the following:
consider a sequence of partitions 7; = {7;4,0 < k < 27}, 7 > 0, such that
0="j0<Tjn1 < <79 =1and 7j110, = 7j for all j,k, 0 < k <27,
i.e. between each pair of knots of 7;, one new knot from 7, is inserted.
Putting tg = 0, t1 = 1 and ¢, = 79,1 for n = 2 + k with 5 > 0 and
1 <k <27, we get an admissible sequence 7 = (t,,n > 0) of simple knots
with quasi-dyadic structure.

In addition, in [10] and [11], there are some regularity conditions imposed
on the quasi-dyadic sequence under consideration. To describe these condi-
tions, set Aj, = [j k-1, 7;k) and observe that A;r = Aj 1961 U Ajp1 2k
In [10], the following weak regularity condition has been assumed: there is a
constant v, 0 < v < 1/2, such that for all j,k with 1 < k < 27,

v < |Aj+1,2k—1\7 |Aj 11,2
|4 k] |4 k]
This condition means that the newly inserted point 7,1 2r—1 cannot be close
to the endpoints of the interval A;; into which it is inserted.
In [11], the regularity condition has been weakened as follows: there is
a constant M such that for any subsequence (ji,k;) with j; < ji+1 and

1 <kj <27,
o0 o0
Z |Aﬂ'lv’%‘z| < M} U Aji ks,
=1 =1

It can be seen that the above condition is equivalent to the following:

<1—n.

() there is a constant ( > 0 such that for any j; < --- < jp, and A, 1,
such that Aj D - D A ko if |4 k| > 1A, ki |/2 thenm < (.

The method of proof in [11] is different than in [10], and turns out to be an
important step towards proving unconditionality of general Franklin systems
in LP[0,1], 1 < p < oo. This is done in the present paper by developing the
method of [11], without any constraints on the structure or regularity of the
sequence of knots.

The main new idea is a new choice of a “canonical” interval associated
with a general Franklin function. In [11] (and also in [10]), the function f,
with n = 27 + k has been associated with the interval {n} = Aj;y, i.e. the
interval into which the point ¢,, is inserted, and all estimates, splittings and
reorderings for a general Franklin system have been done with respect to
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positions of {n} or t,. The new choice of the canonical interval (called J,)
and its consequences (pointwise estimates etc.) are described in Section 3.
The key property of these new intervals is Lemma 3.5, which can be regarded
as condition (x) for the intervals .J,,. Note that condition (x), which in [11]
has been assumed for the intervals {n}, now is a property of the intervals .J,.

With this new choice of canonical intervals, we prove two technical es-
timates, Lemmas 4.2 and 4.3. Lemma 4.2 corresponds to inequalities (63)
from [11], but with the splitting of a general Franklin system according to
the position of the intervals J,, instead of the points t¢,, and its proof is
similar to the proof of (63) in [11]. Lemma 4.3 replaces Lemma 3 of [11]. In
the notation of Lemma 4.3, Lemma 3 of [11] states that under condition (x),

1 pdn(V)
S (5) Wl Ul ey < M

n=n(V)
where 1/p + 1/q = 1. However, it can be seen that in the general case the
above inequality does not hold, even for quasi-dyadic sequences of partitions
(a counterexample can be constructed by considering the case of J,, C V).
In comparison with the proof of Lemma 3 of [11], the proof of our Lemma
4.3 requires new techniques, like splitting the coefficients a,, with J, C V
into three parts and treating each of them in a different way.

Once Lemmas 4.2 and 4.3 are proved, the remaining part of the proof is
the same as in [11]. However, in [11], the parts of the argument which require
condition (*) and those which do not require (*) are not clearly separated.
Therefore, for the sake of completeness, we present that part of the proof as
well.

3. BASIC PROPERTIES OF A GENERAL FRANKLIN SYSTEM

3.1. Properties of a single Franklin function. To simplify notation,
assume for a while that

T={0=7 <7< <Ta<T < <mg<7=1},

and 7 = 71U {7} with 71 < 7 = 79 < 71 (with 7; < 7Tj+2). The general
Franklin function corresponding to (m,7*) is defined in Section 2, but now
we recall some more details of its construction. Moreover, we associate with
a general Franklin function a “canonical” interval J.

For convenience, introduce the notation

(3.1) i =Tj — Ti—1.
First, consider the case when 7 is a simple knot of 7%, ie. 71 < 7 =

7o < 71. In this case, the Franklin function ¢ is described as in Section 2.2
of [10]: let G = G+ = [(Ng+4, Nx+j), —k < i,j <[] be the Gram matrix
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of the system (Ng+;, —k < i <), and let G™' = A = [a;;,—k < i,j <.
Then consider the function
A1 Ao

o+ M Qi —1+a;o0— Mo+ M Q.-

l
(32) ¢ =) niNg,, where 7;=—
i=—k
Representing the functions Ny ;, i # 0, as linear combinations of N+ ; one
can see that Ny ; = Ny« ; for i < —2 and 7 > 2, and

N7r,—1 = N7r*,—1 + Nﬂ*,Oa N7r,1 = N7r*,1 + N7r*,0-

)\1 >\0
Ao+ A1 Ao+ A1
Using this, it is easy to see that (¢, Nx;) = 0 for all ¢ # 0, and consequently
P

In order to describe the choice of J, consider the following intervals:
(3.3) I=[r1,n], I =[r_a,7], I =m0,
(3.4) v=|\Il, v =|I"|, vi=|IT|, p=min(v_,v,v").
(For k = 1 orl = 1, we take 79 = 0 or 7o = 1, respectively.) Now,
let I* = [+, Tj*+2] be one of the intervals I~, I, I such that u = |[I*|, and
consider its left and right parts I*! = [r;«, 75 41], I*" = [Ti* 41, Ti*42). Finally,
let J be one of the intervals I*!, I*" such that |.J| = max(|I*|,|I*"]).
Observe that with this choice of p and J we have

(3.5) || < p<2[J]

For convenience, set

T T =T, T =721, T =7, 70T =mn.

Now, we turn to the case when 7 is a double knot of 7%, i.e. 71 < 7 =
7o = 71 < T2. In this case we have (Ng«;, Np= ;) = 0 for all ¢,j such that
i <0 and j > 1. Consequently, for the inverse matrix A = G~! (where G
is the Gram matrix of the system (Np-;, —k < i <)) we also have a; ; =0
when ¢ < 0 and 7 > 1. Now, consider

0 l
(3.6) P = Z i 0Npx i — Z a; 1 Ny ;.
i=—k i=1

Since Ny ; = Ny« ; fori < —landi > 2 and Ny 1 = Ny« o+ Ng= 1, One can see
that (¢, Nx;) = 0 for all ¢ # 0, and consequently ¢ = 1)/||||2. To define the
interval J, consider I~ = [7_1, 70|, [T = |11, 72] and put g = min(|I~|, |[IT]).
Now, we take as J one of I~,I" such that |J| = u. Moreover, we put
7~ =7_1and 7t =7 (777, 77T are not needed in this case).

In what follows, some pointwise estimates for a general Franklin function
are needed. In the case of simple knots, the following estimates for a general
Franklin function have been obtained in [10] and [11]. When double knots
are allowed, the proof is analogous, but one has to consider the coefficients
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of ¢ from representation (2.2) instead of the values ¢(7;), as done in [10]
and [11].

PROPOSITION 3.1. Let 7* = mU {10} be as described above, and let ¢ be
the general Franklin function corresponding to (mw,7*), ¢ = Ziz_k &iNpe .
If T =19 is a simple knot of ©*, then
{ lellp ~ p2/271/2, 1 <p < oo,

I e L L e T A IS RN TR T
with the implied constants independent of (w,7*) and p.

In addition, with ¢ = (v/2+1)/3 and for some positive constant C' in
(a2), (b2), independent of m and 7*,

(3.7)

(a) fori<—1:
27— Ti— &
(a1) 1 < 3220 g), gl < 4,
2 H 71— Tg p'/?
2 7 < o )
(42) al<o(f) D
(a3) |Ei—1] < i—1+ 2\ ) <&l < 2|&—1](Nim1 + ),
Ti—1 T
V le@Pdt<er | Jo@)Pdt, 1<p<oo,
(8.4) Ti—2 Ti—1
sup  p(t)[ <e sup |p(t)],
Ti—2<t<Ti 1 Ti—1<t<T;
and fori <i+4+s < —1:
Ti s Ti+s
\ o)t < - S [p(t)|P dt,
(25) 0 e
{lo)Pdt < 1 1<p< oo,
0
(a6)  suplp(t)|<e®  sup  Jo(t)], suplp(t)] < ¢]ls
t<7; Tits—1<t<Tits t<7;
(b) fori>1
2 Ts 1
(b1) vl < 3 =T 0g, gl < 1,
Ti+
\il o — /2
b2 <oz A S
(h2) &l < (3) non L

(b3) |€z+1|< i+2 + 2/\z+1> < &A1 < 2061 |(Aig1 + Xiga),
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Ti+2 Ti+1
| lemrdt<er | fo)Pdt, 1<p<oo,
(b4) Ti+1 Ty

<
Ti+1I2?§XTi+2 ()l < Efé?gﬁﬂ ()],

and for 1 <i—s<i:

1 s Ti—s+1

&
Vo) dt < — = Vol dt,

1

p
et < 7=

(b5)

pli

lellp, 1<p<oo,
T’L

(b6)  suple®) <e* sup Je(t)], suple(t)] < oo
T <t Ti—s SUSTi—s+1 T <t

If T =719 =71 is a double knot of ©*, then
B8) llglly ~ p P12, 1<p<oo, &l ~ P (Gl ~ pt s,

with the implied constants independent of (mw,7*) and p. Moreover, inequali-
ties (al) and (a3)—(a6) hold fori <0 andi < i+s < 0, with (a2) replaced by

92\ Il 1/2
(«2) sl<c(3)

3 TO — Ti—1
while inequalities (b1l) and (b3)—(b6) hold for i > 1 and i >1i— s> 1, with
(b2) replaced by

, 9 4] :Ul/2
2 sl<c(3) L

In both cases (i.e. of T being a simple or a double knot of ©*) we have
& = (—=D)lg; and the following localization of the support of : if T_1 =
7, < 77 (respectively, 7 < 7, = T;11), then suppy C [, 1] (respectively,
supp ¢ C [0, 7]).

