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Projective representations of
spaces of quasianalytic functionals

by

JosE BONET (Valencia), REINHOLD MEISE (Diisseldorf) and
SERGEI N. MELIKHOV (Rostov on Don)

Abstract. The weighted inductive limit of Fréchet spaces of entire functions in N
variables which is obtained as the Fourier—-Laplace transform of the space of analytic func-
tionals on an open convex subset of RY can be described algebraically as the intersection
of a family of weighted Banach spaces of entire functions. The corresponding result for
the spaces of quasianalytic functionals is also derived.

1. Introduction. Let A(G) denote the space of all real-analytic func-
tions on an open convex subset G' of RY with complex values. Its strong
dual A(G); is isomorphic to an (LF)-space FA'(G) of entire functions on
CN via the Fourier-Laplace transform. Each step space of this (LF)-space is
a Fréchet space whose topology is given by weighted sup-norms. Ehrenpreis
[8] showed that the topology of F.A'(RY) cannot be described by weighted
sup-seminorms. Similar questions on the projective description were later
investigated by various authors (see Bierstedt [1]). For weighted inductive
limits in which the steps are defined by weighted sup-seminorms, one asso-
ciates a projective hull which is an intersection of weighted Banach spaces.
In the projective hull it is possible to perform direct computations and
estimates with sup-seminorms. The question whether the projective hull co-
incides algebraically or topologically with the given inductive limit depends
heavily on the properties of the inductive limit.

The first main result of this article is Theorem 3.4, in which we show
that the (LF)-space FA'(G) of entire functions coincides with its projective
hull algebraically, and has a strictly finer topology. The assertion about the
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topology was already proved in Bonet and Meise [4, Theorem 3.1]. The proof
of Theorem 3.4 is based on a result about weighted (LB)-spaces of holomor-
phic functions due to Bierstedt, Meise and Summers [2, Theorem 1.6] and
a theorem of Ronkin [18, Theorem 2| about plurisubharmonic functions of
at most normal type with respect to order one. The present research also
complements our investigations in [5].

The second main result is Theorem 4.6, which shows that Theorem 3.4
can be extended to the spaces Eiw}(G) of quasianalytic functionals, where
E{w1(G) denotes the space of all w-ultradifferentiable functions of Roumieu
type on G for a given (quasianalytic) weight function w (see 2.1). More
precisely, we prove that the (LF)-space FE& { w}(G) of entire functions on C"
which arise as the Fourier-Laplace transforms of the elements of £, (G)y, co-
incides algebraically with its projective hull and has a strictly finer topology.
The latter assertion follows again from Bonet and Meise [4, Theorem 3.1].
The corresponding result for non-quasianalytic classes £,,3(G) was already
obtained by Bonet and Meise [3, Theorem 1]. However, its proof cannot be
extended to the present case since the non-quasianalyticity of w is applied
twice in an essential way. Firstly, it is used to get many functions in £¢,,(G)
with compact support. Secondly, it implies the existence of the harmonic
extension of w to the upper half-plane which is needed for an application of
the global Phragmén-Lindel6f Theorem. In the present (quasianalytic) case
we apply a classical estimate of the harmonic measure for the half-disk to-
gether with Theorem 3.4 and a recent result of Heinrich and Meise [9] which
shows that a theorem of Hérmander [10] on the supports of quasianalytic
functionals in C*(RY) also holds for elements in &/ (w }(RN ).

2. Preliminaries. In this preliminary section we introduce the notation
that will be used throughout the paper. By || we denote the Euclidean norm
on CV, N € N, while for a € CV and r > 0 we let B(a,r) := {z € CV :
|z —al <r}.

1. Weight functions. A function w : R — [0,00] is called a weight
function if it is continuous, even, increasing on [0, 00, and if it satisfies
w(0) = 0 and also the following conditions:

() w(2t) = O(w(t)) as t tends to infinity.

