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On the spectral Nevanlinna—Pick problem
by

CONSTANTIN COSTARA (Québec)

Abstract. We give several characterizations of the symmetrized n-disc Gy which
generalize to the case n > 3 the characterizations of the symmetrized bidisc that were
used in order to solve the two-point spectral Nevanlinna—Pick problem in M2(C). Using
these characterizations of the symmetrized n-disc, which give necessary and sufficient
conditions for an element to belong to Gr,, we obtain necessary conditions of interpolation
for the general spectral Nevanlinna—Pick problem. They also allow us to give a method to
construct analytic functions from the open unit disc of C into Gy and to obtain some of
the complex geodesics on Gp,.

1. INTRODUCTION

The spectral Nevanlinna—Pick problem is the following.

We are given distinct points A1, ..., \m in the open unit disc D of the
complex plane and n x n complex matrices Wi, ..., Wy, € My (C), and we
would like to find necessary and sufficient conditions for the existence of an
analytic n X n matriz-valued function F on D such that

(1.1) Fx)=W; (=1,...,m)
and
(1.2) r(F(A\) <1 (AeD).

(Here r(W) denotes the spectral radius of the square matriz W.)

It is a variant of the well known classical Nevanlinna—Pick problem in
M,,(C), that is, the problem obtained by replacing the condition (1.2) by

(1.3) IFO) <1 (AeD).

(Here ||W{| denotes the operator norm on M,,(C).) The classical version has

a complete solution: the existence of a function F' satisfying (1.1) and (1.3)

can be reduced [11, Chapter X] to the determination of the semi-positivity of
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the so-called Nevanlinna—Pick matrix associated to the interpolation data,
I —WIW 1™
(1.4) [—_J ] :
1—- )‘j Ak k=1
Lots of different approaches were developed in order to solve this classical
version. The standard one is operator-theoretic, and it uses the Sz. Nagy—
Foiag commutant lifting theorem [16]. So, the first idea for the spectral
version was to try to find a spectral variant of the commutant lifting the-
orem. It was obtained by Bercovici, Foiag and Tannenbaum in 1991, and
using this result we obtain the following theorem.

THEOREM 1.1 ([7, Theorem 4]). For given interpolation data A1, ..., \p
€D and Wy,..., Wy, € M,,(C), there exists a bounded analytic function F :
D — My, (C) such that F'(\j) = Wj forj =1,...,m andsupy <, r(F(A) <1
if and only if we can find invertible matrices X1,..., Xy, € My(C) and
an analytic function G : D — M, (C) such that G(\;) = XjVVij_1 for
J=1,....;m and sup 1 [GN)[| < 1.

Therefore, we can solve this slightly simpler form of the spectral Nevan-
linna—Pick problem if and only if we can solve the classical Nevanlinna—Pick
problem for some target matrices {Yj};”:1 such that Y} is conjugate to W
for all j. The theorem does provide in principle a method of determining
whether an interpolation function exists, but is rather difficult to apply in
general, because there is no control on the new matrices Y;. It involves a
non-trivial search over n?m parameters, and we cannot obtain an explicit
necessary and sufficient condition of interpolation.

Clearly, if n = 1 then the spectral Nevanlinna—Pick problem is just
the classical scalar Nevanlinna—Pick problem, which is solved. That is why
throughout this paper n will always be assumed strictly greater than 1. The
simplest case of the spectral Nevanlinna—Pick problem is when we consider a
two-point interpolation problem, one of the matrices being the null matrix
0 € M,(C). By using the Vesentini theorem [6, Theorem 3.4.7] on the
subharmonicity of the spectral radius, we can easily see that there exists
F :D — M,(C) such that F(0) =0, F(A\o) = Wp and r(F(\)) <1 on D
if and only if 7(Wp) < |M\g|. Apart from this result, the two-point spectral
Nevanlinna-Pick problem in M3 (C) is the only case for which we can find an
explicit necessary and sufficient condition in the published literature. (See
[5], [8], and the references therein.) The methods used to obtain this result
are totally different from the ones of Bercovici, Foiag and Tannenbaum.
The purpose of this paper is to generalize to the case n > 3 some of the
ingredients that were used to solve the two-point spectral Nevanlinna—Pick
problem for n = 2.
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2. THE SYMMETRIZED n-DISC

For an n x n complex matrix W, denote by o(W) its spectrum. (Each
eigenvalue of W is counted according to its multiplicity.) Denote by 2, the
open spectral unit ball in M,,(C), that is,

O = {W € Mu(C) : (W) < 1}.

