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Nontrivial solutions for a class of
superquadratic elliptic equations

by

CHUN L1, ZENG-Q1 OU and CHUN-LEI TANG (Chongqing)

Abstract. Using a version of the Local Linking Theorem and the Fountain Theorem,
we obtain some existence and multiplicity results for a class of superquadratic elliptic
equations.

1. Introduction and main results. Consider the Dirichlet boundary

value problem
u =0 on 02,

where 2 ¢ RY (N > 3) is a bounded smooth domain, a € LP(§2), p > N/2
and f € C(2 x R,R).

In [9], Li and Willem established the existence of a nontrivial solution
for problem under the following superquadratic condition: there exist
@ >2and L > 0 such that

(1.2) 0 < pF(z,u) <uf(r,u)
for all ju| > L and x € {2, where

u
F(x,u) = Sf(x,s) ds.
0

Condition (L.2), originally due to Ambrosetti and Rabinowitz [1], has
been used extensively in the literature (see [8, [0 1T, 12] and the references
therein).

In [7], Jiang and Tang obtained the existence of nontrivial solutions for
problem ([1.1)) under a new superquadratic condition by minimax methods
in critical point theory. They established the following with the aid of the
Local Linking Theorem (see [9]).
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THEOREM 1.1 ([7, Theorem 1}). Suppose that F(x,u) satisfies the fol-
lowing conditions:
(F1) F(z,u)/u?* — oo as |u| — oo uniformly in x € 2.
(F2) F(x,u)/u?— 0 as |u| — 0 uniformly in x € 2.
(F3) There are constants 2 < X\ < 2N/(N —2) = 2* and a; > 0 such
that
1f(x,u)] <ar (14wt for all (z,u) € 2 x R.
(F4) There exist constants B > 2N(A—1)/(N 4+ 2),a2 > 0 and L > 0
such that
f(@, u)u — 2F (z,u) > aglul®  for all x € 2 and |u| > L.
If 0 is an eigenvalue of —A+a (with Dirichlet boundary condition), assume
also that:
(F5) There exists 6 > 0 such that either

(i) F(z,u) >0 for all |u| <9, z € 2, or
(ii) F(x,u) <0 for all |u| <9, z € 2.

Then problem (1.1)) has a nontrivial solution.

In this paper, by applying a version of the Local Linking Theorem
(see [10]), we can prove the same result under a more general superquadratic
condition. Moreover, by using the Fountain Theorem, we get the existence
of infinitely many nontrivial solutions of problem . Our main results
are the following theorems.

THEOREM 1.2. Assume that the nonlinearity f € C(£2 x R, R) satisfies
(Fl)f(Fg) and
(F)) There exists a constant 3 > N (X —2)/2 such that
lim inf flz,u)u —BZF(ac,u)
Assume also that (F5) holds if 0 is an eigenvalue of —A + a (with Dirichlet
boundary condition). Then problem (1.1)) has a nontrivial solution.

REMARK 1.3. Theorem extends Theorem Obviously, the range
of B is extended. There are functions satisfying the assumptions of Theorem
and not satisfying the assumptions in [7]. For example, fix z¢ € {2 and
let

>0  uniformly in x € §2.

F(z,u) = sin?(|z — zo|m)|u| + v? In(1 + u?).

Let A = 3, N = 3. Then F satisfies the assumptions of our Theorem
and does not satisfy (Fy), so it does not satisfy the assumptions of the
corresponding results in 7, 9].
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Moreover, Theorem 1 in [4] is a special case of our Theorem corre-
sponding to a(z) = 0.

THEOREM 1.4. Suppose that the nonlinearity f € C(§2 x R,R) satisfies
(F1), (F2) and the following condition:

(Fg) There ezist positive constants L and mi, ma such that

(1) f(z,u)u —2F(z,u) > myv? if |u| > L.
(G2) [f(z,w)]7/|u]” < mo(f(z,u)u — 2F(z,u)) if |u| > L, where
o> N/2.