(B) ( ) = O(t) as t tends to infinity.
(

) S t( )t =
1
(8) ¢ :t— w(el) is convex on [0, oo

The radial extension w of a weight function w is defined as
w:C" = [0,00[, w@(2):=w(lz]).



Projective representations 93

It will also be denoted by w in what follows, by abuse of notation. The Young
congugate of the function ¢ = ¢,,, which appears in (¢), is defined as

@*(x) :==sup{zy — ¢(y) : y > 0}, =z =0.
2.2. EXaMPLE. The following functions are easily seen to be weight
functions:

(1) w(t) == [t|(log(L+[t]))™* 0<a<1.

(2) w(t) == [t].

2.3. Spaces of ultradifferentiable functions. Let w be a given weight
function. For a compact subset K of RY and m € N denote by C*°(K)
the space of all C*°-Whitney jets on K and define

£y (K) = {f € O®(K) :

1 *k

1f || m := sup sup If(o‘)(ﬂf)exp(_—@ (m!a)> < OO}'
2€K aeNy m

For an open set G in RY, define the space of all w-ultradifferentiable func-

tions of Roumieu type on G as

E}(G) :=={f € C*(G) : for each K C G compact there is m € N
so that || f|| xm < 0o}.

It is endowed with the topology given by the representation
Erwy(G) = proj_g indm— €y (K),
where K runs over all compact subsets of G.

Note that £,,}(G) is a countable projective limit of (DFN)-spaces which
is complete. If G is convex, it follows from Rosner [19, Satz 3.25] and
Vogt [21, Theorem 3.4] that £, (G) is ultrabornological and reflexive. By
E(wy(G)" we denote the strong dual of £,y (G). The elements of £, (G)
are called quasianalytic functions and the elements of £,y (G)" are called
quasianalytic functionals on G.

2.4. REMARK. If w is the weight function w(t) = |t|, then the space
&(w}(G) coincides with the space A(G) of all real-analytic functions on G.
Note that the topology of A(G) can also be described as the projective limit
of the (LB)-spaces A(K), where K runs through all compact subsets of G
and A(K) denotes the space of germs of all holomorphic functions on K
endowed with its natural inductive limit topology. Martineau [14] proved
that A(G) is ultrabornological.

2.5. Support functions. (a) For a compact set K in RY, K # (), the
support function hg of K is defined as

hi :RY =R, hg(€) = sup (2,8),
S
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where (z,w) := Z;VZI zjwj for z,w € CN. Obviously, hx is a convex function
which is positively homogeneous.

(b) For a compact set K in C we define

Hi :CN - R, Hk(z) := sup Re(z, w).
weK

2.6. Weighted spaces of holomorphic functions. Let w be a weight func-
tion and G an open convex subset of RY which contains the origin. Choose
an increasing sequence (K )nen of compact subsets of G which satisfy the
following conditions: 0 € Io(l, K, C Io(nJrl and | J,en Kn = G. For n € N
denote by h,, the support function of K, and for n, k € N define the weights
vt € C(CN) by

(2.1) vnp(z) = exp (—hn(lm o) — %w(z)).

The family (vy, & )n ken is denoted by V,, . Next denote by H(CN) the space
of all holomorphic functions on CV and, for a given non-negative upper
semicontinuous function v on CV, define the weighted seminormed space
Ho:={f € H(CY) : |[f|lo := sup |f(2)|v(z) < oo}
zeCN

Then the weighted (LF)-space of entire functions associated with w and G
is defined as
Vo,oH = ind,,_, proj_; Hv, k.

2.7. Fourier—Laplace transform. Let w be a weight function and G a
convex open set in RN, It is easy to check that for each p € S{w}(G)’, the
Fourier-Laplace transform g of p, defined by

1i(2) = pz(exp(—i(z, 2))),
is in V,, ¢H. In fact, the Fourier-Laplace transform
F: &y (G, = VooH, F(u) =,
is a linear topological isomorphism. This was shown by Meyer [16] when

N =1 and in general by Rosner [19, Satz 2.19]. For a simpler proof we refer
to Heinrich and Meise [9, Theorem 4.12].

