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Fully summing mappings between Banach spaces
by

MARIO C. MATOS (Campinas) and
DANIEL M. PELLEGRINO (Joao Pessoa)

Abstract. We introduce and investigate the non-n-linear concept of fully summing
mappings; if n = 1 this concept coincides with the notion of nonlinear absolutely summing
mappings and in this sense this article unifies these two theories. We also introduce a
non-n-linear definition of Hilbert—Schmidt mappings and sketch connections between this
concept and fully summing mappings.

1. Introduction. In the last years, several polynomial and multilinear
generalizations of the concept of absolutely summing operators between Ba-
nach spaces have been exhaustively investigated and several nice results have
appeared. Recently, a completely nonlinear approach to absolute summabil-
ity was introduced by Matos [4]; the notion of absolutely summing map-
pings proposed in [4] generalizes, to arbitrary mappings, the concepts of
absolutely summing operators and polynomials. If we consider an n-linear
mapping from E; x --- x E, into F' as a map (of one variable) from the
Banach space E = Ej X --- x E,, to F, then [4] also generalizes the notion
of absolutely summing n-linear mappings. In some sense, in [4] we have a
unified concept for arbitrary absolutely summing mappings (in one vari-
able).

In this paper we revisit [4], introducing a general concept of fully sum-
ming mappings of several variables and, by using a unified treatment, we
extend the results of [4] to arbitrary mappings of several variables. Restrict-
ing our arguments to the case n = 1, we recover the results from [4]. We
also extend the concept of Hilbert—Schmidt operators to arbitrary mappings
and sketch connections between absolutely summing and Hilbert—Schmidt
mappings.
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2. Background and notation. Throughout this paper N denotes the
set of all positive integers, and E, E1,..., E,, F' represent Banach spaces
over K, where K represents the field of all scalars (complex or real). Given a
natural number n > 2, the Banach space of all continuous n-linear mappings
from Fy X -+ x E, into F' endowed with the sup norm will be denoted by
L(E1,...,En; F). For p > 0, the vector space of all sequences (2;)52; in
E such that [|(z;)%2, ], = (3232, [lz;|[?)!/? < oo is denoted by I,(E), and
I, (E) represents the linear space of the sequences (z;)72; in E such that

(p(x5))721 € L
for every continuous linear functional ¢ : £ — K. In [)(E) we consider
I llw,p given by
1(z)52 1 lwp = sup [[((25)) 721 [lp-
pEBE
We also define [;}(E) by

L (B) = {(z5)j21 € 1y(E); lim |[(2)72/lwp = O}

Let us recall some fruitful nonlinear concepts related to absolute summa-

bility:

e An n-homogeneous polynomial P : E — F is called absolutely (p;q)-
summing (or (p;q)-summing) if (P(x;))72, € lp(F) for all (z;)52,
€ l7(E). Analogously, an n-linear mapping 7' : FEy x --- x E, —
F is absolutely (p;q1, ..., qn)-summing (or (p;qi, ..., qn)-summing) if

(T(a,... )2, € L(F) for all (&), € 1% (By), k=1,...,n.

e If A C FE is an open set, an arbitrary mapping f : A — F is said to
be absolutely (p; q)-summing at a € Aif (f(a+z;)— f(a))72; € [,(F)
whenever (z;)52, € lj(F) and a 4+ z; € A for each j € N.

e An n-linear mapping T : Ey X -+ x E, — F is fully (p;q1,...,qn)-
summing if

TV, 2y el(F)

Ji? ) jn Jisesdn
k
for all (242, € 12 (Ey), k=1,...,n.

The concept of absolutely summing mappings for scalar-valued mappings
is due to Pietsch, and the general case was first investigated by Alencar and
Matos in [1]. The general definition of absolutely summing mappings is due
to Matos [4] (see also [3] and [6]). The special case of fully summing multi-
linear mappings was introduced by Matos in [5] and independently by Bom-
bal, Pérez-Garcia and Villanueva [2] with another name (“multiple summing
mappings”). The class of fully summing mappings enjoys several nice prop-
erties such as Grothendieck’s theorem, coincidence results, inclusion results,
etc. (see [5], [7]-[10]).
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Next, we introduce the concept of “fully summing” for arbitrary map-
pings of several variables and we obtain examples and characterizations of
arbitrary fully summing mappings.

