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Weyl type theorem for operator matrices
by

XIAOHONG CAO (Xi’an)

Abstract. Using topological uniform descent, we give necessary and sufficient con-
ditions for Browder’s theorem and Weyl’s theorem to hold for an operator A. The two
theorems are liable to fail for 2 x 2 operator matrices. In this paper, we explore how they
survive for 2 x 2 operator matrices on a Hilbert space.

1. Introduction. Throughout this note, let H and K be complex,
separable, infinite-dimensional Hilbert spaces, and let B(H, K) denote the
set of bounded linear operators from H to K; we abbreviate B(H, H) to
B(H).If A € B(H), write N(A) and R(A) for the null space and range of
A; 0(A) for the spectrum of A; o(A) = C\o(A); moo(A) = mo(A) Nisoo(A),
where mp(4) = {A € C: 0 < dimN(A — A\]) < oo} are the eigenvalues
of finite multiplicity. An operator A € B(H) is called upper semi-Fredholm
if it has closed range with finite-dimensional null space; if R(A) has fi-
nite codimension, then A € B(H) is called lower semi-Fredholm. We call
A € B(H) Fredholm if it is both upper and lower semi-Fredholm. If A is
upper or lower semi-Fredholm, then the index of A, ind(A), is defined to be
ind(A) = dim N(A)—dim H/R(A). The ascent of A, asc(A), is the least non-
negative integer n such that N(A") = N(A"*!), and the descent, des(A), is
the least nonnegative integer n such that R(A™) = R(A"!). The operator
A is Weyl if it is Fredholm of index zero, and Browder if it is Fredholm
of finite ascent and descent. The essential spectrum oo(A), Weyl spectrum
ow(A) and Browder spectrum oy,(A) of A are defined by

0e(A) ={A € C: A— A is not Fredholm},
ow(A) ={A € C: A— Al is not Weyl},
op(A) ={A € C: A— X\ is not Browder}.
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Let 0,(A) denote the approximate point spectrum of the operator A € B(H)
and set mg,(A) = mo(A) Nisooa(A). We say that Browder’s theorem holds
for A if

ow(A) = op(A),

Weyl’s theorem holds for A if

o(A)\ ow(A) = meo(A),
and a-Weyl’s theorem holds for A if
0a(A) \ 0ea(A) = m5o(A),

where gea(A) ={A € C: A— X ¢ SF,(H)} and SF (H) = {A € B(H) :
A is upper semi-Fredholm of ind(A) < 0}. Browder’s essential approximate
point spectrum o,p(A) is defined by o, (A) = dea(A)Uacc oa(A). If 04,(A4) =
oea(A), we say that a-Browder’s theorem holds for A. The concept of a-
Weyl’s theorem was introduced by Rakocevié: a-Weyl’s theorem for A =
Weyl’s theorem for A, but the converse is generally false [9].

Sufficient conditions for an operator A € B(H) to satisfy Weyl’s theorem
have recently been considered by a number of authors ([1], [3], [7], e.g.). The
plan of this paper is as follows. In Section 2, we prove our main result and
give necessary and sufficient conditions for Weyl’s theorem and Browder’s
theorem to hold for A. In Section 3, we explore how the two theorems survive
for 2 x 2 operator matrices.

2. Weyl type theorem and topological uniform descent. If
A € B(H), then for each nonnegative integer n, A induces a linear trans-
formation from the vector space R(A™)/R(A™1) to R(A™T1)/R(A™+?). We
will let &, (A) be the dimension of the null space of the induced map and let
k(A) = > 07 kn(A). The following definition describes the classes of oper-
ators we will study. These definitions were introduced by S. Grabiner [5].

DEFINITION 2.1. If there is a nonnegative integer d for which k,(A) =0
for n > d (i.e., the induced maps are isomorphisms for n > d), we say that
A has uniform descent for n > d.

DEFINITION 2.2. Suppose there is a nonnegative integer d such that A
has uniform descent for n > d. If R(A"™) is closed in the operator range
topology of R(A?) for n > d, then we say that A has topological uniform
descent.

It can be shown that if A is upper semi-Fredholm, then A has topological
uniform descent. Let

0-(A) ={A € C: A— A has topological uniform descent}.
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If A has topological uniform descent, then it has the following property
([5, Corollary 4.9]):

LEMMA 2.3. Suppose that A € B(H) and X belongs to the boundary of
the spectrum of A. If A — Al has topological uniform descent, then \ is a
pole of A.

