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Abstract. Let f be a measurable function defined on R. For each n € Z we consider
2’"/
the average Ap f(x) =27" SiJr f. The square function is defined as

oo

Sf(x) = ( >

n=—oo

1/2
|[An f(z) — An_lf(x)ﬁ) .

The local version of this operator, namely the operator

0 1/2
s1f@ = (3 1Anf@) - Aaf@F)
n=—oo

is of interest in ergodic theory and it has been extensively studied. In particular it has
been proved [3] that it is of weak type (1,1), maps L? into itself (p > 1) and L*® into
BMO. We prove that the operator S not only maps L°° into BMO but it also maps BMO
into BMO. We also prove that the L” boundedness still holds if one replaces Lebesgue
measure by a measure of the form w(z)dz if, and only if, the weight w belongs to the A;{
class introduced by E. Sawyer [8]. Finally we prove that the one-sided Hardy-Littlewood
maximal function maps BMO into itself.

Introduction. Let f be a measurable function defined on R. For each
n € Z define the operator A,, by

x+2n

| ) dy.

x

1

It is a classical problem to study the different kinds of convergence of the
sequence {A,, f}, when the function f belongs to LP(R, dx), p being in the
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range 1 < p < 0o. A method of measuring the speed of convergence of this
sequence is to analyze the boundedness of the square function

o 1/2
(0.1) S = (2 1Anf(@) = Au i f(@)2)
Recently, among other operators, the local version of this operator, namely
the operator

0 1/2
(0:2) Sif@) = (3 14nf(@) = Au 1 f(2)2)
has been studied in [3] and [4]. It has been proved that S; maps LP(R, dx)
into itself for each p in the range 1 < p < oo and that S is of weak type
(1,1), that is,
C
{z: Sf@) > M < V1)l dy,

A
R

where as usual we denote by |E| the Lebesgue measure of a set £ C R.

The aim of this note is to characterize the weights w (almost everywhere
positive measurable functions) such that either, for each p in the range
1 < p < o0, the operator S maps LP(R,w(z)dx) into itself, or the following
weak type (1,1) inequality is satisfied:

(0.3) w{x:Sf(z) > A}) <

> Q

VIfF@)lw(y) dy,

R
where C is a positive constant.

In our opinion, the natural way of proving weighted results for this op-
erator is to use the theory of vector-valued singular integrals. Therefore it
would seem that the right class of weights were the A, classes of Mucken-
houpt, but this would overlook the fact that the operator S is one-sided,
ie. Sf(x) = S(f(*)X(z,00)(-))(x); clearly A, is not a necessary condition.
For one-sided operators the natural classes are the A;r classes introduced
by E. Sawyer [8] (see (2.1) and (2.2) in Section 2 for the corresponding
definitions). In fact we shall prove the following result.

THEOREM A. Given p in the range 1 < p < oo, and a weight w, the
following are equivalent:

(i) There exists a constant C), such that

(0.4 (@(f s S7(@) > AP < S 1 fllooe ot
(i) w € Af.

Moreover, in the case 1 < p < oo they are also equivalent to the following
statement:
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(iii) There exists a constant C, such that
(05) ||SfHLP(R,w(:E)dm) < CPHfHLP(R,w(r)d:r)-

In order to prove this theorem we shall introduce a one-sided vector-
valued Calderén—Zygmund operator U (see Definition 1.1). We believe that
our main contribution is a careful geometric analysis of the kernel of the
operator U (see Lemma 1.2 and also (1.4)) that allows us to show that
the kernel satisfies some one-sided Hérmander type conditions (see Defini-
tion 1.5). Conditions of this type suggest in general boundedness from L>°
into BMO; however, the following example seems to forbid such a result.

EXAMPLE. [f f = ZZO:O X[4n,2.47] = 220 X [22%,22i+1], then Sf(x) = o0
for every x.

