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On the isomorphism classes of weighted spaces
of harmonic and holomorphic functions

by

WOLFGANG Lusky (Paderborn)

Abstract. Let (2 be either the complex plane or the open unit disc. We completely
determine the isomorphism classes of

Hv = {f: 2 — C holomorphic : sup |f(z)|v(z) < oo}
z€N

and investigate some isomorphism classes of

hv = {f : 2 — C harmonic : sup | f(2)|v(z) < oo}
z€N

where v is a given radial weight function. Our main results show that, without any further
condition on v, there are only two possibilities for Hv, namely either Hv ~ [ or Hv ~
Hoo, and at least two possibilities for hv, again hv ~ lo, and hv ~ Ho,. We also discuss
many new examples of weights.

1. Introduction. Fix a > 0 or a = oo and put aD = {z € C: |z| < a}
(ie. aD =Cifa=o0). For 0 <r <aand f:aD — C put My (f,r) =
Sup|.|=, |f(2)[. Recall that Moo (f,r) is increasing with respect to r if f is a
harmonic function ([5]).

We want to investigate spaces of harmonic and holomorphic functions
f where My (f,r) is unbounded in general but grows in a controlled way.
To this end we introduce a weight function, i.e. an upper semicontinuous,
non-increasing function v : [0,a[ — ]0, 00[ with lim,_,, r™v(r) = 0 for all
m > 0. (If @ < oo this is equivalent to lim,_,v(r) = 0.) We study the
growth conditions

Mo (f,r) = O(%) and My (f,7) = o(%) asr —a
by defining |[f[l, = sup.e.p [f(2)[v(]2]) and

hv = {f : aD — C harmonic : ||f|, < oo},
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20 W. Lusky

(hv)o={f € hv: ll_r)Jle1 Moo (f,r)v(r) =0},
Hv ={f € hv: f holomorphic},
(Ho)o = (o) 1 (o).

These are Banach spaces (with respect to || - ||,). The condition on v ensures
that these spaces contain all polynomials (or trigonometric polynomials,
resp.). For example, if f : aD — C is harmonic, then clearly

1
Moo (f,r) :O<Wr)> asr — a if and only if f € hv

and
1

My (f,r) = 0<m> asr —a if and only if f € (hv)o.
By a simple substitution argument we see that it suffices to consider the
two cases a = 1 and a = co. We want to discuss the Banach space nature
of hv, (hv)g, Hv and (Hv)g. In this respect a lot has already been done for
holomorphic and harmonic functions on the unit disc where v is a moderately
decreasing weight ([10, 14, 16, 19-21]; see also [2, 3, 6, 7, 17]). But only
few results are known for fast decreasing weights and for functions on the
complex plane ([8, 9]).

In this article we determine all possible isomorphism classes for Hv and
(Hv)p and some isomorphism classes for hv and (hv)g without any further
condition on v.

Let v : [0,a] — R4 be a weight function. For m > 0 fix a global maximum
point ry, of the function r — r™wv(r), r € [0, al, which exists in view of the
upper semicontinuity. It is easily seen that r,, T a as m — oo, and m +—
v (rm), m > 0, is a continuous function. We want to compare quotients
of the form (7, /rn)™v(ry)/v(ry,) for different m and n. First we introduce
the following boundedness condition on v:

(B) Vb, > 1dby > 1 Hc>0Vm,n>O:
T )" 0m) <by and m,n,lm—n|>c = LR NI < bo.
Tn v(ry) Tm ) 0(Tm)
Examples of v enjoying (B) include (1 — 7)® for a > 0, exp(—(1 — r)71),
exp(—exp((1—7)71)),...,ifr € [0,1], and exp(—r?) for o > 0, exp(—log” r)
for v > 2, exp(—exp(r)), exp(—exp(exp(r))),... if r € Ry (see the next
section for details).
Observe that the negation of (B) reads as follows:

—|(B) db1 > 1Vby >1Ve>03dm,n>0:
(T—m> olrm) < by and m,n,|m —n| > c and <r—"> o(rn) > bo.

n v(ry) Tm
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For two Banach spaces X and Y we write X ~ Y if they are isomorphic
to each other. Let d(X,Y’) be the Banach-Mazur distance of X and Y, i.e.

d(X,Y) =inf{||T|| - |77 : T: X — Y is an (onto) isomorphism}.
Let H, = span{l,2z!,22,...,2"} be the space of functions on D with the
norm My (-, 1). It is well known that the Hardy space

Ho ={f:D — C: f holomorphic, sup Mu(f,7) < oo}
0<r<1
is isomorphic to (3, ®Hp)oo ([22]).

1.1. THEOREM.

(a) Let v satisfy (B). Then Hv ~ lo and (Hv)p ~ cp.
(b) Let v satisfy =(B). Then Hv ~ Ho and (Hv)o ~ (3, ®Hn)o-

Sections 3-6 are dedicated to the proofs of Theorem 1.1 and the following
results.

For the isomorphic classification of hv we need another boundedness
condition:

(C) dep > 0dbp > 1Vby >1Vee >0 dm,n>0:
D) ) g, ()T
Tm /) 0(rm) ) v(ry)
m,n,|n—m|>ce and ciln —m| < min(m,n).
Observe that (C) = —(B).
1.2. THEOREM.

(a) If v satisfies (B) then hv ~ loo and (hv)y ~ cp.
(b) If v satisfies (C) then hv ~ Hoo and (hv)o ~ (3, ®Hy)o.

If v satisfies (C) then we have the combination hv ~ Hv ~ Hy, while (B)
implies hv ~ Hv ~ lo. If Hv ~ [ then it is easily seen that hv ~ H, ® H,
and hence also hv ~ l,. However, we can also have the combination Hv ~
Hy, and hv ~ Iy (see the following example). It is likely that these three
are the only possibilities.

EXAMPLE. Let v(r) = (1—log(1—7))"1, r € [0,1]. It is known that here
Hv ~ Hy and hv ~ I ([10, 16]). Hence v satisfies =(B) and —(C).

We also investigate under which (sufficient) condition hv is selfadjoint,
i.e. we have f € hv if and only if f € hv where f is the trigonometric
conjugate of f. (f is such that f(0) = 0 and Ref + iRe f, Im f + iIm f
are holomorphic.) This is equivalent to the fact that the Riesz projection

R : hv — Hv with
k . >
R(rH exp(ike)) = {r exp(iky), k>0,

k € Z,
0, else,
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is bounded. (We frequently denote the kth monomials on C by z¥, Z¥ or
r* exp(ikep), r*l exp(—ikep).) We have f = —iRf +i(id — R)f +if(0).