2.8. The projective hull HVW,G. For w, G, and V,, ¢ as in 2.6, we define
the system V¢ of weights associated with V,, ¢ according to Bierstedst,
Meise and Summers [2] as

(2.2)  V,g:={7:CY —[0,00[: 7 is upper semicontinuous and
for each n € N there exist a,, > 0 and k(n) € N such that v < a, vy, g }-
Then the projective hull HV%G of V, gH is defined as
HVW,G = projeveV%G Hw.
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It is easy to check that H V%G is a complete locally convex space and that
Vo,gH C HV, ¢ with continuous inclusion.

3. Analytic functionals. In this section we will show that the space
of Fourier—Laplace transforms of analytic functionals on each convex open
set G in RY coincides algebraically with its projective hull.

3.1. LEMMA. Let w be a weight function and G C RY be an open and
convex set. Then for each f € HV, ¢ the following holds:

(a) For each k € N there exists Ay > 0 such that
1
|f(:n)|§Akexp<Ew(:U)>, z e RV,

(b) There exist n € N and B > 0 such that
|f(2)| < Bexp(n|Im z| + nw(z)), z¢eC¥,
Proof. (a) For k € N define wy, : CV — [0, 00[ by
1
Wi(z):=0 if Imz#0, wg(z):= exp<—E w(z)), z € RV,

Then for all n,k € N we have wy, < v, ;. Hence wy, belongs to vag, which
implies, for each f € HV, g,

sup \f(x)exp(—lw@)) = sup |F(Dh(2) = |y < 0.

zERN k z€CN
(b) Using the notation introduced in 2.6, choose an increasing sequence

(rn)nen in N such that K,, € B(0,r,) for each n € N. Then define the weight
system W = (wn)nen by wn(2) 1= exp(—rp|lm 2| — nw(z)) and denote the
associated weight system according to 2.8 by W. If w € W then for each

n € N there exists «a,, > 0 such that
W(2) < apwn(z) = an exp(—rp|Im z| — nw(z))
< ap exp(—hp(Im2) — w(2)) = apvpi(z), 2zeCV.
This shows that w € H V%G and consequently H V%G C HW. Now note

that by Bierstedt, Meise and Summers [2, Theorem 1.6], we have HW =
WH , which implies (b). m

3.2. LEMMA. Let 2 C CN be an open convex set and let G := 2 NRY.
Then for each f € HV, g there exist a compact convexr set L C {2 and
C > 0 such that

|f(2)] < Cexp(HL(—iz)), ze€CN.

Proof. Choose a fundamental sequence (L, )nen of compact convex sets
for 2 in such a way that for the given fundamental sequence (K, )nen of
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compact convex subsets for G used in the definition of the weight system
VoG, we have K, C L, and L, C Lp41 for each n € N. Then choose
k(n) € N so that

Kn+B<O,ﬁ> cL, neN
It is easy to check that this choice implies
Hy, (2) + % <Hp, (2), zeCN neN,
Next note that
hp(Imz) = hg, (Imz) = sup (Imz,y) = sup Re(Imz —iRez,y)
yeKy, yeEK,

= sup Re(—i(Rez +ilmz),y) = Hg, (—iz).
yeKy

Obviously, these estimates imply
(3.1) — Hp, (—iz) < —hn(Imz)—%, zeCN, neN.
Now define the weight system U := (uy, )nen, where
Un(2) := exp(—Hp, (—iz)), zeCV,

and denote by U the associated weight system, according to 2.8. If we fix
@ € U then for each n € N there exists a,, > 0 such that @ < a,u,. Since w
satisfies condition 2.1(3), we can choose D > 1 such that w(t) < D|t|+ D
for all t € R. Then it follows from (3.1) that for each n € N we have

u(z) < apun(z) < anexp (—hn(lm z) — k|(Zr|L)>
< ay exp (—hn(lm z) — I;kaf?i) + ﬁ) < eanUy, pi(n) (2)-