DEFINITION 1. Let 4, ..., E), and F' be Banach spaces over K, p,q; > 1,
j=1,...,n,and A C E; X --- X E,, be an open set. A map f: A — F is
fully (p;q1,- -, qn)-summing at a € A if there exist d1,...,0, > 0 with

Bgl(al) X - X Bgn(an) CcCA

such that for every (xgk))]o‘;l € ly (Ey) with ngk)H <0, jENEk=1,...,n,
we have

(flat @D, d™)) = pa) 21 € L(F).

In this case we write f € Fiy(a)(piqr,....qn) (A5 F)-

The concept of “fully summing at a given point” is a local property and
there is no loss of generality if we deal with the case A = F; X -+ X Ey,
since the values of f at points outside A are irrelevant.

If fis n-linear, A = By X+ - - x Ej, and a = 0, we write Lg(p.q, ... q,) instead
of Fis(a)(psqr,....qn)» Since in this case we have the well known concept of fully
(multiple) (p; q1,- - ., ¢n)-summing mappings. For multilinear mappings, it is
not hard to prove that if T is fully (p;qi,...,qn)-summing at a # 0, then
T = 0. Our first example shows that this is no longer valid if T is not
n-linear:

EXAMPLE 1. Let F be an infinite-dimensional Banach space and choose
0 # e1,eg € E. Consider f: Ex E — K defined by f(z,y) = 1 except when
there are scalars A1, Ap so that x = e; + A1eg and y = e; + Ageo; in this case
floy) =1+ Ao IE ()52, (y5)52, € [F(E), let us estimate

o0
D If(er +zj,e1 +yi) — fler,en)l.
J,k=1
Note that we only have contributions to the sum when z; and y;, belong to
G := (e2). So, there is no loss of generality in supposing (2;)72;, (y;)72; €
l{(G). Since G is finite-dimensional, we have ()72, (y;)72; € li(G) with
x; = Ajeg and y, = nyez, and

D Ifler+zj e +y) — flenen)] = Y [T+ Ay — 1

jk=1 jk=1
o oo
= >IN k| < oo
j=1 k=1

Hence f is fully (1;1,1)-summing at (e1,e1).
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The next example shows that for maps of several variables, the concept
of fully summing mappings is interesting only in the nonlinear case, since
for linear maps we have a special behavior:

EXAMPLE 2. Let p,q; > 1 and n > 1 a natural number. If T": Ey x - -- X
E, — K is linear (nonnull) in £ = Ej x --- x E,, then T fails to be fully
(p;q1,- -, qn)-summing at the origin. In fact, there are ¢, € Ej. so that

T(x1,...,2n) = @1(z1) + - + @nlTn).

Since T is nonnull, some of the ¢ are nonnull. Suppose, for example,
1 # 0. Choose = € Fj such that ¢1(z) # 0, and for every 0 # A € K| set

(@), = (A2,0,0,0,...),
(2§)21 = (0,0,...)  forevery k=2,...,n

Hence
c- m =
STy, P = Y Jer(Aa))P = oo
j17"'7jn:1 .727"'7jn:1

EXAMPLE 3. If f(z1,...,2n) = fi(z1) - fam1(@n—1) fa(zn) with f; -
E; — Fj absolutely (p;g¢;)-summing at zero, and f;(0) =0, j =1,...,n,
with F; =K, j =1,...,n—1, then fis fully (p;qi,...,g,)-summing at zero.

3. Regular and fully regularly summing mappings. Absolutely
summing operators, polynomials and multilinear mappings and also fully
summing multilinear mappings are characterized by means of inequalities.
In this section, adapting ideas from [4], we introduce some useful terminology
that will be used in Section 4 to obtain characterizations of fully summing
mappings by means of inequalities.

DEFINITION 2. Let F4,...,E, and F be Banach spaces over K and
ACE;x---xE,beanopenset. Amap f: A— Fis (p;q,-..,qm)-regular
at a = (a,...,a,) € A if there are ry,...,r, >0 and M > 0 such that

By (a1) x ---x By, (a,) C A
and
[fla+ (@1,... 2n)) = f@)|P < Mz " .. ||zl
for every xp € Ej, with [|z]| <rg, k=1,...,n

Note that regular mappings and fully summing mappings have natural
connections with cotype, as shown in the example below:

EXAMPLE 4. If Fy,..., E, and I’ are Banach spaces, E; has cotype g;
and f is (p; q1, ..., qn)-regular at a, then f € Fiyq)(p1,...,1)(A; F). In fact, it
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suffices to observe that

> Ifta+ @l )= pa < m () - (Sl
J1yenjn=1 Jj=1 j=1

and recall that idg; is (g;; 1)-summing. One should not expect to obtain
similar coincidences for regular mappings f : E1 x---x E, — F by exploring
the cotype of F. For example, f : ¢ — K given by f(z) = ||z| is (2;2)-
regular at zero but is not (2;1)-summing.