Let
01(A) ={A € C:dim N(A — AI) < co and there exists € > 0 such that
A—plis Weyl if 0 < |u— M| < e},
and let 01(A) = C\ p1(A). Clearly, 01(A) C ow(A).

THEOREM 2.4. Browder’s theorem holds for A < 0;(A) C op(A)Uo1(A),
where o, (A) = C\ op(A).

Proof. Suppose 0,(A) C op(A)Uo1(A). If A=A is Weyl, then A\ € o (A).
Hence \ € g,(A)Uo1(A). Since A ¢ o1(A), it follows that A € g,,(A), which
means that A—AI is Browder. Thus oy (A) = 01,(A), and therefore Browder’s
theorem holds for A.

Conversely, suppose Browder’s theorem holds for A. Let Ao € o-(4). If
Ao & 01(A), then dim N(A — A\oI) < oo and there exists € > 0 such that
A — A is Weyl if 0 < |A — N\g| < e. Since Browder’s theorem holds for A,
it follows that A — AI is Browder. Hence A\g € 9(A) U do(A). Without loss
of generality, we suppose \g € do(A). By Lemma 2.3, )¢ is a pole of A. Let
asc(A—MXgl) = des(A—XoI) = p. Then H = N[(A—XoI)?] ® R[(A— XoI)P].
Using the fact that dim N(A — A\gl) < oo, we infer that A — Aol is Browder.
Therefore A\g € op(A). This proves o,(A) C gp(A)Uo1(A). m

THEOREM 2.5. Weyl’s theorem holds for A < moo(A) C pr(A) C
on(A)Uoi(A).

Proof. Suppose Weyl’s theorem holds for A. Since Weyl’s theorem im-
plies Browder’s theorem, from Theorem 2.4, o-(A) C op(A) U o1(A). Let
Ao € moo(A). Then A — Aol is Browder because Weyl’s theorem holds for A.
Therefore A\g € o,(A). Thus moo(A4) C 0-(A) C op(A) Uoi(A).

For the converse, the condition ¢;(A) C gp(A) U o1(A) implies that
Browder’s theorem holds for A, that is, o(A) \ ow(A) C mo(A). If Ny €
moo(A), then Ao € 0-(4) C op(A) Uoi(A). Since Ay ¢ o1(A), it follows that
Ao € ob(A). Hence A— \o! is Browder, which means that A\g € 0(A)\ ow(A).
Thus o(A) \ ow(A) = meo(A), and so Weyl’s theorem holds for A. m

COROLLARY 2.6. Weyl’s theorem holds for A and A* < [moo(A)Umgo(AY)]
C 0,(A) C au(A) Ui (A).

Let H(A) be the class of all complex-valued functions which are analytic
on a neighborhood of o(A) and are not constant on any component of o(A).
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COROLLARY 2.7. Suppose isoc(A) C 0-(A) C ob(A)Uo1(A). Then:

(1) Weyl’s theorem holds for A and A*.

(2) If f € H(A), then Weyl’s theorem holds for f(A) and f(A)* if and

only if Browder’s theorem holds for f(A).

Let

02(A) ={A € C:dim N(A — AI) < oo and there exists € > 0 such that
A—pl € SFL(H)if0<|p— M| <e},

and let o2(A) = C )\ p2(A). Clearly, 02(A) C 01(A).

COROLLARY 2.8. Suppose isoc(A) C 9-(A) C ob(A) Uoa(A). Then:

(1) Weyl’s theorem holds for A and A*.

(2) a-Weyl’s theorem holds for A.

(3) Weyl’s theorem holds for f(A) and f(A)* for any f € H(A).

(4) a-Weyl’s theorem holds for f(A) for any f € H(A).

Proof. (1) Apply Corollary 2.7.

(2) Since isocg(A) C 0-(A4) C op(A) Uoa(A), it follows that o(A) =
0a(A) and ow(A) = 0ea(A) = op,(A). Weyl’s theorem for A implies that
0(A) \ ow(A) = moo(A). Thus 0,(A) \ 0ea(A) = 75y (A), which means that
a-Weyl’s theorem holds for A.