Assume also that (F5) holds if 0 is an eigenvalue of —A+ a (with Dirichlet
boundary condition). Then problem (1.1)) has a solution.

REMARK 1.5. For Schrodinger equations, the corresponding condition
(Fg) is due to Ding and Luan [5]. Condition (F¢) is weaker than the usual
Ambrosetti-Rabinowitz-type condition (1.2]) (see [5 [10]).

THEOREM 1.6. Assume that the nonlinearity f € C(£2 x R, R) satisfies
(F1), (F3), (F}), and that F is even in u. Then problem (1.1)) has infinitely

many nontrivial solutions.

REMARK 1.7. Theorem extends Theorem 1.1 of [6]. Obviously, the
range of 8 is extended. Condition (F;) is weaker than condition (A;) of
Theorem 1.1 of [6]. Moreover, Theorem [1.6]is a complement of Theorem 3.7
in [12]. Conditions (F1), (F/,) are more general than condition and there
are functions F' (see Remark satisfying the assumptions of Theorem (1.6
and not satisfying the assumptions of the corresponding results in [6] [12].

THEOREM 1.8. Assume that the nonlinearity f € C(£2 x R, R) satisfies
(F1), (Fs), and that F is even in u. Then problem (1.1) has infinitely many
nontrivial solutions.

REMARK 1.9. Theorem extends Theorem 3.7 in [12], since (Fg) is
weaker than (|1.2)) (see [5, 10]).

Let ¢ : Hi(2) = E — R be the functional defined by

(1.3) p(u) = 3 S(\Vu|2 + a(x)u?) dx — S F(z,u)dx
2 17
= ([P =l |?) = | F2, ) do
2

where v~ € E~ and ut € ET; here E~ (resp. ET) is the space spanned
by the eigenvectors corresponding to negative (resp. positive) eigenvalues of
—A 4+ a. Tt is easy to see that ¢ € C'(E,R) under the conditions of our
theorems. It is well known that a critical point of the functional ¢ in E
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corresponds to a weak solution of problem (|1.1)) and
(¢ (u),v) = S(VUV’U + a(x)uw) dr — S f(z,uw)vde
Q Q
for any u,v € E.
It is well known that F is continuously embedded in L(£2) for every

0e[l,2N/(N—-2)].1f1 <0 <2N/(N — 2), the embedding is compact. It
follows from (F3), (F}) and (Fg) that
2N AN —23 92N 2% 9N
N-2 N-2 “N-2 o-1-N-2
Hence, there is a positive constant K such that
(1.4) |ullzo < K|u|l, VYue€E,

for 0 =1,2,\, (6+2)/8,20/(c —1), 2N/(N — 2), where || - |6 denotes the
norm of L?(£2).

A<

2. Proof of main results. To prove Theorems and we shall
use the Local Linking Theorem (Theorem 2.2 of [10]). Let X be a real
Banach space with X = X' & X? and Xj C X{ C XJ C --- C X/ such
that X7 = Unen X2, j = 1,2. For every multi-index o = (a1,a3) € N2,
let X, = Xolé1 GBXC%Q. We define o < 8 & a1 < B1, ag < [9. A sequence
{a,} € N2 is admissible if for every a € N? there is m € N such that
n>m = a, > a. We say ¢ € C'(X,R) satisfies the (C*) condition if every
sequence {uq, } such that {a,} is admissible and satisfies

Ua, € Xay,,  supP(ta,) <00, (1+]ua, D¢, (ta,) =0
n

contains a subsequence which converges to a critical point of ¢, where ¢, =

SD|X04 :
We now recall the Local Linking Theorem which extends theorems given
by Li and Szulkin [§] and Li and Willem [9].