This implies % € V. Hence |f|@ is bounded on C¥ for each f € HV,, .
Now note that for each n € N there exists e, > 0 such that L, + B(0,&,) C
Ly 1. This implies Hy,,,,(2) > Hp, (2) +¢€n|2| and consequently —H7p, ., (2)
+ Hyp, (2) < —enlz|, z € CN. By the definition of U, this shows that we can
apply Bierstedt, Meise, and Summers [2, Theorem 1.3(d)] to get UH = HU.
This implies that for each f € HV, ¢ C HU there is n € N such that |f|uy,
is bounded on CV. By the definition of w,, this completes the proof of the
lemma. =

To apply Lemmas 3.1 and 3.2 we need a result about plurisubharmonic
functions u defined on CV. Recall that u is said to be of at most normal
type with respect to order 1 if there are constants A, B > 0 such that

u(z) < Alz| + B, zeCV.
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The following theorem was proved by Ronkin [18, Theorem 2] (a similar
result was obtained by Napalkov [17, Theorem 15.21]).

3.3. THEOREM. Letu be a plurisubharmonic function of at most normal
type with respect to order 1 and let o be a continuous function on RN which
s positively homogeneous with real values. If for each € > 0 there exist

Cg(l), 05(2) > 0 such that
u(z) <ele| +C, e R, u(iy) <aly) +elyl + 0P, yeRY,
then for each € > 0 there exists 05(3) > 0 such that
u(e +iy) < aly) +e(lz] +|y) + O, 2y eRY.

3.4. THEOREM. For each open convex set G C RN and w(t) = |t| for
t € R, we have V, cH = HV ¢, while the topology of V,cH is strictly
finer than the one of HV , .

Proof. Since V,cH C H VW,G we only have to prove the converse inclu-
sion. To do so it is no restriction to assume 0 € G. Then fix f € HV, g and
note that by Lemma 3.1(b), f is of exponential type. Next let 2 := G +iR".
By Lemma 3.2 there exists a compact set L in {2 and C' > 0 such that

|f(2)| < Cexp(HL(—iz)), =zeCV.

Obviously, we can choose m € N so that L C K,, + iRY. This implies
Hr(y) < hm(y) for each y € RY and consequently

£ (i) < Cexp(Hr(y)) < Cexp(hm(y)), yeRY.
Now note that by 3.1(a), for each € > 0 there exists B > 0 such that
|f(2)] < Bexp(elz]), =eRY.

Hence the function u : CV — [—o00,00[, u(z) := log|f(z)|, satisfies the
hypotheses of Theorem 3.3. Therefore, this theorem implies that for each
€ > 0 there is B, > 0 such that

|f(Z)‘ < B: eXP(hm(Imz) + 5‘2‘)7 S cN.

Obviously, this estimate implies f € V,, ¢H and hence H VW,G CVocH.
The second assertion of the theorem was proved in [4, Theorem 3.1]. m

4. Quasianalytic functionals. In this section we show that Theorem
3.4 extends to arbitrary weight functions w. To achieve this we use a lemma
which follows from estimates of the harmonic measure of the upper half-disk,
as stated in Braun, Meise, and Vogt [7, Lemma 4.1].

4.1. LEMMA. Let p,a,b,R > 0, let z € C with Imz| < R, and let ¢ be
subharmonic in a neighborhood of D = {¢ € C: | — Rez| < R} satisfying

(1) ¢(¢) < p|Im¢| +aR for all ( € D.
(2) (&) <bR for all, € DNR.
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Then ¢ satisfies
4
(3) ¢(2) < = (u+ a)[Im z| + bR.

4.2. LEMMA. Let w be a weight function and G an open convex set in
RY with 0 € G. Then for each f € HV , o there exists m € N such that for
each k € N there exists A, > 0 such that

1f(2)] < Ag exp<m\hnz] + %w(z)), zeCV.