Proof. First, consider the case when 7 = 7q is a simple knot of 7*. If all
knots of 7 are simple, the equivalences (3.7), the property |&| = (—1)ll¢;
and inequalities (al), (bl), (a3), (b3) are contained in Proposition 2.3 of [10],
and the main argument in the proof is representation (3.2) (cf. formulae
(2.9), (2.10) of [10]) combined with the estimates for the entries of the
matrix A (cf. Proposition 2.1 of [10], or Chapter 6.4 of [13])

Inequalities (a2), (b2) are obtained in Lemma 2 of [11]—more precisely,
(a2), (b2) follow from (al), (bl), (3.7) by repeated use of the following
elementary inequality:

a 1

(39) (a+b)(a+c)<a+b+c

for a,b,c > 0.
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Inequalities (ad), (b4) for p = 1 and p = oo are contained in Proposi-
tion 2.4 of [10]. The proof for 1 < p < oo is similar to that for p = 1, but
we sketch it for completeness. Let us give the proof of (a4); inequality (b4)
is checked analogously. As the signs of &;_1 and &; are opposite, we have

Ai &P 4 &Pt
p+1 &l + &l

Ti

mip= | lp(t)Pdt =

Ti—1

Asp > 1, we get
1 [PT + [P S (|£i1’2 + &
Simal + 161 — N\ &l + 1€l

and consequently

&P >

)p > (VI 1P,

Mit1p Aig1 &P
P > 9P (/2 — 1)P .
Mip ( ) Ai &P

This inequality and (a3) give

P
Mitlp > 21?(\/5_ 1)?@ <2+ §L> > 3 .41?(\/5_ 1P >eP,
mip )\i 4

Formulae (ab), (a6) and (b5), (b6) are just consequences of (ad), (b4),
respectively.

When the double knots of 7* are allowed, but 7 = 79 is a simple knot
of *, the proofs are analogous to those for simple knots. More precisely,
(3.7), the property |&| = (=1)/'l¢; and inequalities (al), (a3), (b1), (b3)
follow from represenation (3.2) and the properties of the matrix A (i.e. the
Gram matrix, cf. Proposition 2.1 of [10]) in the same way as in the case of
simple knots (cf. Proposition 2.3 of [10] and its proof), and the remaining
inequalities are just their consequences; if the intervals appearing on the
right-hand sides of (a4)—(a6) and (b4)—(b6) degenerate to a single point, the
corresponding inequality follows from the localization of the support of .

The localization of supp ¢ when double knots are allowed follows from
the orthogonality conditions. More precisely, by orthogonality of ¢ to S(m)
we have (¢, Ny ;) = 0 for all j # 0. Note that Ny ; = Ngp=; for j < —2
and j > 2, Ny 1= Ng= 1 + 525 Nr= 0, Net = Nee 1 + 525 Ny 0. Now,
calculating (Ng= i, Ny ;), we find that the orthogonality conditions take the
following form:

§i—1Aj + 28 (X5 + Ajr1) + &A= 0 for j < —2and j > 2,
for j = —1:

Ao
Ao+ A1

22 0
Ao+ A1 ’

E ol 1+ & (2(/\_1 + Xo) + > + &Aoo +2M) + &
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and for j = 1:

2

A6 Ao
_ + &2+ M) + & [ 2000 + o) + + €929 = 0.
3 ot &(2XM0 + A1) 51( (A1 + A2) A0-+,x1> EaXa

If X\; = 0 for some ¢ < —1, then the equations with —k < j < ¢ — 1 contain
only the variables £ ,...,&—1; as the matrix of this subsystem is the Gram
matrix [(ijl,ijQ),—k < 1,92 <6 — 1], wegetép=...=¢&-1 =0,
© = Zé:z & Nz j and consequently supp¢ C [7;,1]. The case \; = 0 for
some ¢ > 2 is analogous.

Finally, consider the case when 7 = 79 = 71 is a double knot of 7* (other
double knots of * are also allowed). Then (3.8), the property |&| = (—1)I¢;
and inequalities (al), (a3), (bl) (b3) (for the appropriate range of indices)
follow from representation (3.6) and the properties of the matrix A (cf.
Proposition 2.1 of [10]) in the same way as they follow from representation
(3.2) in the case when 7 is a simple knot in 7*. Then the remaining properties
(inequalities and localization of supports) are checked in the same way as in
the case when 7 is a simple knot. =

In what follows, we need some more estimates, in terms of the interval J.
Before formulating Proposition 3.2, we introduce additional notation. For
x,y € [0,1], we denote by dr«(x,y) the number of points of 7* between x
and y, counting multiplicities, i.e.

dr=(2,y) = #{i: 2z Ny <7 <z Vy}.

By dz+(x) we denote the number of points of 7* between x and .J, counting
multiplicities and endpoints of J, with the understanding that d.«(z) = 0
when x € J. Similarly, for an interval V' C [0,1], by d.«(V) we denote
the number of points of 7* between V and J, counting multiplicities and
endpoints of J or V, with the understanding that d.«(V) = 0 whenever
Vnd#0.

PROPOSITION 3.2. Let 7* = wU {70} be as described above, and let ¢ be
the general Franklin function corresponding to (7w, 7*), ¢ = zzsz &iNpx i
Then there is a constant C > 0, independent of m,7*, such that

2 doex (75) ’J’1/2
3.10 | < Cl = - 7.
( ) ’é:‘ - <3> ‘J‘—l—dlSt(Ti,J)—l-Ti_}_l — Ti—1 fO?"CL ¢

Moreover, for each p, 1 < p < oo, there is a constant C, such that if x is to

the left of J then

x

» 2 pd ()
B ety wsc(3)

’J‘p/2
|J| + dist(x, J))P—1’
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and if x is to the right of J then

1 9\ Pdn*(2) |.J|P/2
(3.12) i'sp(t)‘pdt = Cp<§> (1] + dist(z, J))»~1°
In addition,
(3.13) lellzocy ~ lellp ~ [T17P72, 1< p < oo,

with the implied constants independent of p,w, *.

REMARK. For comparison with (3.11), (3.12), it follows from (3.10) and

the linearity of ¢ on each (7g, 7x+1) that
9 dx (2) |J|1/2
(3:14) (@)l < C(s) 7] + dist(z, J)

Proof of Proposition 3.2. We present the proof in the case when 7 = 79
is a simple knot of 7*. If 7 = 7y = 7y is a double knot of 7*, then the proof
is analogous, but one should use the appropriate definition of J and the
corresponding part of Proposition 3.1.

It should be clear that |i| — 2 < dg«(7;) < || + 2.

We start by checking (3.10), and this is done by considering the possible
choices of I* and J. Recall that \; = 7, — 75—_1.

CASE 1: J = [1_9,7_1]. Then I* = [1_3, 7] is the shortest of I, 1,17,
and by the definition of I* and J, A_1 > X\p and A_; < A;. Consequently,
for i = —1,0,1 we have

’J| + dist(T_l, J) +19—T 9=2X_1+XN~XF+A1=V",

|J| +diSt(To,J) 71 —T 1 =A14+2+ A ~ A1+ g =1,
’J| +diSt(T1,J)+7‘2 —To=A_1+A+2 1 + Ao~ Ao+ N\ =vt.
These equivalences combined with (3.7) give (3.10) for i = —1,0, 1.
For i < —1 we have
|J| 4 dist (7, J) + Top1 — Tic1 = (721 — 7-2) + (o2 — 7)) + (71 — Ti1)
~T—_1— Ti—1,
which together with (a2) from Proposition 3.1 and (3.5) implies (3.10) for
1< —1.
For ¢ > 1 we have
|J| + dist(7;, J) + Tip1 — Tim1 = (o1 — 7—2) + (75 — 7—1) + (Tig1 — Ti—1)
~ Ti+l — T-2 ~ Ti+1 — 70-
Using this, (b2) of Proposition 3.1, (3.5) and (3.9) with a = 79 — 71, b =
Ti+1 — 72 and ¢ = 11 — 79, we get (3.10) for ¢ > 1.

CASE 2: J = [1-1,70]. Then either I* = [r_9,79] or I* = [r_1,71]. If

I* = [1_9,70], then I~ is the shortest of I, 1,17, Ao > A_1, A1 < A1 and
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Ao < A1+ Ag. If T* = [7_1, 71, then T is the shortest of 17, 1,11, \g > A1,
A_1 > A1 and A9 < Ag. Considering each of these cases separately, similarly
to the previous case, we find that for i = —1,0, 1,

|J| +dist(7—1,J) + 70— T2 ~To — T2 =V,
|J‘ + diSt(Tg,J) +T1 —T-1~T1 —T-1 =1,
|J| +dist(r1,J) + 2 —m0= (1 —7-1)+ (o —710) ~T2 —T9 = VT,
which implies (3.10) for ¢ = —1,0, 1.
For ¢« < —1 we have
| J| + dist(r, J) 4+ 7ip1 — Tic1 = (10 — 71) + (721 — 78) + (Tig1 — Ti—1)
~T0 — Ti—1,
and (3.10) follows from (a2) of Proposition 3.1 and (3.9) with a = 71 —7_2,
b= T0 — T—1 and ¢ = T2 —Ti—1-.
For 7 > 1 we have
’J| + diSt(Ti, J) + Tig1 — Ti—1 = (7'0 — T_1) + (Ti — 7'0) + (Ti+1 — Ti—l)
~ Ti+l — T-1 ~ Ti+1 — 70,
and (3.10) follows from (b2) of Proposition 3.1 and (3.9) with a = 79 — 71,
b=m41—m and ¢ =T — 7.