THEOREM 2.1 (Local Linking Theorem, see also [10, Theorem 2.2]). Sup-
pose that ¢ € C1(X,R) satisfies the following assumptions:

(i1) X # {0} and ¢ has a local linking at 0, that is, for some r > 0,
o(u) >0, Yue X with ||lul| <,
o(u) <0, Vue X with ||jul <7

(ia) ¢ satisfies the (C*) condition.
(i3) ¢ maps bounded sets into bounded sets.
(i4) For every m € N, p(u) — —o0 as ||ul| — oo in X} & X2,

Then ¢ has a nonzero critical point.
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In 2], Bartsch established the Fountain Theorem (Theorem 2.5 in [2],
Theorem 3.6 in [12]) under the (PS), condition.

We say ¢ € C1(X,R) satisfies the Cerami condition (C) if whenever
©(uy) is bounded and [|¢'(up)[|(1 + |lunl]) — 0 as n — oo, then {u,} has a
convergent subsequence in X. This condition is due to Cerami [3]. Since the
Deformation Theorem is still valid under the Cerami condition (C), we see
that like many critical point theorems, the Fountain Theorem is true under
the Cerami condition (C).

To state this theorem, let X be a reflexive and separable Banach space.
It is well known that there exist {v,, }neny C X and {¢y, }neny € X ™ such that:

(1) <wnavm> = (5n,m- .
(2) span{v, | n € N} = X, span” {¢, | n € N} = X~.

Let X; = Rvj. Then X = P, X;. We define

k
“Ze=PX;, Z=PX;
j=1 j=k

THEOREM 2.2 (Fountain Theorem). Assume that ¢ € C1(X,R) satisfies
the Cerami condition (C) and ¢(—u) = p(u). If for almost every k € N,
there exist pr, > 1 > 0 such that

(A1) a:= max  @(u) <0,
u€Yp, [lull=pk
(Ag) by := inf o(u) = oo as k — oo,

u€Zy, |lull=rx

then ¢ has an unbounded sequence of critical values.
Now, we can give the proofs of our theorems.
Proof of Theorem[1.3. The proof is divided into several steps.

STEP 1: We claim that ¢ € C'(X,R) and ¢ maps bounded sets into
bounded sets. Let X = E, X! = Et @ E° and X? = E~, where EY =
ker(—A + a). By (F3), there exists a positive constant ¢; such that

(2.1) |F(z,u)| < ci1(lu] + |u]*), V(z,u) € 2 xR.
So, by (I3), () and (), we have

() = [F0t 2 = ™| = § F(a,w) dal
n
< Sl +ex {(jul + Jul®) do
[0
< Sl + oKl + e K ul

Hence, ¢ € C'(X,R) and ¢ maps bounded sets into bounded sets.
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STEP 2: We claim that ¢ has a local linking at zero with respect to
(X1, X?).
Here, we consider only the case where 0 is an eigenvalue of —A + a and
case (ii) of (F5) holds. Case (i) is similar.
By (F3), for any £ > 0, there exists d; > 0 such that
|F(z,u)| <eu?,  V|u| <6y

From ({2.1)) and the above we obtain

(2.2) |F(z,u)] <eu? + Mul*, V(z,u) e 2 xR,
where M = ¢1(1 + (5i_’\). From 1j and 1} we get
(2.3) H F(z,u) d:c‘ < S eudr + M S lul* da

2 (9} 2

< ellullze + Mlullzs < K2llull® + KM |ul*

for all u € E.
Choose a Hilbertian basis {ey }n>0 for X! and define

X! .= span{eg,...,en}, neN,
X2.= X2 neN,

x'=Jxp.
n
Now, by (2.3)), for each u € X2 = E~, one has

p(u) = =gllull® = § F(a,u) dr < —§l|ul]® + K2elful® + K*M ul|.
9

Letting ¢ = 1/(8K?), since A > 2, we have
o(u) <0, Vue X? with |Ju]| <

for §o > 0 small enough.
It follows from the equivalence of norms on the finite-dimensional space
EY that there exists K7 > 0 such that