Proof. We shall see that Sf(0) = oo; if x # 0 one can prove Sf(z) =
oo in the same way. If j = 2k + 1 then A, f(0) = (1/2j)2f:0 4%, while
Aj11£(0) = 54;£(0). Tt follows that |Agkyof(0) = Azpy1(0)] = 5 Aak11f(0)
> 1 and so Sf(0) =oco. m

In fact as a byproduct of our study we shall obtain the following di-
chotomy results that we believe are of independent interest.

THEOREM B. (a) Given a function f in L>®(R), either Sf(x) = oo for
a.e. x or Sf(x) < oo for a.e. . Moreover in the second case Sf € BMO
and there exists a constant C' such that ||Sf||smom) < C||fllLee(r)-

(b) Given a function f in BMO(R), either Sf(x) = oo for a.e. x or
Sf(x) < oo for a.e. x. Moreover in the second case Sf € BMO and there
exists a constant C such that ||Sf||smom) < C|fllBmow)-

We believe that the geometric analysis developed for the study of the
square function can be of interest for other one-sided operators. In partic-
ular we apply these ideas to study the behaviour of the one-sided Hardy—
Littlewood maximal operator acting on functions that belong to the BMO
class, and again we get a dichotomy result of the type of Theorem B (see
Theorem 3.10).

The organization of the paper is as follows. In Section 1 we develop the
adapted one-sided Calderén—Zygmund theory that we need and as a quick
consequence we prove Theorem B. Section 2 is devoted to the study of
weighted inequalities, and in particular to the proof of Theorem A. Finally
in Section 3 we analyze the one-sided Hardy—Littlewood maximal operator.
We end this introduction with some notation. Given a measurable set F and
a weight w, w(E) will represent the integral of w on E. If I is an interval
and f a locally integrable function, we will denote by f; the average of f

on I, ie. fr=(1//1))§, f.
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1. Vector-valued analysis. Boundedness on BMO and L,

DEFINITION 1.1. Given a locally integrable function f we define the
sequence-valued operator U as follows:

Uf(z) ={Anf(z) = An—1f(2)}n
= {Hi (2% X(~2n0)( —y) = in_l X(~2n-1,0)(2 = y))f(y) dy}n

=K@ -9y dy,
R

where K is the sequence-valued function

1 1
K(z) = {2—n X(an,o)(iﬁ) T on—1 X(—zn—l,o)(a?)} .

Observe that |U f(z)||;2 = Sf(z). Although the operator U is defined in
terms of averages with nonsmooth kernels it satisfies a one-sided smoothness
condition, which will play the role of the Hérmander condition in the classical
theory of singular integrals.

LEMMA 1.2. Given g € R and i € Z, consider x and y in R such
that o < © < 29+ 2" and 20 + 20 < y < xo + 2 with j > i. Let
Xn(Y) = X(—20,0)(¥). Then xn(z—y) — xn(zo —y) = 0 unless n = j in which
case X;j(z —y) = Xj(T0 = Y) = X(zo 421 2 +2)(Y)-

Proof. Tt is clear that xn(r —y) = X(z,2+427)(y). Now if n < i then
T4+2" < x—x0+20+2° < 39 +21 < 20+27 < y. Therefore x,(x—y) = 0.
Obviously the same holds for x,(zo —y). If i < n < j then z + 2" <
20+2'+2" <wo+2-2" <20+ 27, and xu(x —y) = xn(zo —y) = 0.
If n > j then o + 2" > z9 + 2" > x¢ + 27! > 3, and since y > = >
xo we have xn(x —y) — xn(zo —y) = 1 —1 = 0. Finally if n = j then
X5 (%0 —¥) = X(z0,20+2)(y) = 0, while X;(x—y) = X(2,2+24)(y) = 1 whenever
ro+2 <y<z+2.m

LEMMA 1.3 (Smoothness condition). Assume xg,z,y are as in the pre-
ceding lemma. Let K be the vector-valued kernel that appears in Defini-
tion 1.1. Then

V2
(1.4) 15 (z —y) = K(@o = y)llee = 55 X(wo+27 0429 (y)-

Proof. We have

1K (z —y) = K(zo —y)ll7a = Y

n

1 1
- (2—n Xn(To —y) — on—1 Xn—1(To — y))