The remaining cases J = [rp, 71] and J = [71, 72 are treated analogously.

Now, we turn to the proof of (3.11). Take z to the left of .J, and let i be
such that 7,1 < x < 7;. If t < —1, then |J|+dist(x, J) < |J|+dist(7;, J)+ ;.
Using this inequality, (ab) and (al) of Proposition 3.1, linearity of ¢ and
(3.10) we get

VewPdt<c, | le@)Pdt < CoNil&l?
0 Ti—1

-0 g prdax (Ti) )\Z|J‘p/2
- P\3 (|J] + dist(7i, J) + Xix1 + AP

9\ Pdxx(2) |J|P/2
< Cp<_> : -1
3 (|J] + dist(x, J))P

Now, let ¢ > —1; since x is to the left of J, we have ¢ < 1, and conse-
quently 0 < dr«(x) < 2. Consider the case i = 0. As x is to the left of J, we
must have J = [r9, 71| or J = [11, 72]. In both cases it follows by (3.10) that

’J|1/2

j— < )
1€-1], 1] < C |J| + dist(7—1, J)
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Since dist(7_1,J) > Ao, using (3.11) for 7_1 we get

x T_1 0
fle@wPar< | le@rdt+ | le@Pdt
0 0 2
<C |J [P/ \ -
= P (| J] + dist(1_q, J))P1 + Ao max(|§-1[”, |€o|”)
p/2 p/2
co, W e

(|J] + dist(7—1, J))P~t —
The remaining case ¢ = 1 is treated similarly.

Inequality (3.12) follows by analogous arguments.

To check (3.13), note that sup,c |¢(t)| ~ |J|7'/2. As ¢ is linear on J,
this implies (3.13). =

COROLLARY 3.3. Let m* = wU {7} be as described above, and let v be
the general Franklin function corresponding to (mw,7*). Let x j2 = xu /M2
Then there is a constant C > 0, independent of w,7*, such that

[p(t)] < CMxa(t),  [xs2(t)] < CMp(t).
Proof. The second inequality follows from (3.13) with p = 1: for ¢t € J,
1 _
Me(t) 2 137 Vo)l du 2 CII72 = Oxaa(®).
J
Since Mx2(t) ~ [J|Y2/(|J| +dist(t, J)), (3.14) implies the first inequal-
ity. m

(|J| + dist(x, J))p—1°

3.2. Properties of a general Franklin system. Let 7 = (t,,n > 0)
be an admissible sequence of points with the corresponding Franklin system
{fn,n > 0}. By L, I}, Jp, tn, dy etc. we denote the intervals and quanti-
ties defined above for a general Franklin function and corresponding to the
function f,, and the partition m,. In addition, the points t,,"~, ¢, £, ot
correspond to t,, and m,_1 in the same way as 7, 7, 7+, 777" correspond
to 7 and 7 in Section 3.1.

LEMMA 3.4. Let T = (t,,n > 0) be an admissible sequence of points
with the corresponding Franklin system {fn,,n > 0}. Let k,l > 0 be such
that ti, < t; and there is no i < max(k,l) with t; € (tg,t;). For all such k,l
we have

#{n i A [tk,tl]} < 0.

Proof. First, note that if ¢t = ¢;, then #{n : J,, = [tx,t;]} = 0. Consider

the case t < t;. If J,, = [tx, t;], then one of the following must happen:
(i) n = max(k,1),
(ii) n > max(k,!) and t, > 1,
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(iii) n > max(k,l) and t,, < tg.

Clearly, there is at most one n satisfying (i).

As only double knots are allowed, there is at most one n satisfying (ii)
with tn = tl-

Now, we check that there is at most one n satisfying (ii) with ¢; < ¢,.
Note that in such a case ¢, must be a simple knot of m,. Suppose that
there are ni,ng with max(k,l) < n; < ng and t,,,t,, > t;. Then we must
have ¢ < tn, < tny, tf, < tny, b, = t,, = t; and tn;, = tny = U
Hence, by the definition of Jy,, |[tk, ti]| > |[ti, tn,]|- AS tn, > t;, this implies
[tk tno)| > |[t1,65,]], and consequently Jy,, # [tg,t;]. Thus, there is at most
one n > max(k,l) with J,, = [tx, ;] and t, > ;.

By analogous considerations, there are at most two n’s satisfying (iii)
with J, = [tg, t;]. =

LEMMA 3.5. Let T = (t,,n > 0) be an admissible sequence of points
with the corresponding Franklin system {f,,n > 0}. Let k,l > 0 be such
that ty, < t; and there is no i < max(k,l) with t; € (tx,t;). For all such k!l
we have

#{n :J, C [tk,tl] and |Jn| > |[tk,tl]|/2} < 25.
Proof. Set A = [ty, ;] and
k=max{n e N: #{i <n:t; € A} <5}.
Ifn<kandJ, CA, then #{i <n:t; € A} = j, where 2 < j < 5. These j
points define j — 1 intervals, but only one of them can have length > |A|/2.
Therefore, by Lemma 3.4,
#{n <k:J, C Aand|J,| >|A|/2} <20.

It remains to consider n > k. For such n, if J, C A, then one of the
following must be satisfied:
(I) th = tk ort, = tl,
IT) t, < t, and £} <,

Let us count the number of n € N satisfying (I)-(VI).

CASE I. There are at most two n > k satisfying (I).
This follows immediately from the fact that at most double knots are
allowed.

CAsSE II. There is no n such that n > s, J, C A, |J,| > |A4|/2, tx, < t,
and t} < 1.
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First, consider the case when ¢, is a simple knot of m,,. For such n we
would have t, < t,’~ and t;,"" <t;,s0 I, I} ¢ A. Then |I, |, |L}| > |I}| >
|| > |A|/2, so we would have |I; U IF| = |I| + |I,}| > |4]|, which is
impossible.

If ¢, is a double knot of m, we would have I,,, It C A, |I,|,|I| >

|Jn| > |A|/2, and consequently |I,; U I7| > |A|, which is impossible.

CASE III. There is at most one n such that n > &, J, C A, |J,| > |A|/2
and t, =1, <t,.

First, note that ¢,, must be a simple knot of m,: if ¢, is a double knot,
then I, , 7 C A, which is impossible by the same argument as in case II.

Since t,, is a simple knot of m,, we have ¢, < ti, so J, is one of
[t tn), [tn, 1], [tF, 67" ]. However, we must have J,, = [t,,t;}]: note that
I, It C A If J, = [t,,,tn], then || > |} > |J,| > |A]/2, so we would
have |J, U I}| > |A|, which is impossible, because J,, U I} C A; the case
In = [t o ’+] is eliminated by an analogous argument.

Suppose that there is another n’ with the same properties; clearly, we
may assume that n’ >n. Then we have J, = [tn/,t;{,], and as t_, =ty =t,,
Jn C [t, ,tn]. Moreover, we have |J,|, |J,/| > |A|/2, which implies |[t,,, ]|
> |Jw| + |Jn| > 4|, and this is impossible, because [t,,, ] C A.

n»’n

CASE IV. There is at most one n such that n > &, J, C A, |J,,| > |A]/2
and t, < tf =t
Case 1V is considered analogously to case III.

CASE V. There are at most two n such that n > &, J,, C A, |J,| > |A|/2
and t, < tg.

Note that if n > &, t,, < t} and t,, is a double knot of 7, then J,, C [0, tg].
Therefore, if n > k with ¢, < t; and J, C [tg, ], then ¢, is a simple knot
of .

Observe that if n satisfies the conditions of case V then we must have
tt =ty < t", I* = I} = [ty t4"] and J, = [t;, t;"]. Moreover, by the
definitions of I} and J,, we get

(3.15) [t s tall > Tn] > [[tn, t1]1I-

Now, suppose that there are at least three indices n < n’ < n’” satisfying
the conditions of case V. As I = t:lr, = t:f,, = t;,, we must have

(316) ADJyDJw DJur, [ttt D[t th], [t th] D [t thi].

1y bt n!ts bt

Using (3.16) and (3.15) for n and n’ we get

(B17)  ltws tll < Mt t011/2 < ltns 6111/2 < 1 Jnl/2 < A] /2.

/7n
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Using (3.15) and (3.16) for n’ and n” we get
|Al/2 < [T < N[t tar]| < Ntwr, 011,
which contradicts (3.17).

CASE VL. There are at most two n such that n > &, J, C A, |J,| > |A|/2
and t, > t;.
Case VI is treated analogously to Case V.

To complete the proof, note that if there is n > k satisfying (III) or (V),
then there is no n >  satisfying (IV) or (VI), and conversely. m

Lemma 3.5 has the following consequence:

COROLLARY 3.6. Let T = (tn,n > 0) be an admissible sequence of points
with the corresponding Franklin system {f,,n > 0}. Let {ns,s > 1} be a
subsequence of N such that J,, D Ju,,,. Then for each vy >0,

m
NP2 LD A L N /A et R I
s>1 s=1

with the implied constants depending on =y, but independent of T and of the
sequence {ng,s > 1}.