1.3. THEOREM. Let v satisfy (B). Then hv is selfadjoint.

Hence, in particular, a harmonic function f satisfies

Mo (f,r) = O(L) asr —a if and only if My (f,r) = O(L)
v(r) v(r)

(B) is a condition about a certain “inner regularity” of v rather than its
decay. To give a geometrical interpretation of (B) put ¢(t) = —log(v(e')),
where t € |—00,0[ifa =1 and t € R if a = co. Then v(r) = exp(—p(logr)).
The conditions on v imply that ¢ is increasing and that ¢(t) — co ast — 0
for a = 1, and ¢(t)/t — o0 as t — oo for a = oo. Due to Hadamard’s
three circles theorem we may change v on bounded annuli without changing
the isomorphic character of Hv, (Hv)g, hv or (hv)g. Therefore we may
assume without loss of generality that ¢ is twice differentiable. The function
r +— r™y(r) has a maximum only if ¢'(logr) = m. Put s = logr,, and
t = logr,. Then we have

rm\ v(rm) ,

ou( ()22 ) — ott) — (6) = (51t 5) = o

o(t, s) is the distance between the graph of ¢ and its tangent.
Now, (B) is equivalent to the following

Vb1 >0 dby >0 dc>0Vs,t:
o(t,s) < by, |o' (), |€'(s)], 1€ (t) — ()| > ¢ = o(s,t) < bo.

This means that the graph of ¢ has no big corners. (See also the remark
following Example 2.4.)

Acknowledgements. I am indebted to the referee for many valuable
remarks. In particular the preceding geometric interpretation of condition
(B) is due to him.

2. More examples. Here we give several examples where (B) holds.

2.1. EXAMPLE. v(r) = exp(—exp(r)), r € [0,00[. Then ry1o5, = logn
for any n > 0. Fix m,n > 0. For m’ = mlogm and n’ = nlogn we obtain

m
<rm/> v(rm) = exp(mlogm(loglogm — loglogn) +n —m)

Ty v(ry)
—m)%(m]l 1+logm
:exp<(n m) (ﬂ;ogw;)(_wL 0gm)>
2m~log“m
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for some m between m and n. (We have used

n—m 1+ logm

loglogn — loglogm = (n —m)?

mlogm  2(mlogm)?

for appropriate m.) Moreover the function

n — ( T ) Z’(T’m’) ,  n >0 (for fixed m),

Tnlogn v Tnlogn)
is increasing if n > m and decreasing if n < m.
Fix by > 1 and put 8 = 4y/log by, ¢ = max(64logby,2). Hence, if m > ¢
then 8/y/m < 1/2. If In — m| = §y/m, n,m > ¢, then we obtain

<rm)mM e p(ﬁ'z (1ogm)(1+1ogm)>

T v(rnr) 2m?log? m

> (2 L (1) Lo

= P 2\m ) logm

2
0
2\ 1+ 3/y/m ) logm + log(1+ 3/y/m)
62

> — | = by.

This implies that |n — m| < 3y/m whenever
m/

In this case we have

nl
Tn!
Tm!

)2(nlogn)(1 —l—logn))
212 log? it

m)%nlogn

P ( n2 logn >
@zm (m + By/m) log(m + Bv/m) )
(m — By/m)?log(m — By/m)

1+ p/v/m)(logm + log(1 + 5//m)) ) < by
(1 —B/ym)?(logm +log(1 — B/y/m))) ~
for suitable bs independent of m. (Here 7 is an appropriate number between
m and n.) Thus v satisfies (B). Similarly one can deal with exp(—r?¢) for
0 >0, exp(—exp(exp(r))), ....

2.2. EXAMPLE. v(r) = exp(—log?r), r € [1,00][, for fixed p > 2, and
v(r) = 1, r € [0,1]. Here we obtain r, = exp((n/)"/ (@) (for sufficiently

o
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large n). We have

(%) 53
Tn v(ry) B . N
el (2 ) (2))

(n—m)* >

:eXp( 1 o2
2(0 — 1)geTmet

for suitable m between m and n. (We used
2P — mg = ﬁxg_l(x —x0) + %ﬁ(ﬁ — 1)fﬂ*2(m — 20)?
for x =m/o, xo =n/o, B = o/(0 — 1) and appropriate Z.) The map
o ()" erm)
T v(ry)

is increasing if n > m and decreasing if n < m (for fixed m). Fix by > 1 and
put

y = Q;i’ 8= \/27+1(9 — 1)/ (eDloghy, c=(28)2e /e
Q_

Then Bm?/?~1 < 1/2 provided that m > ¢. If [n —m| = fm?/? and n,m > ¢

we obtain
Tm mv(?"m) > e 27(10 b ) m v -
Tn U(rn) = o m 5”ﬂ/2 =

Hence, if

then |n — m| < Bm"/? and

()5 =eo ()

m Y
< exXp (2’y<m> 10gb1> < b%’Y = b2

(for suitable @ between m and n).

2.3. ExaMPLE. v(r) = exp(—1/(1 —r)), r € [0,1]. Here r2_,, = 1 —

1/m. Fix m,n > 0. For m' = m? —m and n’ = n? — n we obtain

/ 2
o\ () 1- % memm
() Sy =(5=%)  ewtn-m

—m
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Hence ,
m
< T ) v(rmr)
mn —

Tn2—n 1)(7””2_n)

is decreasing if n < m and increasing if n > m. Fix # > 0 and put
2

1— 1 me—m
= (17"1) exp(y/m).

T mEBym
We obtain lim,, e @m = exp(3?). Define 8 = /2Iogb; and take c so large
that a,, > exp(logb;) = by whenever m > c. Thus, if |n — m| = fy/m we

have )
<7«m,> W) .
o v(rp)
So, if
(Tm/> o) <y,
T v(ry)
we must have |[n —m| < §y/m. In this case we obtain
T'n’ " v(rp) (1 _% n2_neX (m—n)
) 0(rm)  \1— L P
— (14227 1 ' _nex (m—mn)
B m—1 n P
)2
< exp<u) < exp(26%) =: by.
m—1

Similarly one can show that exp(— exp(1/(1-r))), exp(— exp(exp(1/(1—)))),

... satisfy (B).
[0, 1], for some fixed @ > 0. Here

2.4. EXAMPLE. v(r) = (1 —r)%,
rn, = n/(n + a) and, as in the preceding example, we can verify that v

satisfies (B).
The weight of Example 2.4 is of moderate decay, it satisfies

v(l—27")
(%) s%p wi—2 0 < 00.

Such weights have been studied extensively. Here it is possible to fix m; <

mg < ---and v > 1 such that
v(1 —27mn) )
VS o gy =7 foralln

This implies the existence of an index j with

whenever 2™" < M < 2™t n=1,2,....

<ry < 1—2mn+j

9mn—j =

1—
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Using this one can show that condition (B) is equivalent to

_ 9—n—k
(k) inf lim sup o(l =2 )

— <1
n v(l—27")

provided that (%) holds. Hence Theorem 1.1 includes one of the main results
of [16]. (We omit the details.) Weights satisfying (x) and (xx) are called
normal (see [4], [13], [19]-[21]).

The following proposition allows us to construct examples for all the
cases discussed in Section 1.

2.5. PROPOSITION. Fix numbers 1 <nj <ng < ---,0< 851 < 59 < -+~
and vy > vg > --- > 0 such that sup, ng < 00, limg_.o 5 = a and

(2.1) SV U, = Sl;p SV,

(2.2) klim spmup =0 for each m.
—00

Put v(s) = v if Sm—1 < 8 < S Then v is a weight on [0, a| with r,,, = S,
for all m. Moreover, if np,—1 < j < nm, then

p J J
r.— {Sm—l if Sp—1Vm—1 = SmUm,
=

Sm else.