EXAMPLE 5. Let f; : Aj — Fj; be such that 0 € A; C Ej;, A; is open
and each f; is absolutely (p; ¢j)-summing at zero, f;(0) =0, j =1,...,n. If
T:F x--xF, — Fis(1;1,...,1)-regular at zero, then T(f1,..., fn) is
fully (p;q1, ..., qn)-summing at zero.

DEFINITION 3. Let E1,..., E, and F' be Banach spaces and A C E; X
-+ X E, be an open set. A map f: A — F is fully reqularly (p;qi,...,qn)-
summing at a = (a,...,a,) € A if there exist d1,...,0, > 0 with

Bgl(al) X - X Bgn(an) CcCA

such that for every (xgk))é";l € lg, (Ey) with ngk)H <o,jENk=1,...,n,
we have

(fla+ @, 2 = Fa)Z 21 € L(F).

In this case we write f € Frg(a)(piqr,....qn) (A5 F)-

It is easy to prove that if f is (p;qi,...,qn)-regular at a, then f €
Firs(a)(piqr,..qn) (A5 ). The converse also holds, but we need some prelimi-
nary results to prove this.

If T is an n-linear mapping, multilinearity implies that T'(aq,...,a,) =
T(0,...,0) = 0if a; = 0 for some j, that is, the map is constant (zero) in
some directions. For nonlinear mappings which are (p;qi, ..., gy)-summing
at a = (ai,...,a,) we have a similar behavior:

LEMMA 1. If f is fully reqularly (p;qi, ..., qn)-summing at (a1,...,an),
then there are n, > 0, k =1,...,n, such that

f(a/l +Z1,--.,0n-1 + Tp-1, an) = f(a17 az, . .. 7an)7
flai,as + o, ... an + ) = f(ai,a2,...,ay)
whenever ||zk|| < nk, k=1,...,n.
Proof. Suppose, for example, that there exist o, ..., x, sufficiently small

so that
flar, a2 + xa, ... ,an + ) # f(a1,a2,...,ap).
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By defining (z(.l)) = (0,0,0,...) in E; and (z§r)) = (2,,0,0,0,...) in E,,

J
r=2,...,n, we would obtain
o0
1
Z | f (a1 + z](-l), ceyan + z](-:)) — fla1,a9,...,a,)|P
J15esdn=1

(o]
> 3 (01,02 4 22,4 0) = flar, 2, 00) [P = 0. m
Jji=1

The next result extends [4, Theorem 2.5] to mappings of several variables.

THEOREM 1. The following assertions are equivalent for f : A — F with
A open in By X -+ X Ey, and a = (a1, ...,a,) € A:

(a) f is fully reqularly (p;qi, ..., qn)-summing at a.
(b) There exist M,0 > 0 such that

I+ @), 2 = fa)F, gl
< M @)l a3 e
whenever ||(x§k))j°;1|]qk <6 k=1,...,n
(¢) fis(p;quy---,qn)-reqular at a.

Proof. (a)=(b). Note that f is fully regularly (p;qi,...,q,)-summing
at (ai,...,ap) if and only if g(z1,...,2,) = f(a1 + z1,...,an + xp) —

f(ay,...,ay) is fully regularly (p;q,...,qn)-summing at zero. So, for our
purposes, it suffices to deal with the case (ai,...,a,) = (0,...,0) and
£(0,...,0) = 0.

