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Boundedness of commutators
of an oscillatory integral operator

by

XIA XI1A (Tianjin) and SHANZHEN LU (Beijing)

Abstract. We obtain a necessary and sufficient condition for L” boundedness of
commutators of certain oscillatory integral operators and Lipschitz functions.

1. Introduction and result. The following oscillatory integral opera-
tor is closely related to the Bochner—Riesz operator below the critical index
(see [5]). Set K(x) = e'®"/|z|*, 2 € R™\ {0}, where @ > 0, a # 1 and
0 < a < n. Then K belongs to the space S'(R™) of tempered distributions
and we set

Tf=Kxf feCPRY.

In the case n = 1, Sampson, Naparstek and Drobot [4] obtained some LP
boundedness properties of T'. In higher dimensions, there is a well known
result due to Sjolin [5].

THEOREM A ([5]). If a > n(1—a/2) and pp = na/(na—n+«), then T
is bounded on LP(R™) if and only if po < p < pf. If a <n(l —a/2), then T
is not bounded on any LP(R™), 1 <p < oo.

For 8 > 0, the homogeneous Lipschitz space /ig is the space of functions
f such that
+1
A 5 (@)

Hf”/iﬁ - :Jc,hE?RL}LI,)h;AO |h|P =%

where AZ denotes the kth difference operator. It is obvious that when 0 <
B <1, fe€ Agimplies |f(x) = f(y)| < |z —yl?[If]l ;, for all z,y € R". We
focus on the case 0 < 3 < 1.
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Let T be a linear operator. Then the commutator of 7" and a Lipschitz
function b is defined by
(1.1) [0, T]f(x) = b(z)T f(x) — T(bf) ().
If T is a singular integral operator, Janson [2] showed that the condition
b € Ag is equivalent to (L, L9) boundedness of [b, T]. Later, Paluszytiski [3]
proved that if 7T is the Riesz potential operator, then the condition b €
/ig characterizes the boundedness of [b,T] from LP to a certain Triebel-
Lizorkin space. However, their method of proof is only suitable for operators
T bounded on L? for all 1 < p < 0o, but not for those bounded on LP only
for some p. In this paper, we will study the L? boundedness of commutators
of the oscillatory integral operator mentioned above and Lipschitz functions
using a method called scale changing. This method was first introduced by
Carleson and Sjolin [1], who proved that the Bochner—Riesz operator below
the critical index is bounded on some LP(R?). To do this, they considered a
class of oscillatory integrals.

Let ¥ : R® x R® — C be a smooth function of compact support in x
and y, and let @ : R™ x R” — R be smooth. Assume that on the support
of ¥, the Hessian determinant of @ is nonvanishing, i.e.

0*®(x,y)
(1.2) det <8$Zayj) # 0.

We consider the oscillatory integral
(Taf)(y) = | XD (2, y) f(x) da.
R?’L
Then we have

THEOREM B ([6]). Under the above assumptions on € and ¥,
IT7fll L2 ny < CAT2| £l p2gny.-

Obviously, we also have

ITxfllee®ny < Cllfllpee®ny, 1T Fllrmny < Clfllrmny-

By interpolation,
(1.3) TS lloe@ny < CAXTP| fllo@ny, 2<p< oo,
(1.4) T3 fllr@ny < CXYP )| fllo@ny, 1<p<2,1/p+1/p =1

In [5], the author proved the sufficiency part of Theorem A by using
multiplier theorems on H? spaces. But this method cannot be applied to
our commutators. This is not surprising since the Fourier transform is not
well defined for Lipschitz functions. In this paper, we use the scale changing

method to obtain a sufficient condition for L?” boundedness of the commu-
tator mentioned above. To get a necessary condition for LP boundedness of
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those commutators, we follow the method in [5] together with choosing a
proper Lipschitz function. Our main result can be stated as follows.