4. PROOFS OF THE RESULTS

Let 7 be a fixed admissible sequence of knots with the corresponding
general Franklin system { f,,n > 0}. For f € LP[0,1], f = Y7, an fn, define

(Yerm)” s —sup\Zazfz |
n=0

n>0

4.1. Technical estimates. As already mentioned, Lemma 4.2 below is
a variant of inequalities (63) from [11], with the splitting of the set of indices
done with respect to the position of the interval .J,,, and the proof presented
below is an adaptation of the proof of (63) from [11] to our splitting.

For the proof of Lemma 4.2, the following known property of polynomials
is needed:

PROPOSITION 4.1. Letk € N and 0 < ¢ < 1 be fized. There is a constant
C = Ck,p, depending only on k and o, such that for every interval [a,b], set
A C [a,b] with |A| > o|[a,b]| and polynomial Q of degree k,

b
max |Q(t)] < Crosup|Q(t)],  [1Q(#)|dt < Cr, | 1Q(1)] dt.
t€la,b] teA o A
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LEMMA 4.2. Let f =3 7" anfn and A > 0. Let
Ex={tc(0,1): Pf(t) > A},

and let V = (a, ) be an interval such that Mxg, (o) < 1/4 and Mxg, (5) <
1/4. Moreover, let

I'={neN:J,CcV}, A=N\I.
Then there is a constant C' > 0 such that for all f, A and V' as above,

(4.1) S Z |an fr(t)| dt < cS (Z Ianfn(t)\2)1/2 "
Venel b e

. <Z |a"fn(t)|2>l/2 <O\ forteV.
neA

REMARK. It follows from the proof that the constant C' in Lemma 4.2
does not depend on 7.

Proof of Lemma 4.2. Let us begin with the proof of (4.1). We are going to
estimate S;( ..); the remaining integral {;(...) can be treated analogously.

Note that by (b5) of Proposition 3.1 and (3.13) of Proposition 3.2, for

eachn € I,
1

Vanfo()l dt < Ce™ P\ Jan fo ()] dt.

B Jn
Let Jfl be the left half of J,. As f, is linear on J,, and Jf1 Cc J, and
|JL] = |Jn]/2, we have §5. 1fa(®)]dt < CS% | fn(t)| dt (cf. Proposition 4.1).
This implies

1
(4.3) Vlanfu(®)]dt < Ce™B)  Jay, f(t)] dt
B JL
1/2
< Cet® | (Z lan fn(t)\2> dt.
J. nmer
Let

I's={nel:d,(B3)=s}

Note that Iy = 0: if d,,(8) = 0 then 8 € J,, but by the definition of the
set I' we have J, C V. If n € Iy with s > 1, then there are exactly s
points between ( and J,. This implies that, for fixed s, the intervals J,
with n € I's can be grouped into packets, with intervals from one packet
having a common right endpoint, and with maximal intervals from different
packets disjoint. Therefore, by Lemma 3.5, each point ¢ # ¢; belongs to at



180 G. G. Gevorkyan and A. Kamont

most 25 intervals J! for n € I';. Hence

1
S Slantulle < et Y0 § (S lansulo)?)

nels 8 nels gl nel’

<Ce’ S(Z|anfn > t,

nel’
so summing over s > 1 we get

Zi\anfn ydt<C§ (Z\anfn )

nel’ B nel’

The corresponding integral over [0, a] can be treated analogously. This com-
pletes the proof of (4.1).
Now, let us turn to the proof of (4.2). Let

N={neA:#m,nV)<1}, A" =A\A.

First, note that there is a constant C' such that

1/2
(4.4) ( 3 yanfn(t)\2> <COXN forallteV.
neA’
To see this, let v be the first point of the sequence 7 falling into V. Then
Y onenr |anfn( )|? is a polynomial of degree 2 on both (,v) and (v, 3). Since
Mxg, (@) <1/4 and Mxg, (8) < 1/4, we have |E§ N [a,9]] > §[[e,7]] and
|ES N [, 8] > 3|[v,8]|. Since Pf(t) < X on Ef, inequality (4.4) on both
(a,y) and (v, ) follows from Proposition 4.1.
Now, let n € A”. Then, by the definition of I', J, ¢ V, and V ¢ J,,

as V contains at least two knots of m,. Thus, A” = A~ U AT, where

“={neA:J,Cl0,a]oracJ,},

tT={neA . J,C[B 1 orBeJ,}
Consider the set A*. We define inductively a sequence of points 3, and an
associated splitting of A*. Let ny = min A", take

f1 € Ty such that 1 < and (B1,8)Nmy, =0

(note that a < (1), and set
Af ={ne At (B,8)Nnm, =0}

Then we take ng = min A+ \ A]; note that #((31,3) Nmn,) > 1, so we take

P2 € Tpy, with (1 <fa<f and (B2,03)N7mn, =0,
and set

/1;' ={ne /1+\/1+ (B2, 8) Ny =0}

Observe that (B9 € 7, for all n > ns.
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Having defined points (31,..., 0, and sets /lf, e ,A;, we put ngy1 =
min AT\ Ule A and note that #((8g, ) N7y, ,) > 1. Then we take

ﬁk—‘rl € 7Tnk+1 with ﬂk < 5k+1 < /6 and (/8/{?4-17 5) N Ty = ®7

and set
k
Afr = {” €At U AT 2 (B, B) N = @}.
i=1

Note that 8 € m, for all n > ng, and if n € /llJr with [ > k, then n > ny.
Put hy = ZneAg an fn. Observe that for each m and n € UL, A, fa

is linear on (B, 3). Since Mxg, (8) < 1/4, it follows from Proposition 4.1
that there is an absolute constant C' such that

(4.5) P(i hi) (1) <CA  for t € (B, ).
=1

Now, consider Ph,, on (B;_1,Bx) with k& < m. Then, for n € A}, we
have the following possibilities:

(i) tn > Bm,

(11) tn = ﬂma

(iii) t, < Bm.-

CasE (i). Note that in this case 8, < t.. Let h,, be the function cor-
responding to the part of the sum defining h,, with n satisfying (i), and
further let h,, ;, be the function corresponding to the part of the sum defin-
ing h,, with n satisfying (i) and all g, ..., By being simple knots of f,,. As
all f,’s appearing in h,, j, are continuous at [, it follows from (4.5) that

Note that all 8; with ¢ < m are knots of f,. If all B, ..., 3, are simple
knots for f,, then, since 3,, < t, , by Proposition 3.1 (cf. (a6) and (al)),

(O] < |fa(Br)| < O™ M| fu(Bm)|  for t < By

If one of By, ..., Om is a double knot, then, since in case (i) we have t;, > (B,
fn(t) =0 for t < B (cf. Proposition 3.1). Therefore

(4'6) P(Em)(t) = P(hm,k)(t) chmikP(hm,k)(ﬂm)gcgmik)\ for t < By

CASE (ii). As at most double knots are allowed, this situation can hap-
pen at most twice. For n € A there are no points from 7, in (3,,, 3). Since
either J, C [8,1] or 8 € J,, we now have two possibilities:

(ii-a) By = ty is the left endpoint of J,, (¢, may be either a simple or
a double knot of 7,); then 5 € J,, and since Mxg, () < 1/4, by Proposi-
tion 4.1, there is an absolute constant C' such that

lan fn(t)] < CX  for t € int Jy,.
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(ii-b) By, = ty, is a simple knot of m, and ¢ is the left endpoint of .J,,.
In this case 8 < t,}. Moreover, by the definitions of the intervals I* and
J we have I} = [tn, t;7] U Jy and |Jp| > |[tn, ]|, e |Jn] < |LE] < 2],
Therefore, also in this case, using Mxg, (8) < 1/4 and Proposition 4.1, we
get for some absolute constant C,

lanfn(t)] < CX  for t € int J,.

Now, combining cases (ii-a) and (ii-b) with (a6) of Proposition 3.1
and (3.13) we get

(4.7) |anfa(t)] < Ce™ RN for t < Gy

CASE (iii). Denote by A}, the function corresponding to the part of the
sum defining h,, with n satisfying (iii). If n > n,, and ¢,, < 3, is a double
knot of 7, then J,, C [0, 8y,]. Thus, if ¢, < 3, and we are in case n € A}
then t,, is a simple knot of ,,; moreover, we must have 3,, = t,;7, and ¢, is the
left endpoint of J,,. These positions of ¢,, and J, imply that G,, is a simple
knot of f,,, f, is continuous at 3, and moreover | f,, (£5)] ~ || falloo ~ |Jn| />
(cf. (3.7) and (3.13)). This and (4.5) imply that P(h},)(5m) < CA. Moreover,
by the decay of Franklin functions from Proposition 3.1,

|fu()] < C™ | fu(Bm)|  for t < B

Combining these facts we get
(48)  P(h,)() < Ce™*P(h,)(Bn) < C= A for t < By,
Putting together cases (i)—(iii), i.e. inequalities (4.6)—(4.8) (recall that
there are at most 2 n’s in case (ii)) we get
(4.9) Phy,(t) < Ce™ kX for t < By,
Now, let t € (85, Bs+1)- Using (4.5) and (4.9) we get

S lanta® < (P(m)®) + Y (Pra)?
neAt k<s k>s+1
<CON+ Y N < on
k>s+1

A similar argument, with the use of (4.9) only, gives an analogous inequality
for t € (o, £1), while for t € (Bmax, ) (where Bpax = supg>; [k) it is enough
to use (4.5). Finally, by left-continuity of f,,’s, the required inequality holds
for the points 35 as well.