(24)  ulloo < Kiflull,  ull < Killullp,  Jull < Kiflullge, Yo e B
Let u=u’+ut € E°@® ET = X! be such that ||ul| < d3 = §/(2K1). Put
D ={ze|lut(x) <2}, 29=20N\1M.
Then, for all |ju|| < d3 and = € 2, by (2.4), one has
(25) @) < 6o < Krlle] < K Jul] < 6/2.
On one hand, from , for each x € {21, we have
[u(z)] < Ju’(@)] + Ju* (2)] < [[u’]lo + /2 < 6.
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Hence, by condition (ii) of (F5),
S F(z,u)dz <0.
1031
On the other hand, by , for every x € {29,
u(z)] < Ju’(2)| + [u(2)] < 6/2+ [ut(2)] < 2ut(2)].
Hence, for all x € 25 and u € X! with ||u|| < &3, we infer from that
F(z,u) < eu? + Mu|® < deju™(2))? + 22 M |u™ (),
which implies that
S F(z,u)dx < 4e S lu™ (z)|? da + 2° M S lut ()|} da
2 2 £25
< de|ut G2 + 22 M [lut 30 < AKe||ut|? + (2K)M M Jut|N
Letting e = 1/(16K?) in the above expression, for all x € 23 and u € X!
with |lu|| < d3 we have

o(u) = %||u+]|2 - S F(x,u)dz — S F(x,u)dz
.QQ Ql
> gllut | 4K e|lut|? — QKM lut |t = fllut P — 2K)MM[|ut|Y
and consequently
o(u) >0, VYue X' with |lul| < ds,

for 4 > 0 small enough. Hence, ¢ has a local linking at zero with respect
to (X!, X?) for 65 = min{ds, d4} small enough.

STEP 3: We claim that ¢ satisfies the (C*) condition. Consider a se-
quence {ug, } such that {a,,} is admissible and

Uay € Xapy  SUPP(Ua,) <00, (1 + [|ta,[)¢h, (tay) = 0.
n

Then there exists a constant My > 0 such that
(2.6) p(ta,) < Mo, (1 + [[ua, N¥G, (wa,) || < Mo.

By a standard argument, we only need to prove that {uq,} is a bounded
sequence in X.

Indeed, otherwise we can assume that ||u,, || — oo as n — oo. From
(F’,), there exist constants cg, cs > 0 such that

(2.7) f(z,w)u—2F(x,u) > colul)® — 3, V(x,u) € 2 xR.
So, we conclude from ([2.6)) and ({2.7)) that
3MO Z 2¢(Uan) - <90/an (uan)7uan>

= S(f(:c,uan)uan —2F(z,uq,)) dr > co S ey, |P dz — ¢3]92],
9 2
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which implies that

(2.8) | [, |? dz < e
9
for all o, and some positive constant cy.
We have
N N 2N
—(A=2 d —(A—-2 A=1).
B>50-2) and TO-2< (- 1)
Here, we consider only the case
N 2N
—(A=2 A—1).
A=) <f< 501
Put
_2(A-1)N—-(N+2)8
2N - (N-2)3
Then 0 < a < 1. Let
P=x f >1 and uan:u;rn+u;n+ugnEEJF@E*@EO.
—-1-«

From Holder’s inequality, (|1.4)) and (2.8) we obtain

(2.9)  § lua, MM, de = § fua, T, | ug, | da
n 2
an| Pl |°uf, | dz

e
o T e e (R S
2

2

< ( é) U, |ﬂ d:c) p ( §2(|Uan ’qa)2*/(qa) da;) /2 (é}(‘u; q)2*/q da:) 12

< e Pltan 8o e < /P KO g, ||t |

*

for all n, where ¢ =p/(p—1) = 2*/(a + 1).