THEOREM. Let a > 0,a # 1,0 < <1, n(l—a/2)+ 0 < a < n,
and set pg = na/(na —n + « — 3). Then the commutator [b,T] defined by
(1.1) is bounded on LP(R™), for all b € Ag(R™), with the operator norm
< CHbH/iﬁ(Rny if and only if po < p < pi. If a < n(1 —a/2) + 3, then
there exists a b € Ag(R™) such that [b,T] is not bounded on any LP(R"),
1<p< oo

2. Proof of Theorem. First of all, let us prove that py < p < pj, is
a necessary condition for the boundedness of [b, 7] on LP for any b € Ag.
We only give the proof of py < p. We first treat the case a > 1, 0 <
B <1, n(l—a/2)+ B < a. If we set by(z) = ||, then by € Az(R") and
||b0||/iﬁ = 1. Since for any b € /ig, [b, T] is bounded on LP, the operator [by, T

is then bounded on LP. Now we assume that [bg, 7] is bounded on LP(R"™),
where 1 < p < 2. We shall prove that p > pg = na/(na —n+a — ) > 1.
Choose ¢ € C°(R"™) such that 0 < ¢ < 1, ¥(z) = 1 for |z| < 1/2 and
Y(x) =0 for |z| > 1. Let € > 0 be small enough and . (z) = ¢(z/c). Then

stng = S |’¢E(l’)|p dr = Ce™
R
for some constant C' > (0. When ¢ is small enough,

1 /9%a \ ¥ D 4 1 /12¢ \ ¥ D 4
M = == S<k< 2. S
{kEN 27r< 0 E) +6_k_27r< 0 €> 6}

# 0.
For k € M, let
Iy = [(2km — m/3)1/" + ¢, (2km + 7 /3)1/% — ],
Ay, = 2k 4+ 7/3)1* — e, (2(k + ) — 7/3)1/* + ¢].

Clearly, I;;NI}+1 = (). Furthermore, using the differential intermediate value
theorem, for some 0 < 0,9 < 1 and all k£ € M, we get
|Ag| = 2¢ + (2(k + D — 7/3)* — 2k + 7/3)1/°
1 4r

=2+ = [0k + )m —7/3) + (1 - 0)(2kn + w/3)) /et

4 2
<2+ %(%w +or/3) el < 3 %(21% o /3)l /et 25]

< 3{i : %”w(zkw —7/3) + (1 — 9)(2kn + 7/3)] /e — 25}

< 3[(2kw + 7/3)Y — (2kmw — 7 /3)/® — 2¢] = 3|I].
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It follows that

21) | e[ de < C((2kr +7/3) e — )P | Ny
IZ“eAk Ak

< C((2km +7/3)* — &) =P[(2(k + )7 — 7 /3)Y/% + €]" 1 Ay

< C((2km 4+ m/3)M — &)= [(3(2km — m/3))/* + "1 . 3| 1|

< ¢3lt(n=1)/a S roptn=1 . o S ||~ de,
Ik |x‘€[k

where C is a constant independent of k. Moreover, if we set

s s

1 /96 —a/(a—1) 1
kozmin{k:keM}§2<a-g> +6+1’

1 /12 —a/(a=1) 4
klzmax{k:keM}2%<a-g> +e-1,

™

then
96a —a/(a—1)

1/a
(2k07r—7r/3)1/a+5§[(-5> +27r] +e< | —.

s

—a/(a—1) 1/a
(2k17r+7r/3)1/a—52{<12a-8> —27T:| —e> <Ma‘
s

s

It follows that

keM
Thus, setting C1 = 24a/m, by (2.1) and (2.2),

(2.3) | ||~ dx
(2C1e) =1/ (a=D) <|z|<(Cre)~1/(a=1)

~1/(a—1)
&

)

~1/(a—1)

(2.2) [(‘li“-a>_1/(a_1),(%‘;‘L-g)_l/(a_l)] c |J uay).

§Z S |:E|7°‘pdx—|—z S |x\7°‘pda§§02 S |z| =P dx.

keM |;E‘€Ik. keM \x|6Ak keM \z|€[k

For each |z| € I}, we have 2km —7/3 < (|| —¢)® and (|z|+¢)* < 2km+7/3.
It follows that (Jz| —&)® < |y|* < (Jz| +e)* for all y € {y : |z —y| < €},

which implies
1/2 <cos(lyl*) <1, |y|* < (2[=])".

Hence

Re(i #go)(@) = | )y ompyay> & | ey dy =

[0 (03
g Yl el <

Ce™

x|
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Since |z| > (4C1e)~/(@=Y for |z| € I}, k € M, we have

ily|*

e
(24) oo The(@)] = | § T [boe) = bole — 9))e(a — y) dy
gn Y
cos(|y|*
> | O e o e -y
lz—y|<e
> C((4C1e) ™ @=) _ B\Re (K * 9. ) (x)
—B/(a=1)+n
> C(8C12) @ VRe (K x4, (x) > C ]
Therefore, using (2.3) and ( ) we get
1[bo, TIe |l = § 1[bo, T)pe(z)Pda > >~ | [[bo, Tebe(@)[” d
R keM |z|ely
[=B/(a=1)+n]p
>0y | e
keM |z|€Iy, |x|
> Cel-Ala=)+nlp S 2|~ dx

