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Spectral mapping inclusions for the Phillips functional
calculus in Banach spaces and algebras

by

Eva Fašangová (Praha) and Pedro J. Miana (Zaragoza)

Abstract. We investigate the weak spectral mapping property (WSMP)

µ̂(σ(A)) = σ(µ̂(A)),

where A is the generator of a C0-semigroup in a Banach space X, µ is a measure, and
µ̂(A) is defined by the Phillips functional calculus. We consider the special case when X
is a Banach algebra and the operators eAt, t ≥ 0, are multipliers.

1. Introduction. Let X be a Banach space. We denote by B(X) the
space of bounded linear operators on X and by (eAt)t≥0 ⊂ B(X) a C0-
semigroup with infinitesimal generator A. Suppose that the growth of the
semigroup can be controlled as ‖eAt‖ ≤ cw(t), where w : [0,∞) → [0,∞)
is measurable, w(t + s) ≤ w(t)w(s), w(0) = 1, c > 0 is a constant. Define
%w := limt→∞ w(t)1/t (= inft>0w(t)1/t). Let M(R+, w) be the space of all
complex Borel measures µ on R+ such that

∞�
0

w(t) d|µ|(t) <∞.

We will denote by µ̂(λ) := � ∞0 eλt dµ(t) the Laplace transform of µ. The
Phillips functional calculus can be expressed as a continuous algebra homo-
morphism:

(1)

µ ∈ (M(R+, w), ∗) 7→ µ̂(A) ∈ (B(X), ◦),

µ̂(A)x :=
∞�
0

eAtx dµ(t), x ∈ X.

We have the following basic examples: if µ := δt0 for t0 ≥ 0, then µ̂(A)
= eAt0 , µ̂(λ) = eλt0 ; if µ(t) := e−λ0t dt for Reλ0 > ln %w, then µ̂(A) =
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(λ0 − A)−1, µ̂(λ) = (λ0 − λ)−1. From the latter we obtain σ(A) ⊂ {Reλ ≤
ln %w}. Note that µ̂ is a bounded function on the halfspace {Reλ ≤ ln %w},
holomorphic in the interior, so it is defined on σ(A). In particular, if A is a
generator of a C0-group, we can even take measures on R and the integral
in (1) from −∞ to ∞. Details may be found in [4, Chapter XV].

It is well known that the weak spectral mapping property (WSMP),

µ̂(σ(A)) = σ(µ̂(A)),

holds only in some special cases (for resolvents: µ̂(·) = 1/(λ0 − ·); for ana-
lytic semigroups for µ̂(·) = et0. ([3, p. 281]); if A is a generator of a C0-group
with non-quasianalytic growth and the singular part of the measure µ is zero
([1], [6])). On the other hand, there are examples of C0-semigroups where
the right to left inclusion is not true ([3, p. 271]).

In this paper we investigate the two inclusions separately. The left to
right inclusion is well known (see [4, Theorem 16.3.5]):

µ̂(σ(A)) ⊂ σ(µ̂(A)).

Nevertheless, we present a straightforward proof.
The opposite inclusion is investigated in the context of Banach algebras.

Under the condition that eAt, t ≥ 0, are multipliers on the Banach algebra
X, we prove the inclusion

̂̂µ(A)(∆X) ⊂ µ̂(σ(A))

(note that by definition ̂̂µ(A)(∆X) ⊂ σ(µ̂(A))). The proof is based on the
fact that WSMP holds for the resolvents and uses the Gelfand theory.

Finally, we present some examples where WSMP can be obtained from
the above two inclusions: if µ̂(A) has natural spectrum, then WSMP is true.
In particular, this is the case for semigroups in the Banach algebra X itself,
like the Gaussian, Poisson or fractional integral semigroups. We also present
the basic example of the shift semigroup on L1(R+) and the shift group on
L1(R), showing that in general we cannot expect equality. In particular,
WSMP does not hold for µ whenever the Wiener–Pitt phenomenon holds
for µ.

2. Preliminaries

2.1. The first inclusion. In this subsection X is a Banach space, (eAt)t≥0
⊂ B(X) is a C0-semigroup with growth function w and generator A. We
present a shorter proof of the (well known) spectral inclusion theorem (see
e.g. [4]). The elementary facts used in the proof may be found in [3, Lemma
II.1.3, Section IV.1].

