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The Daugavet property and translation-invariant subspaces
by

SIMON LUCKING (Berlin)

Abstract. Let G be an infinite, compact abelian group and let A be a subset of its
dual group I'. We study the question which spaces of the form C4(G) or L} (G) and which
quotients of the form C(G)/Ca(G) or L'(G)/L}4(G) have the Daugavet property.

We show that C'x(G) is a rich subspace of C(G) if and only if "\ A" is a semi-Riesz
set. If L} (G) is a rich subspace of L'(G), then C4(G) is a rich subspace of C(G) as well.
Concerning quotients, we prove that C(G)/C4(G) has the Daugavet property if A is a
Rosenthal set, and that L (G) is a poor subspace of L'(G) if A is a nicely placed Riesz
set.

1. Introduction. I. K. Daugavet [3] proved in 1963 that all compact
operators T' on C]0, 1] satisfy the norm identity

[1d + T = 1+ |71,

which has become known as the Daugavet equation. C. Foiag and I. Singer [5]
extended this result to all weakly compact operators on C[0, 1] and A. Pel-
czynski |5, p. 446 observed that their argument can also be used for weakly
compact operators on C(K) provided that K is a compact space without
isolated points. Shortly afterwards, G. Ya. Lozanovskil [20] showed that
the Daugavet equation holds for all compact operators on L'[0,1], and
J. R. Holub [I2] extended this result to all weakly compact operators
on LY($2, % 1) where u is a o-finite non-atomic measure. V. M. Kadets,
R. V. Shvidkoy, G. G. Sirotkin, and D. Werner [I7] proved that the validity
of the Daugavet equation for weakly compact operators already follows from
the corresponding statement for operators of rank one. This result led to the
following definition: A Banach space X is said to have the Daugavet property
if every operator T': X — X of rank one satisfies the Daugavet equation.
Examples include the aforementioned spaces C(K) and L*(§2, ¥, i), cer-
tain function algebras such as the disk algebra A(D) or the algebra of
bounded analytic functions H* |28 [29], and non-atomic C*-algebras [23].
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If X has the Daugavet property, not only all weakly compact operators on
X satisfy the Daugavet equation but also all strong Radon—Nikodym op-
erators [17], meaning operators T' for which T'[Bx]| is a Radon-Nikodym
set, and operators not fixing a copy of ¢! [27]. Furthermore, X fails the
Radon-Nikodym property [29], contains a copy of ¢! [17], does not have
an unconditional basis [I3], and does not even embed into a space with an
unconditional basis [17].

The listed properties give the impression that spaces with the Daugavet
property are “big”. It is therefore an interesting question which subspaces of a
space X with the Daugavet property inherit this property. One approach is to
look at closed subspaces Y such that the quotient space X/Y is “small”. For
this purpose, V. M. Kadets and M. M. Popov [15] introduced on C]0, 1] and
L'[0,1] the class of narrow operators, a generalization of the class of compact
operators, and called a subspace rich if the corresponding quotient map is
narrow. This concept was transferred to spaces with the Daugavet property
by V. M. Kadets, R. V. Shvidkoy, and D. Werner [I§|. Rich subspaces inherit
the Daugavet property and the class of narrow operators includes all weakly
compact operators, all strong Radon—Nikodym operators, and all operators
which do not fix copies of ¢! [I8].

If Y is a rich subspace of a Banach space X with the Daugavet prop-
erty, then not only Y inherits the Daugavet property but also every closed
subspace of X which contains Y. In view of this property, V. M. Kadets,
V. Shepelska, and D. Werner introduced a similar notion for quotients of
X and called a closed subspace Y poor if X/Z has the Daugavet property
for every closed subspace Z C Y. They also showed that poverty is a dual
property to richness [16].

Let us consider an infinite, compact abelian group GG with its Haar mea-
sure m. Since G has no isolated points and m has no atoms, the spaces
C(G) and L'(G) have the Daugavet property. Using the group structure
of G, we can translate functions that are defined on G and look at closed,
translation-invariant subspaces of C(G) or L!(G). These subspaces can be
described via subsets A of the dual group I" and are of the form Cy(G) =
{f € C(G) : spec f C A} and LL(G) = {f € L}(G) : spec f C A}, where

spec f ={y e I': f(y) # 0},

We are going to study the question which closed, translation-invariant
subspaces of C'(G) and L'(G) and which quotients of the form C(G)/CA(G)
or L(G)/LY(G) have the Daugavet property. We will show that C4(G) is
a rich subspace of C(G) if and only if I\ A=! is a semi-Riesz set, and
that C4(G) is rich in C(G) if LY(G) is rich in L'(G). We will prove that
C(G)/CA(G) has the Daugavet property if L}\A_l(G) is a rich subspace of
LY(@G), and that L'(G)/LY(G) has the Daugavet property if Cra1(G) is
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a rich subspace of C(G). We will furthermore identify a big class of poor,
translation-invariant subspaces of L1(G).

2. Preliminaries. Let T be the circle group, i.e., the multiplicative
group of all complex numbers with absolute value one. In what follows,
G will be an infinite, compact abelian group with addition as group oper-
ation and eq as identity element. B(G) will denote its Borel o-algebra, m
its normalized Haar measure, I" its (discrete) dual group, i.e., the group of
all continuous homomorphisms from G into T, and A a subset of I'. Linear
combinations of elements of I" are called trigonometric polynomials and we
set T(G) = linI'. We will write 1¢ for the identity element of I", which
coincides with the function identically equal to one.

LEMMA 2.1. If O is an open neighborhood of eq, then there exists a
covering of G by disjoint Borel sets By, ..., By with By — B, C O for k =
1,...,n.

Proof. Let V' be an open neighborhood of eq with V. —V C O. Since
G is compact, we can choose x1,...,x, € G with G = |J;_(x + V). Set
By =1+ V and By = (zx+V)\U}Z{ B fork=2,...,n. Then By,..., By
is a covering of G by disjoint Borel sets and for every k € {1,...,n},
By —Bi C (i +V)— (2, +V)CV -V CO. n

LY(G) and M(G), the space of all regular Borel measures on G, are
commutative Banach algebras with respect to convolution, and L!(G) is a
closed ideal of M(G) [25, Theorems 1.1.7, 1.3.2, and 1.3.5]. If u € M (G), its
Fourier—Stieltjes transform is defined by

py)=\7du (yeD),
G

and the map p — [ is injective, multiplicative, and continuous [25, Theo-
rems 1.3.3 and 1.7.3]. L'(G) does not have a unit, unless G is discrete. But
we always have an approximate unit [II, Remark VIII.32.33(c) and Theo-
rem VIII.33.12].