(2C1) =1/ (e~ D <[z|<(Cre) =1/ (e=D)

> Cel=p/(a=D+nlp ~(n—ap)/(a~1)

Since [bg, T] is bounded on LP, it follows that
gl=B/(a=D)+nlp—(n—ap)/(a=1) < g

and this can hold for small values of € only if

[=8/(a=1) +n]p—(n—ap)/(a—1) = n.
That is,
(2.5) p(na —n+a— ) > na.
The inequality a > n(1 — a/2) 4+ ( yields na —n+a — > na/2 > 0, and

we conclude that
na

> = .
p="Po na—n+aoa—_pJ

Thus pg <p<pj is a necessary condition for the boundedness of [b, T] on LP.
We next study the casea > 1, 0 < < 1, a < n(l—a/2)+ . As above,

let bo(z) = |z|®. If [bo, T] is bounded on LP with 1 < p < 2, then we obtain

the inequality (2.5) as above. Using the condition on o we conclude that

S na =~
p_na—n—l—oz—ﬁ ’

which gives a contradiction. Similarly, we can prove that [by, 7] is not bound-
ed on LP with 2 < p < oo. Hence [by, T is not bounded on any LP in this
case.
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We shall use an argument similar to the above to prove the necessity in
thecase 0 <a <1, 0< <1, n(l—a/2)+ 6 < a < n. We shall prove that
po < p < p; where pg = na/(na—n+a—03) > 1. Let ¥\ (z) = ¢(x/X), A > 0.
Take X large enough. There exists kg € N such that

1 /12a0\Y0-9 1
2, — =
(2.6 ’f0>27r<7r) T
1 1
1 s/a-a) | \pyas, L
(2.7) ko > 5 (A A0 12,
Loan/=a) _yje L
(2.8) ko < - [(4)) N+ g

Then, for all £ > kg, set
I = [(2km — 1/3)Y% 4 A, (2kn + 7/3)/¢ = )]

Ap = [2(k = V)w +7/3)1* — X\, (2kr — m/3)1% + A

Clearly I N Ixyq = (. Furthermore, I}, # (), because using the differential
intermediate value theorem and (2.6), we have

1| = (2km + 7 /3)Y% — (2kn — 7 /3)1/% — 2X

1 2«

> S (2hm m/3)1/et —2x > 0.

a
Since by (2.6),
[Arl = (2km —7/3)1/% — (2(k — D +7/3)1/% 42X

< % : 4%(214:# —/3) /a1 49
<3 le : %ﬂ(%w —n/3)Y/e1 2/\} < 3|,
we have
29 | |zI"Pda
|z| €A
< C[2(k-1)m + 7r/3)1/a — )\ S =L gy

A
< C2°P/9[(2(2km — 5 /3))/ ¢ — 2V AN TOP[(2km — 7 /3)H 4+ N Ay

< C[(2km 4 m/3)M e — 2V aN=oP[(2kr — 7 /3)1/® + A" 7L 3|1
< C2°7((2km + 7 /3)/ — A]7% | 7" Ldr

Iy,
C S rrertn=lgr = C S ||~ P dx,
Ik |x‘61k

IN
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where C' is independent of k. Moreover, by (2.8),
(4N o) € | (Te U Ap).
k>ko
It follows from (2.9) that

2100\ faelr <Y | JalPde+ > | (2 Pda

|z|>(4M)1/ (1=a) k>ko |z|€l} k>ko |z|€ Ak

SCZ S |z|~P dx.

k>ko |z| €1

For each |z| € Ij, we have 2km —7/3 < (x| —A)* and (|z|+\)* < 2km+7/3.
It follows that for all |z — y| < A,

1/2 <cos(lyl*) <1, |y[* < Cla|™.