The sum 1 |an fn(t)|? is treated analogously, which completes the
proof of inequality (4.2). =

LEMMA 4.3. Let V = (a,8) C (0,1), f € LP[0,1] with supp f C V,
f=300 vanfn and 1 < p < 2. Let 6 = \/e, where ¢ = (v/2+ 1)/3. Then
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there is a constant M,, depending only on p, such that

0 1 pdn (V)
> () Il e < M

n=n(V)

where n(V) = min{n : 7, NV # 0} and V = (&, ) with & = « — 2|V,
B=p+2|V|

Proof. Let ¢ denote the conjugate exponent, 1/p + 1/q¢ = 1. Note that
0<0<1. -

We give the estimates for the part corresponding to Sg | fn(t)|dt; the
other part is treated analogously.

Let m > 0 be fixed, and consider the set

Tim ={neN:n>n(V), #([a,a] N7,) = m}.

More precisely, #([@, a] N 7,) counts knots with multiplicities, i.e.

#(@, ]l Nmy) =#{i<n:a<t; <a}.

The “I” in T} ,,, and T( 9 below means that we consider splitting of the set of
indices suitable for the estlmate of the “left part”, i.e. the part corresponding

to §0 | fn(t)] dt.

To simplify notation, let 1 < --- < x,,, be the points from the partitions
mp, with n € T} ,,, contained in [a, o).

We give the estimate of >, ., (...). For this, we split 7} ,,, into several
subsets, according to the positioﬁ of J,. Observe that Tj,, is finite—this
follows just from the density of 7 in [0, 1].

T = {n € T Ju C [, 0]},
T2 = {0 €T : & € Jn, |Jn N[, 0] > V], Ju & &, al},
T — {n €Ty : Jo C [0,a], or @ € J,, with

C Jn[d@al < V] and J, ¢ (@]},
T(4)—{n€Tlm a € Jn, |Jn0 @, o]l > |V, Jn & @, al},
Tm:{nETlM:JnC[oz,ﬂ], or a € J, with

T, N [& ]| < |V] and J, ¢ [@,a]},

T — {(n €Ty : Jo C [B,1], or B € J, with J, & [, B]}.

CASE 1: n € Tl(:i First, note that this case can appear only for m > 2.
Observe that

(4.10) #T,)) < 11.
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In fact, only the intervals [x1,z2] and [zm—1, %] can be J, for some ¢, #
Z1,...Tm, and only one of [z;_1, z;], 3 <i < m—1, can be J, for t,, equal to
the x;, 1 < ¢ < m, which has been added as the last one. Inequality (4.10)
follows now from Lemma 3.4. (Note that some [x;_1, z;] can be J,, for some
n & T}, but we do not count it here.)

Moreover, by (ab) and (b5) of Proposition 3.1, for n € Tl(qlg we have

VI£a )P dt < CpeP™ @ full, {1 fa()|?dt < Cpe®™ V| £,
0 14

In addition, dy(a) + d,(V) = m and d, (V) < m. The inequality

/
(4.11) lanl? < § £ ()Pt - ( § 1400 |th)p !
V
and (4.10) give

s (1) e

nETr(nl’)l

@) dt < o™ 1l

OL’#Q

CASE 2: nETl(iz. In this case d,, (V') = m. Moreover, if ng < nj < --- < ng
are all elements of Tl(?w then J,, D Jy, D -+ D Jy,. By the estimates of
()

[ fnllp and pointwise estimates from Proposition 3.1, for n € T, we have

fally ~ 1T P2, 1 fu(@)]9 dt < Coe®™ |V [ Ja] =92,
\%

This and (4.11) give
\an\pran < Cpe™ | F IRV ul .

By the definition of Tl s |Ins| > V], so it follows from Corollary 3.6 that

ST I~ TP < GV

ner(?)
This gives
1 pdn (V)
(1.13) > (5) " lellslz < s
neTl(jr)Z

CASE 3: n € Tz(i)z Let

o = max{a, right endpoints of J,,’s, n € T }
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More precisely, if there is n € Tl(ii with z1 being the right endpoint of J,
(and with & € J,,), then a* = x1, otherwise o* = a.
Then |V| < |[a*, a]| < 2|V, and for all n € Tl(3) we have

,m

Jn C[0,0%],  #(lo" a]Nmy,) =m.
Consequently, for n € Tl(’3) dn(V) = m + dp(a*) — ¢, where ¢ € {0,1,2}

m> 9n
(¢ = 0 when a* is not a knot of m,, ( = 1 when a* is a simple knot of m,,
and ¢ = 2 when a* is a double knot of 7).
First, given n € Tl(iz, we need to estimate sup;cy | fn(t)|. For this, let A
be an interval of linearity of f,, (with endpoints in 7,,) such that ANV # (.
Note that either both V' and A are to the right of J,, or J, = A (the
latter can happen only for m = 0), and d,(A) > d, (V). It follows from the

position of A that
dist(av, Jp) < dist(Jy,, A) + |A].
Therefore by Proposition 3.2 (note that ¢ > 2/3)

sup | fo(t)] < Ce®(&) [ 2
ven T | Jn| + dist(Jn, A) + | 4|
’Jn‘l/Q

<C m-+dn (a*) )
= e 7] + dist(a, J,)

This implies that

. J ’1/2
sup [fn(t)| = max sup|fa(t)| < Cemtdna?) [Jn .
télg £ (®)] A:r\glmgyé@ téli)'f )] = | Jn| + dist(a, Jy)

Consequently,
| J, |9/
(|Jn] + dist(c, )9

S | fn(t)|%dt < Cp|V|5(I(m+dn(a*))
1%

Since || fallh ~ [Jn|*7P/? (cf. (3.13)), the last inequality and (4.11) give

iy (5)7 aapinly < colapasaen LIV

' 9 n "l nllp = 2l (17| + dist(er, Jn))?"
Let J! denote the left half of .J,. For fixed k, consider all n € Tl(iz with
dp(a*) = k. For k = 0, the conditions of Case 3 imply that a* is the right
endpoint of J,, and these intervals form a nested family, that is, they can
be ordered so that J,, D --- D J,,. For k > 0, observe that if n; < ny with
dp, (a*) = k = dp,(a*), then all points of the partition m,, are also in 7,,.
Therefore, the right endpoint of .J,,, either coincides with the right endpoint
of Jp, (which implies that J,, C Jy,), or it lies between the right endpoint
of J,, and a* (in this case, also the left endpoint of J,, must be between

1
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the right endpoint of J,,; and a*). Therefore, by Lemma 3.5, each t # t; can
belong only to 25 intervals J. with fixed m, k and d,,(a*) = k. In addition,
for t € J! we have

|| + dist(a, Jp,) = |JL| + dist(a, JL) ~ [Ju] + |t — a| > |t — al.
Recall that J,, C [0, o*]. Therefore

[ ul - VP! V[Pt
< dt
Z (|Jn] + dist(c, Jp))P — Cr Z S it —alp
neTl(ir)L tdn(a*)=k ”ETL(,?L tdn(a*)=k I}
a* 1
< p—1
< G|V S}O TP
vt
<y < Cp.

@y <

Using this, (4.14) and summing over k we get

1 pdn (V)
(4.15 S (5) 7 elinig < cisgen

neTl(j,)l

CASE 4: n € Tl(izb. Note that we can ignore the cases m = 0 or m =1
and [a, a] N, = {a}, since these situations are covered by respective Tl(i)L
Now, we have d, (V) = 0. Since there is at least one point of 7, in V and
at least one in [a,«), and |J, N [, ]| > |V|, we have |V| < |J,] < 3|V|.
As a € J,, the intervals J,,, n € Tl(iz, form a nested family. Therefore, by
Lemma 3.5 we have #Tl(ﬁ < 50. Moreover, by (ab) of Proposition 3.1, in
this case

VIfa(@)Pdt < Coe™ | fullp.
0

Combining these observations with (4.11) and with the formulae for || fy||,
and || fn|lq (cf. Proposition 3.1) we get

(4.16) > G)pdn |, |P

”eT;,il

@) dt < Cpe™ || Fl[5-

DMQ

CASE 5: n € T(5). Similarly to Case 3, let
o/ = min{a, left endpoints of J,,’s, n € Tl }

Note that if there is n € Tl(n)z having x,, as the left endpoint of J,, then
o/ = x,,, otherwise o = a. Then |V| < |, /]| < 2|V, and for all n € Tl(iz
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we have
T C o/ B, #([@ ] Nmy) =m.
Therefore, for n € Tl(fi, dp(@) = m + dy(a) — ', where ¢’ € {0,1,2} and
depends on the multiplicity of & as a knot of m,,. In addition, d, (V') < d, (o)
and |J,| < |[o/, B]] < 4|V].
Note that a is now to the left of J,. Moreover, dist(a, J,,) > |[a, d']|,
which implies |J,,| + dist(a, Jp,) ~ |V|. Therefore, it follows from (3.11) that

a 9 p(m+dn(a’)) ‘J ‘p/2
4.1 W) [Pt < Cp| = S
(@17 {inwpa < c,(3) e

For each n € Tl(iz, we decompose [, B] into a union of three disjoint
intervals V.=, J,,, V.© (V.= VI are respectively the left and right parts of
[, B] \ Jn). Set

any =\ fOfa(t)dt, ans =\ fO) fat)dt, anz= | f(t)fult)dt
Vi In Vi

(Since supp f C [a, ], it would be enough to consider the splitting of V'\ .J,,,
but this would require more careful notation in what follows; thus, we choose
the above splitting to simplify the notation.)