Proposition 2.1. If µ ∈M(R+, w) then

µ̂(σ(A)) ⊂ σ(µ̂(A)).



Spectral mapping inclusions 221

Proof. Let λ ∈ σ(A). Then Reλ ≤ ln %w, as noticed before. We will use
the following formula (for λ ∈ C, t ≥ 0):

eλtx− eAtx =





(λ− A)
t�
0

eλ(t−s)eAsx ds, x ∈ X,

t�
0

eλ(t−s)eAs(λ− A)x ds, x ∈ D(A).

(2)

We have (the integral converges provided Reλ ≤ ln %w)

µ̂(λ)x− µ̂(A)x =
∞�
0

[eλtx− eAtx] dµ(t), x ∈ X.(3)

This shows that if λ ∈ σap(A) then µ̂(λ) ∈ σap(µ̂(A)): in fact, let λ ∈ σap(A)
with approximate eigenvector (xn), ‖xn‖ = 1; then for a fixed t we have
eλtxn− eAtxn → 0 and using the Lebesgue dominated convergence theorem
we find that µ̂(λ)xn − µ̂(A)xn → 0, i.e. µ̂(λ) ∈ σap(µ̂(A)).

On the other hand, if λ ∈ σ(A) \ σap(A), i.e. the range rg(λ− A) is not
dense, then there exists an x∗∈X∗ such that ‖x∗‖ = 1 and x∗(rg(λ−A)) = 0.
Inserting the first expression in (2) into (3) and applying x∗ we get

x∗(µ̂(λ)x− µ̂(A)x) =
∞�
0

x∗
(

(λ− A)
t�
0

eλ(t−s)eAsx ds
)
dµ(t) = 0.

This shows that rg(µ̂(λ)− µ̂(A)) is not dense, i.e. µ̂(λ) ∈ σ(µ̂(A)).

2.2. Notions in Banach algebras. We collect the basic definitions needed
to formulate the result of Section 3. For more details see e.g. [5, Sections 4.1,
4.6].

Let X be a commutative Banach algebra. We denote by ∆X := {ϕ ∈
X ′; 0 6= ϕ is multiplicative} the Gelfand space of X equipped with the w∗

topology, by σX(a) the spectrum of a ∈ X, by %(a) := C\σX(a) the resolvent
set and by â(ϕ) := ϕ(a) the Gelfand transform of a. The multiplier algebra
of X is M(X) := {L ∈ B(X); aLb = (La)b, a, b ∈ X} with composition
product. For a ∈ X set Lab := ab; then La ∈ M(X). We say that X is
without order if a 7→ La is injective. An algebra A is called semisimple if
a 7→ â is injective.

We have the following properties:

• σX(a) = â(∆X);
• if X is without order then M(X) is a closed, full, commutative sub-

algebra of B(X), and ∆X is canonically embedded into ∆M(X):
ϕ ∈ ∆X 7→ ϕ1, ϕ1(L) := ϕ(La)/ϕ(a), where a is such that ϕ(a) 6= 0;
• if A is semisimple then A is without order.
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Therefore, when X is without order, for any L ∈M(X) we have

L̂(∆X) ⊂ L̂(∆M(X)), L̂(∆M(X)) = σM(X)(L) = σB(X)(L).

We say that L ∈M(X) has natural spectrum if

L̂(∆X) = σB(X)(L).

3. Second inclusion. The setting of this section is the following: X is
a commutative Banach algebra without order, (eAt)t≥0 is a C0-semigroup in
B(X), with infinitesimal generator A, such that eAt ∈ M(X) for any t ≥ 0,
and w is a corresponding function controlling the growth.

Lemma 3.1. If λ ∈ %(A) then (λ − A)−1 ∈ M(X). If µ ∈ M(R+, w)
then µ̂(A) ∈M(X).

Proof. If x ∈ X and y ∈ D(A) then xy ∈ D(A) and A(xy) = x(Ay),
as can be easily checked from the definition of A. Set for shorthand B :=
(λ − A)−1 ∈ B(X). To see that B ∈ M(X), let y1 := B(x1x2), y2 := Bx2;
then

x1x2 = x1(λ− A)y2 = λx1y2 − x1Ay2 = (λ−A)(x1y2),

hence B(x1x2) = x1y2. Since eAt ∈M(X), t ≥ 0, we infer trivially from the
definition that µ̂(A) ∈M(X).