Proof. v is upper semicontinuous, non-increasing and lim,_,, r™v(r) = 0
for all m > 0. Fix m. If sp_1 < s < s, then s"mv(s) = s"myy, < sy <
spmu,. Hence 1y, = Sp.

Now, let np—1 < j < np. If k<m —1and sp_1 < s < s then

J=NMm—1 _Nm—1

stv(s) < sivk < s S 1 <8 Um—1.

If k> m and s < s < ;41 then
sjv(s) < sj_"ms’;{"vm < SZ;lvm.

Finally, if s;,—1 < s < sy, then sIv(s) = vy, < shvm. Hence 1j = sp—1 if
J J _ .
Sp,_1Um—1 = SmUm, and rj = s, otherwise. =

2.6. ExampPLE. Using Proposition 2.5 we construct a weight v on [0, oo|
which satisfies (C). To this end put

m

" 1

Sm:m!7 Nm = E jv Um = e
J"

j=1 j=1

Then spmom, = [[72; "~ Moreover
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k
I1sm if k < m,
=1
Szmvk = ’ m k 1
j=1 j=m+1?

This implies (2.1) and (2.2). Hence Proposition 2.5 yields a weight v with
Trg, = Sm- We obtain |n,11 —npy| =m + 1 < min(ny, npyy1) and

Nm Nm+1
< i ) “m_— (m+ 1™ and (SmH) Umtl _ g,
Sm+1 Um+1 Sm Um

This shows that v satisfies (C). Hence Hv ~ hv ~ Hy,.

m

3. Trigonometric polynomials. In the following let [x] be the largest
integer < x for a given number x € R. We need

3.1. LEMMA. Let0<r < s and m,n > 0.

(a) Then, for any trigonometric polynomial f of degree < n, we have
n
s
M) < (2) Matfir)

(b) Let g € span{tl*l exp(iky) : |k| > m}. Then
2(r/s)™ r\"™
Moo(g’r) < (7"/8)277”4—1 MOO(gvs) < 2<g) Moo(gas)'
Proof. (a) See [15, Lemma 3.1(i)].
(b) Put p = [m] + 1. Let

1 r\ ¥
hexp(ip)) = 3 (exp(ipp) + exp(—ipp)) > <;> exp(ikep).
kEZ

Then h is a Poisson kernel up to the factor 27! (exp(ipy) + exp(—ipy)).
Hence (27) ' {27 [h(exp(ip))| dp < 1 and

hexp(ip)) = % S ( (g)jp + (g)ﬁp) exp(ij)

Jjzp
1 r\PJ r\ P B B
+§ Z ((;) + (g) > exp(ijp) + Z aj exp(ijp)
Jj<-p ljl<p

for some ;. If g =350, Bit!¥l exp(ikep) for some Bj, we obtain

% ((f)p + (;)p>g(r exp(ip)) = % 2§h(exp(i(<ﬁ —9)))g(sexp(iv))) dy.

S



28 W. Lusky

This implies, since 0 < (r/s)P < (r/s)™ < 1,

soemion =2((5) (7))

21
x(2m) 7| | hlexpli(p — 1)))g(s exp(iv)) dy
0
2(r/s)P LT .
< )9 1 Muo(g,s)(2m) " §) |h(exp(i(p — ¢)))| dyp
2(r/s)™
< W M (g,5).
Hence 2 /5™
My (g,7) < WMOO(Q,S). "

Now, fix a weight v : [0,a][ — R4. As before, let 7, be a maximum point of
the function r — r™v(r), r > 0.

3.2. COROLLARY.
(a) Fiz m > 0 and consider f € span{r*lexp(iky) : k € Z, |k| < m},
g € span{rl¥l exp(iky) : k € Z,|k| > m}. Then
[fllo < sup Moo (f,7)v(r) and |lgll, <2 sup Moo (g, r)v(r).

r<rm r>Tm

(b) Fiz 0 <m <n and put
Tm ) (T, T\ v(ry
= () e o= () s
Then any h € span{r/* exp(iky) : k € Z, m < |k| < n} satisfies
|h]lo < 2aMoo(h,n)v(rn) and |||y < 26Moo(hyTm)v(rm).
Proof. (a) If r > r,, then we obtain, by Lemma 3.1,

Mol r)olr) < (—) ) A (f i 0(rm) < Moo forn o).

Tm /) v(rm)
If 0 <r <1y, Lemma 3.1 implies

Moo (g, r)v(r) < 2(%) quf’:) Moo (g, 7 )v(Tm) < 2Moo (g, rm)v(Tm)-

This yields (a).
(b) According to (a) we have

lh|le < sup Moo (h,m)v(r) < 2 sup (L) v(r) Moo (hyrp)v(ry)

r<rn r<rn \Tn

< 2aMoo(hyn)v(ry)
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and

1]lo < 2 sup Moo (R, 7)0(r) < 2 sup (L> v(r) Moo (B 7)0(7m)

T>Tm T>Tm 'm /U(Tm)

< 28Moo(hy ) v(rs).

We want to study special operators on hv. Note that any linear operator
T : hv — hv is bounded provided that T, restricted to the trigonometric
polynomials, is bounded with respect to M (-,1). Let ||T'||, be the operator
norm with respect to || - [, and [|T'||o the operator norm with respect to
My (+,1). We always have [|T||, < ||T||co. Indeed, put z = rexp(ie) and
f =3 arrl® exp(ikep). Then

(TRl = [T(32 anr* expikg) ) [o(r)
k
< oo sup[ 3 M expib) o) < T o o
k

Hence [T flly < | Tlooll f]o-

Sometimes 7' is bounded with respect to || - ||, but unbounded with
respect to Moo (-, 1) (see below).

Now fix 0 < m < n (not necessarily integers) and consider the trigono-
metric polynomial f = ", ar® exp(iky). We define the operator Vi,
by

— |k
. momf = apr'™exp(t + M akr|k| exp(iky).
3.1) Vinf Ikl ko [
k| <m meien 17
Moreover, we consider the Riesz projection
(3.2) Rf = Z apr*l exp(ikep).

k>0
3.3. LEMMA. We have
[n] + [m]
(@) [Vamlloo < 7[71] “m]’

(b) M (Rh,1) < (1 + W)Mm(h,r)

for any r >0 and h € span{r* exp(ikp) : k € Z, m < |k| < n},

B [na] — [na] < [na] — [nl])
(C) ”Vn4,n3 Vn27n1||oo S 4 [n2] _ [nl] 3 + 4 [714] _ [ng]
if 0 <ny <ng <ng<ng,
(d) [Vians = Vagm lloo < 2([n4] — [n4]),
HR(Vn47n3 - Vnz,m)Hoo < [ng] = [n1] if 0 <ny < ng <nz < ny.
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Proof. (a) By definition we have Vi, ;m = Vjy] m)- Fix p € Z,. Then

Vpof = 37 E M gy expi).
|k|<p

It is well known ([11]) that ||V} 0|lcc = 1. Since

Vi = [”]V[n},o - [m]V[m],O

[n] — [m]
we obtain (a).