Proof. Fix f € HV ,, . By Lemma 3.1(a),
log|f(z)] = o(w(x)), = €RY, as|z]— oo

We apply Braun, Meise, and Taylor [6, 1.7 and 1.8(a)] to find a weight o
such that o = o(w) and A’ > 0 with

|f(2)] < A exp(o(x)), = eRY.
Now, by Lemma 3.1(b), there are n € N and B > 0 with
|f(2)| € Bexp(n|Im 2| + nw(z)), z¢€CN.

Fix A > max(B, A’,1). The function ¢ defined by ¢(z) := log|f(z)| —log A
is plurisubharmonic on CV and satisfies the inequalities

(4.1) o(z) <nllmz| +nw(z), zeCV,
(4.2) o(x) < o(z), xRN,
Select C,tg > 0 such that for each t > ty we have
w(2t) < Cw(t), o(2t)<Co(t), w(t)<Ct, o(t)<CH,
(43) w(t) < Clt|+C forall t € R.
We fix ¢ € CV and distinguish three cases.

CASE (A). Suppose that [Im¢| > |Re(]|. Then [(| < 2|Im (]| and, by (4.1)
and by (4.3),

¢(¢) < nlIm (| + nw(() < n[Im¢| +nC|¢| +nC
< n|Im (| + 2nC|Im | + nC.

Caskg (B). Suppose that [Im (| < |Re (| < to. Now (| < [Im{|+|Re(| <
2|Re (| < 2tp and

©(¢) < nlIm (| + nw(¢) < n|Im (| + nw(2ty).

CASE (C). Suppose that [Im(| < |Re(| and |Re(| > to. We set = :=
Re(, y:=Im¢ and 2 := {9 € CV : |9 — x| < |z|}. Since | — 2| = |y| < |z|
we have ¢ € 2. If 9 € {2 then

9] < [0 — ] + || < 2[x]
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and, by (4.3),
w(¥) = w(9]) < w(2la]) < Cw(z).

We apply (4.1) to conclude that

(4.4) o) < nlIm | + nw(¥) < n|lm Y| + nCw(zx).
On the other hand, if ¢ € RV N £2, we deduce from (4.2) that
(4.5) p(&) < o(§) =o(l¢]) < o(2]z]) < Co().

For ¢ € C with Im ¢ # 0 define the plurisubharmonic function
Im ¢
P(u) = <:U—|—u—>, u € C.

We will apply Lemma 4.1 to the function ¢ on D := {u € C: |u| < |z|}. If
u € D we have z + ulm {/|Im (| € 2. From |Im (| < |Re(| = |z| it follows
that ug := i|Im (| € D. In addition  +uoIm¢/[Im(| = z+iIm { = ¢. From
(4.4) we get

o) = rupd) <

= n|Imu| + nCw(z), weD.
From (4.5) we conclude that

I
Im<x+u m¢

\hnq>'+”0”@)

By Lemma 4.1 with p :=n, R := |z|, a :== nCw(z)/|z|, b := Co(z)/|z|, 2
up, and by (4.3), we have

P(ug) < i(n—l— nC w(z

|z
Hence

IN

)>|Imu0|+00( ) (n+n02)|ImC\+C’U(ReC).

4
#(¢) < — (n+nCH)[Im (] + Co(Q).
Summarizing Cases (A), (B) and (C), and setting m > max(2nC + n,
1(n+nC?)), T > max(nC,nw(2ty)) we conclude
[p(Q <mfIm ¢+ Ca()+T, (eC”,

therefore
£(Q)] < Ae exp(m[Im (| + Co(¢), ¢eCV.

Since ¢ = o(w), this implies that for each k£ € N there exists A; > 0 such
that

|f(z)]SAkexp<m]Imz\+%w(z)>, z2eCV. u
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4.3. Analytic functionals with real carrier. For a compact set K in CN
the space A’(K) is defined as the set of all u € H(C")" which have the
property that for each open neighborhood G of K in C¥ there exists Cg > 0
such that

u(f) < Cosgg\f(Z)!, feH(CY).