For W € M,,(C), the fact that W belongs to 2, is equivalent to the fact
that its characteristic polynomial P(z) = det(zl — W) has all its roots
inside . Therefore, if we want a necessary and sufficient condition for a
matrix to belong to {2, then clearly this condition must be on the coefficients
of the characteristic polynomial. This leads us to consider the elementary
symmetric functions in n variables

k
(2.1) Si- L) = > [ (k=1,..0),

1<j1 <—<jp<ni=1
the symmetrization map
(2.2) Ty M) = (Sp(M e M)y, SP (M, - An)

and the set G,, := m,(D"), which we shall call the open symmetrized n-disc.
It is clear that W € (2, if and only if m,(c(W)) € G,,. Therefore, we can
consider I1,, : 2, — G, given by

(2.3) I1,(W) = m(o(W)).

Then (2.2) and the Viete relations imply that I7,, is a well defined analytic
map. It is surjective, but it is very far from being injective: for example, it
does not take into account the Jordan form of W. For (s1,...,s,) € Gy,
by considering the companion matrix associated to the polynomial P(z) =
2 — 512" 4 (—1)"s, we obtain the analytic map J,, : G,, — (2, given
by

00 ... 0 (=1)ls,

1 0 ... 0 (=1)" 25,4
(2.4) In(S1,...,8n) = : :

00 ... 0 —89

(00 ... 1 51 |

Even though I7,,0J, is the identity on G,,, one can easily see that J,oIl,
is not the identity on (2,. Therefore, we expect that the two interpolation
problems, the one into G,, and the one into {2,, are not equivalent. This is
indeed the case (see [2, Example 2.2]), but in the generic case, that is, when
all the target matrices are non-derogatory, the following result holds.
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THEOREM 2.1 ([2, Theorem 2.1]). Let A1,..., A\, € D be distinct points,
and consider m matrices W1y, ..., Wy, € 2,. Suppose that W; is non-deroga-
tory for all j (that is, Wj is conjugate to the companion matriz associated to
its characteristic polynomial). Then the following assertions are equivalent.

(i) There exists f : D — (2, analytic such that f(\;) = W; for all j.

(ii) There exists g : D — Gy, analytic such that g(\;) = I, (W;) for

all j.

We think that the interpolation problem into G,, is more tractable than
the interpolation problem into {2,. First of all, the dimension of GG, is n while
the dimension of £2,, is n?, and therefore we are reducing an n’-dimensional
problem to an n-dimensional one. By applying II,, to a matrix W we are
erasing its Jordan form, and we consider (in an analytical way) only the
spectrum of W. Also, the set GG, is bounded (and therefore compact) while
2, is not: therefore, a Montel type reasoning can be applied for G,, (this
is not the case for (2,, see [7, Example 3]). The only difference in favor of
2, is that it is balanced (if A € D and W € 2,, then A\W € 2,), while G,
is not. Even though it is not a balanced set, the symmetrized n-disc has a
similar property. Define ¢ : C* — R given by

o(s1,...,8n) = max{|Ai],..., [ An] - SFO\1, .. s M) = sk, kE=1,...,n}.

The map p is the analogue for G, of the spectral radius on {2,. It is clear
that G, is the set of all points (s1,...,s,) € C" for which o(s1,...,s,) <1,
and for its closure, the closed symmetrized n-disc I, := Gy, we have I, =
{(s1,---,8n) € C" : o(s1,...,8,) < 1}. The most important properties of
the map o are given in the following proposition.

ProposiTION 2.1. (i) If A € C and (s1,...,5,) € C" then
0(AS1, ..., A"sn) = [No(s1, ..., 8n).

(ii) For a domain A C C and an analytic map g : A — C", the compo-
sition o o g is subharmonic on A.

Proof. Part (i) is a consequence of the definition of p. Part (ii) is a
consequence of the Vesentini theorem [6, Theorem 3.4.7] and the fact that
oog=r(Joog)on A. =

Part (i) implies that if (s1,...,s,) € G, and A € D, then (Asq,..., \"s,)
€ Gyp. Part (ii) and the fact that the subharmonic functions satisfy the
maximum modulus principle give the following corollary. It will be a very
useful tool for us in the remainder of this paper.