(3) Let o € o(F(4)) \ o (f(A)) and let

fA) = pol = a(A = MI)™ - (A= M) g(A),
where \; # Aj, a # 0 and g(A) is invertible. Then A — A\;I is Fredholm
and Y8 ind[(A — MI)™] = ind(f(A) — uol) = 0. Hence \; € o,(A) C
ob(A)Uoz(A). Suppose A1, ..., Aj € op(A) and Ajy1,..., A, € 02(A). Using
the definition of g2(A), we deduce that ind(A—X\;I) >0fori=j+1,... k.
Thus

k J k
> ind[(A - ND™] = ind[(A— \D™]+ Y ind[(A— A I)™]
i=1 i=1 i=j+1
k
=0+ > ind[(A—N\I)™] > 0.
i=j+1

This is a contradiction, so \; € g,(A) for all i = 1,..., k. Therefore f(A) —
ol is Browder, which means that o(f(A))\ ow(f(A)) C moo(f(A)). For the
converse, let o € moo(f(A)) and let

f(A) = pol = a(A = MI)" - (A= NI)™g(A),
where A\; # \j, a # 0 and g(A) is invertible. Without loss of generality, we

suppose that \;€c(A), i=1,...,k. Thus \;€isoo(A) and dim N(A—\;I)
< o0. Hence \; € 9-(A) C op(A) Uoa(A) and A\; ¢ 02(A). Then A — \;T
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is Browder. This implies that f(A) — ol is Browder, that is, moo(f(A)) C
o(F(A)) \ 7w (A)). Hence o(f(A)) \ ow(f(A)) = moo(f(A), which means
that Weyl’s theorem holds for f(A).

(4) Since o(A) = 04(A), it follows that oa(f(A)) = f(0a(A)) = f(o(A4))
= o(f(A)). Similar to the proof of (3), we can show that ge,(f(A4)) =
op(f(A)). Since Weyl’s theorem holds for f(A), it follows that oy (f(A)) =
ob(f(A)). Thus dea(f(A)) = ob(f(A)) = ow(f(A)). Now Weyl’s theorem
for f(A) implies that a-Weyl’s theorem also holds for f(A). =

EXAMPLE. Recall that A € B(H) is said to be *-paranormal if
|A*z||* < ||A%z|| ||z|| for all z € H,

and totally x-paranormal if A— A is x-paranormal for every A € C. We have
the following facts:

(1) If A € B(H) is totally #-paranormal, then A — \I has finite ascent
for each A € C.

(2) If A € B(H) is totally *-paranormal, then Hy(A— X)) = N(A— )
for every A € C, where

Ho(A— ) ={z e H: lim ||[(A—X)"z|"" = 0}.

In fact, for each A € C, if v € N[(A—AI)?], then (A* = \I)(A—\I)z = 0.
It follows that (A — AI)z = 0, which means that A — AI has finite ascent for
every A € C.

Since any *-paranormal operator is normaloid, it follows that ||(A—AI)z||
< (A = AI)™z||"/™ for all 2 € H and n € N, and hence Hy(A — \) C
N(A — AI). The converse inclusion is clear.

We next claim that:

(1) If A € B(H) is totally x-paranormal, then Weyl’s theorem hold for
f(A) and f(A)* for every f € H(A).

(2) If A* € B(H) is totally #-paranormal, then a-Weyl’s theorem holds
for f(A) for every f € H(A).

For (1), from Corollary 2.7, we only need to prove that isoo(A) C
0-(A) C op(A) Uoi1(A) and that Browder’s theorem holds for f(A) for
every f € H(A).

Let A\p € isoo(A). Then there are decompositions H = Hyo(A—Xol)® M
and A = Ay & Ag, where (A1) = {Ao} and Ay — Aol is invertible. Since
Hy(A—XoI) = N(A— XoI), it follows that A; — Aol = 0. Thus A — Ao/ has
finite ascent and finite descent, which means that Ag is a pole of A. Hence
Ao € 0-(A). Next, suppose Ag € 9-(A) \ 61(A). Then dim N(A — A\gl) < 00
and there exists ¢ > 0 such that A — A\ is Weyl if 0 < |A — A\g| < e.
Since A — AI has finite ascent, it follows that A — Al is Browder, which
means that Ag is on the boundary of the spectrum of A or A — Aol is
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invertible. Thus A9 € op(A), so we have proved that isoc(A) C p-(A) C
ob(A) Uoi(A). For any f € H(A), suppose f(A) — ol is Weyl and let
f(A) — pol = (A—=XMI)™ - (A = A\I)™g(A), where \; # X\; and g(A)
is invertible. Then A — \;I is Fredholm and has finite ascent for each 7 =
1,...,k. Thus f(A)— ol has finite ascent, which means that f(A) — uol is
Browder. Then oy (f(A)) = o,(f(A)), and hence Browder’s theorem holds
for f(A) for every f € H(A).

