STUDIA MATHEMATICA 214 (3) (2013)

Explicit representation of compact linear operators
in Banach spaces via polar sets

by

Davip E. EDMUNDS (Brighton) and JAN LANG (Columbus, OH)

Abstract. We consider a compact linear map 7" acting between Banach spaces both
of which are uniformly convex and uniformly smooth; it is supposed that T has trivial
kernel and range dense in the target space. It is shown that if the Gelfand numbers of
T decay sufficiently quickly, then the action of T is given by a series with calculable
coefficients. This provides a Banach space version of the well-known Hilbert space result
of E. Schmidt.

1. Introduction. Apart from its intrinsic interest and wide applica-
bility, the famous Schmidt decomposition of compact linear maps acting
between Hilbert spaces may also be given credit for stimulating work on
those compact linear maps from one Banach spaces to another, such as nu-
clear maps, that may also be represented in series form. Of course, it is not
to be expected that an exact analogue of Schmidt’s theorem will be generally
true outside a Hilbert space setting. Our main result is that such a series
representation with coefficients that are recursively calculable is possible for
maps the Gelfand numbers of which decrease sufficiently rapidly.

More precisely, let X and Y be real Banach spaces, both of which are
uniformly convex and uniformly smooth, and let T': X — Y be linear and
compact, with trivial kernel and range dense in Y. We show that if the
Gelfand numbers ¢, (T") of T decay sufficiently quickly as n — oo, then the
action of T is given by a series:

(1.1) Tx = Za}{(m)yn (x € X),

where o) € X* and y,, € Y, for each n. The terms in this series originate in
the construction of a decreasing sequence of linear subspaces X,, of X with
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finite codimension and trivial intersection; the norm A, of the restriction
of T to X, is attained at x, and y, = Tx,/\,; the coefficients a}{(az) are
recursively calculable by using projections and polar sets.

Banach space versions of the Schmidt result are also given in the recent
papers [3]-[5], and in particular it has been shown that, under an additional
assumption, there are representations of the form

T = Z§7§<$)xn7 Ty = ZAngr)z((x)ynu Yn = Txn/HTmnH (x € X)

The additional assumption is that for each x € X, the elements Si( Ty =
Z?:_ll §JX (x)x; should have uniformly bounded norms:

sup || S5 2| x < oo.
n

This condition is automatically satisfied for every compact map T if X is a
Hilbert space, no matter what Y is (within the class of spaces studied), and
also in certain other special cases, but it remains unclear exactly how wide
is the class of spaces and operators for which it holds. Here we cast some
light on this question by showing that the Y-analogue of this assumption
holds if the Gelfand number ¢, (T') of T is bounded above by 2-"1(2" —1)~1
for all n € N, and that consequently we have the series representation of 1T’
given in . Under these conditions on the Gelfand numbers the map T’
is nuclear, so that the existence of a series representation is guaranteed.

The main point of our work is to establish the particular decomposition
given by , in which the coefficients are recursively calculable by proce-
dures analogous to those used in the Hilbert space case. Note also that the
requirements of uniform convexity and uniform smoothness imposed on X
and Y are met by such commonly used spaces as L, (1 < p < oo) and the
associated Sobolev spaces.

A crucial part of the proof is the study of the projections P} : Y — Y, :=
T(X,) (n € N) that take each y € Y to the nearest point in Y. In general
these are nonlinear, but we show that because of the special properties of
the Y,, they have certain linearity properties that we are able to exploit to
obtain the result.

2. Preliminaries. Throughout the paper we shall suppose that X
and Y are real, reflexive, infinite-dimensional Banach spaces with norms
|- lIx,] - |ly and duals X*,Y™* that are strictly convex; the closed unit ball
in X is denoted by Bx and the family of all bounded linear maps from X
toY by B(X,Y) (B(X) if X =Y); T will be a compact linear map from
X to Y. We denote the value of z* € X* at x € X by (x,2*)x, and given
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any closed linear subspaces M, N of X, X* respectively, their polar sets are
M ={z* € X*: (z,2")x =0 forall z € M},
IN={ze€ X:(x,2*)x =0 for all 2* € N}.
The space X* is strictly convex if and only if || - || x is Gateaux differen-

tiable on X \ {0}; the Gateauzr derivative Jx(z) := grad ||z||x of ||z|x at
x € X \ {0} is the unique element of X* such that