COROLLARY 2.1. Let f be analytic on a neighborhood of D with values
in C" such that f(T) C I,. Then f(D) C I},. Moreover, if there exists a
point Ao € D such that f(XAo) € G, then f(D) C Gy, and if there ezists
Ao € D such that f(Xo) € I, \ Gy, then f(D) C I, \ Gp.
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3. CHARACTERIZATIONS OF G,

For a given matrix W € M, (C), we have already seen that W belongs
to §2, if and only if (s1,...,s,) := II,(W) belongs to Gy, that is, if and
only if the polynomial

(3.1) P(z)=2" — 512" oo (=1)"s,

has all its roots inside . To verify whether all the roots of a polynomial are
inside D, the well known Schur theorem [15] is a standard tool. Denote by
P#(2) the reverse polynomial 2" P(1/Z%), that is, P¥(z) = (—1)"8,2" +-- -+
(—=3S1)z + 1, and by S the shift operator S(x1,...,z,) = (x2,23,...,2p,0)
on C". Then the Schur test asserts that P has all its roots inside D if and
only if | P(S)(P#(S))~!| < 1, that is, if and only if

(=D)"s, (1) ls, g ... —51
0 —1)"s .. S9
(3:2) . o .
0 0 (=1)"sp
-1
1 =5 (—1)”71571_1
0 1 (-1)" 25, 4
_ <1.

0 0 1

Unfortunately, we cannot obtain even necessary conditions of interpolation
into {2, by using Schur’s result because of the conjugation operation that
appears in (3.2), which does not respect analyticity. Characterizations of G,
(and therefore of §2,,) which respect analyticity will be given in the rest of
this section.

3.1. Characterization of G, given by D. For (si,...,s,) € C",
consider the polynomial P(z) given by (3.1). If we put

(33)  Q2) = n(~1)"sp2" "+ (n = 1)(=1)"Tsp12" -+ (=s1),
(34) R(E)=n—(n—1Dsiz+-+(=1)"s,_ 12"}

then we can easily verify that
d _
Q(z) = —(z"P(1/2)), R(z) =z" 'P'(1/2),
for all z in C\ {0}. Using @ and R, we define f = /R, that is,

Con(=D)"sp2" e (n— D)(=1)" 12" 2+ 4 (—s1)
(85)  flz)= n—(n—1)siz+--- 4 (=1)""ls,_2n-1 ‘
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This rational function will play a fundamental role in this paper. Its impor-
tance is reflected in the next theorem.

THEOREM 3.1. Let (s1,...,8,) € C", and let f be given by (3.5). The
following assertions are equivalent.

(i) The element (s1,...,8,) belongs to G,.
(ii) We have

(3.6) sup |f(z)| < 1.
l2l<1

Proof. (1)=-(ii): If all the zeros of the polynomial P given by (3.1) lie
inside D, then by the Lucas theorem [13, Theorem 6.1] the zeros of its
derivative P’ also lie inside D. Therefore, P'(w) # 0 for all w € C\ D, which
gives P'(1/z) # 0 for all z in a neighborhood of D. Therefore, R(z) # 0 on
the same neighborhood, and this implies that f is well defined and analytic
on a neighborhood of D. To prove (3.6) it suffices to show that |f(&)| < 1
for all £ in T. Consider therefore such a . By the definition of @), we have
Q&) = ne"tP(1/¢) — €n2P'(1/¢), and therefore

_ g P(1/€) - §"2P’(1/€)'
| PG 1) ‘ PE ‘

e = e

We must prove that ¢ — nP(¢)/(¢P'(¢)) sends T into {w € C: jw—1| < 1}.
If we denote by z1,..., 2, € D the zeros of P, then for all { in T we have

PO 1y~ 1
@ PO " n T

Therefore (P'(¢)/(nP(¢)) belongs to the convex hull of {1/(1 — z;/¢) :
j=1,...,n}. Since z;/¢ € D for all j € {1,...,n}, and since the map w —
1/(1 — w) is a conformal transformation of D onto {t € C : Re(t) > 1/2},
we obtain Re(1/(1 — z;/¢)) > 1/2 for j = 1,...,n. Now (3.7) implies that
Re(CP'(¢)/(nP(¢))) > 1/2. Using then the inverse of the above conformal
transformation, we obtain 1 —nP({)/(¢P'(¢)) € D.