1

1
on Xn(T —y) — on—1 Xn—1(z —y)

2
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1 1
= ; 27Xn($—y)—2—n><n(33o—y)
2
1 1
- <2n—1 Xn—1(T —y) — on—1 Xn—1(T0 — y))
1 1 2 1 2
= 2|55 X3(@ = ¥) = 55 X3(20 = Y)| = 2|55 X(wo+27,wr20) ()| - m

It follows from (1.4) that the kernel K does not satisfy the “gradient”
condition

1K (z — y) = K (20 = y)llez < Cla — 20)(y — z0) >

whenever y — xg > 2(x — x0). Nevertheless (1.4) will allow us to prove some
kind of condition that implies Hérmander’s.

Parallel to [7] we give the following

DEFINITION 1.5. We say that the kernel K satisfies one-sided condition
D,, for 1 <r < oo, and write K € D,., if there exists a sequence {¢;}7°, of
positive numbers such that ), ¢; < oo and for any [ > 2 and = > 0,

- 1/r 71/T/
(§ IK@-y) - Kplidy) "~ < alsi@) ™",
Si(z)

where Sj(z) = (2!x, 2!+ 12).

It is easy to see that Dy, C D, C Dy for 1 < r < s, where K € D means
the following Hormander’s type condition:

V IK@—y) - K(-ylledy<C
{y>4z}
where C' is a positive constant.

THEOREM 1.6. The kernel K introduced in Definition 1.1 satisfies D,
for any r > 1 with ¢; = C274",

Proof. Given z, choose an integer i such that 2°~1 < 2 < 2¢. Lemma 1.3
and Holder’s inequality give us
2ltly

(§ IK@=y) - K=yl dy)

2ly

1/r

2l+i

<(F IK@-m-KCwlndy)

ol+i—1
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2l+i+1

1/r
(1 IK@=y) — K(-y)ll dy)
2l+i
2i/r —l/r —1/7'
S22l+i =C2 ’SZ(IL’)‘ . n

Since we have Hormander’s condition and it is easy to check that the
Fourier transform of the kernel of our vector-valued operator U is bounded
we deduce that the operator S is bounded on LP, p > 1, and satisfies a
weak type (1,1) inequality. Now we shall use our smoothness condition in
order to study the pointwise size of the operator. We start with the following
technical lemma.

LEMMA 1.7. Let f be a locally integrable function such that S f(z¢) < oo
for some xg € R. Then S(f(-)X[z,00)(+))(z0) < 00 for any x > xq.

Proof. Let i be an integer such that 2° < x — 2o < 2+, consider g =
IX(2,00) and Z = Sio f.If j <1, then Ajg(xo) = 0. If j > ¢ then

1 z0+2j 1 wo+2j 1 x 1
Ajg(on):E S 9=75; S f—gSf:Ajf(fﬁo)—EI-
xo xo o

Therefore
2\ 1/2
Sg(wo) = (D 1459(w0) = A;19(z0)|?)
J

1/2

- ‘Aiﬂf(fUO) B QSTI‘ * ( Z | A f (o) — Aj—lf(m)‘Q)

G>it+2
+ ( >

2\ 1/2
) 1
§>it2

J>it2

1 1
2i—1  2j

11
2i-1 27

2 1/2
) 7

PROPOSITION 1.8. Let f € L*(R) and let z¢ be such that Sf(xg) < co.
Then Sf(z) < oo for almost all x > xg.

< 0o0. m

Proof. We shall prove that the ¢?-valued operator U defined in 1.1 sat-
isfies | U f(z)]|;z < oo for almost every x > z(. Consider the interval Iy =
(xo,xo + 4(x — x0)). Let f1 = fx1, and fo = f — fi. Since the operator S
is bounded on L2, we have ||U f1(y)||¢z = Sfi(y) < oo. On the other hand,
by using the one-sided nature of S and the last Lemma 1.7, we deduce that
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for x > =z,

U f2(x0) ez = Sf2(w0) = S(f(*)X(xo+4(z—20),00) (")) (T0) < 00.