Theorem 3.2. Let X, eAt, w be as above. Then for any µ ∈M(R+, w)
we have

̂̂µ(A)(∆X) ⊂ µ̂(σ(A)).

Proof. Let ϕ ∈ ∆X. Take x ∈ X such that ϕ(x) 6= 0. Let ϕ1 ∈ ∆M(X)
be the unique element associated to ϕ by the canonical embedding.

Since t ∈ [0,∞) 7→ eAtx ∈ X is continuous, the map t 7→ ϕ(eAtx) =
ϕ1(eAt)ϕ(x) is continuous, and hence t 7→ ϕ1(eAt) is continuous as well.
From the functional equation ϕ1(eA(t+s)) = ϕ1(eAteAs) = ϕ1(eAt)ϕ1(eAs),
ϕ1(eA0) = ϕ1(I) = 1 we get the existence of some z ∈ C such that ϕ1(eAt) =
ezt for all t ≥ 0.

Fix a λ such that Reλ > ln %w. Then we may apply ϕ to the equality
(λ− A)−1x = � ∞0 eAtxe−λt dt to get

ϕ1((λ−A)−1)ϕ(x) = ϕ((λ− A)−1x) =
∞�
0

ϕ(eAtx)e−λt dt

=
∞�
0

ezte−λt dt ϕ(x) =
1

λ− z ϕ(x) 6= 0.

After dividing by ϕ(x) and using the spectral mapping theorem for the
resolvent (see [3, Theorem IV.1.13]) we get
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1
λ− z = ϕ1((λ− A)−1) ∈ (̂λ− A)−1(∆M(X)) \ {0} = σ((λ−A)−1) \ {0}

=
{

1
λ− ν ; ν ∈ σ(A)

}
=:

1
λ− σ(A)

,

hence z ∈ σ(A).
With the same procedure, applying ϕ1 to both sides of (1) we get

ϕ1(µ̂(A))ϕ(x) = ϕ(µ̂(A)x) =
∞�
0

ϕ(eAtx) dµ(t)

=
∞�
0

ezt dµ(t)ϕ(x) = µ̂(z)ϕ(x),

and hence
̂̂µ(A)(ϕ) = ϕ1(µ̂(A)) = µ̂(z) ∈ µ̂(σ(A)).

Remark. The idea of the above proof is inspired by [4, Sections 16.3,
16.4] (see also [2, Theorems 2.16, 2.19]). There, another subalgebra of
B(X) is considered (the commutative algebra generated by the resolvents
(λ−A)−1) and an element of its Gelfand space is applied to functional equa-
tions (semigroup law, resolvent equation, integral representation of µ̂(A)).

4. Applications. By now we have proved that in the context of a semi-
group of multipliers on a Banach algebra we have

̂̂µ(A)(∆X) ⊂ µ̂(σ(A)) ⊂ σ(µ̂(A)) = ̂̂µ(A)(∆M(X));

recall that ∆X ⊂ ∆M(X). From the definition of natural spectrum we
obtain the following result.

Corollary 4.1. Let X, eAt, w be as in the previous section, and µ ∈
M(R+, w). If µ̂(A) has natural spectrum, then WSMP holds, i.e.

µ̂(σ(A)) = ̂̂µ(A)(∆X) = σ(µ̂(A)).

4.1. Semigroups in Banach algebras. We call a set {at; t > 0} ⊂ X a
semigroup in the commutative Banach algebra X if at+s = atas, t, s > 0, and
limt→0+ a

tb = b for any b ∈ X. It is easy to check that then {Lat; t > 0} ∪
{I} ⊂ B(X) is a C0-semigroup of operators. We denote by A its infinitesimal
generator, i.e. eAt = Lat. Let w be as in the introduction.

Proposition 4.2. Let X be a commutative semisimple Banach algebra
without identity , and {at; t > 0} a semigroup in X.

• WSMP holds for δ-measures, i.e. when µ̂(·) = et·:

etσ(A) = σ(eAt), t > 0.
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• If t ∈ (0,∞) 7→ at ∈ X is continuous, then WSMP holds for the
Phillips calculus, i.e.

µ̂(σ(A)) = σ(µ̂(A)), µ ∈M(R+, w).

Proof. By [5, pp. 365, 369] the multiplier Lb has natural spectrum for
any b ∈ X, so we may apply Corollary 4.1 to µ = δt.