For (2), since A* is totally *-paranormal, it follows that 0,(A) = o(A)
and 01(A) = o02(A). We can then prove that isooc(4) C p,(A) C
ob(A) Uoa(A), so a-Weyl’s theorem holds for f(A) for every f € H(A).

3. Weyl type theorem for operator matrices. The study of upper
triangular operator matrices arises naturally from the following fact: if A is
a Hilbert space operator and M is an invariant subspace for A, then A has
the following 2 x 2 upper triangular operator matrix representation:

A:(Z *>:M@M¢—>M@Ml,
*

and one way to study operators is to see them as entries of simpler operators.
The upper triangular operator matrices have been studied by many authors
([6], [8], e.g.). When A € B(H) and B € B(K) are given, we denote by M¢
an operator acting on H @ K of the form

A C
Mc = :
¢ <OB>

where C' € B(K,H). If C =0, let My = (4 ).

Weyl’s theorem may or may not hold for a direct sum of operators for
which Wey!’s theorem holds. In this section, using the new spectrum set oa(+)
and the topological uniform descent, we explore the Weyl type theorem for

2 x 2 operator matrices. We begin with ([2, Lemma 3.1]):

LEMMA 3.1. For a given pair (A, B) of operators, if both A and B have
finite ascent, then for every C' € B(K, H), Mc has finite ascent.

THEOREM 3.2. Let A € B(H) be such that o-(A) C op(A) Uoa(A) and
let B € B(K).

(1) If Browder’s theorem holds for (‘3 %’) for some Cy € B(K, H), then
it holds for (‘3 g) for every C € B(K, H).

(2) If a-Browder’s theorem holds for (’g CL;?) for some Cy € B(K,H),
then it holds for (’3 g) for every C € B(K, H).
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Proof. (1) For any C € B(K,H), if Mc — A\oI is Weyl, from

I I A— Mol
s ()G )
0 B— Xl 0 I 0 I

we know A — Aol is upper semi-Fredholm, B — Ag[ is lower semi-Fredholm
and A — Ao/ is Fredholm if and only if B — Ao/ is Fredholm. Since A — Aol
is upper semi-Fredholm, \g € 0,(A) C op(A) U 02(A). By the definition
of p2(A), we must have ind(A — \gI) > 0, which means that A — A\g[ is
Fredholm. Then B — A\oI is Fredholm and hence ind(M¢, — A\ol) = ind(A —
Xol)+ind(B—Xol) = ind(Mc —XoI) = 0. Therefore Mc, — ol is Weyl. But
since Browder’s theorem holds for M¢,, it follows that Mc, — Ao/ is Browder.
Thus asc(A — A\pI) < oo and des(B — A\gI) < oo. This implies \g ¢ 02(A),
which means that A — Aol is Browder. Since both Mg, — Aol and A — Aol
are Browder and B — Aol is Fredholm, it follows that \g € isoo(B) U o(B),
hence B — Aol is Browder. Thus Ms — Aol is Browder. Now we see that
ow(Mc) = op(M¢), which means that Browder’s theorem holds for M¢ for
every C € B(K, H).

(2) For every C € B(K,H) if Mc — Mol € SF (H ® K), then A — A\l
is upper semi-Fredholm. Thus A\g € ¢-(A) C o1,(A) Uo2(A). From the proof
of (1) we know that A — Ao/ is Fredholm. Theorem 2.1 in [2] tells us that
B — Mol is upper semi-Fredholm and Mg, — Aol € SF(H @ K). Since a-
Browder’s theorem holds for M¢,, it follows that M¢, — Ao/ has finite ascent.
Hence A — A\gI has finite ascent, which means that A — Aol is Browder. Thus
there exists € > 0 such that M¢, — AI is bounded from below and A — A is
invertible if 0 < |\ — A\g| < . This implies that \g € iso0,(B) or B — Ao/ is
bounded from below. But since B — Aol is upper semi-Fredholm, it has finite
ascent ([4, Theorem 11]). Then M¢— Aol has finite ascent, which means that
Ao & 0ap(Me). Thus 0ea(Me) = oap(Me) and hence a-Browder’s theorem
holds for M¢ for every C € B(K,H).