PROPOSITION 2.2. There is a net (v;)jes in LY(G) with the following
properties:

(i) If = f xvjlli = O for every f € L}(G);

(i) ||f = f *vjlloc = 0 for every f € C(G);

(iii) v; >0, v; € T(G) and v; > 0 for every j € J;
(iv) |lvjll1 =1 for every j € J;

(v) 0j(y) = 1 for every vy € I
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If f: G — Cis a function and = an element of G, the translate f, of f
is defined by

f(y) = fly—2) (yeq).

A subspace X of L}(G) or C(G) is called translation-invariant if X contains
with a function f all possible translates f,. As already mentioned in the
introduction, all closed, translation-invariant subspaces of C(G) or LY(G)
are of the form C4(G) or LY(G) [11, Theorem IX.38.7], where A is a sub-
set of I'. We define T4 (G), LY (G), and M4(G) analogously. Note that by
Proposition [2.2) the space Tx(G) is || - ||oo-dense in C4(G) and || - ||;-dense in
LL(G).

We will need the following characterization of the Daugavet property |17,
Lemma 2.2|.

LEMMA 2.3. Let X be a Banach space. The following assertions are
equivalent:

(i) X has the Daugavet property.
(ii) For every x € Sx, x* € Sx~+, and € > 0 there is some y € Sx such
that Rex*(y) > 1 —¢ and ||z +y|| > 2 —¢.
(iii) For every x € Sx, ™ € Sx+, and € > 0 there is some y* € Sx=«
such that Rey*(z) > 1 —¢ and ||z* + y*|| > 2 —¢.

3. Structure-preserving isometries. The Daugavet property depends
crucially on the norm of a space and is preserved under isometries but in gen-
eral not under isomorphisms. Considering translation-invariant subspaces of
C(G) and LY(G), it would be useful to know isometries that map translation-
invariant subspaces onto translation-invariant subspaces.

DEFINITION 3.1. Let G; and G be locally compact abelian groups with
dual groups I and I5. Let H : Gi — G2 be a continuous homomorphism.
The adjoint homomorphism H* : I's — I is defined by

H*(y)=~v0H (yely).

The adjoint homomorphism H* is continuous [10, Theorem VI.24.38|,
H* = H [10, VI.24.41(a)|, and H*[I»] is dense in I7 if and only if H is
one-to-one [10, VI.24.41(b)].

LEMMA 3.2. Let H : G — G be a continuous and surjective homomor-

phism. Then H is measure-preserving, i.e., each Borel set B of G satisfies
m(H~'[B]) = m(B).

Proof. Denote by i the push-forward of m under H. It is easy to see that
w is regular and p(G) = 1. Since the Haar measure is uniquely determined,
it suffices to show that p is translation-invariant.
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Fix B € B(G) and = € G. H is surjective and thus there is y € G with
H(y) = z. It is not difficult to check that H=![B + H(y)] = H'[B] +y.
Using this equality, we get

w(B +x) =m(H B+ H(y)]) = m(H ' [B] +y)
— m(H[B]) = u(B). »

ProOPOSITION 3.3. Let H : I' — I' be a one-to-one homomorphism and

let A be a subset of I'. Then Ca(G) = Cyix(G) and L} (G) = LJILI[A}(G)'

Proof. If we define T : C(G) — C(G) by
T(f)=feH" (f€C(G)),

then T is well-defined and an isometry because H* is continuous and surjec-
tive. (Note that H*[G] is compact and therefore closed.) For every trigono-
metric polynomial f =3}, a7y and every x € G we get

T(f)(x) =Y am(H*(2) =Y apH(w)(@).
k=1 k=1

Hence for every A C I', T' maps the space Tx(G) onto T(G) and by
density the space C4(G) onto Ca)(G).

Let us look at the same T but now as an operator from L!(G) into itself.
It is again an isometry because H* is measure-preserving by Lemma For
every A C I', it still maps the space TA(G) onto T4 (G) and so by density
LY(G) onto L}{[A](G). n

COROLLARY 3.4. Let H : I' — I be a one-to-one homomorphism. If
CA(G) has the Daugavet property, then Cg(G) has the Daugavet property
as well. Analogously, if LY (G) has the Daugavet property, then L}{[A](G) has
the Daugavet property as well.

Let us give an example. Every one-to-one homomorphism on Z is of the
form k — nk where n is a fixed non-zero integer. So Cx(T) = C,(T) and
LY(T) = L! | (T) for every non-zero integer n.

4. Rich subspaces

DEFINITION 4.1. Let X be a Banach space with the Daugavet property
and let E be an arbitrary Banach space. An operator T' € L(X, E) is called
narrow if for any x,y € Sx, ¢* € X*, and € > 0 there is an element z € Sx
such that [|T'(y —2)||+|z*(y—2)| < e and ||z + 2| > 2—¢. A closed subspace
Y of X is said to be rich if the quotient map 7 : X — X/Y is narrow.

A rich subspace inherits the Daugavet property. But even a little bit more
is true [18, Theorem 5.2].
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PROPOSITION 4.2. Let X be a Banach space with the Daugavet property
and let Y be a rich subspace. Then (Y, X) is a Daugavet pair, i.e., for every
x € Sx, y* € Sy~, and € > 0 there is some y € Sy with Rey*(y) > 1 —¢
and ||z +yl| > 2 —e.

Proof. Fixx € Sx, y* € Sy~, and € > 0. Choose § > 0 with % >1—¢
and z € Sy with Rey*(2) > 1 — 4. Since Y is a rich subspace of X, there
exists zg € Sx with d(zo,Y) = d(z — x0,Y) < 9, |y*(z — x0)| < 4, and
|z + @ol| = 2 —0. Fix yo € Y with [lzo — 5ol < ¢ and set y = yo/|[yol-
Then

Rey"(yo) = Rey™(2) — [y"(z — zo)[ — [|lwo — gol| = 1 =39
and
lzo = yll < llzo — woll + llyo — yll < 26.
So by our choice of § we get Rey*(y) > 1 —cand [z +y|| >2—¢c. =

Let us recall the following characterizations of narrow operators on C'(K)
spaces [I8, Theorem 3.7] and on L'(£2, ¥, i) spaces [14, Theorem 2.1], [I8,
Theorem 6.1].

PROPOSITION 4.3. Let K be a compact space without isolated points and
let E be a Banach space. An operator T € L(C(K), E) is narrow if and
only if for every non-empty open set O and every € > 0 there is a function
[ € Scry with flgo =0 and [|T(f)[| <e.

REMARK. In Proposition the function f can be chosen to be real-
valued and non-negative. This was proven for C'(K,R) in [I5, Lemma 1.4].
The same proof works with minor modifications for C(K,C) as well.