Therefore it is enough to prove that ||U fa(x) — U fa(xo)||z < co. By using
again the one-sided nature and condition D, with r = 1, we obtain

1Ufa@) = Ufalao)lee = | | (K@ =) = K(@o—9)f )
zo+4(x—x0)
< § K@=y = K@o—yllelf)ldy < Clflw. =
zo+4(x—x0)

PROPOSITION 1.9. Let f € L®(R) and let xg be such that S f(xg) < oo
Then Sf(y) < oo for almost all y < xq.

Proof. Following the proof of the last proposition, we shall see that
WU f(y)]lez < oo for almost every y < xg. Given y < zo. Set Iy = (y,y +
(w0 —y)), fr = fx1, and fo = f — f1. Again |U f1(y)|lez = Sf1(y) < oo for
almost every ¥, because S is bounded on L2. On the other hand, by using
the one-sided nature of S and Lemma 1.7 (observe that y 4+ 4(zg —y) > o),
we see that for y < zo,

|U fa(zo)llez = Sfa(z0) = S(f()X(y+a(zo—y),00) () (T0) < 00.

Therefore it is enough to prove that ||U f2(y) — U fa(zo)|le2 < co. Now the
proof ends as in the last proposition. m

We have proved that for an L°° function f, Sf is either infinite a.e. or
finite a.e. The same result can be proved, with minor modifications, for BMO
functions. Therefore in order to prove Theorem B we need to prove that for
functions f in L*° (respectively in BMO) with Sf finite almost everywhere,
the function S'f is in BMO, and the BMO norm of Sf is controlled by the
L®° norm (respectively the BMO norm) of f. We shall give only the proof
in the case f € BMO. The case f € L is easier and we leave the details to
the reader. We start with a technical lemma.

LEMMA 1.10. Let C be a positive constant and let I; and I be two
intervals such that if J is the smallest interval that contains both then |J| <
C|I;|, i = 1,2. Then given a function f € BMO we have

|fr, — fr.] <2C|f|lBMmo-
Proof. Tt is clear that |f;, — fr,| < |fr, — fs| + |f7 — fr,|- Now

= fal < ,J|§|f 111 < Cllfllsmo-

The other term is handled in the same way. m
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COROLLARY 1.11. Let f be a BMO function, zo € R, h > 0, ¢ an integer
such that 2° < h < 2771 j any integer greater than i, and I = (xg,z9 + h).
Then A

g ot 1/2
(5 § 1w -skaw)” <ct-itDlfmo.
xo+27

Proof. For any integer [ between ¢ and j we denote by I; the interval
(g + 2!, 29 + 2!T1). Then

1 xo429+1 1/2 1 zo+271! 1/2
(5 § o-aka) <(5 § 150)-5Pay)

20 21
xo+27 xo+27
J

+ Z (|fIl - fll71| + |fL.'+1 - f1|)

l=i+1
By John—Nirenberg,

1 xo427+1 1/2
(5 § 10— sPay)  <Clflavo.
xo+27
and by the preceding lemma, each of the other terms is dominated by
4 fllBmo- =
THEOREM 1.12. Let f be a BMO function such that Sf(x) < oo a.e.
Then Sf € BMO and there exists C' so that

IS fllBMmo < C| fllBmo-

Proof. Fix xo and h > 0. Consider the interval I = (xg, 2o + h) and the
average fr = (1/h)§, f. Since Sf(x) is finite a.e., it is enough to prove that
there exists a positive constant C so that

1 xo+h

=V I8F(@) = S(UFC) = F)XGotsno0) () (o) dz < O f[Br0-
We define fi = (f — f1)X(zo,z04+8h) a0d fo = (f — fI)X(zo+8h,00); then
f = fi+ fo+ f1- By using the linear operator U defined in 1.1, we have

1 xo+h 1 zo+h
=V 18f@) = Shawo) dz =+ | [|Uf(@)lle2 = |U fa(o)llez | da
i 1 woih
<+ | IWUf@) = Utfa(o) e do
1 a;oJOrh

=— | WUA@) +Ufa(z) = Ufa(xo)| e da

Zo
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xo+h
V IUA(@)]e2 dee

To
1 I0+h
+3 S U f2(x) — U fa(wo)|le2 du
o
= By + Bs.
The boundedness of S in L? and the John-Nirenberg inequality imply that

| woth 1/2 1/2
ms (i §isar)<c(Gline)

Zo

SIS

1a:0+8h 1/2
(3 | 1r-£P) " <Clflovo.