COROLLARY 3.3. If 0-(A) C op(A) Uoa(A), then for every B € B(K)
and C € B(K,H):

(1) If Browder’s theorem holds for (‘3 g), then it also does for (6‘ g)

(2) If a-Browder’s theorem holds for (13 g), then it also does for (6‘ g)

REMARK. The implications of Theorem 3.2 may fail for Weyl’s theorem
and a-Weyl’s theorem. To see this, let A, B,C € B({3) be defined by
A($1, x2,3, .. ) = (07 xy, Oa %ZL‘% 07 %3}‘3, s )a
B(l‘l, 9, T3, .. ) = (O, T2, 0, T4y - .),

C(x1,x9,x3,...) = (21,0,0,0,25,0, 27, - ).
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Then o2(A) = 0, thus o, (A) C pp(A)Uoa(A) = o(A). Also a straightforward
calculation shows that

U(A 0):%<A 0):0<A C’):{O,l}:%(A c>7
0 B 0 B 0 B 0 B
UW(A o>:%a(A 0>ZUW<A C>:Uea<A c>:{071}7
0 B 0 B 0 B 0 B
A0N_ (A0,
m’o(o B)”‘”(o B>_’

o} $)-r(1 5)-m

which implies that Weyl’s theorem and a-Weyl’s theorem hold for (

but fail for (g g)

We now have:
THEOREM 3.4. Let A € B(H) be such that isooc(A) C pr(A4) C
ob(A) Uoa(A) and B € B(K).

(1) If Weyl’s theorem holds for (6‘ %)) for some Cy € B(K, H), then it
holds for (3 g) for every C € B(K,H).

(2) If a-Weyl’s theorem holds for (’3 %0) for some Cy € B(K, H), then
it holds for (3 g) for every C € B(K, H).

Proof. The same argument as in the proof of Theorem 3.2 gives o(M¢) \
ow(Mc) C moo(Mc) and o,(Mc) \ 0ea(Mc) C 7§o(Mc). For the reverse
inclusion, first suppose Ao € moo(M¢). Then 0 < dim N(M¢c — Aol) < o0
and there exists ¢ > 0 such that Mc — AT is invertible if 0 < [A — )| < e.
It follows that A — Al is bounded from below and B — A is surjective if
0 < |A—X| <e. Then X € 9,(A) C op(A) Uoa(A) and A ¢ o2(A). Thus
A — M\ is Browder and hence A — \I is invertible because A — AI is injective.
This implies B — A is also invertible. Hence Ag € iso o (M, ). We will show
that 0 < dim N(M¢, — Aol) < oo. First of all observe that there is a general
inclusion

N(Mg — MI) € (A= XI)HCN(B — \I)] @ N(B — \oI),

which forces N(A — A\gl) & N(B — A\o!) to be nontrivial because otherwise
N(M¢c — AoI) would be trivial, a contradiction. Now we must show that
N(A—=XoI)®N(B—\ol) is finite-dimensional. But since N(A—XgI)®{0} C
N(Mc — Mol), it follows that dim N(A — A\pI) < oo. Thus we only need
to prove that dim N(B — A\oI) < oo. Suppose otherwise. Without loss of

while

o B
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generality, suppose A\g € o(A). Then g € isoo(A4) C 0-(A4) C op(A)Uo2(A)
and \g ¢ 02(A), which means that A — Aol is Browder. Now there are two
cases to consider.

Suppose that CN(B — A\oI) is finite-dimensional. Then N(C') must con-
tain an orthonormal sequence {y;} in N(B — A\I). But then (i) €
N(Me—Xol), which implies that N (M¢c—AoI) is infinite-dimensional, a con-
tradiction.

Suppose CN (B — A\o!) is infinite-dimensional. Since A — Ao/ is Browder,
R(A — XoI)* is finite-dimensional. Therefore ON (B — \oI) N R(A — M\oI)
is infinite-dimensional. Thus we can find an orthonormal sequence {y;}
in N(B — AolI) for which there exists a sequence {x;} in H such that
(A= Xol)z; = Cy; for each i = 1,2,.... Then (_xéz) € N(M¢ — A\oI), which
implies that N (Mg — Aol) is infinite-dimensional, a contradiction again.