PROPOSITION 4.4. Let (2, X, p) be a non-atomic probability space and
let E be a Banach space. A function f € L'(£2) is said to be a balanced
e-peak on A € X if f is real-valued, f > —1, xaf = f, {, fdp =0, and
p({f = —1}) > u(A) — e. An operator T € L(L'(R2), E) is narrow if and
only if for every A € X and every §,e > 0 there is a balanced e-peak f on A
with || T(f)|| < 6.

COROLLARY 4.5. If CA(Q) is a rich subspace of C(G), then for every
x € G, every open neighborhood O of eq, and every € > 0 there exists a
real-valued and non-negative f € S¢(q) with f(r) =1, f|G’\(ac+O) =0, and
d(f7 CA(G)) <e.

Proof. Let V be a symmetric open neighborhood of eg with V +V C O.
Since C4(G) is a rich subspace of C(G), we can pick a real-valued, non-
negative g € Sc(q) with g|G\V = 0 and d(g,Ca(G)) < e. Fix zg € V with
g(xo) = 1 and set f = gy—s,. This function is still at a distance of at most &
from C4(G) because C4(G) is translation-invariant. Furthermore, f(x) =1
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and f|G\($+O) = 0 by our choice of V. In fact, if we pick y € G with

fly) # 0, we get g(y — x + x0) = f(y) # 0. Consequently, y —x +x9 € V
andyexrx—zo+V Cx+V+VCx+0. n

We have seen in Proposition [£.2] that a rich subspace inherits the Dau-
gavet property. But even more is true. A closed subspace Y of X is rich if
and only if every closed subspace Z of X with Y C Z C X has the Daugavet
property [I8, Theorem 5.12|. In order to prove that a translation-invariant
subspace Y of C(G) or LY(G) is rich, we do not have to consider all sub-
spaces of C(G) or L'(G) containing Y but only the translation-invariant
ones.

LEMMA 4.6. Let X be a Banach space. If for every € > 0 there is a
Banach space Y that has the Daugavet property and is (1 + €)-isomorphic
to X, then X has the Daugavet property.

Since the proof is straightforward, it will be omitted.

PROPOSITION 4.7. Suppose A is a subset of I' such that Co(G) has the
Daugavet property for all A C © C I'. Then Cx(G) is a rich subspace of
C(G). The analogous statement is valid for subspaces of L'(G).

Proof. We will only prove the result for subspaces of C(G). The proof
for subspaces of L(G) works the same way.

It suffices to show that for arbitrary fi1,f2 € Sc(g) the linear span
of Cx(G), f1 and fo has the Daugavet property [I8, Lemma 5.6]. In or-
der to do this, we are going to prove that X = lin{Cx(G) U {f1, f2}} meets
the assumptions of Lemma [4.6

Fix € > 0, and suppose that f; does not belong to C4(G) and f does
not belong to lin{C,(G) U {f1}}; the other cases can be treated similarly.
Then X is isomorphic to Cx(G) @1 lin{ f1} ®1lin{ f2} and there exists M > 0
with

M(|[hlloo + o] + B]) < [[h+afi + Bfalle (b€ Ca(G), a,8 € C).

Using the density of T'(G) in C(G), we choose g1, g2 € Sty With || fr — gkl
< Me for k =1,2. If we define T': X — lin{Cx(G) U{g1,92}} by

T(h+afi+Bf) =h+ag+Bg2 (he€Ca(G), a,B € C),
then T is surjective and ||TY|||T|| < (1 +¢)/(1 — €) since
IT(h+ afi+ Bf2) = (h+ afi + Bf2)e < Me(la] + |B])
<elh+afi+ Bfallw

for h € Cy(G) and «, 5 € C.

To complete the proof, we have to show that Y = lin{C1(G) U {g1,92}}
has the Daugavet property. Set A = spec g1 U spec go. Since g1 and go are
trigonometric polynomials, the set A is finite. By assumption, Cyya(G)
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has the Daugavet property. The space Y is a finite-codimensional subspace
of Caua(@), and has therefore the Daugavet property as well [I7, Theo-
rem 2.14]. »

Not all translation-invariant subspaces of C(G) or L'(G) which have the
Daugavet property must be rich. The subspace Coz(T) has the Daugavet
property because C(T) = Cyz(T) by Corollary But every f € Cyz(T)
satisfies

f@)=f(=t) (teT),
and therefore Coz(T) cannot be a rich subspace of C(T). Similarly, L, (T)
has the Daugavet property but is not a rich subspace of L(T).

If X is a Banach space with the Daugavet property, then all opera-
tors on X which do not fix ¢! are narrow [I8, Theorem 4.13]. This im-
plies that Y is a rich subspace of X if the quotient space X/Y contains
no copy of ¢! or if (X/Y)* has the Radon Nikodym property [I8, Propo-
sition 5.3]. Let us apply these results to translation-invariant subspaces of

C(G) or LY(G).
DEFINITION 4.8.

(a) Ais called a Rosenthal set if every equivalence class of LY (G) con-
tains a continuous member, i.e., LY (G) = Ca(G).

(b) A is called a Riesz set if every p € M,(QG) is absolutely continuous
with respect to the Haar measure, i.e., M4(G) = L}(G).

Every Sidon set is a Rosenthal set. (Recall that A C I is said to be a
Sidon set if there exists a constant M > 0 such that >, 1F ()] < M||f]lso
for all f € TA(G).) But Uo7~ ,(2n)!{1,...,2n} is an example of a Rosenthal
set which is not a Sidon set [24], Corollary 4|. Every Rosenthal set is a Riesz
set [21, Théoréme 3] and it is a classical result due to F. and M. Riesz that
N is a Riesz set [26, Theorem 17.13].

PROPOSITION 4.9. If A is a Riesz set, then Cp\ 4-1(G) is a rich subspace
of C(G), and if A is a Rosenthal set, then L}\A_I(G) is a rich subspace of
LY(G).

Proof. Suppose A is a Riesz set. Since T\ 4-1(G) is dense in Cp\ 4-1(G),
we have C’F\A_l(G)L = Mx(G). Hence M4(G) can be identified with the
dual space of C(G)/Cpr\s-1(G). Since A is a Riesz set, M,(G) has the
Radon-Nikodym property [21, Théoréme 2| and Cp\4-1(G) is a rich sub-
space of C'(G) [18, Proposition 5.3].

Suppose now that A is a Rosenthal set. We apply the same reasoning as
before and use the fact that L (G) has the Radon-Nikodym property if A
is a Rosenthal set |21, Théoréme 1]. m
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In Section [5, we will give an example of a non-Rosenthal set A such that
L}\ 4-1(G) is a rich subspace of L'(G). In the case of translation-invariant

subspaces of C(G), the previous result can be strengthened.