From Lemma 1, we can find #1,...,7n, > 0 so that ||zx| < n implies

f(0,za,...,2,) =0,

f(z1,...,2p-1,0) = 0.
If m €N, Xr(,f) € lg, (Ey) and rgi) eN, k=1,...,n, we define
x k) — (x(k) x(k) )

PACTRPIN ST

and k k k k
Xr(,lf)(r,(ff)) = (xgn?l, ... ,xfny)l,xﬁn?% ... ,.I'gn’)g, cee)s
(k) (k)

where each x, . is repeated ry,” times.

m’]
Now, suppose that the result is false. Then, for every m, there are Xéf ) =
(xnlf]);’il so that

(3.1) XS N% < min{nlt, m~ Dy
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and

(3-2) DR e Ly [P et AR b ¢l P
(j1~-~7jn)eNn

Note that ||Xr(,f)||g’,j # 0 for every k and m, because
k
(33)  IXPE <ol = el < =, >-u <.

(n) \ _
In fact, if HX || = 0 for some k, (3.3) would imply f( mm’ ey Ty ) =0
and from (3.2) we would have 0 > 0.
Define € = 1/n and
1 1
(34) o= [—} s p{r EN;r< —}
B b e s mEe x|
It is worth remarking that, for every m and k, the number T’g:) is in fact
greater than or equal to 1, because (3.1) implies that

. —
m2+ | X0 8
(k)

Note that for our choice of r,,” we have

ZHX(k mrk))] B = Zmr )] x )

m3n+1—2—s Z 1.

meN meN
1
S Dy —_—CTT o RN
(k m - llg 1+ ’
e m2e| X0 Lo
and, since f is fully regularly (p;qi, ..., ¢,)-summing, we obtain
(3.5)
1
Z my - mnrfﬂ e rﬁ,’fﬁHf(xfnz’jl, ce ﬁ:T)“]n)Hp < 0.
(ml7--~amn7j1:-~~7jn)€N2n
Now, call on (3.2) and (3.5) to obtain
(36) Y mP el X D X5
meN
=Y mtm ) G XD X g
meN
(3. 2) (3.5)
< Y om D I IS oo
meN (;1..‘,jn)eNn

On the other hand, for every k =1,...,n and every m € N,
1 1
(3.7) — - 1< rﬁ,’f) <

m2re| xWae T T e x (P46
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and multiplying (3.7) term by term, we have

n o 2+4-¢ (k)

[Ty (1= 7] X |5 <H ® < o
| X X | mCm XX 4
and so

n

38) [ -m*exPay < m@Erom TT P Ix® )a) < 1.
k=1

From (3.1) we obtain, for every k =1,...,n,
(3.9) hm m2+5||X k)qu < hm m2tem =Bl — iy 2 H/nmdnel — )
m—0o0
From (3.8) and (3.9), it follows that
lim (1)) e x (1) [ NP n =1,
m—0oQ
that is,
(3.10) lim 7{) 2t xD)a X =1,
m—0o0

and (3.10) contradicts the convergence of the series in (3.6).
(b)=(c). If z, € Ey, k =1,...,n, satisfy ||xg| < J, then consider
(x gk))] 1 = (24,0,0,...) forevery k=1,...,n.
Hence

If(a+ (21, zn) = F@IP < (fla+ @8, 2™y = fa)se 5 b
< M|y @ )2 e

= Mz [[* - [lzn ]|

when [jzgx]| <6, k=1,...,n

(c)=(a). If fis (p;qi,-..,qn)-regular at a, then
(3.11) 1f(a+ (z1,... 2n) = f(@)]]P < My ]|T - [l
if ||zk| < rg, K =1,...,n. Hence, if |\a:§k)|| <rk,j €N k=1,...,n, from
(3.11) we obtain

o0 oo

1

> et @) = f@P < DD M)l
jlv""jnzl jl"--vjn_l
and so f is fully regularly (p;q,...,qn)-summing at a. m

4. Characterization of fully summing mappings by inequalities.
If f: A— Fisfully (p;qu,...,qn)-summing at a = (a1,...,a,) € A C
Eqy x -+ x Ey, let § be so that Bs(ai) X -+ x Bs(a,) C A and
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(@), €1t (By) with |27 < 6
= (Fla+ (), 28 = f@)F gt € B(F).
We can consider the natural associated mapping
Wy Vo s(B1) X oo x Vo, 5(En) — 1 (F)
given by
1)\ oo n 1 n oo

p (@) @52 = (Fla+ @), al™)) = Fa)se. s
where

Vaes(Br) = {(2$)52, € 18, (Br); |27 < 6 for every j}, k=1,...,n

The next theorem shows nice useful connections between ¥y and f, which
will help us to characterize fully summing mappings.