From the preceding proof, we know that 0 <dim[N(A—XoI) DN (B—XoI)]
< 00. The fact that N(Mcg, —AoI) C(A—=XoI) L [CN(B —MoI)] & N(B—Xol)
implies that dim N (Mg, —ol) < oco. If N(M¢,—MoI)={0}, then N(A—XoI)
= {0}, which means that A — Ao/ is invertible. Thus 0 < dim N (B — AoI)
< o0o. Let yo € N(B — A\ol) and yo # 0. There exists g € H such that
(A — XI)xg = Coyo, because R(A — \oI) is surjective. Then (_x;}o) €
N(M¢c, —Xol), a contradiction. Hense \g € moo(Mcy, ). Since Weyl’s theorem
holds for M¢,, it follows that M¢, — Aol is Browder. As A — Ao is Browder,
so is B — A\ol. Hence M¢ — Aol is Browder. Thus A\ € o(M¢) \ ow(M¢), so
o(M¢c) \ ow(Mc) = moo(Mc), and hence Weyl’s theorem holds for M¢ for
each C € B(K,H).

If Ay € m§y(Mc), then 0 < dim N(Mc — Agl) < oo and there exists e > 0
such that Mc — AT is bounded from below if 0 < |A — A\g| < &. Then A — I
is bounded from below. Similarly to the preceding proof, we can show that
Ao € isoo,(Mc,) and A — Ao is Browder. Thus A\g € 7§y (Mc, ). In a similar
way, we deduce that a-Weyl’s theorem holds for M¢ for any C' € B(K,H). =

The example in the Remark before Theorem 3.4 tells us that the condi-
tion iso 0 (A) C p,(A) is essential in Theorem 3.4.

COROLLARY 3.5. If isoo(A) C p-(A) C op(A) Uoza(A) and isoo(B) C
0-(B) C on(B) Uoa(B), then for every C € B(K, H), Weyl’s theorem and
a-Weyl’s theorem hold for f(Mc) for every f € H(Mc).

Proof. Suppose f(M¢)—ul is Weyl and let f(Mc)—pul = (Mo — X 1)™
(Mo — N I)™g(Mc), where \; # X\; and g(Mc) is invertible. Then
Zle ind[(M¢c — \I)™] = 0 and Me — NI is Fredholm. This implies that
both A—\;I and B—\;I are also Fredholm. Thus \; € o-(A) C o,(A4)Uo2(A)
and \; € 0,-(B) C op(B)Uo2(B), so ind(A—\I) > 0 and ind(B — \;I) > 0.
Therefore ind(Mc — A1) >0 for every ¢ = 1,...,k, which implies that
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ind(M¢c — \iI) = 0 because Zle ind[(Mc — AiI)™] = 0. In this case, we
must have \; € op(A4) N op(B). Thus Mc — A1 is Browder, and hence so is
f(M¢) — pl, which means that o(f(M¢)) \ ow(f(Mc)) C moo(f(M¢)). For
the converse, let u € moo(f(M¢)) and

f(Mc) —pI = (Mg — M I)™ - (Mc = M d)"™ g(Mc),

where \; # \; and g(Mc) is invertible. Without loss of generality, we sup-
pose \; € isoo(M¢). Then \; € isoo(A) U p(A), \; € isoo(B) U o(B) and
both dim N(A — A\;I) < oo and dim N(B — A\;I) < oco. Using the assump-
tion, we deduce that both A — \;1 and B — \;I are Browder and hence so
is Mc — NI. This implies that f(M¢) — pl is Browder, so moo(f(M¢)) C
o(f(Mc))\ow(f(Mc)). Therefore Weyl’s theorem holds for f(M¢) for every
f € H(Mc). For a-Weyl’s theorem, the proof is similar. =

ExXAMPLE. Let A, B € B(f2) be defined by

A(l’l,l'g,l’g, .. ) = (:L‘Q,IL‘4,{L‘6, .. .),
B(a:l,.%'g,m'g, .. ) = (0,%1,0,332,0,1‘3,0, .. )

Then isoo(A) = 0 and o2(A) = 0(A). Thus we have isoc(A) C o,(A) C
Qb(A) @) UQ(A) =C.
Using a straightforward calculation, we find that

<A 0) (A 0) (A 0)
o = 0w = oy =D,
0 B 0 B 0 B
(A O) (A ()> <A O)
Oa, = Oea = Oab =D,
0 B 0 B 0 B

Thus both Weyl’s theorem and a-Weyl’s theorem hold for (6‘ g).
From Theorem 3.4, for each C' € B({s,(3), Weyl’s theorem and a-Weyl’s

theorem hold for Mc.
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