DEFINITION 4.10. A measure u € M(G) is said to be diffuse or non-
atomic if u(B) = 0 for all countable sets B C G. We denote by Mgig(G) the
set of all diffuse members of M(G). A subset A of I' is called a semi-Riesz
set if every p € M4(G) is diffuse.

If G is infinite, then the Haar measure on G is diffuse and every Riesz
set of I is a semi-Riesz set. The set {d>_7_,exd® :n €N, g € {-1,0,1}} is
an example of a proper semi-Riesz set [28] p. 126].

D. Werner showed that CF\A—I(G) has the Daugavet property if A is a
semi-Riesz set [28, Theorem 3.7]. Combining this result with the fact that
every subset of a semi-Riesz set is still a semi-Riesz set, by Proposition [£.7]
we get the following corollary.

COROLLARY 4.11. If A is a semi-Riesz set, then Cp\4-1(G) is a rich
subspace of C(G).

The converse implication is also valid.

PROPOSITION 4.12. If Cx(G) is a rich subspace of C(G), then Cp(G)*
consists of diffuse measures.

Proof. Let [u] denote the equivalence class of p in M(G)/Ca(G)*. Tt
suffices to show the following: For every x € G, every a € C, and every
p € M(G) with u({z}) = 0 we have ||[ad;] + [1]|| = || + |[[¢]]]. Indeed, if
the preceding statement is true, for every u € C4(G)* and every z € G we
get

0=kl = lp(a)de] + [ — pfa)de]ll = [p({z )] + [lln — p({2})de]]l.

Hence |p({z})| = 0 and p is a diffuse measure.

Fixz € G, a € C\ {0}, p € M(G) with u({z}) =0, and € > 0. Choose
f € Sc, ) with Re{, fdu > ||[u]]| — . Since || is a regular Borel measure
and f is a continuous function, there is an open neighborhood O of ez with
lp|(z+O0) <eand |f(x) — f(z+y)| <eforally € O. As Cy(G) is a rich
subspace of C'(G), by Corollary we can pick a real-valued, non-negative
90 € Sc(c) with go(z) =1, gole (e10) = 0, and d(go, Ca(G)) <e.

Let g be an element of Cy(G) with ||g — gollec < €. If we set hy =
f+ (lal/a = f(z)go and h = f + (Ja|/a — f(x))g, then h € C4(G) and
|h — holleo < 2¢. Furthermore,

(4.1) aho(z) = |af
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and

(42)  Rel|hodp=Re|(f + (lol/a— f(2))g0) du
G G

>l —e =2\ godlpl = llwll —e =2 | godll
G z+0

> |l = & = 2[ul(z + O) = [[[u]l] - 3.
Let us estimate the norm of h. For y € G\ (z + O) we get

L) = 1F () + (el /a = f(2))g(y)]
< flloo + 2l gl (2 r0ylloo <142,

and for y € x + O,

(W)l = |f(y) + (lal/a = f(z))g(y)]
<|f(y) = f(@)go(W)] + 90(y) + 2[lg — golls
<|f() = f@)]+ [f(@)](1 = go(y)) + go(y) + 2

< e+ (1=go(y) +9o(y) +2e =1+ 3e.
Hence ||h]|coc < 1+ 3e. Combining this estimate with (4.1)) and (4.2)), we get

(1+38) 08, + ] = | { hd(ads + )
G

> | hod(ad, + )| = 2]ad, + u
G
> laf + [}l - 32 — 2¢ljad, + ul.

We can choose € > 0 arbitrarily small, and so |[[ads] + [u]|| = |a| + [|[g]]|- =

Combining the last two results, we get the following characterization of
the closed, translation-invariant subspaces of C(G) that are rich.

THEOREM 4.13. The space Cx(G) is a rich subspace of C(G) if and only
if '\ A=Y is a semi-Riesz set.

A linear projection P on a Banach space X is called an L-projection if
[z]| = [[P(x)[| + [z = P(z)]|  (z € X).

A closed subspace of X is called an L-summand if it is the range of an
L-projection. In the proof of Proposition we showed that every Dirac
measure d, still has norm one and still spans an L-summand if we consider
it as an element of Cy(G)*. Such subspaces are called nicely embedded and
were studied by D. Werner [28]. His proof of the fact that C4(G) has the
Daugavet property if I'\ A7! is a semi-Riesz set is as well based on the
observation that then C4(G) is nicely embedded.
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Let us present an alternative proof of Theorem [£.13] for the case that G
is metrizable. It is based on results of V. M. Kadets and M. M. Popov [15].
We say that an operator T' € L(C(G), F) vanishes at a point z € G and
write x € van T if there exist a sequence (O, )nen of open neighborhoods of
x with diam O,, — 0 and a sequence ( f, )nen of real-valued and non-negative
functions satisfying f, € Sc(q), fal o, =0, (fn)nen converges pointwise to
X{z}> and [|[T(fn)|| = 0. An operator T' is narrow if and only if van T is dense
in G [15, Lemma 1.6]. Furthermore, z € van T if and only if for any functional
e* € E* the point x is not an atom of the measure corresponding to 77 (e*)
[15, Lemma 1.7]. Let A be a subset of I', let 7 : C(G) — C(G)/CA(G) be

the canonical quotient map, and note that
ran(n*) = C4(G)*+ = Mp\4-1(G).

If '\ A1 is a semi-Riesz set, then every element of Mp\4-1(G) is a diffuse
measure. Therefore vanm = G, and 7 is a narrow operator. Conversely, if 7 is
narrow, it is an easy consequence of Corollary [4.5|that van m = G. Therefore,
Mp\ p-1(G) must consist of diffuse measures and I"\ A" is a semi-Riesz set.

Let A be a subset of Z and let A1, \o,... be an enumeration of A with
A1l < [A2] < ---. We say that A is uniformly distributed if

1 n
52% =0 (teT, t#1).
k=1

R. Demazeux proved that C4(T) is a rich subspace of C(T) if A is uniformly
distributed [4, Théoréme 1.1.7|. Theorem shows that Z\ (—A) is a semi-
Riesz set if A is uniformly distributed.

THEOREM 4.14. If Llp\A_l(G) is a rich subspace of L'(G), then A is a
semi-Riesz set.

Proof. The proof is based on arguments used by G. Godefroy, N. J. Kal-
ton, and D. Li [8, Proposition II1.10] and N. J. Kalton [I9] Theorem 5.4].

Suppose that A is not a semi-Riesz set. We will show that L}\A,l(G) is

not a rich subspace of L!(G).