Let us start with the estimate of the part corresponding to a,2. Note
that

lanal? < I £all2 § 1£CE)P dt.

JIn
For fixed k, consider n € Tl(iz with d, (') = k. Recall that if ny < ng, then all
points of the partition 7, are also in m,,. Therefore, for fixed k, the indices
n e Tl(iz with d,, (o) = k can be joined into packets, with the intervals .J,
from one packet having a common left endpoint, and with maximal intervals
from different packets disjoint. Note that the intervals from one packet form

a nested family of intervals. Now, let J,, be one of these maximal intervals.
Then, using (4.17) (recall that € > 2/3) and Corollary 3.6 we get

1 pdn(v Ot
> <§> Jan 2P {1 £ ()P dt
0

(5)
n€T®)  dn(a)=k, JnCJn,

1\ Pk @
< > () 1 s asly S a

n€T®) dn(o!)=k, JnCng Jn 0

- J|P/2 | g, P21
< C kP S]f(t)\pdt Z [l |Vy’p—1|

Ing neT>) dn(a’) =k, JnClJng
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< O, grkcpm S |f ()P dt - M
- Vit
Ing
< CpoPRer™ | |f(1)P dt.
Ing
Summing over maximal intervals we get
1 Pdn(v) a K
S (5) el Sinora s oty
neTlﬁi)l,dn(a’):k 0
and summing over k yields
1 pdn(V) a
wis) X (G) T el {nora s ey
ner® 0

Now, we turn to the part corresponding to a, 3. For fixed k, let ny ;, j>1,

be the subsequence of all n’s with n € Tl(iz and d,(o/) = k (arranged in
increasing order). Observe that if ny < ng are two such n’s, then all knots
of m,, are also knots of m,,, and either the left endpoint of .J,, coincides
with the left endpoint of .J,,, (in this case, Jp, C Jp, and the right endpoint
of Jy, is in J,,—it may coincide with the right endpoint of J,,, but by
Lemma 3.4, the number of such n’s is at most 5), or the left endpoint of
Jny is between o and the left endpoint of .J,, (in this case, also the right
endpoint of J,, is between o and the left endpoint of .J,, ).

Let vy, ; be the right endpoint of Jy, ., and in addition, let vy, , :5. Note
that yp, , is a point of the partition m,, . for all j >4 > 1, v, ., <
and dy, ; (Y, ;) = (j —7—5)/5. Therefore for j > i, by Proposition 3.1(a5),

gzt
Vo 1 fo, (017 dt < Cue®®a Omd| fo 11T < Cue®0-072) £, 4.
Vi
Using this and the Holder inequality we get, with x = /19,
8 » j Tng -1 »
anyal? = | § SO fur, @ dt] = |3 RUIRED§ p@) fu, (1) d]
’y"k,j i=1 ’ynk,i
J J Tngi-1
.\ P/q o 4
< (D2 w NS D] ) f (1) ]
i=1 i=1 Vrg,i
g i1 g i1

§oswpd (5 e, @ra)”

g ; g ;

J
<C, Z xP(i=7)
i=1
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J g i1
<Cp Y ki f P de kP f
i=1 Ty 4
J g i1
=Cp > U fu P 1F@)P .
i=1 Tng i

Recall that by Proposition 3.1(a5),

dn, (& m~+dny, (o
{1, @ Pdt < CpePes @ £, B < CoeP™ s @D, e,

Combining these estimates, for fixed k we get

1 pdn(V 1 pk
DR ) S TTATINS ot )  PTAT I

nGTl{Ei,dn(a’):k Jj=21
7 g i1
< Cp > f 10N fi I Y 6PV f(@)IP e
§>1 i=1 Ty ;
Tng,i—1
< CpePmprk Z S KOl dtz xPI—9)
i>1 Yoy, j>i
Tng,i—1
<GPy | [f)PdE < CpeP 0P| £,
i>1 ’Y'nk’i
Summing over k > 0 we get
1 pdn( )
(4.19) > (G) lanalPllfallsm < Cos ™IS

n€T<5)

It remains to estimate the part corresponding to ay, 1.

For fixed k and n with d,(«/) = k, let Lo, ..., Lg, be the intervals
of linearity of f,, contained between o’ and J,; in the case of double knots
some of them may degenerate to a single point, or f,, may be 0 on some of
these intervals. Note that Ly, has o’ as its left endpoint, and if o’ is not a
point of m,, then Lo, is not an interval of the partition .

Define

bin= | F(O)fult)dt

Li,n

Clearly, for n such that d,,(a) = k we have a, 1 = Zf;:o b; .- By the Holder
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inequality,

p/q
il = | § s@mO@| < §Is@Pa( | inora)™
By Proposition 3.2 (more preEisely, directly by Proposition 3.2 in the case

of ¢ > 1, and by considering Lg ,, the interval of linearity of f, containing
Lo, in case i = 0) we have

C 2 o |Jn‘1/2
n t S - . )
Sup [f(0)] <3> Tl T 1Bl + @58, i)

which implies

’Jn‘p/Q . ]Lm]pfl
| Jn| + |Lin| + dist(Jn, Lin))P

2 p(k—1)
a2 b <c(3)§ noray
Lin

Observe that

’Jn|p/2’Li,n,p_l |Jn|p/2
(|Lim| + |Jn| + dist(Li , Jp))P  |V[P~1
| Jnl (|Linl + | Jn])>®=1)
VI[Pt (|Lip| + | I + dist(Lip, Jn))P
| Jn

(| Lip| + || + dist(Li p, Jn))P2

= [Vt
Combining this observation with (4.17) and (4.20) we get

1 pdn(V)
(5" ot

(t)|P dt

1 pk 9 p(k—1) 2 p(m+k) |J ’
< - z z P
—Cp<9> ) ) SOt s

X (|Lin| 4 |Jn| 4 dist(Li n, Jn))P 2

OMQ

9\ P(k—1) Ty, ’
< O 2 pm 1P dt

X (1Ll + o] + dist(Li, Ju)P 2.

For fixed k and i, consider the intervals L;,, for n satisfying d,(a/) = k;
observe that these intervals can be grouped into packets such that the in-
tervals in one packet have a common left endpoint, and maximal intervals
from different packets are disjoint. In addition, for L;,’s from one packet,
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the corresponding .J,,’s can again be grouped into subpackets with coincid-
ing left endpoint (hence forming a family of nested intervals, i.e. they can
be arranged so that J,, D --- D J,,), and with maximal intervals from
different subpackets disjoint. Denoting by .J; the right half of .J,, we note
that by Lemma 3.5 each ¢ # ts can belong to at most 25 intervals J] corre-
sponding to L;,’s from one packet. Moreover, denoting by u* the common
left endpoint of a packet of L;,’s, for t € J, we have

|Lin| 4 |Jn| + dist(Lipn, Jpn) > [t — u¥|.
As p < 2, this implies (Lfn denoting the maximal interval in the packet;
also recall .J,, C [/, 3]) that

I
> (5) Bl

n in one packet

Cepkgpm ) p(k—i)
< (3) > § o

ninonepacket L;

X | Jul - (| Li| + | Jn| + dist(Lin, Jn))P2

O gokerm [ 9\ PO—) N
SW(E) > \ 1f@Pde § |t —w P2 at

ninonepacket L} Jr

ka pm /9 p(k—1)
< 01’75<_> S ()P dt —u*P2 dt
L*

:t,am

GRE

2 p(k—1)
<o () irara
L*

As for fixed k and ¢ the maximal intervals L], are disjoint, we have

> V Ir@pae< |1,

packets with dy, (o) =k L;‘m

so that

1 pdn(V
(421) > (5> bl fall

€T<5)
% 2 p(k—1)
<o (2 I

l m? dn (al):k
To complete the estimate, note that by the Holder inequality, for n with
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dp(a) =k and k = 1/2/3,

k » k
k—1 i—k
’an,l‘p = } g bi,n = ‘ g KR! bi,n
=0 i=0

Combining this with (4.21) we get

1 pdn(V)
3 <§> |an Pl fnll 00,2

neT® d, («/)=k

I,m>
1 pdn K
=3 Z (5) Zf#’ ba 1l 0

- 1 pdn (V)
S5 ST I DI ¢ ) I P T

=0 n€T") dn(a’)=k

92 p(k—1)
<c, Zﬁp Dk ()7 sl < C el

Summing over k we get

1 pdn(v
S (5) lenaPlltga < G sl
neTl(jr)l

Combining the last inequality with (4.18) and (4.19) yields

1 pdn (V)
(4.22) S (5) 7 PVl < G AR

net{®)

CAsE 6: ne ;g Tl(gzb. To treat this case, observe that

Jri U el

m=0

(%)

where T,SQ is the case symmetric to T}/,
of the set

but corresponding to decomposition

Trs = {n>n(V) : #(m, N [B,F]) = s}.

(The “” in T, and TT(,Q below indicates that the splitting of the set of
indices under consideration is suitable for estimating the “right part”, i.e.
the part corresponding to S% | fn(t)] dt.) More precisely,
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T ={neT,: J, C[B 0]}

TR ={n€Tns:Be€Jn, |[Jun[B,B] > |V| Ju ¢ [3.8]},
T(3 ={nel:Jp C [3,1], or 3 € J, with

[Ja 0B, 511 < V] and Ju & [8, A}, )
T ={n€Trs:BE Jn, |Jun 8.8 > V], Ju & [8, 8]},
TP ={n€T,:Jy, Claf], or B € J, with

|7, N [8,8]] < |V| and J,,  [8,8]},
T ={neT,:J, C[0,d], or &€ J, with J,, ¢ [&, ]}

The cases TT(Q, 1=1,2,3,4,5, are treated analogously to Tl(jzl In particular,

for Tr(? and T, ,«(?;) we obtain estimates analogous to (4.13) and (4.15). This
gives
1 pdn (V)

(4.23) Z > < ) lan|” [l full o 0.

m=0 ner(©)
1 pdn (V)
2: > (3) wlial =i

0 ner2ur?)