(b) Let m and n be integers. Fix k € Z and put, for the trigonometric
polynomial f, (Skf)(rexp(ip)) = exp(iky)f(rexp(iy)). If h is as indicated
in (b) we obtain Rh = S, Vitmn—mS—nh (compare the Fourier coefficients
on both sides). We conclude that My, (Rh,7) < 2n(2m) My (h,7). From
this the result follows.

(c) Retain the notation Sy of (b). Let 0 < n1 < ny < ng < nyg be
integers. Put (Uf)(z) = f(2) for any trigonometric polynomial f. Set T' =
Vn4+n2—2n1,n3+n2—2n1 - ‘/2(712_711)’”2_”1. Then

Viams = Viony = USan, *anTS—@nl —ng)U + Son, *anTS—@nl —ng)"
Hence (a) and (b) imply

||Vn4,n3 - Vnz,mHOO <2

ng + no — 2n7 (3+n4—|—n3+2n2—4n1)

no — Ny ng — N3

§4M(3+4M>,

ng —ny Nng — N3
(d) Put f = >, arexp(ikp). Then, by definition, there are g, € [0,1]
with
(Vn47”3 - VnQ,m)f = Z QL OF eXP(ik‘QO),

n1<|k|<na
R(Vauing = Ve )f = Y akorexp(ikp).
n1<k<ng

Since |ag| < || f]loo for all k, (d) follows. m

3.4. PROPOSITION. Suppose that, for some n,m > 0,

) v(ry)
— (I P
() e
(a) Then there is B(a) > 0 such that ||f|l, < B(a)|f + gllv when-
ever f € span{rFlexp(ikyp) : k € Z, |k| < min(m,n)} and g €
span{r*lexp(ikp) : k € Z, |k| > max(m,n)}; moreover,
lim sup,,_,, f(a) < oo.
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(b) There is a constant y(a) > 0 such that V := Vijax(mn)min(m,n) :
hv — hv satisfies |V ||, < v(«); moreover, limsup,,_, . v(a) < 00.

Proof. (a) First consider the case m < n. By Lemma 3.1 and Corollary
3.2, we have

If +9llv > sup Moo(f + g,7)v(r)

r<rm

() 2 () 2 e
>\ £ —2 sup <}>m o) gl

r<rm \T'm v(Tm)

2 2 2
> 1fllo = = llgllo > 1l = = 1 + gllo = = 17l

Hence || fllo < (1 —2/a)~ (1 +2/a)||f + gllo-
For n < m we have, by Lemma 3.1,

If +gllo > sup Moo(f + g,7)v(r)

T2Tm

> glall = (s () Yot (22 ) o)

T>Tm m

> 2igh = 2 sup () 20y
Vo 2 (o
-2 Gllv « er?n Tm v(rm) v

1 2
-1 <||f||v N ol 2 IfIU)

We obtain [[f]l, < (3/(1—=2/a))|[f + gllv-

(b) Assume without loss of generality that m < n. Fix h € hv, say
h =3, axrl®lexp(ikep).

First consider the case [m]=[n]. Then, by definition, Vh=3" ., ayr!¥l
exp(iky). In view of (a) this means that V' is bounded by ((«).

Now assume [n] — [m] > 1. It suffices to assume [n] < 2[m| (otherwise
Proposition 3.4 follows from Lemma 3.3). Put T' = Vo) _m),(n] = Vim) 2(m]—n]-
Lemma 3.3(a), (¢) implies that 7" is uniformly bounded. The definition of T’
yields moreover T'(r*l exp(iky)) = r*l exp(iky) whenever [m] < |k| < [n].
Since V' = V) (] We obtain

VTh = (V),im) = Vim),2(m]—[n)) -



32 W. Lusky

Lemma 3.3(c) implies |V Th|, < 88]|Al|,. Now put
Ph = Z ar!F exp(iky), Qh= Z ayr!F exp(ike)
|k|<m |k|>n
and f = P(id — T)h, g = Q(id — T)h. We obtain Th + f + g = h.
(a) and the definitions of V' and g imply
[VRlly = ||f + VThlly < || fllo + 88|hllo < B@)f + gllo + 88]1Al
< B(@)|f + g+ Thlly + B(e) | Thl, + 88|17
< (B(@)( +[IT[|v) + 88)[| 7]l =

4. Conditions (B) and —(B). Let v : [0,a] — R4 be a weight. First
we prove

4.1. PROPOSITION. Let v satisfy (B) and let ¢ > 0 be the corresponding
constant in (B). Firc <m <n <p and b,d > 1 such that b < o, 3,7, < d

where . .
= (3) e 2= () W

() e

Then there are constants d' > 1 and k,n > 0 depending only on b and d but
not on m, n or p such that either p —m < c or

n< P <k and max<<r—m>mv(rm) (T—p>pﬂ> <d.

n—m p v(rp) " \rm /) virm)

Proof. Our assumptions imply

P (1) re _ (1\F7
— < | = and — < | - .
Tn b Tp b

Assume p — m > c.
If n — m < p—n we have

m n—m p—n
(22) " ()7 < (2) " cants <t
p v(rp) Tn T'n

(B) provides us with a constant & =¥'(d*) > 1 such that (r,/rm)Pv(r,)/v(rm)
< t'. In this case we have

1 1 . 2 | 2
p—m n—m ' p—n
= < T'm <= ,

bd ry = \b

1 1 log(b'd*
2(logb)< + ) < o8 ).
n—m p—n p—m

which implies
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Since p —m = (p —n) + (n — m) we deduce

p—n n—m <log(b’d4)
n—m’  p—n 2logb

1< max<

If p—n <n—m we have

rp \ v(rp) _ ra \P " rn\"" 2 4
() wy o) <o) sovtasa

and we proceed exactly as before. Put d’ = max(d*,b’). =

In order to discuss some consequences of 4.1 we need two technical lem-
mas.

4.2. LEMMA. Let by,by > 1 and m,n > 0 be such that
Tn ) o) g () 2w
Tm /) v(rm) Tn v(ry)

Then for any N € Zy and p=n2"Y + (1 —27V)m, we have
ro \* v N N o N V(T
p\ v(rp) S /Y Tm\ ' 0(Tm) <b
Tm U(Tm) Tp v(rp)

and |p — m|2Y = |n —m|.

Proof. First, for n; = (m + n)/2 we easily obtain
(r_n> ni v(rn) Z b_2
Tm )  0(rm) b1

() o= (o) e () e = e

Since (rp/Tn, )™ (rn/rnl) ! for m <mny <n as well as for n <n; <m we
also obtain

() o = ) o () i =) sy =

In the next step we repeat the procedure with n; instead of n and \/ba/b1
instead of be. This yields ny = (ny + m)/2 and

Tny v(rm) > bl/4b_1/2 1/4 Tm " o(rm) <b
Tm v(rm) 2 Ty -

Continuation proves Lemma 4.2. u

Hence

A\

4.3. LEMMA. Fix M,q € Z and put
Pyar(F) = agrjnr!® M exp(i(q + jM)e)
J
for any trigonometric polynomial f =3, agr!Flexp(ikp). Then || Pyarlloo =1
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Proof. We obtain

% lz:% exp<—l 2—7T lq)f(exp (2 r l) rexp(up))
_ 1 Zk:ak <Aj:z_olexp<i2ﬁﬂl(k q)))r"“' exp(ike)

M
= g M exp(i(qg + jM) ).