Let p1 € M(G) be a non-diffuse measure and assume that p({eg}) =1,
ie, p = by + v with v({eg}) = 0. (If p is not of this form, fix z € G
with u({x}) # 0 and consider the measure pu({x})~1(u* 5_,) € My(G).)
Let R,S,T : LY(G) — L'(G) be the convolution operators defined by
R(f)=p=xf, S(f) = v=f, and T(f) = |v| * f. Note that R = Id + S.
Recall that for every A € M(G) and f € LY(G) we have

(A x f)(@) = | flz —y)dA(y)

G
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for m-almost all z € G [10, Theorem V.20.12|. Therefore,
1Sxe)llh <IT(xe)l (B € B(G)).

We will first show that there exists A € B(G) with m(A) > 0 such that
R|[1(4) is an isomorphism onto its image. (We write L*(A) for the subspace
{f € LY(G) : xaf = f}.) Since v({eg}) = 0, we can choose a sequence
(On)nen of open neighborhoods of e with |v|(O,) — 0. For each n € N,
use Lemma to find a covering of G by disjoint Borel sets By, 1, ..., By N,
with By, — Bp i C Oy for k=1,..., N,. For every n € N set

Ny, Nn Nn
Ry=> Pg, RPp, ., Su=> Ps  SPs,, T.=)Y Ps TPs,,
k=1 k=1 k=1

where for every E € B(G), Pg denotes the projection from L!(G) onto L*(E)
defined by Pg(f) = xgf. For every n € N let p,, be the map defined by

pn(E) = [Ta(xp)llh  (E € B(G)).

Since T, is continuous and maps positive functions to positive functions, it
is a consequence of the monotone convergence theorem that p, is a positive
Borel measure on G. Every p,, is absolutely continuous with respect to the
Haar measure m and has Radon—Nikodym derivative w,. For each n € N,
we get

Np
on(G) = | Tn(xe)|h = Z S T(xs, ,)(x)dm(z)
k=1 B, &
Nn
=3 | {xsarle — ) dvi) dm(z)
k=1B, ;G

Ny
=> | W@ B.y) dm(z)

k=1 B, 1

N,
<> | WI(Buk = Bug) dm(z) < [v](Oy).
k=1 By &

Therefore, p,(G) — 0, and in particular w, — 0 in m-measure. So there
exists a Borel set By of G with m(By) > 0 and ng € N satisfying
wne(z) <1/2 (2 € By).

Consequently, | S, (XE) |11 < [[The (xE)|1 < 3m(E) for all Borel sets E C By,
and || Snlp1(py)ll < 1/2. Therefore (Id + Sno)[11py) = Rnolpi(py) is an
isomorphism onto its image. Fix kg € {1,..., Npy} with m(Bo N By x,) > 0
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and set A = By N By, x,- Then R|;, (A) is an isomorphism onto its image
because || R, (f)|l1 < [|R(f)|1 for all f € LY(G).
We will now finish the proof by showing that L}\ 4-1(G) is not a rich

subspace of L!(G). Let m : L'(G) — L'(G)/ker(R) be the canonical quo-
tient map and let R : L'(G)/ker(R) — L'(G) be a bounded operator with
R = Rom. Since R}, 4) is an isomorphism, 714 is bounded from be-
low. By Proposition 7 cannot be a narrow operator. Then L}\A,l (G) is

contained in ker(R), and is therefore not a rich subspace of L(G). =

COROLLARY 4.15. If LY(G) is a rich subspace of L*(G), then Cx(G) is
a rich subspace of C(QG).

The space Cn(T) is a rich subspace of C(T), but L{(T) has the Radon—
Nikodym property and therefore not the Daugavet property. So the converse
of Corollary is not true.

5. Products of compact abelian groups. Let G; and G2 be com-
pact abelian groups with normalized Haar measures m; and my. The direct
product G = 1 x G3 is again a compact abelian group if we endow it with
the product topology. If f: G; — C and g : G2 — C, we denote by f ® g
the function (x,y) — f(x)g(y). The dual group of G can now be identified
with I} x I, because every v € I is of the form v; ® v with v, € I and
v2 € I'y |25 Theorem 2.2.3|. Furthermore, the Haar measure on G coincides
with the product measure m; x mg [10, Example IV.15.17(i)].

PROPOSITION 5.1. Let Gy be an infinite, compact abelian group, let Go
be an arbitrary compact abelian group, let Ay be a subset of 17, and let Ag
be a subset of I5.

(a) Suppose that Cy,(G1) is a rich subspace of C(G1) and Ca,(G2) is
a rich subspace of C(Ga2) (or, if Ga is finite, that Ay = I3). Then
Ca xn,(G1 X Gg) is a rich subspace of C(G1 x G3).

(b) Suppose that Cp,(G1) is a rich subspace of C(G1) and Ag is non-
empty. Then Cx,xa,(G1 X G2) has the Daugavet property.

Proof. Set G = Gy x Gy and A = Ay x As.

We start with part (a). Let O be a non-empty open set of G, and
€ > 0. By Proposition we have to find f € Sg(g) with f|G\O = 0 and
A(f,C(G)) < e.

Pick non-empty open sets O1 C G71 and Oy C G4 with O1 x Oy C O,
and 6 > 0 with 2§ + 6% < . By assumption, there exist f; € Sc(a,,) and
9k € T, (Gr) with fi|g,\0, = 0 and |[fi — gelloc < 0 for k= 1,2. If we set

f=/ i ®fand g = g1 ® g2, then f € Sc(g), g € Ta(G), and flg o = 0.
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Furthermore,

d(f,CA(G)) <|If = 9lloo < I f1lloollfo = g2lloe + [l92/lco | f1 — 9100
<04+ (1+6)<e.

Let us now consider part (b). The space Cr,x4,(G) can canonically be
identified with C(G1, Ca,(G2)), the space of all continuous functions from G
into C4,(G2), and has therefore the Daugavet property |13 Theorem 4.4]. We
will prove that C'4(G) is a rich subspace of Cpy x4, (G). For this, it is sufficient
to show that for every non-empty open set O of Gy, every g € Ty, (G2) with
lgllc =1, and every e > 0, there exists f € Sc(g,) with f|g\o = 0 and
d(f®g,Ca(GQ)) < e [1l Proposition 4.3(a)]. Since Cy, (G1) is a rich subspace
of C(G1), there exist f € Sc(g,) and h € Ty, (G1) with flg\o = 0 and
IIf — hllco <e. Then h® g € T4(G) and

d(f ©9,Ca(G)) < |f @9 —=h®@glleo <If = hllcllglloc <. m

PROPOSITION 5.2. Let G be the product of two compact abelian groups G
and Gy and denote by p the projection from I' = Iy X Iy onto I. If Cyx(QG)
is a rich subspace of C(G), then Cy(G1) is a rich subspace of C(G1) (or
plA] = I if Gy is finite).