Zo

For B, we just observe that if 7 is an integer such that 2° < h < 2!, then
using our smoothness condition and Corollary 1.11 we have

By< | I(K(z—y) = K(zo =) (f(y) = f1)lle> dy
I0+8h
) z0+2j+1

< (] IK@-9-K@-nlEd)"

J=i4+3  xo427

1 zo+27T /2
X (* | \f(y)—lezdy) 27/

239
xXo +2j

<C Z 21/2(j 2j/2||f||BMO < C|fllsmo- =
Jj=1+3

2. Weights for the operator S. We recall that the A; classes were
introduced by E. Sawyer [8] in the study of the one-sided Hardy-Littlewood
maximal operators

z+h T

Mt f(@)=sup | |fl, M f(z)=suwp | |f].

h>0 3 h>0 ",

He proved the following.
THEOREM. If p > 1 then the inequality
| M f(a)Pw(z) de < C | f()Pw(z) da
R R
holds for all f € LP(w) if and only if w satisfies the following condition:
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(Af)  There exists C such that for any three points a < b < c,

e (Jo) " ()" <ce-w G =m)
a b

If p =1 then the weak type inequality
| w < — || f(2)lw(z)de

{z: M+ f(z)>X}
holds for all f € L*(w) if and only if
(AT)  There exists C such that for almost every z,
(2.2) M~ w(x) < Cw(z).

> Q

REMARK 2.3. It is known (see [6]) that condition A is equivalent to

the following condition, called ﬁ;;

b—h b+h p1
S w( S wlfp) < ChP.
b—2h b

Analogously in the case p = 1, condition Af is equivalent to the following
condition: there exists C, which depends on the constant in (2.2), so that
for almost every b, if I = (a,b) then

\w < ClIlinf{w(x) : z € (b,2b— a)}.
I

Of course there are similar results for the operator M~ reversing the
orientation of R. Since it is easy to see that any increasing function satisfies
A7, it is obvious that the A;; classes are different from the Muckenhoupt
A, classes. It also follows that the A; weights do not satisfy the doubling
condition nor the reverse Holder inequality. Nevertheless there are nice sub-
stitutes for the doubling condition and the reverse Holder inequality. Sawyer
8] proves that if w € AT, then w” € Al for some r > 1, and that w € A;
for some p > 1 implies w € A for some 1 < s < p. On the other hand it is
easy to see that any A;L weight w satisfies the following one-sided doubling
condition:

There exists C such that if [ = (a,b) and IT = (b,c) withb—a=c—b
then §,w < C§ . w, which is clearly equivalent to §, . w < C§, w for
some constant C.

In this section we shall prove Theorem A. The result does not follow
from [1] because although our operator can be considered as a one-sided
(vector-valued) singular integral, it does not satisfy the gradient condition
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nor the cancellation conditions assumed in that article. Our main tool will
be the following extrapolation theorem of Macias and Riveros [5]:

THEOREM (Extrapolation). Let T be a sublinear operator with the fol-
lowing property: For every w such that w=! € A there exists a constant
C(w), which may depend on w, such that

1 z+h 1 z+2h +
luxi-nale g ) (A0 =3 § 1771) dy < Cllfule
T z+h

for every h >0,z € R. Let 1 < p < o0 andeA;. Then
YT fPw < O fPw
provided the left hand side is finite.
Here is the estimate we get for the operator S.