THEOREM 2. If A C Ey X ---X Ey, is an open set and f : A — F is fully
(p;q1s- - - qn)-summing at a = (ay,...,a,) € A, then Wy is fully regularly
(P;q1s- - -, Gn)-sSumming at zero.

Proof. Let § be such that Bs(ay) x -+ x Bs(a,) C A and
(@), e 12 (By) with (|2 < 4
= (fla+ @, 2 = F@)2. ot € b(F).

I (X)) € 1, (12 (By)) with X = (2{))52 ) and | X <6, 1=1,.

q
then l O
(;rj’k);?ﬁgzlel;‘l(El) and Hmj’k||<5,
Hence
ST LX)
j17"'7j71:1

= Y (X @ al )~ F@IP) <o s

]1’ Jn—l k17 7kn_1
Now we state the main result of the paper:

THEOREM 3. For an open set A C E1 x -+ X Ep, f: A — F and
a=(a,...,an) € A, the following statements are equivalent:

(a) f is fully (p;q1,-- -, qn)-Summing at a.
(b) There exist M, > 0 such that Bs(ay) X - -+ x Bs(a,) C A and

I(fla+ @, 2y = fa)ze s lp

1
< M|y 1%, - )5 1,

8

whenever (z k))]?'il € ly (Ex) and H(xgk))]?";leqk <0, k=1,...,n

(
Tj
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Proof. (a)=(b). From Theorem 2, we know that ¥y is fully regularly
(p;q1,--.,qn)-summing at zero and, from Theorem 1, ¥ is (p;qi,...,qn)-
regular at zero. Hence there exist M, 6, > 0, k =1,...,n, such that

(4.1) 1y (XD, X p < M X% IIX )|

w,q1 W,qn

whenever X*) = (z (k))J_1 € ly (Ey) and || X ®lpge < 0y k= 1,...,n
Therefore

[(Fla+ @2 = Fa). ol
< M| 14, - @S5,
when (21")%2, € 1 (Ey,) and [|(2")32 [luge < k=1,....1n
(b)=(a). Let («\), € 1% (By) and 27| < 6 for every j and k.
We want to prove that the sequence (f(a + (:c(»l) ce 1:("))) — fla)®

Ji? JIn JiseeJn=1
belongs to I,(F'). The idea of the proof is to divide this sequence into a finite

number of sequences and show that each one belongs to I,(F').
Since (x(k));'il € Iy, (Ex), there is a jo such that

J
I(24))% <6, k=1,....n

j= ]QHUMJk
From (b) we have

1
(Fla+ @)@l = F@)3 o € b(F).
It is also clear that
1 .
(Fla+ (@), sl = fla)h oy € (F)
and so it suffices to note that considering the other cases as situations of
the type “some ji fixed between 1 and jy and other jp varying from jg

to infinity” we have a finite number of situations and the corresponding
sequences also belong to I,(F"). For example, in order to prove that

(4.2) (fla+ @M, al? ™)) = fa) i € Lp(F)

it suffices to consider (y;)72; = (ajgl),0,0, ...) and hence [|(yj)521]lw,q < 6
and (b) asserts that

2 n 00
1(f (@t (o2 2)) = Fa) Xt iumiolI2

< M| ) 282 e, - 1) 1
Since
2 n [e'e)
I(fGat @, 2D, ey = fa)se il
< (flat (i al?s o 2™ = F @) i IBs

we obtain (4.2). The other cases are similar. m
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5. Hilbert—Schmidt mappings. In the following, unless otherwise
stated, F and F will denote Hilbert spaces and A C E will be an open
set.

In order to motivate our definition of a general Hilbert—Schmidt mapping
from E to F' at a point a, we recall the concept of Hilbert—Schmidt operator
and make some remarks.

A linear operator from F into F' is Hilbert—Schmidt if, for each orthonor-
mal basis (u;);cr of E, it follows that (T'(u;))ier € l2(I; F'). Note that

STl = 3 I Tl < (S InE) (3 i 12)
ied

JjEJ jeJ Jje€J
for all finite subsets J of I and \; € K, j € J. In particular, T" is Hilbert—
Schmidt if and only if there exist 6, M > 0 such that

1/2
ST Ogull < M (31 12)
JjeJ jeJ
for all finite subsets J of I and ||(\;)jerll2 < 6.
The above remarks give the motivation for the following concept.