Proof. Let O be a non-empty open set of G1, and € > 0. By Proposi-
tion we have to find f € S¢(q,) with f’Gl\O = 0and d(f, Cpr(G1)) < e.
(Note that this is sufficient in the case of finite G as well.)

Since C4(G) is a rich subspace of C(G), there exist fy € S¢(q) and
90 € TaA(G) with fole (0xay) = 0 and | fo — gollec < €. Fix (z0,0) € G with

| fo(o, yo)| = 1. Setting f = fo(-,y0) and g = go(-, o), We get f € Se(ay)s
9 € Tp(Gh), and f|g,\o = 0. Finally,

d(f, Cp[A](Gl)) <|f =glloe < 1fo = golloo < €. m

PROPOSITION 5.3. Let G1 and Go be infinite compact abelian groups, let
A1 be a subset of I'1, and let Ay be a subset of I5.

(a) If L}lQ(Gg) is a rich subspace of L'(G3), then L}ﬂleQ (G1 xGa) is a
rich subspace of L'(G1 x Gs).

(b) Suppose that L}h(Gl) is a rich subspace of L*(G1) and Ay is non-
empty. Then L}hx/lg(Gl x G3) has the Daugavet property.

Proof. Set G = G1 x Go and A = A7 x As.

We start with part (a). The space L'(G) can canonically be identified
with the Bochner space L'(G1, L'(G3)), and L}“lez (G) with the subspace
Ll(Gl,L}b(Gg)). Since L}12(G2) is a rich subspace of L'(G3), the space
LY(Gy, LY, (G)) is rich in LY(G1, L' (G3)) [14, Lemma 2.8].
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Let us now consider part (b). Identifying again L}lx 1,(G) with the
Bochner space Ll(Gl,L}lQ(GQ)), we see that L}Hx/lg(G) has the Daugavet
property [17, Example after Theorem 2.3]. We will show that L (G) is a
rich subspace of L}IX 1,(G). For this, for every Borel set A of Gy, every
g € Th,(G2) with ||g]l1 = 1, and every d,e > 0 it is sufficient to find a
balanced e-peak f on A with d(f ® g, L4(G)) < 4 |2, Theorem 2.4]. Since
L} (Gh) is a rich subspace of L'(G1), there exist a balanced e-peak f on A
and h € Ty, (Gy) with || f — |1 <9d. Then h ® g € Ty(G) and

d(f® g, Ly(G) < f@g—h@glh=[If —hlillgll < 6. u

PROPOSITION 5.4. Let G be the product of two compact abelian groups
G1 and Go, and denote by p the projection from I' = I7 x Iy onto I1.
If LY(G) is a rich subspace of L(G), then L}D[A](Gl) is a rich subspace of
LY(Gy) (or p[A] = I if Gy is finite).

Proof. If p[A] = I'1, we have nothing to show. So let us assume that there
exists vy € Il \ p[4]. Set 9 =7 ® 1, and © = JA. The map f — Jf is an
isometry from L'(G) onto L'(G) and maps L} (G) onto L} (G). Analogously,
the map f — 7 f is an isometry from L!(G1) onto L (G1) and maps L119[/1} (G1)
onto L%pw((h). Note that

FplA] = p(7, 16,)A] = p[O]
and 1¢, & Jp[A]. Taking into account that LY (G) is a rich subspace of L(G)
if and only if Lg(G) is a rich subspace of L'(G) and that L;[A} (G1) is a rich
subspace of L!(G1) if and only if L;[@](Gl) is a rich subspace of L!(G1), we
may assume that 1¢, ¢ p[4].

Fix a Borel subset A of G; and d,e > 0. By Proposition [4.4] we have
to find a balanced e-peak f on A with d(f, L;[A}(Gl)) < ¢. By assumption,

LY(G) is a rich subspace of L(G), and therefore there exist a balanced

(e/3)-peak fo on A x G2 and g € TA(G) with || fo — g|]1 < /6. Set
B={yeGy:mi({fo(-,y) = —1}) > mi(4) — e},
C={yeGa:|fol-,y)—g(- ylh <d/2}.

Note we may assume that B and C are measurable [10, Theorem III.13.8].
We then get

mi(A) —e/3<m{fo= -1} = | | xgpo=—1) (@) dma () dma(y)
G2 G

= | mi({fo(-,y) = —1}) dma(y)

G2
< ma(B)m1(A) + (1 —ma(B))(mi(A) —¢)
=my(A) + mao(B)e — ¢



284 S. Liicking

and
O > o —gll = § 1o ) — 9(- w)ls dma(y)
G2
> 01— m(0).

Hence ma(B) > 2/3 and my(C) > 2/3. Therefore BN C # () and we can
choose yg € BN C.

Let us gather the properties of fo(-,y0) € L'(G1). It is clear that
fo(+,90) is real-valued, fo(-,y0) > —1, and xafo(-,v0) = fo(-,v0). As
yo belongs to B and C, we have mi({fo(-,v) = —1}) > mi1(A4) — € and
[fo(-,90) — g(+,%0)ll1 < 6/2. The function g(-,yo) belongs to Tp,4(G) and
1c, ¢ p[4]. So Sclg(az,yo)dml(x) = 0 and ‘SGI folz,yo) dmy(x)| < 6/2.
Modifying fo(-,yo) a little bit, we get a balanced e-peak f on A with
1f—9(- yo)1 <6 =

Set A = Z x {0}. Then A is not a Rosenthal set because C(T?) = C(T)
contains a copy of ¢g [22, Proof of Theorem 3]. But Z2\ (—A) = Z x (Z\ {0})
and L%x(Z\{o})(Tg) is a rich subspace of L'(T?) by Proposition (a). So
the converse of Proposition [£.9is not true.

Let us come back to examples of translation-invariant subspaces that
have the Daugavet property but are not rich. The examples mentioned in

Section [4] are of the following type: We take a one-to-one homomorphism

H : I' — I' that is not onto. Then Cyr(G) and L}{[F](G) have the Dau-
gavet property but are not rich subspaces of C(G) or L'(G). In this case
(V. err ker(y) contains ker(H*) # {e}. Set A = Z x {1}. Using Proposi-
tions (b) and (b), we see that C4(T?) and LY (T?) have the Daugavet

property. But they are not rich subspaces of C(T2) or L!(T?) by Proposi-

tions and . Furthermore, (), ¢ 4 ker(v) = {(1,1)}.

6. Quotients with respect to translation-invariant subspaces.
We will now study quotients of the form C(G)/Ca(G) and LY(G)/LY(G).