THEOREM 2.4. Assume that w is such that w=' € A . Then there exists
a constant C(w), which may depend on w, such that for every h > 0 and
xo € R,

1 1’0+h
[wXtzo-naolloe 3§ 1SF(@) = S(Fx(otsno) (@) dz < Clw)]| fv]loc-

o

Proof. Given a function f we define f1 = fX(a0,20+8h)> J2 = [X(z0+8h,00)-
Then by using the linear operator introduced in Definition 1.1, we have

zo+h xo+h

oV 185@) - Sha@ldr =3 § U@~ 1Ufw0) o] do
" 1 w:ih
<+ § WUS@) ~ Uhs(ao)le do
1 a;:JOrh
=5 IS 1U f1(2)]e2 da
1 xzo+h
+5 ) UR() = Ufa(wo)lle dx
= B; + Bs.

We choose t > 1 sufficiently close to 1 such that:
(i) (w )" € A,
(ii) there exists s in the range 2 < s < oo such that 1/2+1/s+ 1/t = 1.
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Observe that in this case 1/s + 1/t = 1/2. Then as the operator S is
bounded in LP(R) for every p in the range 1 < p < oo, we have

| woth 1/t | woth 1/t
me(p ) wm@ia) = (G 1sar)

Zo

1 xo+8h l/t
t
SC(E S |f] dﬂf)

o

Zo

zo+8h
1 %o

<clput(2T wyar)”

Zo

Since w™* € A7 we have

1x0+8h 1/t
(e o B < e 0xegmnnn I (5§ 7)<

xo

In order to bound Bs, we consider an integer i such that 2! < h < 2¢+1,
If we use Holder’s inequality and our smoothness condition, we get

1U f2(x) = U fa(@o)lle2

oo

< S K (z —y) — K(zo — y)llez] f(y)| dy
xo+8h

[e%e] x0+2j+1

S (O IK@-y-K@o-ylEd)

IN

:E0+2j+1 x0+2j+1

1/t 1/s
() w) (T )
xo+27 xo+27
. w2 1/t
< Clfulee > 272279200 § W)
j>i+3 o

Therefore as ¢ was chosen in such a way that w™* € A7 and 1/s+1/t =1/2,
we have

10X (wo—hoao)llse B2 < Cllfwlloe Y 2/227727/529/1
7j>1+3
<Cllfwlee D 27227972 < C||fwloc. m
J>1+3

In order to check that the hypotheses of the extrapolation theorem are
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satisfied, we just look at the following inequalities:

1 z+h 1 z+2h + 1 z+h
PV (st - §sr) ars g 1 ISH0) - SUxessna) ] d
fd z+h T
’ 1 z+2h
0§ ISF@) = S(X(@sne) (@) dy
z+h
z+2h

<Cp | ISFW) ~ S Xesn o) @)l dy.

xT

Therefore S maps LP(w) into itself if w € A; , provided p > 1.
For the case p = 1 we obtain weak type. The proof will use the following
lemma:

LEMMA 2.5. Let a be a function supported on I = (x*,x* + h) such that
SI a(y)dy = 0. For any w € A there exists C depending only on w so that

| Sa)w(y)dy < Cla(y)|w(y) dy.
y<x*—2h I
Proof. It is enough to prove the following

CLAIM. Let a be a function supported on I = (x*,z* + 2°) such that
SI a(y)dy = 0. For any w € A there exists C depending only on w so that

\ Sam)w(y)dy < C\lay)|w(y) dy.
y<wz*—2° I

Observe that if the claim is true, given h we choose i such that 2¢=1 <
h < 2% then Sy<w*721 a(y)dy =0 and {y < z* —2h} C {y < 2* — 2'}.