DEFINITION 4. A mapping f defined in A C E with values in F is
Hilbert-Schmidt at a € A if, for each orthonormal basis (u;);c; of E, there
are M >0 and 6 > 0 such that Bs(a) C A and

D e+ Ajuy) = fla)l < MII(A)jell2
JjeJ
for all finite subsets J of I and \; € K, j € J, with ||(\))jesll2 < 9.

REMARK 1. Note that, a priori, it is not natural to expect a constant
M which works for every orthonormal basis. In fact, if such an M exists,
considering J = {1}, we would have, for 0 # =z € F with ||z|| < ¢ (and
considering x/||x|| as an element of an orthonormal basis),

P+t ) - @

iz < M(Jl2)%)"* = M]jall,

If(a+z) = fla)ll =

and f would necessarily be 1-regular at a.

ExamMpPLE 6. If £ € N, k > 2, then each continuous k-homogeneous
polynomial P from FE into F' is Hilbert—Schmidt at 0. In fact, if (u;);er is
an orthonormal basis of F, then

Y IPOGu)l < 121D NI < P )jeslls < IPIHIA) jesll2
jeJ Jj€J
for all finite subsets J of I and \; € K, j € J, with ||(A))jesll2 < 1.
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5.1. Hilbert—-Schmidt mappings vs absolutely 1-summing mappings

ProOPOSITION 1. If f defined in A C E with values in F is absolutely
1-summing at a € A, then f is Hilbert-Schmidt at a.

Proof. By hypothesis there are D > 0 and d > 0 such that By(a) C A

and

Y lfla+z)) = fa)]l < Dll(x))je w1

JjeJ
for all finite sequences (z;);cs with [[(2;)jes|lw,1 < d. Since for each or-
thonormal basis (u;);er of E we have

I(Ajus)jerllwr = [1(Aj)jesll2,
it follows that f is Hilbert—-Schmidt at a. m
THEOREM 4. If f is a C? mapping defined on A C E with values in F,

then f is Hilbert-Schmidt at a € A if, and only if , f is absolutely 1-summing
at a.

Proof. In view of Proposition 1, it suffices to show that if f is Hilbert—
Schmidt at a, then f is absolutely 1-summing at a.

So, suppose that f is Hilbert—Schmidt at a. From Taylor’s formula, we
have

1f(a+ Ajuy) — f(a) — df (a)(Ajuy) — d2 f(a)(Agu)l| < [|Azuy ]2

if || Aju;]| < e. So, if |Aju;|| < e, we obtain
ldf (a) (Ajug) Il < 11f (@ + Xjug) = Fla) | + | (@) (A |+ 101

Since f is Hilbert—Schmidt at a and 22 f(a) is a 2-homogeneous polynomial
(and hence Hilbert—Schmidt at zero), we can find positive constants M, N, ¢
such that

> lldf (@) (Ajuy) |

jeJ

< lfa+Aug) = F@l+ D 12 F@) gl + 3 gl

jed jedJ jeJ
< Ml[(Aj)jesllz + NI[(Aj)jeall2 + [[(Aj)jerll2
= (M + N+ 1)[[(N)jesll2

if [(Aj)jesllz < 0.

Hence df(a) is Hilbert—Schmidt and thus absolutely 1-summing (since
it is a linear mapping). Now, by invoking Taylor’s formula again, we can
conclude that f is absolutely 1-summing. In fact, Taylor’s formula says that
there exists € > 0 such that
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1f(a+2) = f@)ll < lldf (@)(@)[| + |4 f (a) (@) + |||
for every x € E with [|z]| < e.
If (x;)32, € [f(E), choose jo so that j > jo = [|z;|| < e. Hence

Dl atay) = f@l < Y ldf (@) (@)l + Y lld>fa) )l + Yl
J=jo J=jo J=jo J=jo
But we know that df (a) and 2 f(a) are absolutely 1-summing (see [4, Corol-

lary 4.4(2)]) and idg is (2;1)-summing (since E is Hilbert) and hence we
conclude that

o0
Do lfla+ay) = fa)] < oo. =
J=jo
As an immediate consequence, we obtain:
COROLLARY 1. If f is a holomorphic mapping defined on A with values
in F, then f is Hilbert—Schmidt at a € A if, and only if, [ is absolutely
1-summing at a.