This implies that P, »; has norm one. =

Again let H,, = span{l,z,...,2"} be endowed with M(:,1). Now we
are ready to prove

4.4. PROPOSITION. Assume —(B). Fiz M,N € Zy. Then there is a
subspace A C span{z* : k > M} C (Hv)g and a projection Q : Hv — A
such that ||Q||, and the Banach—Mazur distance d(A, Hy) do not depend on
M or N. If, in addition, v satisfies (C) then Q is defined and uniformly
bounded on all of hv.

Proof. —~(B) yields the existence of b > 1 and m,n > max (N, M), with

(=) e =s (o) ey

and |m —n| > N2¥. We may even assume that

(4.1) b> 2.

According to Lemma 4.2 we find p between m and n with

(4.2) [ —m|=2%|p—ml,

In particular we have |n — p| > (2¥ — 1)|p — m/|. Corollary 3.2 implies
(4.4) [flle < 26Moo(f, 7n)v(rn)

whenever f € span{r/*l exp(iky) : |k| between n and m}.

CASE m < p < n. Then, in view of Proposition 3.4(b), ||Vp ml|lv does
not depend on m or p (see (4.1) and (4.3)). We may assume without loss of
generality from now on that m and p are integers. Otherwise we take [m]
and [p] instead.

Put Q1 = Py p—m(id—Vpm) (Pmp—m as in Lemma 4.3). Then, for & > 0,

koiep o o . ,
(4.5) Ql(zk) — {Z if Kk =p+ j(p —m) for some integer j > 0,

0 else.
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Define Ty : Hy — (Hwv)g by

opti(p—m)

(4.6) T\Z = j=0,1,...,N.

r£+j(p_m)v(rn) ’
Since p+N(p—m) = m+(N+1)(p—m) < n (see (4.2)) we obtain ||T7] < 2b
(see (4.4)).

Define S1 : Hv — Lo (0D) by

(S1£)(2) = (Quf) (rp2"/ @7y .2/ P=my () f € Ho,

which implies

_ k.j . _ . o . .
@7)  Giok = {rnz v(rn) if k=p+ j(p—m) for some integer j > 0,
else

(see (4.5)). Finally, put
(4.8) S1 = VoS

Then (4.3), Proposition 3.4 and the definition of Q1 imply that [|.S1|| < ~v(b)
for some v(b) > 0 which does not depend on m, n or p. (Recall that N < n.)
Moreover, (4.6) and (4.7) show that S171 = Vi o|my-

CASE n < p < m. Here ||Vi;, ||y does not depend on m or p. As before,
we may assume from now on that m and p are integers.
Put Q1 = Pnym—pVim,p- Then

Q.25 = {zk if K =p— j(m — p) for some integer j > 0,

0 else.

Define S) : Hv — Lso(0D) by

(§1f)(z) — (Qlf)(rnzl/(m—P)) . Zp/(m—p)v(Tn% f e Ho,
so that

Sk = {rszjv(rn) if K =p— j(m — p) for some integer j > 0,
else.
Then put S; = Vi 0S1. Finally, define T} : Hy — (Hv)o by
. zp_j(m_p)
TlZ]:T, j:O,].,,N
rh TPy (ry)

As before we obtain S1T1 = Vivo|u, and [|S1]| < (), || T1] < 2b.

In both cases we have S12* = 0 if k is not between n and m (see (4.2),
(4.7), (4.8) and take into account that min(m,n)+ N|m — p| < max(m,n)).
Now, fix M; > max(M,m,n). Repeat the same procedure with M; instead
of M to find m’ > My, n’ > M, and linear operators Ty : Hy — (Hv)o and
Sy : Hv — Hp such that HSQ” < ’}/(b), ||T2|| < 2b, SoTy = VN,0|HN7 and
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SozF = 0 if k is not between m’ and n’. In particular
(4.9) SeT1 =0 and SiTh = 0.
For a complex function f put (W f)(z) = f(Z). Finally, define V : (Hy &
Hy)oo = Huby V(f,g) =T1f +Tog and U : Hv — (Hxy @ Hy ) by
Uf = (Sif +2NWSof, Sof +2NWS1f).

Then ||U|| <2v(b) and || V|| <4b. It is easily seen that U Hv=span{(z7, 2V 77):
j = 0,1,..., N}, which is isometrically isomorphic to Hpy. Moreover, by
(4.9),
UV (22, 2N = U(Ty 27 + Ty )

= (VN7()Zj + ZNVNVOEN_j, VN7QZN_]' + ZNVN7[)§]')

= (27, 2N7).
This implies that Q = VU : Hv — Hw is a projection and d(QHv, Hy) and
|Q]ly depend only on b. The construction of @ and U furthermore shows
that Qz* = 0 if k is neither between m and n nor between m’ and n'.

Now assume that, moreover, (C) holds. Then we can choose m, m’ and

n, n’ such that, in addition,

(4.10) min(m’,n') > 3max(m,n), min(m,n) > d|n —m],
' min(m’,n') > djn’ —m/|

for some d > 0, say m < n < m’ < n’. Again we may assume that m, m/,
n, n' are integers (otherwise take [m], [m'], [n], [n'] instead). Using (C) we
can assume that

d d
(4.11) §(n—m) >1 and §(n'—m') > 1.
Define W : hv — Hv by
W = R(Vn—&—%(n—m),n - Vm,m—%(n—m)) + R(Vn’—&—%(n’—m’),n’ - Vm’,m’—%(n’—m’))

where R is the Riesz projection. From (4.10) we infer that n+2~'d(n—m) <
m' —271d(n’ — m’). Lemma 3.3(b), (c) provides us with a constant a > 0
such that

(1 ) (e
HWHU— (1+m—%l(n—m)+1+m/_%l(n/_m/)>
1+d

The construction yields Wizj =2 if m<j<norm <j<n Finally,
define Q : hv - QHuv by Q =QW. n

We deduce
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4.5. COROLLARY. Under the assumptions of Proposition 4.4 the spaces
Hv and hv each contain a complemented subspace isomorphic to Hy, while
(Hv)o and (hv)g each contain a complemented subspace isomorphic to

(2 ©Hn)o-

Proof. Let ¢ be a constant such that d(A, Hy) < ¢ and ||Q|| < ¢ for A,
Hy, @ of Proposition 4.4. Observe that for every ¢, M > 0 there is K > 0
such that if f € span{r*lexp(iky) : |k| < M} and g € span{r*lexp(iyp) :
|k| > N} with N — M > K, then

(1= &) max([|fllo, lglle) < If + gllo < (1 4 &) max(|[ fo, g]lo)-

This follows since lim,_., v(r) = 0.