Hence
Re (K s un)(e) = | S o =) dy
Rn
C CA\"
ZW S ¢)\($—y)dyzw-
lz—y|<A

Moreover, it follows from (2.7) that for |z| € Iy, k > ko, we have
1z|? = N > [(2kom — m/3)/¢ + AP — NP > \P/(1-a),

Therefore,

o, Thor@)| > | @‘f") lel? — |z — ol (e — ) dy
[z—y[<A

> N/ Re (K %1y )(z) = C

Consequently, together with (2.10),
b0, TIwoallh = l[bo, Thoa(2)[Pdz > > | [[bo, Tleba ()P da

R k>ko |z|€I}
A[n+8/(1=a)lp
>C Z S e dx
> o\l +6/(1-a)lp S 2|~ dz

ja] > (43) /(=)
> OA+8/(1=a)lp ) (n—ap)/(1=a)
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where n < ap. Since [by, T is bounded on LP, it follows that
Aln+B8/(1=a)lp+(n—ap)/(1-a) < c\n,

This can hold for large values of A only if [n+3/(1 —a)lp+ (n—ap)/(1 —a)

< n. That is,

(2.11) p(na —n+a— 3) > na.

The inequality a > n(1 — a/2) + ( yields na — n +a — > na/2 > 0, and

we conclude that
na

> = .
b ="po na—n+aoa—_p

Thus pg <p<pj is a necessary condition for the boundedness of [b,T] on LP.
In thecase 0 < a <1, 0 < <1, a <n(l—a/2)+p,if [by,T] is
bounded on LP with 1 < p < 2, then we obtain the inequality (2.11) as
above. Invoking the condition on a we obtain
na

> > 2
p_na—n—l-a—ﬁ

which gives a contradiction. Similarly, we can prove that [by, 7] is not bound-
ed on LP with p > 2 in this case.

It remains to prove that py < p < pj, is a sufficient condition for LP
boundedness of [b, T|, where b € /iﬁ. We treat po < p < p| first. The proof
of LP boundedness for [b,T] can be reduced to showing that for A large
enough, we have

§ | ) (o) —b(y)]

[0, A7 [0,A]"

where C' is a constant independent of A and f. Let I = [0,1]" be the unit
cube in R™. By changing variable, our goal is to prove

ei\xfy|“ p »
d < Clolf -\ 1f (@) da,
(0]

f(y)dy

|z —y|*

la—ye v
S )\n—ag [b(Az) — b(\y)] e]w—yj‘l fy)dy| dx < CHbHig S |FO\2)|P da.
I i ]
Set .
7 r—y
S (x) = A8 | [b(a) - by)] jx_ima (y) dy
I

Noting that ||b(A '>||/iﬁ = )\ﬁHbHAﬁ, it suffices to show

1S3 F 1oy < ClIOILi I llo s
(2.12) na na
na—n+a— £ <p< n—a+3
Let 2, k=0,1,..., denote the set of all dyadic cubes in [—2,2]" with
side length 27%, and (27 the set of all cubes which are unions of 2" cubes
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in (2. For each w* € (2, its side length is 27k If 2 € I and x does not
belong to the boundary of any dyadic cube, then there exists a unique cube
wi(z) € 02 such that x € wj(x). Let w*; = [-2,2]". For a measurable
set D, write

E(xz,D) = X" [b(x) — b(y)] T
D

Ei() = E(a,[wj_y (@) \wi(@)] 1), k>0.

Then we get
kn 0o

(2.13) S f(x ZEk =Y Exx)+ > Eil),
k=0 k=kn+1

where 27FN < \=1 < 27k~n+1 Note that for k large enough we must have
wi(z) C I, so we may assume Ej(z) = E(z,w;_; \ wi(x)). It follows from
the construction that wi_,(x) \ wj(x) is made up of 4" — 2" cubes with side
length 27%. If we set F(w) = 4w \ 2w, then Y wen, XFw) (@) < 4" =27,
Holder’s inequality yields

|Ex(@)]? < C Y |B(@,w)PXpw) (@)
wE N
Therefore, for any k,
S|E;C |pd1:<CZ S E(z,w)|P dx,
I wGQk F( )

where the constant C' only depends on n,p. Let z,, be the point of w € (2
such that z; <wy;, i =1,...,n,forall y = (y1,...,yn) Ew
When k > ky + 1,
S |E(z,w)|P dx
F(w)
=9 "k S <)\”_a+’82_k(”_o‘) S |b(2_km +x,) — b(2_ky + xy,)]
F(I) I

< CEEN I 1],
—k+k (n—a+p) p p
<C(2 NP Hb"/iﬁuf|’Lp(w)
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Thus
(2.14) > Bl <C Y (THkN)"*O‘*ﬁIIbIIAﬁIIfIILp(I)
k=kn+1 k=kn-+1