ITx (@)l[x- =1 and (z, Jx(x))x = [2]x.
A gauge function is amap p : [0,00) — [0, 00) that is continuous, strictly in-
creasing and such that (0) =0 and lim;_, o p(t) = 00; the map Jx : X — X*
defined by

Tx(@) = p(|lellx)Tx(z) (x€ X\{0}), Jx(0)=0,
is called a duality map on X with gauge function u. For all x € X,

(z, Jx(2))x = [Ixllx-llzllx,  [Ixlx- = plllllx)-

From now on we suppose that X and Y are equipped with duality maps
corresponding to gauge functions ux, gy respectively, normalised so that
ux (1) = py (1) = 1. Let M be a closed linear subspace of X. Then if X is
strictly convex, so are M and X \ M; if X* is strictly convex, so are (X \ M)*
and M°. A semi-inner product is defined on X by

(z,h)x = |z]lx(h, Jxz)x (x#0), (0,h)x =0.
Proofs of these assertions and further details of Banach space geometry may
be found in [2], [10], [II] and [12].

Next we summarise some of the results of [3], [4] and [5], beginning with
the elementary fact that, under the conditions on X,Y and T, there exists
x1 € X, with ||x1]|x = 1, such that | T|| = ||Tx1||y, and that x; satisfies the
equation B B

T*JyT.’L'l = I/JXafl, V= HT”,
or equivalently,
T*JyTxr = vidxzr,  vi=|Tl|py (1)
Set X1 = X, My = sp{Jxx1} (where sp denotes the linear span), Xo = M7,
Ny = sp{JyTz1}, Yo = 9Ny and \; = ||T||. Since X and Ys are closed
subspaces of reflexive spaces they are reflexive. Since Xj = (°M;)* is iso-

metrically isomorphic to X7 /M it follows that X is strictly convex; the
same argument applies to Y. Because

(Tz, JyTx1)y =iz, Jxz1)x forall xz € X,

we see that T"maps X to Ya. The restriction T of T to X5 is thus a compact
linear map from Xs to Ys, and if it is not the zero operator we can repeat
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the above argument: there exists o € X3 \ {0} such that
<T2$, JYQT2$2>Y = l/2<$, JX2x2>X for all z € XQ,

where vy = Aoy (A2), Ao = |[|[Tx2|ly = ||T2]|. Evidently Ao < A\; and o < .
In this way we obtain elements 1, ..., z, of X, all with unit norm, subspaces
My, ..., M, of X* and Ny,...,N, of Y* where

Mk:Sp{Jxl'l,...,JXxk}, Nk:Sp{JyTl'l,...,JyTxk}, kzl,...,n,

and decreasing families X1,..., X, and Y1,...,Y, of subspaces of X and Y
respectively given by

Xy=M_1, YVi=°Ni_i, k=2,...,n.

For each k € {1,...,n}, T maps X} into Y, 3, € X}, and, with T} :=T"x,,
Me(T) = A = [|Tk[], vie = Aep(Ag), we have

(2.1) (Trz, Iy, Trer)y, = vi(z, Jx, xk)x, for all x € Xy,
and so
Ty Iy, Trwy = vpJx, k.
In fact, is equivalent to
(Tz, JyTxg)y = vi(z, Jxxg)x  for all z € Xj.
Since Txy € V), = °Ni_1, we have
(Txg, JyTx))y =0 ifl <k.

The process stops with A\, x, and X, if and only if the restriction of T
to X1 is the zero operator while T;, # 0. With respect to the semi-inner
product on X the z, have the semi-orthogonality property

("177"7«755))( = 57",8 if r < S,
and correspondingly the y,, := Tz, /|| Txy|ly = Txn/A, satisty
(yr7ys)Y = 57“73 ifr <s,

where 6, s is the Kronecker delta.