(ii)=>(i): We first prove that (3.6) implies that R(z) # 0 for all z in D.
Suppose, for contradiction, that there exists zy in D such that R(zp) = 0.
Then zp # 0 and (3.6) implies that Q(z9) = 0. The equality R(zp) = 0 gives
P'(1/2) = 0, and Q(z0) = 0 gives nzy ' P(1/z9) — 2§ 2P'(1/2) = 0. Thus
P(1/z) is also 0, and therefore 1/zy is a zero of order at least 2 for the
polynomial P. If we write P(z) = (2 — 1/29)"¢(2) on C, where m > 2 and
g is non-zero on a neighborhood of 1/zg, then for z in a neighborhood of 2y

j=1
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we have
2" 'P(1/z) — 2" 2P'(1/z)
flz) = 21P/(1/z)
_ nz"1(1/z = 1/20)"g(1/2)
mz"1(1/z—1/20)™ 1g(1/2) + 2" (1/2 — 1/20)™g'(1/2)
22 (m(1/z = 1/20)" 'g(1/2) + (1/2 = 1/20)"¢'(1/2))
mz"1(1/2 = 1/20)™ 1g(1/2) + 2" (1/2 — 1/z)™g'(1/2)’

and therefore

—mzg2g(1/20)
mzg " g(1/20)
which contradicts our hypothesis on f.
Therefore R is non-zero on D and now (3.6) implies that |Q| < |R| on T.
This yields [2"71Q(1/z)| < |¢"R(1/z)| for all z € T, and therefore
In(=1)"sp + (n — 1) (=1)"Lsp_12 4 -+ (—s1)2"
<|nz" —(n—1D)s1z" 4 (1) s, g2

|f(20)| =

=|1/z0| > 1,

on T. Using now Rouché’s theorem we find that the polynomials
(n(=1)"sp + (n —1)(=1)" Lsp_1z2+ -+ (=s1)2" Y
+ (2" — (n—1D)s2" T 4+ (=1)" s, 12)
and
nZ" —(n—1)s12" 4 4 (=1)"" s, 12

have the same number of roots inside ID. The second polynomial is in fact
2"R(1/z), and we have just proved that it has all its roots inside D. Therefore
the first polynomial, which is in fact nP, has n roots inside I, and therefore
($1,..-,8n) €EGp. m

For the particular case n = 2, we deduce that (s, p) € C? belongs to Ga
if and only if

(3.8) sup

|z[<1

2zp—s

— ZS8

We recover the characterization of Gy given by Agler and Young [4, Theorem
1.1]. In fact, they proved that (s,p) € G if and only if |s| < 2 and (3.8)
is satisfied. But one can easily see that (3.8) implies that |s| < 2. Indeed,
if (3.8) is true and |s| > 2, then 2(2/s)p — s = 0, that is, p = s2/4, and
then the rational function from (3.8) equals —s/2 on D. Since |s| > 2, this
contradicts (3.8).

Let us remark that in the proof of Theorem 3.1 we have shown that the
inequality (3.6) implies that the denominator of f does not have zeros on D.
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Therefore, the denominator and the numerator of f do not have common
zeros on D. But they can have common zeros on C \ D, and therefore the
degree of the rational function f can be strictly less than n — 1. In fact, the
degree of f can even be zero: if a € D, then for (Cla, C2a?,...,Cta™) € G,
the associated function f is a constant, f = —a on D. (Throughout this
paper, CX denotes the binomial coefficient CK = n!/(k!(n — k)!).)

Using Theorem 3.1, we obtain the following necessary condition for the
interpolation problem into G,,.

COROLLARY 3.1. Consider m distinct points A1, ..., Ay in D and m el-
ements (S1,1,---,5n,1),- -5 (S1,my -+ 8n,m) in Gp. If there exists an analytic
function g : D — G, such that g(\j) = (S14,...,5n,4) forj=1,...,m, then
1-— 22k m

_— 1s positive semi-definite, where
1= AjAk ] jr=1

for all z € D the matriz [

n(=1)"snz" 4 (0= D(=1)" tsn1,2" 2 4 -+ (251)
n—(n—1)s1z+ -+ (=1)""lsp_q ;271

zZ5 =

forj=1,...,m.
Proof. This is an immediate consequence of Theorem 3.1 and (1.4). =

Using Theorem 3.1 we also obtain a similar characterization of I',,. Here
is the version of this result in the case of the closed symmetrized n-disc.