If in addition t 7→ at is continuous, then the integral � ∞0 at dµ(t) =: aµ
exists in X, meaning that µ̂(A) = Laµ , which has natural spectrum.

Example 1. X := (L1(Rn), ∗) is a commutative semisimple Banach
algebra without identity. The multiplier algebra is isomorphic to (M(Rn), ∗).
The Gaussian semigroup and the Poisson semigroup

gt(x) :=
1

(4πt)n/2
e−|x|

2/4t,

pt(x) := Γ

(
n+ 1

2

)
1

π(n+1)/2

t

(t2 + |x|2)(n+1)/2
, x ∈ Rn, t > 0,

are semigroups in X, they are bounded by 1. Since the mappings (0,∞) 3
t 7→ gt and (0,∞) 3 t 7→ pt are continuous in X, WSMP holds for their
Phillips calculus.

Example 2. X := (L1(R+), ∗) is a commutative semisimple Banach
algebra without identity. The multiplier algebra is isomorphic to (M(R+), ∗).
The fractional integral semigroup

It(x) :=
1

Γ (t)
xt−1e−x, x, t > 0,

is a semigroup in X, it is bounded by 1, (0,∞) 3 t 7→ I t is continuous in X,
hence WSMP holds for its Phillips calculus.

Since these semigroups are even holomorphic in a sector containing
(0,∞), it is well known that WSMP holds for the Dirac measures µ = δt0 .
See [3] and [7] for more details.

4.2. The shift semigroup. Let us consider the semisimple commutative
Banach algebra X := (L1(R+), ∗). Its Gelfand space is isomorphic to C− :=
{λ ∈ C; Reλ ≤ 0} (via Laplace transform), and its multiplier algebra is
isomorphic to (M(R+), ∗). Consider the shift semigroup with its generator:

Af = −f ′, D(A) = {f ∈ L1(R+); f ′ ∈ L1(R+), f(0) = 0},

(eAtf)(s) :=
{
f(s− t), s ≥ t,
0, 0 < s < t.

One has ‖eAt‖ = 1, so we take w(t) = 1 for t ≥ 0. The Phillips calculus is

(µ̂(A)f)(s) =
∞�
0

eAtf(s) dµ(t) =
s�
0

f(s− t) dµ(t) = (µ ∗ f)(s) = (Lµf)(s).
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One can directly compute:

σ(A) = C−, σ(eAt) = {λ ∈ C; |λ| ≤ 1},
so

etσ(A) = etσ(A) ∪ {0} = σ(eAt),

σ(µ̂(A)) = σ(Lµ),

µ̂(σ(A)) = µ̂(C−) = µ̂(∆X).

This shows that for µ ∈ M(R+), WSMP holds if and only if µ has natural
spectrum. So whenever for a measure µ the Wiener–Pitt phenomenon holds
(meaning that µ is not invertible in M(R+) despite inf |µ̂(C−)| > 0), WSMP
does not hold for this µ. The existence of such measures is shown in [8].

4.3. The shift group. Let X := (L1(R), ∗). Then the Gelfand space is
isomorphic to iR and the multiplier algebra is isomorphic to (M(R), ∗).
Consider the shift group with its generator:

Af = −f ′, D(A) = {f ∈ L1(R); f ′ ∈ L1(R)},
(eAtf)(s) := f(s− t), s, t ∈ R, f ∈ X.

Again we take w(t) = 1 for t ∈ R. The Phillips calculus is

(µ̂(A)f)(s) =
�
R
f(s− t) dµ(t) = (Lµf)(s).

One can directly compute:

σ(A) = iR, σ(eAt) = {λ ∈ C; |λ| = 1},
so

etσ(A) = {λ ∈ C; |λ| = 1} = σ(eAt),

σ(µ̂(A)) = σ(Lµ),

µ̂(σ(A)) = µ̂(iR) = µ̂(∆X).

We see that WSMP holds for the Dirac measures µ = δt0 and in general,
WSMP holds for µ if and only if µ has natural spectrum. However, it is
known that if µ ∈ M(R) has a decomposition µ = µac + µat + µs (into
absolutely continuous, atomic and non-atomic singular parts) with µs = 0
then µ has natural spectrum, and that there exist µ without natural spec-
trum (whenever the Wiener–Pitt effect on R holds for µ). For the details
see [5, p. 371, Theorem 4.11.5].
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