The elements of A’(K) are called analytic functionals carried by K. It is well
known that in general there is no minimal carrier for a given v € A’(K).
However, if we let

A'(RY)Y U{A' : K ¢ RY compact}

then for each u € A’(RY) there is a smallest compact set K C R such that
u € A'(K) (see Schapira [20, Theorem 111] or Hormander [11, Theorem
9.1.6]). This set K is called the support of u. From Hérmander [12, Theorem
15.1.5], it follows that for a compact convex set K in RY an entire function
f € H(CV) is the Fourier-Laplace transform of some u € A’(K) if and only
if f satisfies the following estimate: For each € > 0 there exists C; > 0 such
that

(4.6) 1f(2)| < Coexp(hg(Imz) +¢|z|), =zeCV.

4.4. LEMMA. For each weight function w and each open convex set G C
RN the restriction map g : H(CN) — E(wy(G) is linear, continuous, and
has dense range. Hence o' : Ey(G)], — H(CM); is injective and im o' C
A'(RN).,

Proof. Since w satisfies condition 2.1(/3), one can check that A(G) is con-
tinuously embedded into &,,3(G). Since o factors through A(G), the conti-
nuity of o follows. By the result of Rosner stated in 2.7, the set {f, : z € CV},
where f, is defined by f.(z) := exp(—i(z, z)), is dense in E,1(G). Hence
o(H(CY)) is dense in €1 (G) and consequently o' is injective. Obviously,
the continuity estimate for u implies that o'(u) is in A’(RY). =

To prove the main theorem of this section we will use the following result
of Heinrich and Meise [9] which shows that Theorem 3.4 of Hérmander [10]

on the supports of quasianalytic functionals also holds for the spaces £¢,,(G)
considered here.

4.5. THEOREM. Let w be a weight function, let u € Eiw}(RN), and let

2 be an open subset of RV, If the support of o'(u) is contained in §2 then
there exists a unique element U € Sgw}(ﬂ) which satisfies U|g{w}(RN) =u.

4.6. THEOREM. For each weight function w and each convex open set
G in RN the spaces Vo,gH and HV ,, ¢ coincide as vector spaces, while the
topology of V., cH 1is strictly finer than the one of HV , G.
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Proof. Since V,cH C H VW,G we only have to prove the converse inclu-
sion. It is no restriction to assume 0 € G. If we fix f € H VW,G then it follows
from Lemma 4.2 that f € V,gvH. By 2.7 there exists u € Siw} (RY) such
that f = F(u). Next define o(t) := |t|, t € R, and note that w = O(o) by
hypothesis. From this it follows easily that VU,G C VW,G. Hence f belongs
to H Voyg = Vy,¢H, by Theorem 3.4. Therefore, it follows from (4.6) that
f = F(v), where v € ,(G) = A(G)". Consequently, there exists K C G
compact with K equal to the support of v. By Lemma 4.4 we have v = o' (u).
By the result of Heinrich and Meise [9] stated in Theorem 4.5, this implies
u € E,1(G) and hence f €V, gH.

The second statement of the theorem was proved in Bonet and Meise [4,
Theorem 3.1]. =

We conclude this section with further examples of weight functions which
extend Example 2.2(1).

4.7. EXAMPLE. For k € Ny define recursively
ep:=1, er:=exp(ex—1), logyx:=uz, log,x :=log(log,_;x).
For se Nlet « €]0,1] if s =1 and o > 0 if s > 2 and define
4
(log,(es + [¢]))*

Then it is easy to check that wq s is a weight function for each s € N and
« in the range defined above. Hence we have V,,, , ¢H = HV,,, , ¢ for each

Was : R —[0,00[, was(t) =

convex open set G in RY.
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