THEOREM 3.2. Let (s1,...,8,) € C" and let f be given by (3.5). The
following assertions are equivalent.

(i) The element (s1,...,Sn) belongs to [,.

(ii) We have
(3.9) sup [f(z)| < 1.

l2]<1

Proof. (i)=(ii): Fix z € D. Since the polynomial P given by (3.1) has
all its roots inside D, the Lucas theorem shows that P’ also has all its roots
inside D. For the polynomial R given by (3.3), this implies that R(z) # 0.

By applying Theorem 3.1 to (rsi1,...,7"s,) € G, we obtain

n(=1)""s,2" L4+ (n— 1)(=1)" s, 1272 4 (—rsy)

n—(n—1)rsiz+---+ (=1)""lrn-ls, 1201

for all r € (0,1). By letting 7 — 1 and using the fact that R(z) # 0 we
deduce that |f(z)[ < 1. Therefore |f(2)| <1 for all 2z in D and since f is a
rational function this implies that f is continuous on a neighborhood of D.
Therefore, by continuity, |f(z)| <1 for all z € D.

(ii)=(i): Consider a sequence (rg)ren < (0,1) such that rp " 1. For
each k € N we have

<1
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n(—=1)"1sp 2" 4 (n = 1)(=1)" " sy 122 4 (—1ges1)

sup -
21<1 n—(n—1)rgs1z 4+ (=11 s, gzt
=rg sup |f(w)] <r <1,
|w|<ry
and now Theorem 3.1 implies that (rys1,...,7.s,) € Gy. By letting & — oo
we conclude that (s1,...,s,) € [,. =

For (si,...,syn) in I}, \ Gy, the denominator of f given by (3.5) has no
zeros on I, but it can have zeros on T. In this situation, the numerator of
f has at least the same zeros on T, with at least the same multiplicity, so
that, in the expression of f, the factors of the denominator giving zeros on T
will simplify. For example, if we consider 1, 1 and 1/2 in D, which give the
element (5/2,2,1/2) € I3\ G3, we have

f(z)_—322+82—5_ (z-1)Bz-5 _ 32-5
 6—10z+422  (2—1)(42—-6)  4z—6
One can easily verify that supj, <1 [f(2)| = 1.

In fact, using Theorems 3.1 and 3.2 we obtain the following characteri-
zation of the boundary I}, \ G,, of I},.

COROLLARY 3.2. Let (s1,...,5,) € C" and let f be given by (3.5). The
following assertions are equivalent.

(i) The element (s1,...,sn) belongs to I, \ Gp.

(ii) We have
(3.10) sup |f(z)| =1.

lz]<1

Inside the boundary of I, there is a set that will play an important role
for the interpolation problem into G,,. It is the distinguished boundary of
I, that is, the set

(3.11) db(I},) := 7, (T™),
where 7, is given by (2.2).
For the distinguished boundary of I',, we have the following characteri-

zation.

THEOREM 3.3. For (si1,...,s,) € C", the following assertions are equiv-
alent.

(i) The element (s1,...,s,) belongs to db(I7,).
(ii) The complex numbers s; satisfy the following relations:

(3.12) sl = 1,
(3'13) Sj = Sn—jSn (1 <j< n/2),
(3.14) ((n—=1)s1/n,(n—2)sa/n,...,8p—1/n) € I'h_1.
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Proof. (1)=-(ii): If (s1,...,sy) € db(I},) then

n
S1 :Z)\j, ey Sp =
j=1
where [A\;j| =1 for j =1,...,n. Then clearly |s,| =1, and

— — 1

1 S
- - Ny -\ = =L
Y =

for j = 1,...,n — 1. Also, the zeros of the polynomial P(z) = 2™ — 512" 1 +

-+ 4 (=1)"s,, are all inside D and therefore, by using once more the Lucas
theorem, we see that the zeros of P’ are all inside D. Therefore, (3.14) is
true.

(ii)=(i): Let f be given by (3.5). The relation (3.14) implies that the
denominator of f has no zeros on D. Since |s,| = 1 and s; = 5,_js, for
j=1,...,n—1 we infer that, for z in T such that n — (n — 1)s;z +--- +
(—=1)"1s, 12""1 # 0, we have |f(z)| = 1. Therefore, the rational function
f has no poles on D. Using now the maximum modulus principle we have
|f| <1 on D, and Theorem 3.2 implies that (s1,...,s,) € I. Since |s,| =1
we conclude that (si,...,s,) € db([},). =

3.2. Characterizations of GG, given by G,_1. The proof of Theorem
3.1 relies on the Lucas theorem. For (si,...,s8,) € Gy, the fact that the
denominator of the function f given by (3.5) has no zeros on D was one
of the motivations for choosing f of this form. But the Lucas theorem can
be seen as a particular case of a more general result, which appears in the
theory of apolar polynomials [13, Chapter IV].