To complete the proof, note that summing over m > 0 inequalities (4.12),
(4.13), (4.15), (4.16), (4.22) and adding (4.23) we get

1 pdn(V)
> (7)) lalllon < Gl

n>n(V)
The second inequality, i.e.

1 pdn, (V
_ p
> (5) Il < Gl

n>n(V)
is obtained by analogous considerations. m

4.2. Proofs of Theorem 2.1 and Corollary 2.2. We are ready to
complete the proof of Theorem 2.1. Once we have proved Lemmas 4.2 and
4.3, the remaining part of the proof is the same as in [11], but we present it
for the sake of completeness.

By the duality argument, it is enough to prove unconditionality of { fy,
n > 0} in LP[0,1] with 1 < p < 2. For this, we show that for each p,
1 < p < 2, there are constants C), c, > 0, depending only on p, such that
for each f € LP[0,1],

(4.24) | Pfllp < [Ifllp < Gl Pfllp-



194 G. G. Gevorkyan and A. Kamont

To prove the right-hand inequality in (4.24), let f € LP[0,1], f =

Yoo o anfn, and
= sup } Z an fn(t }

m>0

Without loss of generality, we may assume that the set {n > 0: a, # 0} is
finite.
Now, for fixed A\ > 0, let

Ex={te(0,1): Pf(t)> A}, Bax={te(0,1): Mxg,(t) > 1/4}.
It follows from the properties of M that
1B\l < CIEA,  By=JW

where Vi, = (ag, k) are nonoverlapping intervals, and moreover

My, (ar) <1/4,  Mxg, (Br) < 1/4.
Let I} be the set I' from Lemma 4.2 corresponding to Vj, and

Zf:’:LJFkv /T:N\f, Solzzanfna SOQZZann-
k

nel’ ned
It follows from (4.1) that

VD lanfu®)dt < C | Pr(t)dt
BS ner B
Using the above inequality and the fact that Pf(t) < X for t € E) we get

D) = € (0,1): 8%1(0) > A2} < Bl + 5 | STn(n)dr

B
C C
<|B+ 5 | Pf(t)dt < |By|+ C|By\ Ex| + 3 \ Prt)at
B)\ E)\
SO )
(4.25) Pr(A) < c(mAy + 5 | Prt) dt>.
Ey
Since Pf(t) < A for ¢t € Ej, inequality (4.2) implies
(4.26) Pypy(t) <CX  on (0,1).

As S*g<64Mg (see [7, Theorem 4.1]), and M is of strong type (2, 2), we get

. 282
Po(N) = [{t € (0,1) : S*pa(t) > A/2}| < = [ M2]l3
C
<2 2|3 = 2 HPWH%

( | (Pea(t)?dt+ | (Ppa(t))? dt)_

E\ ES

|Q

AQ
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This inequality, combined with (4.26), gives
1

(4.27) ) < (1Bl + 55 | (P )
Combining (4.25) and (4.27) we get
P(A) =[{t € (0,1) : STf(t) > AH < P1(A) +2(N)
< c(ym +% | Prtydt+ % g (Pf(t))?dt).
B\ ES

This implies (recall that 1 < p < 2)

IS*£115 =p § A ~p(N) dA
0
<cp( [T E A+ § a2 | Pr()deda
0 0 Ey
+ | S(Pf(t))thd/\>
0 B
1 Pf(t)
<G (IPfIE+{Prey | W-2axae
0 0
1 0o
+{eray? | oA d/\dt)
0 Pt
< Gpl|P [}

This implies the right-hand inequality in (4.24).
Now, we turn to the proof of the left-hand inequality in (4.24). For this,
it is enough to show that for each p, 1 < p < 2, P is of weak type (p,p).
The following estimate will be needed (cf. Lemma 4 of [11]):

LEMMA 4.4. For a given interval V = («, 3), let

u vy (t) +ugvpav(t) forteV,
Ty f(t) = { 2 ®) _

0 otherwise,
where

— _ o+
v =VI"2 xv,  eav(t) =2V3- V|72 <t - ﬁ)Xv(t),
and wiy = i, f(t)iv(t)dt, i = 1,2. For each p, X and f, if §,,|f(t)]dt <

AV then ) )
1Tv fllz < 4X° V] Ty fllp < Cpll fllevys
where C), depends only on p.
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It should be clear that on V', Ty f is equal to the orthogonal projection
of fxy onto the space of functions linear on V. An easy proof of Lemma 4.4
is omitted.

Let p, 1 < p < 2, be fixed. We need to prove that there is a constant Cp,
depending only on p, such that for each f € L?[0,1] and A > 0,

(4.28) e ©.1): P> A < s

Without loss of generality we can assume that || f||, =1 and A > 1. Let
Gr={t€(0,1): Mf(t) > A\}.

o 1712
(4.29) |Gl < Cp Ap”, Gr=J Ve
where Vi, = (o, Bi) are pairwise disjoint; in particular, |Gx| = >, [Vil.
Moreover,
(4.30)  [f®I <A aeonGS, |IfOId<AV], k=12,....
Vi
Let

k

Now, the parts corresponding to Ph and Pg are treated separately.
Using (4.29), (4.30) and Lemma 4.4 we get

Ipl3 = § f@)?dt+Y " § (T /() dt
e kE Vi
<A FOF dt+ NGl < GNP £,
GS
The above inequality gives

4
(131) |{t € (0,1): Ph(t) > A/2}] < 5 |PhI} = >\2 2 < c, L1

p )\p’

It remains to treat Pg As p < 2, we have

p—(zan £a0?2)” <Zran JIPLfu()

In addition, let Vi = (ak,ﬁﬁ), where ap = a — 2|V, ﬁk = Ok + 2|Vi| and
G = U, Vi; observe that |G| < 5|G,|. Now, we have
- 2P
(4.32)  [{t€(0,1): Pg(t) > A/2} < |Gal + 5 | (Pg)P(t)dt
a5
Ifllp , 2
<0 M L 2S5 lanto) Pl .
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Since by the definition of g and Lemma 4.4,

@33) gy =>_V 1F() = Tv fOPdt <G, YV IF@)Fdt < Gl 115,
k Vg k Vi

it is enough to prove that

(4.34) > Vlan(@) Pl dt < Cyllgllp.

For this, put g = ¢ - xv,. Observe that the supports of g, are disjoint, so
lglls = > llgxllh and g = >"22; gk, with the series convergent in LP[0, 1].
Therefore, for each n > 0, an(g) = > e an(gr). Moreover, it follows from
the definition of Ty, that

| ge(t)(at +b)dt =0 for all a,b.
Vi

In particular, this implies that a,(gx) = 0 for n < n(V%). Thus, with 6 as in
Lemma 4.3 we have

-], 5 win = (|2 () lutor o)

k:n>n(Vy) k:n>n(Vy)
1\ Pdn (Vi) »/q
< — py. qdn (Vi) .
(X (5) ear) (X o)
k:n>n(Vy) k:n>n(Vy)

Note that if n > n(V}) then in Vj there is at least one point of m,. This
implies that for each s > 0 there are at most two k such that n > n(V}) and
dn (Vi) = s. Therefore

> ) <,
k:n>n(Vy)

This and the previous inequality give

1 pdn (Vi)
WP <c, X (5)

k:n>n(Vy)

Recall that supp g C Vi. Using the above inequality and Lemma 4.3 we get

o

> lan(g)PIfa(t)P dt

HZOég\
0 1 pdn (Vi)
6> ¥ (3) 0 Va@riora

G5,
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pdn (Vi)
<G Z < ) |an(gr) [P Sc\fn@)\pdt

<Y gkl = Cyllgln,
k

i.e. we have proved (4.34). Combining this with (4.32) and (4.33) we obtain

p
(4.35) {t € (0,1): Pg(t) > A2} < C, ’ﬂf.
As f =g+ h, it follows by (4.31) and (4.35) that

L/ 117

{te (0,1): PF() > N} < Cpip

i.e. P is of weak type (p,p) for each p, 1 < p < 2. Since P is also of strong
type (2,2), by the Marcinkiewicz interpolation theorem it is of strong type
(p,p) for each p, 1 < p < 2, i.e. the left-hand inequality in (4.24) holds.

Since the constants from Lemmas 4.2 and 4.3 do not depend on 7T,
it follows from the method of proof that the uncoditional basic constant
for general Franklin systems in LP[0,1] can be bounded by a constant C,,
depending on p, but not on the sequence 7 of knots.

This completes the proof of Theorem 2.1. =

Proof of Corollary 2.2. 1t has been proved by S. V. Konyagin and V. N.
Temlyakov [14] that a normalized basis X = (x,,n > 0) of a Banach space
(X, ]]-]]) is greedy if and only if it is unconditional and democratic, the latter
meaning that for any two finite subsets of indices A, B with #A = #B,

(4.36) H%xn ~ H%Zan .