The following lemma is the key ingredient for all results of this section.
LEMMA 6.1. If we interpret f € C(G) as a functional on M(G), then
1y @ll = 1 s o) M-
Analogously, if we interpret g € L'(G) as a functional on L>=(G), then

19l @l = 19l @)l

Proof. We will just show the first statement. The proof of the second
statement works the same way.
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It is clear that || f\L}‘(G)H < || flary ()| because LY(G) € M4(G). In order
to prove the reverse inequality, we may assume without loss of generality that
1 f|ar,(ll = 1. Fix £ > 0 and an approximate unit (v;);es of LY(G) that has
the propertles listed in Proposition [2.2] Pick p € M4(G) with ||u|| = 1 and
| fdpl > 1 —e/2. Using 6j(vy) — 1 for every v € I', we can deduce that

Vgd(uxvy) = \ gdp

G G
for every g € T(G). So p is the weak*-limit of (u * v;);jes because T'(G) is
dense in C(G). Fix jo € J with |{, f d(u*vj,)| > 1—e. Since pxvj, € L}(G)
and || * vj |1 < 1, we have ||f|L}‘(G)|| > 1—c¢e. As € > 0 was arbitrarily
chosen, this finishes the proof. =

THEOREM 6.2. If LF 1-1(G) is a rich subspace of LY(@G), then the quo-
tient C(G)/Ca(G) has the Daugavet property.

Proof. Note that C4(G)t = Mp\4-1(G) because Ty(G) is dense in
CA(G). We can therefore identify the dual space of C(G)/CA(G) with
Mpp-1(G).

Fix [f] € C(G)/Ca(G) with [|[f]]l = 1, p € Mp\4-1(G) with [|p| =1,
and e > 0. By Lemma we have to find v € Mp\ 4-1(G) with [[v|| =1,

Ref, fdv>1—¢, and [[p+v| >2—e. Let u = pus + g dm be the Lebesgue
decomposition of y where s and m are singular and g € L*(G).

If we interpret f as a functional on M (G), then by Lemma [6.1) we have

||f‘L;\A71(G)H = ||f’MF\A,1(G)” =1
LIF\ 4-1(G) is a rich subspace of L*(G), and so by Proposition there
exists a function h € LF\A 1 (G) with [|h][1 = 1, Re{, fhdm > 1 — ¢, and
llg/llglls + Rll1 > 2 — €. Setting v = h dm, we therefore get

I+ vl = [lpsll + lg + Allx

= llusll + [lg/ gl + 2 — (1 = llgl)g/llglh ],

> sl + [[g/llglls + Al[, = (@ = llglly)

> [lpsll + (2 =€) = (1 = [lgll1)

=yl +1—ec=2—c.n

COROLLARY 6.3. If A is a Rosenthal set, then C(G)/C4(G) has the Dau-
gavet property.

THEOREM 6.4. If Cp\4-1(G) is a rich subspace of C(G), then the quo-
tient LY(G)/LY(G) has the Daugavet property.

Proof. Let us begin as in the proof of Theorem We can identify
the dual space of L*(G)/LY(G) with LE A (G), because T4 (G) is dense in
LY(G), and therefore L} (G)* = LE - 1 (G).
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Fix [f] € LY(G)/L}(G) with [|[[f]] = 1, g € LR ,-1(G) with [lg[le =1,
and € > 0. By Lemma we have to find h € L}’?\A_I(G) with ||hlje = 1,
Re(, fhdm >1—¢, and ||g+ hllooc > 2 — €.

Choose § € (0,1) with (1 —5]||f|l16)/(1 4+ 36) > 1 —¢/2, n > 0 such that
{41 fldm < 6§ for all A € B(G) with m(A) <7, and t € T with

m({Re(t™1g) > 1—¢/2}) > 0.
If we interpret f as a functional on L>°(G), then by Lemma we have
Hf‘cr\/l_l(c)” = || f’L;O\A_I(G)” =1

Pick hg € Cp\4-1(G) with ||hgllc = 1 and Re{, fhodm > 1 —§. Since hg
is uniformly continuous, there exists an open neighborhood O of eg with
lho(z) —ho(y)| <0 (z—y € O)
and m(O) < 7. By assumption, Cr\ 4-1(G) is a rich subspace of C'(G), and
so by Corollary there exist a real-valued non-negative py € S¢(g) with
polgno = 0 and po(e) = 1 and p € Cp\4-1(G) with [[po — pllec < 6. Then
V = {po > 1 — 0} is an open neighborhood of e and V' C O. An easy
compactness argument shows that there exists ¢ € G with
m({x € o+ V : Re(t Lg(z)) >1—¢/2}) > 0.
If we set
hy = ho + (t - ho(.%‘o))pxo and h = hl/Hh1H007
then h is normalized and belongs by construction to Cp\4-1(G). Let us
estimate the norm of h;. For x € G\ (zg + O) we get
[ (2)| = |ho(x) 4 (£ = ho(z0))p(x — z0)| < [[holloo + 2] Plaolloo < 1+ 26,
and for z € zg + O,

|h1 ()| = [ho(z) + (t — ho(xo))p(z — o)
< lho(x) — ho(xo)po(x — x0)| + po(z — 20) + 2[|p — polles
< lho(x) = ho(z0)| + |ho(z0)[(1 = po(z — z0)) + po(x — zo) + 26
<04 (1 —po(x —x0)) + po(x —x0) +26 =1+ 36.
Consequently, [|h1]lcoc < 14 3d. Let us check that h is as desired. We first
observe that
Re | fhydm > Re | fhodm — 2\ | fps,| dm
G G G
>(1=0)=2 | [fldm—2|flli]po— pll
zo+0
> (1=6) =20 = 2| f[10 =1 = (3+2[|f[l)o.
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Therefore, Re SG fhdm > 1 — ¢ by our choice of §. If z € g + V', we get
Re(t™'hy(z)) > Re(t 'ho(x)) + Re(1 — t ™ ho(x0))po(x — x0) — 2||po — Plloo
> Re(t ' ho(z)) + Re(1 — ttho(z0))(1 — §) — 26
>1—30— |ho(z) — ho(xo)| > 1 — 49,
and hence Re(t~'h(z)) > 1 — /2 by our choice of §. Thus
m({lg +hl >2—e}) >m({Re(t" (g + 1)) > 2~ ¢})
>m({Re(t™'g) >1—¢/2} N {Re(t™'h) > 1 —¢/2})
>m({Re(t 1g) >1—¢/2}N(zo+V)) >0
and ||g+ hljec >2—¢c. =

COROLLARY 6.5. If A is a semi-Riesz set, then LY(G)/LY(G) has the
Daugavet property.