Using Proposition 4.4, by induction, we find integers 0 < M7 < My < ---
(sufficiently far apart), subspaces Ay C (Hv)g and projections Qy : Hv —
Ag (or Qi : hv — Ayg) such that d(Ax, Hi) < ¢, ||Qk|| < ¢ and, for T}, =

VM4k+3:M4k+2 - VM4k+17M4k’
1
(4.12) S5 [ Tef o < || SO Tf || < 2500 (1T f
k & v k

for all f € hv and
(4.13) Tih=h forallhe Ay, k=1,2,....

Put Q =), QiTk. Then, in view of (4.12) and (4.13), @ is a bounded pro-
jection from (Hv)g (or (hv)g) onto the closure of span(|Jz—; Ax) in (Hv)o.

Moreover, if the fi € Ay are such that supy || fx|ls < oo then, in view
of (4.12) and Montel’s theorem, ), fi converges (uniformly on compact
subsets) to a holomorphic function (called ), fi again) with || >, fxll
< oo. Hence ), fi, € Hv. We conclude that {>_, fi: fr € Ap, k=1,2,...,
supy, || fxllv < oo} is complemented in Hv (or hv). Finally, this space is
isomorphic to (3, ©Hn)(xc) ~ Hoo- =

5. Norms equivalent to | - ||,. First we prove, for a given weight
v:[0,af — Ry,

5.1. LEMMA. Fiz b > 1. Then there are numbers 0 < m1 < mg < ---
such that

<T’mn+l>mn+1 v("{’mn+1) > b and < T’mn >mn U(rmn) > b
Ty v(rm,) Tmng1 ’U(Tanrl) =

and, for each n, one of these inequalities is an equality; moreover, lim,, _oomy,
= 0.

Proof. Start with m; = 1. Then assume that we already have m,, for
some n. Use limy/—o 7y v(rar) = 0 (by assumption on v) to find My > my,
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with

<rm”> v(rm) >b for any M > M.
g v(rar)

Fix M > My with rpr > ryp,,, and use

i (22) 20)

N—0co \ T'm,, v(rm,,)

N
LETRANIGY)
rmn ’U(rmn)
Since r¥v(ry) > riv(ryr) by definition of ry, this implies
N Mp
N v(ry) >b and i v(rm,) > b.
Tmn ) V(Tm,,) rN v(ry)
Now let N be the smallest number > m,, which satisfies the last two inequal-

ities and put my4+1 = N (which exists since m — riv(rp,) is continuous).
Then, in particular, one of the above inequalities is an equality.

to find N > M with
b.

Vv

Finally, if sup,, m,, < co we would obtain

b < lim <‘rm—”+1>mn+l—v(rmn+1)

n—oo rmn v (Tmn )

Mn+1
. _ i1 V(T r)
= lim pppnmert o i — ]

n—oo " T V(T'm, )
by continuity, a contradiction. m

In the following let b, m,, be the numbers of Lemma 5.1.

5.2. PROPOSITION. Assume that b > 2. Then there are constants c1, co
> 0 such that, for any f € hv and fr, = Vin,i1mn — Vinn,mn_1) [+ we have
c1 sup sup Moo (fr,r)v(r)

o Tmg, g STSTmn+1

< | fllv < casup sup Moo (fnsr)v(r).

o Tmy, g STSTmn+1

Proof. The left-hand inequality is clear since, according to Proposition
3.4, the operators Vi, .1 m,, — Vin,,m,_, are uniformly bounded with respect
to || - ||v- It suffices to assume that f is a trigonometric polynomial. We have
f =3 fr and fi € span{riilexp(ijp) : [my_1] + 1 < |j| < [mgs1]}. Fix n
and r such that r,, ; <r <y, . Then we obtain, using Lemma 3.1,

Moo (f,m)v(r) < Z Moo (fr,r)v(r)
k
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ME+1 Tmg1

p> (—>m % Mo (o P )0 (P 1)

1
+ 3 Mao(fusgs r)o(r)

. r TR (r)
+2 Z r ’U(T )MOO(fk7rmk—1)U(rmk—1)’
E>n+2 mg—1 mg—1

We have
< r >mk+1 v(r) < <ka+2>mk+1 U(rmk-s-z) <ka+3>mk+zv(rmk+3)
ka+1 U(ka+1) B ka+1 U(ka_H) ka+2 U(ka+2)
_ (rmn_l )mn—%(rmn_l) ( r )m”—l o(r) (1)”—’“—2
Tmp_o V(T —s) \Tmn_1 (T, _y) — \b
if kK <mn — 2 and, similarly, if £ > n + 2,
< r >mkl v(r) < ( T >mn+1 v(r) (Tmn+1 >mn+20(rmn+1)
ka:—l U(ka_l) o Tmn+1 v(rmn+l) Tmn+2 v(rmn+2)
() emn) (1)
Tmp_1 V(Pmy_y) — \D '
Since b > 1 we obtain

Moo (f,r)v(r) < casup sup Moo (fr,r)v(r)

T Ty STy,

for some constant ¢y which depends only on b. =

Using Proposition 5.2 it might be possible to exactly describe all the
weights ¥ such that the differentiation operator Diff : Hv — Hv, where
Diff(f) = f’, is bounded.

We want to strengthen Proposition 5.2. To this end fix n and find p,, ¢,
with mu,—1 < pp < my < ¢ < Mp41 such that

(Again, use the continuity of p — rhv(rp).)

5.3. LEMMA. Assume that b > 4. Then there are universal constants
di,dy > 0 such that, for every n, there is sp € {Tm,, m,.,} satisfying the
following.

For every [ € span{r|k| exp(ikp) @ mp—1 < |k| < mpp1} and u, =
ananf? Un = (‘/Qn:mn - mepn)f7 Wp = (ld - ‘/f]nymn)f7 we h(l'Ue

||unHv < d2Moo(un’ Snfl)v(snfl)v
HUTLHU < dQMoo(Umrmn)U<rmn)a
”wnHv S dQMoo(wna Sn)v(sn)-
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In particular,

diymax (Moo (Un, Sn—1)V(Sn—1), Moo (Vn, Tm,, )0 (Tm,, ) s Moo (W, sn)v(sn)) < || fllo
< do max( Moo (Un, $n—1)0(Sn—1)s Moo (Vn, T, )0(Tm,, ) s Moo (Wn,y Sp)v(Sp))-
Proof. According to the choice of p, and g, in view of Proposition 3.4,

the norms of the operators V,,, . and Vi, ,n, depend only on b. We have

M exp(ikp) : mp—1 < k| < ma},

uy, € span{r
Uy € span{rlkl exp(iky) : pp < k| < qn},
wy, € span{r|k| exp(iky) : my, < |k| < mpy1}.

Fix j. If

<ij+l >mj+1 'U(rm]+1) _ b
v(rmj)

put s; = rp,,. If this is not the case then, in view of Lemma 5.1, we have

( T, >mj v(rmj) b
T'mj1 0(Tmyy,) .

Here put s; = rp,;,,. Using Corollary 3.2 we deduce
HUTLHU < 2bMoo<un73n—1)U(3n—l)v
lonlley < 2max(  sup  Moo(vp,m)v(r), sup Moo (vp,r)v(r))

Tpp ST <Tmp, g <r<rq,
< 2\/BMOO(Un7Tmn)U(Tmn)7
lwn|lo < 20Moo (Wi, $p)v(Sn).