In addition, the constant C' in (2.3) can be chosen so that it depends only
on the unconditional basic constant of the basis & and the constants in
the equivalence (4.36). Thus, it remains to check that {f, p,n > 0} is demo-
cratic in LP[0, 1], and that the constants in (4.36) can be chosen independent
of 7. This is done by the usual argument using the unconditionality of { f, p,
n > 0} and the exponential decay of the lengths of nested J,,’s. For this, let
Xdnp = |Jul"/Px, . Tt follows from the unconditionality and normalization
of { fnp,n >0} (cf. (3.7) and (3.8)), Corollary 3.3 and the maximal inequal-
ity of Fefferman and Stein (see e.g. Theorem 1, Chapter II of [17]) that for
each sequence of coefficients {u,,n > 0},

s
n=0

1 1

‘Z ~ S (i |“nfn,p(t)|2)p/2dt ~ S (i ”LanJn’p(tNQ)p/z dt.
n=0 0 n=0

0
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Moreover, it follows from Corollary 3.6 that for each ¢ and each choice of
indices n1 < -+ < Ny,

m / m
(3 s )"~ (2202~ 3 b, )
i=1 =1

Therefore

m » 1 m
ISt ~ T o =,
i=1 L
which proves that {f,,n > 0} is democratic in L”[0, 1]. It follows from the
proof that the implied constants do not depend on 7. =

4.3. Final remarks

REMARK 3 (The case of non-dense sequences 7). A general Franklin
system discussed above is defined for an admissible sequence of knots 7~ (cf.
Definitions 2.1 and 2.2). In particular, Definition 2.1 requires the density of
7 in [0, 1]. It should be clear that one can consider general Franklin systems
corresponding to sequences 7 admitting at most double knots, but not nec-
essarily dense in [0,1]. If 7 is not dense in [0, 1], then the corresponding
Franklin system is not a basis in L”[0, 1] (because it is not dense), but it is
a basic sequence in this space. It follows from Theorem 2.1 and Remark 1
that for any finite collection of points 7 = {t,,0 < n < m} and the cor-
responding sequence of Franklin functions {f,,0 < n < m}, and for any
choice of coefficients {a,,0 <n <m} and signs ¢, € {—1,1}, 0 <n < m,

m m
Hzanfn ~ stnanfn
n=0 p n=0

with the implied constants depending only on p. Note that this implies
that for each 7 admitting at most double knots, the corresponding Franklin
system is an unconditional basic sequence in LP[0,1], 1 < p < oo, and the
implied unconditional basic constants have a finite bound C),, depending
only on p.

Similarly, it follows from Corollary 2.2 (or more precisely, from the
method of its proof) that for each 7 admitting at most double knots, the
corresponding Franklin system, normalized in LP[0, 1], is a greedy basis in
its span in LP[0, 1], 1 < p < oo, and the constants in inequality (2.3) can be
chosen so that they depend only on p.

)

p

REMARK 4 (Equivalence of general Franklin systems to subsequences of
the dyadic Haar system). It has been shown in [12] that each general Haar
system is equivalent in LP[0, 1], 1 < p < 0o, to a subsequence of the classical
Haar system (i.e. the Haar system corresponding to dyadic knots). The same
is true for the general Franklin systems.
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The corresponding subsequence of the dyadic Haar system can be ob-
tained as follows. Define D, = [(k — 1)/27,k/27]. Let T = (tn,n > 0) be a
sequence of points admitting at most double knots (not necessarily dense in
[0, 1]), with the corresponding general Franklin system { f,,,» > 0}. Consider
the corresponding intervals J,,, n > 0. For j > 0, let

Nj={n>0:1/27"" <|J,| < 1/27}.
Then for each n € N; there is'a dyadic interval D 9 C Jp. Now, observe
that for each k, 1 < k < 2712 the collection of intervals .J,, such that

Dj o C Jy is a nested family of intervals. It follows from Lemma 3.5 that
for each j and k,

#{n S Nj : Dj+2,k C Jn} < 25.

Now, there are 32 different dyadic intervals D;7; included in D; o ). This
implies that it is possible to assign to each m € N; a dyadic interval
D(n) C J, of length 1/2/%7 in such a way that D(ny) # D(ng) for ny # na.
This means that {Hp,),n > 0} is a permutation of a subsequence of the
dyadic Haar system. Let Hp(,) be the Haar function (normalized in L?[0,1])
with support D(n). By arguments similar to those used in the proof of Corol-
lary 3.3, there is a constant C' > 0, independent of 7, such that

Thus, using the Fefferman—Stein maximal inequality and unconditionality
of both {H,,n > 1} and {f,,n > 1}, for each 1 < p < oo and any sequence
of coefficients {an,,n > 0} we get

(4.37) H > antn e 1D anHpg lp,
n=0 n=0

with the implied constants depending only on p. Moreover, one can replace
in (4.37) the pair of systems {f,,n > 0} and {Hpg,),n > 0} by their
LP-normalized versions.

It follows from Corollary 3.3 and the Fefferman—Stein maximal inequality
that for each p, 1 < p < oo, and each sequence 7 of at most double knots
with the corresponding Franklin system { f,,,n > 0},

ZOO 1/2 ZOO 1/2
n=0 p n=0 p

with the implied constants depending only on p. For completeness, we show
that the above equivalence also holds for p = 1:

PROPOSITION 4.5. There exist constants C1,Cy > 0 such that for each
sequence T of points in [0,1], admitting at most double knots, with the cor-
responding Franklin system {fn,n > 0}, and any sequence of coefficients
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{an,n > 0},

(S owca) ], = (S )
(S honnit)”,

For the proof of Proposition 4.5, we need the following

LEMMA 4.6. There is a constant C > 0 such that for each sequence T
of points in [0,1], admitting at most double knots, with the corresponding
Franklin system {fn,n > 0}, and each interval V = [a, §] C [0, 1],

S V2 )] dt < OV
n:J,CV Ve

Proof of Lemma 4.6. Let us estimate the part of the sum corresponding
to Sﬁ | fn(t)] dt. It follows from Proposition 3.1(b5) and the estimate of the

L'-norm of f,, (cf. (3.7) and (3.8), or (3.13)) that

1
VIfa(ldt < Ce™P| o1 < Ce™ D], [1V2.
8

Fix k > 0 and consider n such that d,,(3) = k. The corresponding intervals
Jn can be arranged into packets, with the intervals from one packet having
a common right endpoint and forming a nested collection of intervals, and
with maximal intervals of different packets having disjoint interiors. As all
these intervals are included in V', by Corollary 3.6 we get

1
> [ TaY2\ | fn(B)] dt < CP > | Ja| < CEX|V.

n: JnCV, dn(8)=k B n: JnCV,dn(B)=k
Summing over k yields

1 1
AR Y AOIED D D PA R WA G

n:Jo,CV Jé] k>0 n:J,CV,dn(B8)=k 8
<> Fv) = ql.
k>0

The part corresponding to So | fn(t)] dt is treated analogously, which com-
pletes the proof of Lemma 4.6. =

Proof of Proposition 4.5. For a given T = (t,,n > 0), let Zy be the
family of intervals generated by 7, i.e.

Zr ={[0, 11} U [ J{(t tn), (tn, )},

n>2
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where ¢t} are as defined in Section 3.2. Consider the maximal function

corresponding to Zr,

Mz f(t) = S u)| du.
I

IEIT tEI

Let us prove the right-hand inequality in Proposition 4.5. To this end,
for a given sequence of coefficients {a,,n > 0}, let

00
t) - Z ‘anXJn,Q(t)F’
=0

E.={t:F(t)>2"}, rek,
B, = {t : MTXEr(t) > 1/2}7 r €z,
N, ={n:intJ, C B,, int J,, ¢ Byy1},
1/2
= (3 lanfa®)?)
neN,

For n € N, we have |J, N E¢, | > 3|J,|, which implies

L\’JI»—A

S X5, 2(t) dt > S X5, 2(t) dt >
B,MES,, JaNES,,

Using this inequality and the fact that F(t) < 2"+ on E¢ T we get

lerl3=>"an<2 | D apd, o) dt

neN, BrNES,; nEN,

<2 | F@ydt<2B
BrNES,,

By the last inequality and Schwarz inequality,

(4.38) V) dt < Ixs,ll2- Il < 24772 B, .
B,

To estimate S Be Ur (t) dt, note that B, is a union of some intervals from Z7.
Any two intervals in Zr are either disjoint, or one is included in the other.
Let 7,7 be the collection of maximal intervals of Z7 included in B,. The
intervals in 7, 7 are disjoint, so we have

(4'39) B, = U v, |Br|: Z |V|
Vel r Vel 1

Observe that if n € N,, then int J, C V for some V' € 7, 7. Moreover, for
n € N, we have |a,| < 20TD/27,1Y/2: if not, then F(t) > |anx, 2(t)]* >
27! for t € J,, so J, C E,,1, contrary to the definition of N,. Combining
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this fact with (4.39) and Lemma 4.6 we get
Vor@yde < § 7 Janfa(t) dt

B¢ B¢ neN,
<2tz R o N )] dt
VeI, neENy:int J,CV Ve
<C2? Y |V =C22B,.
Vel,r

Thus, putting together the last inequality and (4.38) we get
1
V() at < C272|B,|.
0

As M7z f(t) < Mf(t) and M is of weak type (1,1), we have |B,| < C|E,|.
Therefore we obtain

g(i\am 2 dt<2§T

1
<CY 2PE | < C{F'2t)dt,
rez 0
which is the right-hand inequality in Proposition 4.5. It follows from the
proof that the constant C can be chosen independent of 7.
The left-hand inequality in Proposition 4.5 follows by an analogous ar-
gument. m

REMARK 5. Note that in Proposition 4.5, the sequence {x., 2,7 > 0}
can be replaced by the sequence of Haar functions {Hp,,n > 0} from
Remark 4.
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