The iterative process just described can be expressed in terms of the
notion of orthogonality given by James [9], using the notation of [6] and [7].
We say that an element x € X is j-orthogonal (or orthogonal in the sense
of James) to y € X, and write z 17 y, if

lzllx < ||z +tyllx forall t € R,

If z is j-orthogonal to every element of a subset W of X, it is said to be
Jj-orthogonal to W, written « L7 W. A subset Wj of X is j-orthogonal to
Wy C X (written Wy L7 Wy) if o 17 y for all x € Wy and all y € Wh.
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In general, j-orthogonality is not symmetric, that is, z 17 y need not
imply y 17 z; indeed, symmetry would imply that X is a Hilbert space.
The connection between j-orthogonality and the semi-inner product defined
earlier is given by the following result of [9]: if x, h € X, then z 17 h if and
only if B

(z,h)x = ||z||x{h, Jxz)x = 0.
It now follows immediately that
x, 17z, and Y 17 ys ifr <s,
and
z, 17 X, and Yr 17y, for all r.

A decomposition of X in terms of James orthogonality was given by
Alber [I], who introduced the following terminology: given closed subsets
My, M of X, the space X is said to be the James orthogonal direct sum of
M7 and Ms, and we write X = M7 W Mo, if

(1) for each z € X there is a unique decomposition x = mj + mg, where

my € Ml, mo € Mg;

(2) My L7 My;

(3) MiN My = {O}

Alber established the following

THEOREM 1. Let X be uniformly convex and uniformly smooth, and
let M be a closed linear subspace of X; let Jx be a duality map that is
normalised in the sense that it has gauge function p with u(t) =t for all
t > 0. Then

X=MyJyM" and X*=M"w JyM.

Returning to the properties of T" we note that when the rank of T is
infinite,

{An} is an infinite sequence that converges to 0;

moreover,
Xoo i= ﬂ X,, = ker(T).
neN
For these results see [5].
Next, we define

Zy =spler,.,ma}, Zy =sp{pr,-un) (nEN),
and introduce the family of maps
SYT X = Z5, (k>2)

determined by the condition that x — S,i(’Tx € Xi for all x € X. When

the meaning is clear we shall simply write S,i( instead of S,f’T. It turns out
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(see [3]) that S;¥ is uniquely given by

k—1
Spx=> &(x),
j=1
where
j—1
(2.2) §]X(x) = <x—ngX(x)xi, JXacj>X for j > 2, &% (z) = (z, Jxx1)x.
i=1

Let us note that EJX () is a linear functional; this guarantees the linearity
of S,i( . Maps S,g Y — Z,Z_l are defined in an analogous fashion:

k—1
Sty =>_ & Wy;,
=1

where the ij(y) are given by expressions corresponding to . From the
uniqueness it follows that (SiX)? = Si¥ and hence ((S¥X)*)? = (S¥)*, so
that S and (S;X)* are linear projections of X onto Z7* ; and X* onto
My, _1 respectively.

LEMMA 2. The spaces X and X* have the direct sum decompositions
(2.3) X=X,®ZY,, X'=M,_13(Z5)° foreachk >2.

The operators Si¥, (S,i()* are respectively linear projections of X onto Z,f_l
and X* onto My_1. For all k € N,

Xi, = Xpq1 W sp{ag}.
Corresponding statements hold for'Y.

Proof. We give the proofs for X only, and for simplicity omit the super-
script X. The decomposition for X folllows from I = (I — Sg) + Sk, where [
is the identity map of X to itself, since I — Sy maps X into X by definition,
and Sy has range Zj_1. It is unique in view of the construction of the Xj.

From the definition of the S}, and we have

Sk = Sp_12 + (v — Sp_12, IxTp—1) X Th—1
and so, on setting E; = (-, Jxz;) xxj,
Sk = Sk—1+ Ep_1(I — Sk—1),

which gives
I-S,=(I—-Ey1)--(I—-FE1), k>2.

For x € X and «* € X*,

(Bp_q1z,2")x = (x, (g, ") x Ix k) x -



Ezxplicit representation of compact linear operators 271

Thus the map Ejp_; : X — X has adjoint Ef ;, : X* — X* given by
E;_| = (xk, ) xJIxxy; and

S =(I"-E)--(I"—E_)), k>2.

It follows by induction that S} and I* — S} have ranges Mj_jand Zg_l
respectively, and hence X* = My,_1 @ (Zp_1)°.