THEOREM 3.4 ([13, Corollary (16,1a)]). Given two complex polynomials
n n
A(z) = Z Crapz* and B(z) = Z CFby2*,

k=0 k=0

consider
n
C(Z) = Z Cﬁakbkzk.
k=0

If A has all its zeros inside the open disc of radius r > 0 and all the zeros

of B lie inside the closed disc of radius R > 0, then all the zeros of C lie
inside the open disc of radius rR.

As a corollary, we obtain the following result.
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COROLLARY 3.3. If (81,...,8n) € Gy, and (S1,...,Sp) € I}, then

(3.15) ((5151)/CL, ..., (50Sn)/C) € Gp.
If (s1,...,8n) € Gy and (S1,...,S,-1) € I',—1, then
(3.16) ((s151)/CL, ..., (5p-18n-1)/C" V) € Gp_1.

Proof. We obtain (3.15) by applying Theorem 3.4 to the polynomials
2" —s512" (= 1)"s, and 2"+ 512" -+ S, with r = R = 1. Then
(3.16) is a particular case of (3.15), since the facts that (S1,...,5,-1,0) € I},
and (S1,...,S,-1) € I,_1 are equivalent. =

The relation (3.15) says that, for a fixed (S1,...,S,) € I}, if we consider
the diagonal matrix D = diag(S1/CL,...,S,/C?) € M,(C), then D(G,,) C
Gr,. We therefore obtain a family of (non-trivial) linear operators from G,

into G,,. In fact, one can easily see that (si,...,s,) € G, if and only if
D(s1,...,sn) € Gy, for all D in the above family. If we consider in (3.16)
the element (CL_,,..., CZ:}) € I,—1, then for (s1,...,,) in G, we have

((n — 1)s1/n,...,8,-1/n) € Gp_1. That is, if P(z) = 2" — s12" L+ ..
+ (=1)"s, has all its roots inside D, then so does (1/n)P'(z) = 2"~ ! —
(n—1)s12""2/n+---+(—1)""1s,_1/n. This is the result that was repeatedly
used in the proof of Theorem 3.1.

Having now in mind (3.16), for a fixed element (si,...,s,) € C" the
natural generalization of the function f given by (3.5) is

(3.17)  g(S1,...,Sn-1)
 Sp—18n — Sn—28n—1/CL + Sn—gsn—2/C% + -+ (—1)"1sy /C2 7!
 1—5181/CL 4 S282/C2 + -+ (=1)771S, _y5,1 /CR

It is defined on the subset of C*~! where the denominator is not zero.

Observe that if (s1,...,$,) € Gy, then g is well defined on a neighborhood
of I',,_1. Moreover, the following theorem holds.

THEOREM 3.5. Let (s1,...,5,) € C" and let g be given by (3.17). The
following assertions are equivalent.

(i) The element (s1,...,Sy) belongs to Gp,.
(ii) The function g is well defined on a neighborhood of I,_q1 C C" 1
and

(3.18) sup lg(S1,...,5—1)] < 1.
(81ySn—1)€lm_1

In fact, if (s1,...,8n) € Gp, then

(3.19) sup lg(S1,. .., Sn—1)| = sup |f(2)],
(Sl,...,Sn_1)€Fn_1 \z|§1

where f is the rational function given by (3.5).
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Proof. Observe that f(z) = (—1)"g(CL_,2,C2_ ;22 ...,C""1z"1) for
all z € D. Using Theorem 3.1, we obtain the implication “(ii)=(i)”. The
same identity also implies the inequality “>”" in (3.19). If we now show the
inequality “<” in (3.19), the theorem will be proved. For this, it is sufficient
to prove that if

n(=1)"s02" 1 4 (n = 1)(=1)"Lsu 12" 2 44 (=s1)

sup <r
|z[<1 n—(n—1)siz4- +(=1)""lsp_12"71 ’
then
sup Sn—lsn_Sn—25n—1/0711+Sn—35n—2/c% + -+ (_1)n_151/cﬁ_1 <r
(S1yesSn—1)E€Tn_1 1— S151/Ch + Sas2/C2 + -+ (=1)"=1S, _15,1/Ci* -