< O], 11l oy

We consider the case 0 < k < ky. Recalling that the side length of w is
2-% we have

| 1B, w)Pde

F(w)
— Az —yl® p
= | ot fjba) - bly)] — f(y) dy| de
|z =y
F(w) w
Az —yl® p
< O \P(n—a+p) S b(z) — b(a,)|P Sif(y) dy| dz
|z —yl*
F(w) w
(n—a+p) eyl P
+ON § 1) o blaw) — b)) f(4) dy| da
|z =yl
F(w)'w
ev\aw?ma p
< C)\p(n—oc-‘rﬁ)Q—kpﬁHbHi S S ﬁf(y—i-:xw)dy da
BF(w)fxw [0,2—F]n r—Yy
ei/\a|x—y|’1 p
+oxpnath) | Py [b(z0) —b(y + 2,)] f(y+ay) dy| dx
F(w)—z., '[0,27F]n Y

i(27FN)e | z—y|® p

_ C)\p(n—a—&-ﬁ’)2—kp(n—a+ﬁ)2—knHb”l{ S dr
Ag

f(2_ky+ﬂfw) dy

Se
FT |z —yl|*

+ C}\p(n—a—i-ﬂ) 2—kp(n—a)—kn

(o—k\\a |, @
et (27FA) [z —y] p

[b(aw) = 027"y +20)]f (27 y + 2w) dy| da.

|z —y|~

F(D)'T

In order to apply Theorem B, we set &(z,y) = |z — y|* and let ¥ be a
smooth function defined on F'(I) x I. Without loss of generality, we consider
U(x,y) =1/|x —y|* Since

0?®(z,y) _
Z I (—a)(a — 1 i n(a—2)
et Gogil) = (=)= Ve = e

for a # 1, z € F(I) and y € I we have det(a;%g;;)) # 0, as required in
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(1.2). When 2 < p, using (1.3), we get

S |E(z,w)P dx
F(w)
< oNnmetfgrkvlmat Dyt bl (27N £ e + )P do
I
+ C)\p(”_a+ﬁ)2_kp(n—0é)Q—kn(Q—k‘)\)—na

x| [b(x) = b2 4+ 2,)1 f(27 %2 + 2,,) P da
I

—k \\p(n—a+B—na/p)| P P
<C@27N) HbHAﬁHfHLp( )
When 1 < p < 2, using (1.4), we get
S |E(x,w)? dx
F(w)

< C)\p(nfa+ﬁ)2fkp(nfa+6)kan||bH1/Qiﬁ (27k)\)7nap/p’ S ‘f(QikaZ + $w)’p dx
I
+ C)\p(n—a—i-ﬁ)2—kp(n—a)2—kn(2—kA)—nap/p’

X S Ib(z0) — b2 7%z + 2,)]f (27 %2 + 2,)|P dx
I

-k (n—a+B—mna/p’) P D
<@ty WL 17

If 2 < p < pp, choose 6 = na/p—n+a—pF>0.If pp < p < 2, choose
d =na/p’ —n+a— > 0. Consequently, for py < p < pj,

(2.15) ZHEkHLP )<CZ 2750 710l 1l

<Z e I (12 P W PP

< Il Il
Therefore, using (2.13)7(2.15) we have

1S3/l o ca <CZHEkHLp +CZHEkHLp < ClBlL, 1 1wy
kN+1

where pyp < p < pf, and C'is a constant independent of A and f. This implies
(2.12).
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Finally, we will prove [|[b,T]f| zro®n) < C||b||Aﬁ||f||Lp0(Rn) where py =
na/(n — a+ F). In fact,

£()|
(2.16) [[b,T]f ()] < |Ib]1 4, Rx PRkl
A W ellz—yl®
= lbll4, § e e 17w dy
on Yl
. .« o ellz=yl® e2ilz—yl*
:||b||/15“ (e themvl® —giley] )WV( )Idyﬂ |$_y|a5|f(?/)|dy}
Rn
0 eilr=yl* o2ile—yl
= 8, |21 § Gl = o) S W+ | Sl
o7 [z =y Jr—yl
e2ilz—yl®
<3| | 17—l @) 7

1\21/%5 y|®

=3|b]l ;2] W!f( ~1/a )Idy‘
Rn

Set f(x) = f(27"/%) and
etlz—yl®

T B f(a) = | g Wy
R

Then by Theorem A (see [5]), 7% # is bounded on LP°(R™). Tt follows from
(2.16) that

b, T)f (z)] < Clbl 4,177 (2 x)].

Hence,
—Biralla 1/po
1, Tl oo ey < ClblL i, ((§ 1772 F@ /)l da) < Cloll 4, 1l ro ).
Rn

By duality, we complete the proof. m
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