By (F3)7 " " and ‘ 3
(Ph, () uf) = llug 1* = | £, ua,)uf, dz

2

> Jlud 11?7 = {1 (@, ua,)| Jug, | dz

(0}

al

A—
> lud 1? = a1 § (Jua, g, |+ ug, |) de

N
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=l 2 = a1 § P, | — a |

2 0
> [luf, |2 = arey VKO fua, ||°|ud, || — a1 K [l |
for all n.
Since a < 1, we have
g,
(2.10) —0 asn— oo.
e, |
Similarly,
u-
(2.11) I —0 asn— oo.
[ e, |

It follows from ([2.4)), (2.8) and Hoélder’s inequality that

—gllug, 17 < § ug, P de < Juq, |* de
K3 )

2
= S |t |7/ BHD |y, |(BH2)/ B+ gy
2
1/(B+1) B/(B+1)
( J o, 1? dm) < [ leta, 52/ dx)
2

< Ci/(5+1)K(6+2)/(6+1) [ty | (B+2)/(ﬂ+1)’

and consequently

(2.12) —0 asn— oo
||uan||
HGDCG, by "‘ )
B 7 0 e o
[ e, |

as n — oo, which is a contradiction. So, {uq, } is bounded in X. By a
standard argument, we deduce that ¢ satisfies the (C*) condition.

STEP 4: Now, we claim that for each m € N,
o(u) = —oo  as |lul| = oo in X! @ X2

Since dim EY < 0o and dim X}, < oo, all norms are equivalent. There exists
a constant c¢; > 0 such that for all u € X}, ® X2,

(2.13) Jull < esllul 2.
From condition (F), there exists ¢g > 0 such that
(2.14) F(z,u) > Eul* —cs, Y(z,u) € 2 xR,
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For v € X, 1y X2 , it follows from and ( that

() = (Il I? = [lu]?) ~ S F(z,u) dx
[0}
(Il I? = ™ 11%) = c3llullZz + co|£2]
(17 = Ml 11%) = (12 + 1u®]) + el 2]
=5 llu™1? = 3llu I = [u]* + c6l92] < =5 |lull* + co|£2],

1
2
1
2

\/\ IN A

which implies that
o(u) = —oo as ||lul| = oo in X} @ X2
So, the proof of Theorem [I.2]is complete. m

Proof of Theorem[1.4} It is easy to see that ¢ satisfies (i1), (i) and (ia)
of Theorem The proof is similar to that of Theorem Here, we only
need to prove that ¢ satisfies (i2), i.e., the (C*) condition.

Consider a sequence {u,,, } such that {a,} is admissible and
uan € XCYn? sup @(uan) < o0, (1 =+ ||uan||)splocn (uan) - 0
n
By a standard argument, we only need to prove that {u,, } is a bounded
sequence in X.

Indeed, otherwise, we can assume that ||u,,, || — oo as n — oo.

From assumption (Fg), there exist positive constants mg and my4 such
that

(2]‘5) m3 Z 2¢(uan) - (Salan (uan)7u0¢n>
= S(f(a:,uan)uan —2F(x,uq,)) de > my S w2, dr —ma|f2).

o} o}
So,
(2.16) \ul, do < ms
(9}
for all n and some positive constant ms.
Let va, = Ua, /||Ua, |- Then ||va,| = 1 and ||vg, |- < Cy for all r €
[1,2N/(N —2)). By (2.16)), we have
2 2 ms
V2 dx = us dr < — 0,
sz @ Juaa? ) R T

as n — oo. So, for r € (2,2N/(N — 2)), Holder’s inequality yields

/2 1/2
(2.17) [Va,|" dx < Ve, 1277V da : [V, |? da —0
G (§ 102§ )
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as n — oo. Since dim E° < oo, by (2.4) one has

(B (W, ), — i) = llud, —ug |17 =\ f@,00,) (ud, = ug,) da
Q
= g, > = 1, 1> = | (2,00, (0, — ug,) da
Q
a: U ul —u
g (1 - | LR = ) ) gt 2
Q An
T, ua, ) (ud —ug
> i, 7 (1 - Pt 0 =) ) — et 2
Hence,
z, U, ) (U —uy
(2.18) 1-| S(@, o, (W, = Uay) o(1).