From the decomposition of X we see that Spx = 0 if x € Xj. Since
Skr12 = Sgx + & (x)xg, it follows that for all x € Xy, Spr1x = & (z) ), and
as (I — Sky1)x € Xgi11 C Xk, we have Xy = Xyy1 ®sp{zy}, from which the
final part of the lemma follows. m

Now let P;X be the projection of X onto X,, (n € NU {co}), by which
we mean that P : X — X, takes € X to the point in X,, nearest to .
Projections P : Y — Y, are defined analogously. In [3] and [4] it is shown
that for all x € X,

= lim (SXx — PXSXz) + PX2, Plaz= lim PXz
n—oo n—0o0

in the sense of weak convergence (strong if X is uniformly convex) and

n—1
: X X oX
Tz = lim (2} A& (2)yi — TPy S, 90)
1=
in the sense of strong convergence, even if X is not uniformly convex. More
can be said if the additional assumption of uniform boundedness of the
SX is made: it then turns out (see [4, Corrigendum]) that if 7" has trivial
kernel and (S;:X),en is bounded, then (z,,),en is a basis of X and accordingly

n

there is a Schmidt-type representation of T. If the assumption that (S:X),.en
is bounded is omitted, this result no longer holds. Readers interested in
decomposition of Banach spaces should look at [Il, Section 3], [3] or [6] for

more details.

3. The main results. Here we retain the notation of the last section
and strengthen the assumptions (concerning X, Y and T') by requiring that
both X and Y should be uniformly convex and uniformly smooth, and that
the compact map T should have trivial kernel and range dense in Y. We
begin with a lemma connecting P;% and S3'.

LEMMA 3. For allx € X,
x— Pox =S¥

Proof. Let x € X. Since P x is the nearest element in X5 to z, it follows
that for all 8 € R and all z € Xo,

lz — Ps*a|lx < |lz — Ps*x + Bz|1x,
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which means that z — P2X x 17 Xo. By Theorem |1} applied with M = X», we
see that X = X Wsp{x1}, and in view of the uniqueness of decomposition
we have x — P;*x = ax; for some a € R. The uniqueness of Sy x now gives
the result. m

Repetition of this argument, with X, X5 replaced by Xs, X3 and use of
Theorem |1| to give Xy = X3 Wsp{x2}, shows that for all z € X,

Pfx — S Ps*x = P P;*x € X3.
Hence

x—S3x— S¥Ps e = PP
Since

Syx 4 S35 Pe = Sy a+ S5 (x — S5 x) = S5 a,
it follows that
x—Syx= PP
An obvious extension of this argument leads to
LEMMA 4. Letn € N\ {1}, z € X andy € Y. Then
t—SXe=PXPX .. .Pfz and y—SYy=PYPY ...P)y.

Note that even though the projections PkX and Pg are nonlinear, in
general, nevertheless the linearity of S and S) means that the products
PXPX ... P and PYPY | --- P)y are linear.

LEMMA 5. Let n € N and let K,, be the convex hull of z1,...,x,, where
the x; are defined in Section 2. Then

2" - D7 <inf{||z| : z € K,,} < 1.
The same holds with each x; replaced by y;.

Proof. Let x € K,. Then x = Z?:l a;x; for some nonnegative a; such
that > " ; a; = 1. Since Y ;- , iz € Xo and ajz L7 Xo,

n
a1 = Jerailx < oz + Y g

=2

. = llallx.

As Z?:?, a;x; € X3 and aszs 13 X3,

n
az —ay = [|aexs||x — a1z ||x < HOQDCz + ZO@SU@'

1=3
n
< H E ;T
i=1

— leaz1 ]| x
X

= llallx.
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In the same way it follows that for all [ € N,

n
Qe — o < H Zaﬂi .
i=l

Thus
n n
az —az —ap < H Zaz‘wz‘ — [Joqzi | x < H Zaﬂz‘ = [|z||x,
- X - X
=2 i=1
and
n
g — a3 — g —ap < H Zazﬂ?i - |oama||x — |larz:||x
i=3
n n
<[> aiw|| ~lenaillx < | Y aiwi| = lallx.
: X c X
=2 i=1
More generally we have, for each | € N with [ < n,
-1
a =Y o < ax.
i=1
Thus
inf max(ay, 0 — a1, 3 —ag —ay, ..., —ap_1 — - — ) < inf 2| x,
LBEKn

where the infimum on the left-hand side is taken over all o; > 0 such that
>, a; =1. When n = 2 we have to find info<¢<; max(t,1 — 2t). Since
1—2t, 0<t<1/3,