The same use of Taylor’s formula gives us some variations of results of [4]:

THEOREM 5. Let ' be a Banach space, E be a Banach space with the
Orlicz property and A an open set in E. If f : A C E — F is of class C? at
a € A and df(a) is absolutely 1-summing, then f is absolutely 1-summing
at a.

COROLLARY 2. If A is open in 11 and a € A, then every mapping f :
A — Iy of class C? at a is absolutely 1-summing at a.

5.2. Hilbert—Schmidt vs absolutely p-summing mappings. We know that
every continuous 2-homogeneous polynomial P from Is into K is Hilbert—
Schmidt at 0, but we will show that if 1 < p < oo, there is a continuous
2-homogeneous polynomial P from [y into K that fails to be absolutely
p-summing at zero.

We will consider the cases p > 2 and 1 < p < 2. In both cases the

polynomial is given by
f] JEN Z §J

JEN

CASE p > 2. We know that the natural orthonormal basis (e;),en is in
15 (l2), hence in 1)(l2) for p > 2. Since P(e;) = 1 for all j € N, we cannot
have (P(e;))jen € lp.

CASE1 <p<2 Set s=2/(2—p). Then 1 =1/s+ p/2 and ps > 2p.
Now choose (\;)jen in lys but not in Iy, By the Hélder inequality involving
s and 2/p, we show that (\je;)jen € 1 (l2). Since P(Aje;) = )\? for each
J € N, it follows that (P(\je;))jen & lp-
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THEOREM 6. Let 0 < p < oo. If f defined on A with values in F' 1is
holomorphic and absolutely p-summing, then f is Hilbert-Schmidt at a.

Proof. In this case we know that (k!)*lcﬁf f(a) is absolutely p-summing
at 0 for each k € N, and there are D > 0 and d > 0 satisfying

” dkf < Dd*  for every k € N.

as,p

If (u;)ier is an orthonormal basis in E and J is a finite subset of I, we can

write
> IS (a+ Njuy) — |<EZ

jeJ jeJ k=1

‘ — (+).

By Example 6 and the fact that a linear absolutely p-summing operator is
Hilbert—Schmidt, we can write

(+) < lldf (@) [ms]I(As)

for all ||(Aj)jesll2 < 1. Since

(Aj)jeslls = (xx)

o0 1/\
—Jk
2

pse] o] o
as,p
for every natural k, we can write
© dk—1
(+%) < [ldf (@)llms]| (X)) jesll2 + Dll(\)jesll2 D 2T
k=2

= (ldf (a)[lus + DA)[|(A))jesll2
if ||(Aj)jesll2 < min{1,1/2d}. This proves our result. m

REMARK 2. Our previous results show that the converse of Theorem 6
is not true for p > 1.

5.3. Hilbert—Schmidt mappings of several variables. Following the idea
of introducing the concept of absolute summability for arbitrary mappings
of several variables, in this section we define Hilbert—Schmidt mappings of
several variables and relate this concept to fully summing mappings.

DEFINITION 5. Let Fq, ..., E, and F' be Hilbert spaces over K, and
ACFE| x---X E, be an open set. A map f: A — F is Hilbert-Schmidt at

a = (ai,...,ap) € Aif, for each orthonormal basis (ugk)
exist M > 0 and ¢ > 0 so that

B5(a1) X - X Bg(an) cA

)ier, in Ej, there

and
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1 1 n) (n
Z | f (a1 + A;l)ug-l), ceyan + )\;n)ugn ) — fla,...,an)|
Jk€JK,k=1,....n

< MIAM)jen llz - 1) jes Iz

for all finite subsets Jj, C Iy, )\g-k) € K with H()\;k))jejkﬂg < 0.

PROPOSITION 2. If f : A C Ey X --- x E, — F is fully (1;1,...,1)-
summing at a € A, then f is Hilbert—Schmidt at a.

Proof. Analogous to the proof of Proposition 1.

ExXAMPLE 7. If p; : E; = K, j =1,...,n—1, are continuous linear func-
tionals and ¢ : E,, — F is absolutely 1-summing at 0, with g(0) = 0, then

f:1Ey x---x E, — Fgiven by f(x1,...,2,) = p1(21) - on-1(Tn-1)g(zn)
is Hilbert—Schmidt at 0.

We thank the copy editor, Jerzy Trzeciak, for the improvements in the
presentation of the paper, and the referee for several helpful comments.
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