[, |2
9]

From (Fg), (2.15)) and (2.17)), there exists a positive constant mg such that

Jr _ —_
(219) S f(x7uan)(u05n2 uan) d:r‘ S 28 ‘f(xauan)|‘van|2 dx
S |
o 1/o ) 1/¢
< 2< S (’f(x,uan)\> dx) (S (o, 20 d:c) /
0 ‘uan| 0

< m6( S Ve, |2 d:c) Ve —0
Q
as n — oo, where ¢/ = o/(c — 1). Therefore, from and (2.19), one
sees 1 = o(1), a contradiction. Hence, {u,} is bounded
By a standard argument, we deduce that ¢ satisfies the (C*) condition. =

Proof of Theorem[1.6, First, we claim that ¢ satisfies the Cerami con-
dition (C).

Indeed, let {u,} be a sequence in E such that ¢(u,) is bounded and
|’ (un) (1 + ||un||) — O as n — oco. Then there exists a constant M; > 0
such that

plun) < Mi, [l @n)ll(L+ llual) < My

for all n € N.

In a way similar to the proof of Theorem we find that {u,} is a
bounded sequence in F. By a standard argument, we deduce that ¢ satisfies
the Cerami condition (C).

Since dim Y}, < oo, all norms are equivalent. For each u € Y}, there exists
a constant M, > 0 such that

(2.20) [Jull < Ma|[ul| 2.



234 C. Li et al.

From condition (Fy), there exists M3 > 0 such that
(2.21) F(z,u) > M3u? — M3, V(z,u) € 2 xR.
For u € Yy, it follows from ([2.20]) and (2.21)) that

p(u) = 5(|lut [ =l |*) = | Flz,u)da

9]

(1% = llu™11%) = M3 ||ull?2 + Ms|€2|
(12 = Ml 11%) = (12 + [[u®l?) + Ms| 2|
=g llu*I? = 3l 1 = [l + Ms|2] < —3llull* + Ms|£2],
which implies that

1
2
1
2

INIA A

o(u) - —oo  as ||ul]| = oo in Y.

So, (A1) of Theorem is satisfied for every pi > 0 large enough.
After integrating, we obtain from (F3) the existence of My > 0 such that

(2.22) |F(z,u)| < My(1+ [u]}),  V(z,u) € 2 xR.
Let us define

Br=sup  |luflp.
UEZk,H’LLHZI
Then, for k large enough such that Z, C ET, by (2.22), on Z; we have
|l lul® A
pu) = 5 | Pz, u)do > 5~ Mullulls — M| €2

[0}
>||UHQ_M Myl — Mol
> 8L — 2l — a2
Choosing i, = (MyAB)Y/ =N we obtain, for u € Z, and ||ul| = ry,
1 1 _
o) 2 (5 - 3 ) g - haf)
Since, by Lemma 3.8 of [12], S — 0 as k — oo, relation (Ag) is proved.
Hence, the proof is completed by using the Fountain Theorem.
Proof of Theorem|[I.8 Firstly, we prove that ¢ satisfies the Cerami con-
dition (C).
Let {u,} be a sequence in E such that ¢(uy,) is bounded and ||’ (uy,)||(1+
|lunl|) — 0 as n — oo. Then there exists a constant Mz > 0 such that
o(un)| < Ms, [ (un)[I(1 + [[un]]) < Ms

for all n € N.

In a way similar to the proof of Theorem we find that {u,} is a
bounded sequence in F. By a standard argument, ¢ satisfies the Cerami
condition (C).
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It follows from (F;) that there is an L; > 0 such that
(2.23) F(z,u) > |ul*> if |u| > L.
Then, by (Fg) and , for |u| > Ly = max{L, L1}, x € 2, one has
(224)  [f(z,w)|” < ma(f(z, wu = 2F (2, w))[u|” < ma|f (2, u)| [ul 7.
By , we get
£, u)] < my/ OVl for ju] > Ly,
Therefore, there exists a positive constant mz such that
|F(z,u)| < my(14 |[u>/1), V(z,u) € 2 xR,

where 20/(0c — 1) < 2* =2N/(N — 2).
Now, by a standard argument as in the proof of Theorem [I.6] the con-
clusion follows immediately. =
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