¢, 1/3<t<1,

we see that the infimum is attained when the two entries ¢ and 1 — 2¢ are

equal, that is, when ¢ = 1/3, as otherwise one of the two entries would be
greater than this value. For a general value of n, we need to find

man(t,1 - 2) = {

inf max(ay, g — 1, Q3 — Q2 — Ay ..oy Oy — Q] — *++ — Q)
T iai=1,0;>0
= inf max(ay, 0 — a1,...,1 —=2(ag + -+ + ap—1)).
If the infimum is attained at a; — a;_1 — -+ — a1, we can decrease «; by a
sufficiently small € > 0 while increasing each a; with j € {i +1,...,n} by
¢/(n—1): this leads to a decrease of a; —a;—1—- - -—aq by € and an increase of
every term o; —aij_1 —---—a1 with j > i. Considerations like this show that

as before the infimum is attained when the entries coincide: oy = ag — g, S0
that an = 2aq, a3 = 209 = 221 and so on up to a,_1 = 2" 2a;. Moreover,

o =1-2a;(14+2+---+2"2),

which gives
ap=1/(2" = 1)
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and establishes the claimed lower bound of the lemma. As the upper bound
is obvious, the proof is complete. The y-version follows in exactly the same
way. m

We note that since the lower estimate in this lemma was obtained by
quite crude means, there is a distinct possibility of improvement in particular
spaces, such as L, (1 < p < 00).

Next we show how an estimate involving the maps S} can be obtained
when the \; decay sufficiently rapidly.

LEMMA 6. Suppose that N\, < 275+l for all k € N. Then for all
y € T(Bx) and alln € N,

ly = Snylly < L.
Proof. Let y € T(Bx). By Lemma {4, y = SY (y) + P, (y); moreover,
o :=— 53 (y) = =T(& (y)21)/|IT|| € T(Bx) since &} (y)| = [(y, Jyy)y| <

llylly < ||T||- Hence y1 := (y+y0)/2 € T(Bx). As y; = %P;(y), we see that
1PY (y) € YaNT(Bx). Thus
(3.1) 1PYT(Bx) C YaNT(Bx).
We claim that

sup{lylly : y € YaNT(Bx)} = As.
For if y € Yo N T(Bx), then y = Tx for some = € By, and in view of the
decomposition , r =u+ v for some u € Xo and v € ZIX, v = axy, Say.
Thus y = Tu + aTx1 = Tu + aA1y1, so that al\iy; =y — Tu € Ys. By the
Y -form of it follows that o = 0 and = € X, proving the claim. Thus
if Ao <271, then

sup{|lylly :y € Py T(Bx)} < L.
Further use of Lemma [4] shows, by similar techniques, that
PV (T(Bx)NYs) C T(Bx)NYaNYs,

which together with gives

iP) (3P T(Bx)) C T(Bx)NYs.
Hence the condition A3 < 272 implies that

sup{llylly : y € PY PY T(Bx)} < 1.

More generally, the same procedure shows that for any n € N\ {1}, if
Ap < 277 then

sup{llylly : y € Py Poy - Py T(Bx)} < 1.
Together with Lemma 4] this finishes the proof. =

From this it follows that the S) , regarded as maps from the closure in Y
of T(X) to itself, have uniformly bounded norms. However, all this is based
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on the assumption that the A\, decay quickly enough, and it would clearly
be desirable if the result were to hinge instead on the decay of more familiar
objects associated with 7. The Gelfand numbers come immediately to mind
(see, for example, [14]): recall that the nth Gelfand number of T' is

cn(T) = inf{||TJ3]| : codim M < n} (n€N),
where Jﬁ is the natural embedding from the closed linear subspace M of
X into X. It is plain that

en(T) = inf {sup{||Tz|ly : ||z|lx =1, (x,z}) =0 for k <n}}.
Ty, Ty,_ €XF

Companion to these numbers are the Gelfand widths ¢,(T) defined by

¢n(T) = inf sup Ty,
Ln 2| x=1,Tz€Ln

where the infimum is taken over all closed linear subspaces L, of Y with
codimension at most n — 1; equivalently,

(T)= _ inf EY*{S,up{HTzHy xllx =1, (Tx,y;) =0 for k <n}}.

10 9Yn—1
Clearly ¢, (T) < A, and ¢,(T") < ¢,(T) for every n. However, to be able to
use Lemma [6] we need inequalities in the reverse direction, and to establish
these we proceed as follows.