7. Poor subspaces of L1(G). In Section@ we have seen some cases in
which the quotient space L'(G)/LY(G) has the Daugavet property. Recall
that a closed subspace Y of a Banach space X with the Daugavet property
is rich if and only if every closed subspace Z of X with Y C Z C X has the
Daugavet property. A similar notion for quotients of X was introduced by
V. M. Kadets, V. Shepelska, and D. Werner [16].

DEFINITION 7.1. Let X be a Banach space with the Daugavet property.
A closed subspace Y of X is called poor if X/Z has the Daugavet property
for every closed subspace Z C Y.

The poor subspaces of a Banach space with the Daugavet property can
be described using a generalized concept of narrow operators [16]. In the case
of LY(£2, X, u) this leads to the following characterization [16, Corollary 6.6]:

PROPOSITION 7.2. Let (§2,X 1) be a non-atomic probability space.
A subspace X of L'(£2) is poor if and only if for every A € X of posi-
tive measure and every € > 0 there exists [ € Speo(g) with xaf = [ and
| x|l < e, where we interpret f as a functional on L'(£2).

Using this characterization, we can build a link to a property that was
studied by G. Godefroy, N. J. Kalton, and D. Li [§]. In the following, ({2, X, 1)
denotes a non-atomic probability space and P the natural projection from
LY(2)** onto L'(£2). For every A € X, we write L!(A) for the subspace
{f € LY(2) : xaf = f} and P4 for the projection from L!(£2) onto L'(A)
defined by Pa(f) = xaf.

DEFINITION 7.3. A closed subspace X of L!(£2) is said to be small if
there is no A € X of positive measure such that P4 maps X onto L!(A).
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If X is a poor subspace of L!({2), then X is small [16, Corollary 6.7].
The converse is valid too.

PROPOSITION 7.4. If X is a small subspace of L'(2), then X is a poor
subspace of L'(£2).

Proof. Fix A € X with p(A) > 0 and € > 0. By Proposition [7.2] we have
to find f € Speo() with xaf = f and || f[ x| <e.

Since X is small, the projection Py : L'(£2) — L'(A) does not map
X onto L'(A). By the (proof of the) open mapping theorem, P4le~!Bx]
is nowhere dense in L'(A). Pick g € Bricay with g ¢ Pale~!Bx]. The set
P4le~1Bx] is absolutely convex, and so by the Hahn—-Banach theorem there
exists a function f € Spec(4) with

sup{“ fhdu‘ the iBX} < Rengdu.
A A

Using this inequality, we get
1 /1xll = sup{[§ fhdu| :h e Bx} < eRef fgdu<e. n
A A

An important tool in the study of small subspaces is the topology of
convergence in measure.

DEFINITION 7.5.

(a) A subspace X of L!(§2) is called nicely placed if Bx is closed with
respect to convergence in measure.

(b) A is said to be nicely placed if LY(G) is a nicely placed subspace
of LY(G).

(c) A is said to be a Shapiro set if every subset of A is nicely placed.

These terms were coined by G. Godefroy [0, [7], who showed that every
Shapiro set is a Riesz set [9, Proposition IV.4.5]. The natural numbers are
a Shapiro set in Z [9, Example IV.4.11] and A = ;2 ,{k2" : [k| < 2"} is a
nicely placed Riesz set which is not a Shapiro set [9, Example IV .4.12].

LEMMA 7.6. Let X be a nicely placed subspace of L*(G) and suppose that
there erists A € B(G) with m(A) > 0 such that Px maps X onto L'(A),
i.e., suppose that X is not small. Then there exists a continuous operator
T : LY(A) — X with ja = PoT where j4 : L'Y(A) — LY(G) is the natural
mjection.

Proof. This proof is a modification of a proof by G. Godefroy, N. J. Kal-
ton, and D. Li [8, Lemma II1.5]. We identify X** with X1+ c L'(G)** and
recall that A. V. Bukhvalov and G. Ya. Lozanovskii showed that P[By..] =
By if X is nicely placed in L*(G) [9, Theorem 1V.3.4].
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Denote by A the directed set of open neighborhoods of eg. (We turn
into a directed set by setting V' < W if and only if V' contains W.) Let U be
an ultrafilter on AV which contains the filter base

UWeN : V<W}:VeN).

P4 is an open map by the open mapping theorem. So we can fix M > 0
with Bpiay C MPa[Bx]. For every V € N, use Lemma to choose
disjoint Borel sets By:1, . .., By, with A =JNY, By and Byx— By, C V
for k =1,..., Ny. Picking fV,k € M Bx with PA(fV,k) = m(BV,k)il)CBV,k
for k =1,..., Ny, we define Sy : L'(A) — X by

Ny

sv(N=>_(§ ram)fux  (f €L (),
k=1 By
As the norm of every Sy is bounded by M, we can define S : L'(A) — X++
by
S(F) = wlmSu(f)  (f € L'(A))

)

and set T'= PS.

Let us check that ja = PaT. Fix f € L'(A). Since C(G) is dense in
L'(G), we may assume that f is the restriction to A of a continuous function.
Let (Sy(j)(f))jes be asubnet of (Sy (f))ven with S(f) = w*-1lim; S, ;) (f).
Since f is uniformly continuous, it is easy to construct an increasing sequence
(Jn)nen in J with

(7'1) SuP{Hf_PASgo(j)(f)”oo JZJn} — 0.

Furthermore, there exists a sequence (g,)nen in L'(G) that converges
m-almost everywhere to PS(f) with g, € co{S,;)(f) : j > jn} for all
n € N [9, Lemma IV.3.1]. Hence by (7.1)) for m-almost all 2 € A we have

T(f)(z) = PS(f)(z) = limy gn(z) = f(z),
and therefore j4 = PaT. w

THEOREM 7.7. If A is a nicely placed Riesz set, then LY(G) is a small
subspace of L'(G).

Proof. Assume that A is a nicely placed Riesz set such that L (G) is not
a small subspace of L}(G).

Since LY(G) is not small, there exists a Borel set A of positive mea-
sure such that P4 maps LY(G) onto L!'(A). Using Lemma we find
T : LY(A) — LY(G) with j4 = P4T. This operator is an isomorphism
onto its image and LY (G) contains a copy of L'(A4). So LY(G) fails the
Radon—Nikodym property. But this contradicts our assumption because A
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is a Riesz set if and only if L4 (G) has the Radon-Nikodym property [21],
Théoréme 2|. m

COROLLARY 7.8. If A is a Shapiro set, then LY(G) is a poor subspace

of LY(@).

Theorem [7.7] can be strengthened if G is metrizable. Let A be nicely

placed. Then L(G) is a poor subspace of L}(G) if and only if A is a semi-
Riesz set [8, Proposition II1.10].
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