Now we shall prove the claim. For k = 0,1,2... let , = z* —2***. Then

| Sauwdy=Y" | Sauly)dy.
y<x*—21 k=1 xp

Now if x € I, = [z, xk—1] and j > k + ¢ then

z+27 z+27

Aoy = o> | a)dy =5 | a)dy=5; fal)dy =0,
I

T x*

because x + 29 > x* — 2kFi L okFiHL > px 4 91 But if j < k 4 4 then
x+2) < g*—2kFiml 4 oktiml < a* and again Aja(z) = 0. If j = k+ i and
zp+20 < xthen x+27 > g* — 2k 420 4 9k+1 = 2* 4 21 and A;(z) = 0. In

other words, on each Iy, Sf is zero except on the subinterval (x,zp + 2i),
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and on that interval it is less than or equal to (C/2%77) {|a(y)| dy. Now

oo 1 rr+2°
S Sa(y)w(y)dy < C Z okt S w(y)S la(z)| dz dy.
y<x*—21 k=1 T I

If, for each k, we use the fact that w" € Af for some r > 1, we may write

:Ek-‘rQi :Ek-‘rQi 1/7“ ,
| w)fla:)ldzdy < (] w)rdy) 2 la(z)]dz
Tk I Tk I

v yr o
< (Jwdy) " 27 la(z)| a2
Tk
< €220 |a(2) |w(z) dz,
I
where the constant C' depends only on w. If we sum over k we have

| Say)w(y)dy < ZC - 2D/ 91/ a(y) w(y) dy

y<x*—2¢ 1

< Clla(y)lw(y) dy. =

THEOREM 2.6. Let w € Af. Then there exists C, depending only on w,
so that for any X > 0,

| w@da< §S|f(:c)|w(x) dz.
{z:Sf(z)>A}
Proof. Let Oy = {x: M" f(x) > A}. It is well known [8] that if I; are the

connected components of Oy, then A = (1/|L]) §, f = f1,. We decompose f
as

f=Ixeon + D frxn + > (F = fr)xu.

As usual fxr\o0, +2_ f1,xz, Will be denoted by g, and > (f — fr,)x1, = >_ b
by b. Observe that each b; has support on I; and average zero. Now,

Vgwlww)dy < | |f@)lw(y)dy+ Y w(l

R R\O»
= | @) dy+ 2> wl) = | [f@)lw(y)dy+ M w(O.)
R\Ox R\Ox
<C\|flw,

because the operator M f is of weak type (1,1) with respect to w.
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For each interval I = (b,c), denote by 2I the interval (b — 2¢,c). We
also denote by O » the union of all the intervals 21;, I; being the connected
components of Oy. The one-sided doubling property of the weight (see the
comments at the beginning of Section 2) gives

w(0x) = w(|J21) < Cu(0x) < § {10 uwly) v

Observe that
w{z: Sf(z) > A} <w{z: Sg(z) > A/2} + w(0y)
+ w{z & Oy : Sh(z) > \/2}.
The second term is already known to be bounded by (C/X) §|f(z)|w(z) dz.

Since S is a bounded operator in L?(w), and condition A} implies condition
Al for any p > 1, we have

wla : So(a) > M2} < 3§ (Salw)Pwly) dy < 5 {lo) Pu(y) dy

< S Vol dy < S S ) () d.

In the last two inequalities we have used |g| < X and {[glw < Cf|f|w.
Finally for the third term by using the preceding lemma and the one-sided
nature of the operator .S, we have

w{z & Oy : Sb(z) > \/2} < % | Sh@)w(z)da
R\Ox

g%z S Sb;(x)w(z) dx

i R\2L;
<>\ bi(@)|w() da.
i I
But since the I;’s are disjoint and b(z) = b;(z) on each I;, the last term is
bounded by

VIb(@)|w (@) de = {|f(z) - g(2)|w(z) dz < C||f(2)|w(z) dz. =
Now we shall prove the converses of the last theorems.