LEMMA 7. For every n € N,
(2" —1)7I\, < Eu(T) < M.
Proof. Let n € N. Then T'(Bx) contains the convex hull H,, of £\, y1, . ..
ooy EAnYn. Let € > 0. We claim that
T(Bx)NZy 2{y €Y :|lyly <e(T)+e}n 2z,

For if K, is a linear subspace of Y with codimension n — 1, then
dim(K,, N ZY) > 1, so that if the claim were false, the definition of ¢, (T’)
would be contradicted and then é,(T) < A,. By Lemma applied to the y;,

Hy D {y €Y :|lylly < (2" — 1)71} N 231/7
so that
T(Bx)NZY S {yeY:ylly < (2"~ 1)} n 2.
It follows that ¢,(T) +& > A, (2" —1)"!. m

We remind the reader of our standing assumption in this section that
both X and Y are uniformly convex and uniformly smooth, and that the
compact map 7' should have trivial kernel and range dense in Y. For the
Gelfand numbers we need the following result established in [§]:

THEOREM 8. For alln € N,
en(T) = ¢ (T).
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We emphasise that this result is not generally true for arbitrary compact
maps between arbitrary Banach spaces: the proof uses in a crucial way the
uniform convexity and smoothness of the spaces together with the assump-
tions that T'(X) is dense in Y and the kernel of T is trivial.

From this and Lemma [6] we immediately have

LEMMA 9. If ¢, (T) <2727 — 1)7! for all n € N, then ||y — SYylly
<1 forally € T(Bx) and all n € N.

As mentioned in the Introduction, the rapid decay imposed on the Gel-
fand numbers of 7" in Lemma 9 implies that T is nuclear. Indeed, since the
approximation numbers a,,(T) of T satisfy a,(T) < 2v/nc,(T) (see Pietsch
[14, Section 6.2.3.14)), it follows that (an(T))nen € l1; the nuclearity of T'
now results from [15].

PROPOSITION 10. The subspaces Y, defined by (2.2)) have trivial inter-
section:

() Ya = {0}.
n=1

Proof. First we show that

o0
(3.2) ( N Yn) NT(X) = {0}.

n=1
To begin with, we claim that if x € X and Tz € Y41, then x € X, ;. For
by , T =xy7+1rx, where vz € ZX and xx € X,,41. Since T(ZX) c ZY
and T'(Xp+1) C Yot1, we see that if ¢ ¢ X, 11, then zz # 0 and y :=Tx =
T(xz) + T(xx), where T(zz7) # 0 as ker(T) = {0}. Since T(zz) € Z) and
T(zx) € Yu+1, application of the decomposition of Y corresponding to ([2.3)
shows that Tz ¢ Y, 11, and we have a contradiction.

Now suppose that there exists z € ((),—; Yo)NT(X), 2 # 0. Then z = Tz
for some x # 0. Since the X,, are decreasing and have trivial intersection,
there exists N € N such that for all n > N, x ¢ Xy. But Tx = z € Y}, for
all n € N, so that by our claim, z € X,, for all n € N. This contradiction
establishes (3.2)).

To finish, simply note that

ve= 0= {((Yr) a1} = (U ve) ooy

n= n=1

:n[jlyg = ( ﬁ Yn>0,

n=1

from which the result follows directly. =



Ezxplicit representation of compact linear operators 277

We can now give the main result:

THEOREM 11. If ¢, (T) < 27"+ (2" — 1)7L for all n € N, then for all
e X,

Ta =3 o (0
n

where o) (-) = X (T-) € X*.

Proof. Let y € Y. Since S) y —y € Y,, C Y}, = °Ny_1 if n > k, it follows
from the definition of a polar set that for all z € (e N

(SYy—y,2)y =0 asn— oo.

Since by Lemma |§|7 (SY) is bounded, this limit also holds for all z €
Uren Nk = Y5 hence SYy — y. Thus

y=> & Wy
j=1

in the sense of weak convergence in Y. The uniqueness of this weak represen-
tation follows from the semi-orthogonality property (y;, yx)y = 0 if | < k,
and so (Yn )nen is a weak basis of Y. By Banach’s weak basis theorem (see, for
example, Theorem 5.3 of [13]), it is a basis of Y and the proof is complete. m
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