Since f = u, + v, + w, the result follows. »

Tm;

Combining Lemma 5.3 and Proposition 5.2 we obtain

5.4. COROLLARY. Assume that b > 4. Then there are constants c1, cao
> 0, indices 0 < ky < ko < ..., radi1 0 < t; < to < --- and uniformly
bounded linear operators

Ty, : hw — span{rl/ exp(ijep) : kn—2 < |j| < kni1}
satisfying the following.

For every trigonometric polynomial f we have f =5 T, f,
1 sup Moo (Tnfa tn)v(tn) < Hf”v < casup Moo (Tnfa tn)v(tn)
n n
and T, T f =0 if [n —m| > 4.
Finally,
|hlly < caMoo(h, tn)v(ty,)  whenever h € Tyhv, n=1,2,....
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6. The Banach space geometry of hv and Hv. First we show
6.1. LEMMA.

(a) Let m,n,p € Z4 with m <n < p. Then Hy, is isometrically isomor-
phic to a 2-complemented subspace of (Hy, & Hp)oo-

(b) Consider integers 0 < m < n and let By, ., = span{rblexp(ijp) :
JjE€Z and m < |j| < n} be endowed with the norm M (-,1). Then
there is an integer N > 0 such that By, ., ts isometrically isomorphic
to a 16-complemented subspace of (Hy ® HN)oo-

Proof. (a) For a complex function f put (Wf)(z) = f(2). Identify 2/ €

H,, with (27,2™77) € (H, ® Hp)oo. Put
P(f’ g) = (Vm,Of + ZmWVm,Ogv Vm,Og + ZmWVm,Of)'
Then P is a projection from (H,, & H,)s onto {(z7,2™77) : j =0,1,...,m},
which is isometrically isomorphic to H,,. We have || P|| < 2.
(b) If n < 2m, then, according to Lemma 3.3, the Riesz projection
R : Bnym — 2MHp p satisfies ||R|B,,.|lcc < 2. Hence it follows that
d(Bpm, (Hp—m @ Hp—m)oo) < 4, which yields (b) with N =n —m.

If 2m < n, then Lemma 3.3 implies ||[Van nimlloo < (n —m)~1(3n + m)

< 7. Let W be as in (a). Consider the space

A=span{z/:jeZ,,0<j<n—morn+m<j<2n},

endowed with the norm My (-, 1), which is isometrically isomorphic to By, .
Define P : (Hap, ® Hop)oo — (Han @ Hap)oo by

P(f.9)
= (Vn—m,Of + (id - V2n,n+m)f + ZanVn—m,Og + 22”W(id - V2n,n+m)9’
anm,()g + (id - VQn,ner)g + Z%Wanm,Of + z2nW(id - VQn,ner)f)
We easily check that P is a projection onto
span{(z/, 2" ) j€Zy, 0<j<n—morn+m<j<2n},
which is isometrically isomorphic to A. (Observe that 0 < 7 < n —m if and

only if n +m < 2n — j < 2n.) We obtain ||P|| < 16, which proves (b) with
N=2n. =

6.2. COROLLARY. Consider integers 0 < my, < ny, with limy o0 (N —my)
= oo and let By = span{rilexp(ijo) : j € Z, and my, < |j| < ni} be
endowed with My (-,1). Then

(Zk: OHn,) ~ (Xk: ©By) ~ Ho.

Proof. Put X = (3, ®Hpm)oo. Then X is isomorphic to Hy ([22]).
Moreover, put Y = (>, ®Hp, )oo. We conclude that Y is complemented
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in X. Using Lemma 6.1(a) we see that X is complemented in Y. Since H
(Hoo ® Hoo @ .. .)oo ([22]) this shows that Y ~ Hs. Using Lemma 6.1(a)
we also see that every H,, is 2-complemented in (Bj @ By/)s for suitable
k and k. Hence (), @Bj)so contains a complemented subspace isomorphic
to Huo. Finally, Lemma 6.1(b) implies that (3, ®Bj)s is complemented
in Hoo. Hence (3, ®Bi)oo ~ Hoo. m

6.3. PROPOSITION. For any weight v the spaces hv and Hv are isomor-
phic to complemented subspaces of Hs,, while (hv)g and (Hv)o are isomor-
phic to complemented subspaces of (3, ®Hp)o.

Proof. Let c1, co, km, tm and T, : hv — Spiﬂun{r'j| exp(ijp) @ kn—2 <
|7] < knt1} =: By, be as in Corollary 5.4, where B, is endowed with || - [|,.
Put X = (3, ®(Bn, || - [lv))so- Define U : X — hv by U(hy) = Y, hn.
Then, according to Corollary 5.4, U is bounded. Indeed, we have T),h, =0
if [n —m| > 4 and

U (hn) |l < casup Moo ( tht ) <6025up||h |-

Conversely, define V' : hv — X by

V= (Tf)nz
We have ||V|| < ¢;! and UV = idp,, which implies that hv is isomorphic to
a complemented subspace of X.
If sup,, (kn+1—Fkn—2) < 00, then sup,, dim B,, < oo and hence (3, ®By) oo
~ . Since ly is complemented in H,, the assertion of Proposition 6.3
follows.
If sup,, (kn+1 — kn—2) = 00, then in view of Corollary 5.4 we have

Sup d((Bo, || [[0); (B, Moc (1)) < 00

(since (Bp, Moo(+,tn)v(ty)) is isometrically isomorphic to (B, Mx(+,1))).
We conclude, by Corollary 6.2, that X = (3}, @By )oo is isomorphic to Hu.
Again, the assertion follows in this case.

The proof for Hv instead of hv is identical. Here, instead of B,,, we con-
sider span{r’ exp(ij¢) : kn_2 < j < kn11}, which is isometrically isomorphic
to Hkn+l_kn72_1’

Also the proof for (Hv)y and (hv)g instead of Hv and hwv is identical. m

Corollary 4.5 and Proposition 6.3 together with the decomposition
method ([12]) prove Theorems 1.1(b) and 1.2(b). Theorems 1.1(a), 1.2(a)
and 1.3 follow from

6.4. PROPOSITION. Let v satisfy (B). Then Hv and hv are isomorphic
to lso, while (Hv)g and (hv)g are isomorphic to co. Moreover, the Riesz
projection R : hv — Hwv is bounded.
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Proof. Let m,, be the numbers of Lemma 5.1 with respect to some b > 2.
Then, using (B) and Proposition 4.1, we obtain universal constants 1, x and
¢, d such that my41 — mp—1 < cor
[mni1] — [mn]
6.1 g B
(o1 "= fmal o

and
max( (T’H’Ln+l )mn+1 U(Tmn+1) (Tmn—l )mn_l v(rm—n_l)) < d
rmn,1 v(rmnfl) ’ rmn+1 v(rmn+1) a

for all n with m,_1 > ¢. To prove the proposition it suffices to consider only
those n with m,_1 > c.