THEOREM 2.7. Assume that for some p > 1 there exists a constant Cp,
so that ”
et p
| w< <P VIF[Pw.
{z:Sf(z)>A}
Then w satisfies condition Az‘f, and the constant in the condition depends
only on the constant C,,.
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Proof. We shall prove that the weight w satisfies condition A;j (see Re-
mark 2.3). Let p > 1. Let i be an integer such that 2¢ < h < 2i*1. Let
f=w"" X4 pin. Iz € (b—2hb—h) then A;f(z) =0 and A;3f(zx) =
(1/2i+3) S?h w' =P If we choose A = (1/2i13) S:HL w'™?", we have

A=Aigsf(r) < [Aipsf(2) — Ao f(@)] + [Aipa f(2) — Aipr f(2)]
+ |Aip1 f(2) — Aif ()]

< CSf(x).
This means that (b —2h,b—h) C {z : Sf(x) > A}, and then
b—h b+h Nip
S wgChp< S wl_p> ,
b—2h b

which is ﬁ; . We have thus proved that for p > 1 the operator S is bounded
on LP(w) if and only if w satisfies A;f. If p = 1 and b is a Lebesgue point
for w, we consider the interval (b,b+ 2) and f = X(p,p4n), where h < 20,
It is clear that if x € (b — 271 b — 2%) then A, f(z) = 0, while A;;2f(z) =
(1/2i+2)h. Tt follows that Sf(z) > Ch/2%, and so (b — 21Tt b —2%) C {x :
Sf(x) > h/2'}. Therefore

w.

ib+h
w(b — 2+ b—2i)<02— |
) —_ h, b

It follows that 1
5 w(b — 2T b —2%) < Cw(b).
If now I = (a,b) is any interval of length 2/ we define xy = a and for k > 1,
zr = (xx—1 +0)/2. We may then write
Tk+1
fw=>" | w<Cw®d)d (@e1 —z) = Cwd)(b—a),

I Tk
which is A]. =

REMARK 2.8. It is easy to see that the same methods prove that the
operator S defined in the introduction maps LP(w) into itself if and only
if the weight w satisfies condition A;r, but restricted to intervals of length
less than one.

3. The action of the one-sided maximal operator on BMO func-
tions. It is easy to prove that for certain functions f in BMO the maximal
operator M* f is infinite at every point. Take for example f(z) = log™* z. In
fact results similar to Propositions 1.8 and 1.9 can be proved in this case;
we leave the details to the reader.
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On the other hand it is extremely easy to prove that if a function f is in
BMO and M f(z) < oo for a.e. x then M* f € BMO. This fact is parallel
to the corresponding result for the Hardy—Littlewood maximal operator in
[2], but it does not follow from the fact that M f(z) < M f(zx), because
g € BMO and 0 < f < g do not imply f € BMO. We need the following
lemma, whose detailed and easy proof is left to the reader.

LEMMA 3.9. Let I = (zg,x0+ h), k > h. Then

| 17@@) — fildz < Ck||flBnmo.
xro+k

THEOREM 3.10. If f € BMO then either M f(x) = oo for a.e. x or
M f(x) < oo for a.e. x. In the second case M+ f € BMO and ||M™ f|Bmo
< CllfllBmo-

Proof. Fix xg and h > 0. Let I = (x¢, 20 + h). We decompose f as f =
fi+ f2, where fi(x) = (f(2) = fI)X(zo.00+2n) (%) and fo(z) = f(z) = fi(z).

Since M T f(x) and M fy(x¢) are finite, we may write

1 $0+h

= IMY f(@) = MY f(ao)| da

Zo

l§M+f( )daz+lgsu 1zJ§kf( )d —lmogkf( ) dy|dx
L 1 hlkp 2 Y A 2\Yy)ay

xo
= B1 + Bs.

If we use Holder’s inequality, the fact that the operator M is bounded in
L? for any p > 1, and the John-Nirenberg theorem, we get By < C/||f||smo-
Now we shall analyze Bs. Due to the one-sided nature of the operator

M, we can substitute fo by ga(x) = (f() — f1)X(zo+2h,00)(2). Now for
each k > 0 it is clear that

1 x+k xo+k
=V eWdi— | n@)dy
x xXo
is 0 unless k > h and in this case
1 x+k xro+k 1 ro+h+k
& S 92 — S 92| < % S |l92(y)| dy.
x T zro+k

But since g2(y) = (f(¥) — f1)X(zo+2h,00)(¥), the last lemma tells us that
By < C|fllBMoO-
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