Put T, = Vin, i1 mn —Vingma_i - By (6.1), Lemma 3.3(c), (d) the operators
T, are uniformly bounded with respect to My (-, 1) and hence with respect
to || - ||, and to the norms Moo (-, 7, )0(7sm, ). From Corollary 3.2 we deduce

(6.2) |Thlly < 2dMuo(Th, Tmn+1)U(Tmn+1)
< 2d(sup || T ||oo) Moo (R, Tmn+1)v(7"mn+1)

<K

whenever h € hv.

Let Y}, be the space of all harmonic functions on r,,,, D whose radial
limits are Loo-functions on {z € C : |2| = ry,,,, }. On Y, we consider the
norm Muo(+, Ty )0(Tim,., ) Which is equivalent to Moo (-, 7, ). Hence Y,
is isometrically isomorphic to L. Note that the operators V};, 7 make sense
on Y, and V,, 5h is a trigonometric polynomial for every h € Y.

If mp4+1 — mp—1 > c find finite-dimensional subspaces X,, C Y,, with

(63) an+27mn+1Yn C Xn
and sup,, d(X. ldimX") < 0o. If mpr1 — mp_1 < c take X,, = Trhv. Then

5 Yoo .
dim X,, < ¢. Altogether we obtain (3, ®X,)o ~ (3, BIdmXn)y ~ ¢p.
Define U : (3, ®@Xn)o — (hv)g by U(hx) = >, Tkhi. (The functions
Tyhy, are trigonometric polynomials and therefore can be regarded as ele-

ments of hv.) Since T,,T,, = 0 if |n — m| > 2 we have
TnU(hk) = TnTn—lhn—l + Ty%hn + TnTn+lhn+1-

Hence ||T,U (hy)|lv < c18Upj—y_1 pnt1 I Tjhllv for a universal constant c;.
Proposition 5.2, (6.2) and the uniform boundedness of the T}, imply that U
is bounded.

If mpt1 —mp—1 < c define, for f =5, agr!*! exp(ikep),
Spf = Z apr® exp(ikyp) € X,
mn—1<‘k‘§mn+l

Otherwise put S, = (id — Vi, 5 mn_0/2)Vingyomn,,- Define Voo (hv)g —
(>, ®Xn)o by Vf = (Snf), which makes sense in view of (6.3). Recall that,
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since b > 2 in view of Proposition 3.4, we have sup,, ||Vin, 2mpiillo < 00.
Therefore, V' is bounded. Moreover, UV f =" T, f = f. This implies that
(hv)o is isomorphic to a complemented subspace of (>, ®Xp)o ~ co and
hence (hv)g ~ ¢o ([12]). In view of Proposition 5.2, (6.1) and Lemma 3.3 the
Riesz projection R : (hv)g — (Hv)p is bounded. As a consequence we also
have (Hv)g ~ ¢p.

To prove the result for hv instead of (hv)y we proceed exactly as before.
Define U : (3>, ®Xn)oc — hv by U(hg) = > i Tkhi. From Proposition
5.2 and (6.2), looking at the Fourier series, we see that the series ), Tjhy
converges pointwise to a harmonic function (called ), Tjhj again) with
| >k Tihillo < oo. Hence ), Thy € hv. The definition of V' can be repeated
literally for the operator hv — (3, ®Xp)o with UV = idj,. Hence we
obtain hv ~ [y and the Riesz projection R : hv — Hwv is bounded. Therefore
we also have Hv ~ . (Alternatively, we could have used Proposition 5.2
or [1, 18] to see that hv ~ (hv)§* ~ I and Hv ~ (Hv)§* ~ loo.) =

References

[1] K. D. Bierstedt and W. H. Summers, Biduals of weighted Banach spaces of analytic
functions, J. Austral. Math. Soc. Ser. A 54 (1993), 70-79.
[2] O. Blasco, Multipliers on weighted Besov spaces of analytic functions, in: Contemp.
Math. 144, Amer. Math. Soc., 1993, 23-33.
[3] J. Bonet and E. Wolf, 4 note on weighted Banach spaces of holomorphic functions,
Arch. Math. (Basel) 81 (2003), 650-654.
[4] P. Domanski and M. Lindstrom, Sets of interpolation and sampling for weighted
Banach spaces of holomorphic functions, Ann. Polon. Math. 89 (2002), 233-264.
[5] P. L. Duren, Theory of H? Spaces, Academic Press, New York, 1970.
[6] T. M. Flett, The dual of an inequality of Hardy and Littlewood and some related
inequalities, J. Math. Anal. Appl. 38 (1972), 746-765.
[7] —, Lipschitz spaces of functions on the circle and the disc, J. Math. Anal. Appl. 39
(1972), 125-158.
[8] A. Galbis, Weighted spaces of entire functions, Arch. Math. (Basel) 62 (1994), 58—64.
[9] D.J. H. Garling and P. Wojtaszczyk, Some Bargmann spaces of analytic functions,
in: Function Spaces (Edwardsville, IL, 1994), Lecture Notes in Pure and Appl. Math.
172, Dekker, 1995, 123-138.
[10] J. Hilsmann, Struktursdtze fir Banachraume holomorpher Funktionen in mehreren
Variablen, Doctoral Dissertation, Univ. of Dortmund, 1985.
[11] K. Hoffman, Banach Spaces of Analytic Functions, Prentice-Hall, Englewood Cliffs,
NJ, 1962.
[12] J. Lindenstrauss and L. Tzafriri, Classical Banach Spaces I, Springer, Berlin, 1986.
[13] W. Lusky, On weighted spaces of harmonic and holomorphic functions, J. London
Math. Soc. 59 (1995), 309-320.
[14] —, On generalized Bergman spaces, Studia Math. 119 (1996), 77-95.
[15] —, On the Fourier series of unbounded harmonic functions, J. London Math. Soc.
(2) 61 (2000), 568-580.



[16]
[17]
[18]
[19]
[20]
21]

22]

Weighted spaces of harmonic and holomorphic functions 45

W. Lusky, On the isomorphic classification of weighted spaces of holomorphic func-
tions, Acta Univ. Carolin. Math. Phys. 41 (2000), 51-60.

M. Mateljevi¢ and M. Pavlovié, L?-behaviour of the integral means of analytic func-
tions, Studia Math. 77 (1984), 219-237.

L. A. Rubel and A. L. Shields, The second duals of certain spaces of analytic func-
tions, J. Austral. Math. Soc. 11 (1970), 276-280.

A. L. Shields and D. L. Williams, Bounded projections, duality and multipliers in
spaces of analytic functions, Trans. Amer. Math. Soc. 162 (1971), 287-302.

—, —, Bounded projections, duality and multipliers in spaces of harmonic functions,
J. Reine Angew. Math. 299/300 (1978), 256-279.

—, —, Bounded projections and the growth of harmonic conjugates in the unit disc,
Michigan Math. J. 29 (1982), 3-25.

P. Wojtaszczyk, On projections in spaces of bounded analytic functions with appli-
cations, Studia Math. 65 (1979), 147-173.

Fakultat fiir Elektrotechnik,
Informatik und Mathematik
Universitat Paderborn
Warburger Strafie 100

D-33098 Paderborn, Germany
E-mail: lusky@uni-paderborn.de

Received February 2, 2005
Revised version December 30, 2005 (5573)