If the first inequality holds, then
n(—1)"s, 2"+ (n— 1)(=1)""Lsp 12" 2+ -+ (—51)
n—m—1s1z+- -+ (=1 "lg,_q12n71
for all |z] <1 and |w| > 1. This gives
(nrw + s1) — z((n — 1)rwsy + 2s2) + - -
+ (=1)"22" 2 (2rwsp_o + (0 — V)sp_1) + (=1)" 12" rws,_1 +nsy,) #0
for all |z] <1 and |w| > 1. Set
(n — 1)rws; + 2s9

% rw

S =
nrw + S
~ 2rwsp—o + (n — 1)sp—1 ~ TWSp—1 + NSy
Sn_o = , Sp1=——.
nrw + Si nrw + $1

Then

1= Siz+4- 4 (=127 28, g4 (=) 1218, 1 £0
for all |z| < 1. This gives

S (=) 228, o+ (—1)"NS, 1 £0
for all |z| > 1, and therefore (Sy,...,S,_1) € Gp_1. Using now (3.15), for
(S1,...,8n1) € Iy we have (S151/CL ..., 80 15, 1/C""Y) € G,y
This implies
1—S1§1/C}L,1+‘ . '+(—1)"72571_25”_2/02:%4-(—1)”71571_15”_1/02:% #0.
By reversing the above calculations, we obtain
(=1)"Sp—18n+(=1)"""Sp—25n-1/Ch+(=1)""*Sp—350-2/Ch + - - + (=s1/Cp ")

1— S151/Ch + Sas2/C3 4+ + (=1)* 1Sy _18,1/C "
for all (Si,...,S.,-1) € I,—1 and |w| > 1. Therefore,
sup Sn—15n—Sn—28n-1/Ch+Sn—35n—2/Ca + - + (=1)" s, /Cp " <

(S1,0eSp—1)E 1 1—S151/CL 4 S259/C2 + -+ 4 (=1)"=1S, 15, _1/CR~1

and the theorem is proved. m

#rw
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It is clear that to test whether (si,...,s,) € Gy, it is much easier to
use (3.6). A result similar to Corollary 3.1 can also be obtained: using the
function g given by (3.17), we can easily deduce necessary conditions for
the interpolation problem into G,. In the general case, we do not know
whether we obtain more necessary conditions besides the ones given by
Corollary 3.1. For the interpolation problem with two interpolation points,
one of them being (0,...,0) € Gy, the equality (3.19) says that we obtain
the same necessary conditions.

The most important fact about the theorem we have just proved is that
it gives the following new characterization of GG, in terms of G,,_1.

COROLLARY 3.4. For (s1,...,8,) in C™, the following assertions are
equivalent.
(i) The element (s1,...,sn) belongs to Gy.
(ii) For all z in D we have (51(2),...,5n—1(2)) € Gp—_1, where
N » s'/C‘%—zs-Jrl/C%Jrl
2 . — v J J
(3 0) 8](2) Cn—l 1— ZSl/C}L

forg=1,...,n—1.
Proof. The elements of I,,_1 are of the form
(tl + 2zt + 21, .. lp—2 + Zlp-3, Ztnf2)a

where z € D and (t1,...,t,_2) € I,_2. Theorem 3.5 shows that (s1,...,s,)
€ G,, if and only if the function g given by (3.17) is analytic on a neighbor-
hood of I;,,_1 and

sup sup lg(t1 + z,t2 + 2t1, ... tno + 2ty_3,2t,—2)| < 1.
2€D (t1,.tn—2)Eln_2

Therefore, (s1,...,s,) € Gy, if and only if for all z in D we have
1= 1131(2)/Ch_y +282(2) /Ch_y + -+ + (1) *tn08-2(2) /CR T # 0
on a neighborhood of I;,_2 and
tn—2§n—1(z) _tn—3§n—2(z)/ci—l + 4+ (_1)n_2§1(z)/czzf

sup = 1 = 2 2 ~ n—2
(t1,eibn2)Eln_o | 1—1151(2)/CL _{ +1252(2)/CZ _1 + -+ + (—1)"2tpn_25,_2(2)/C 7]
< 1.
By Theorem 3.5 once more, this is equivalent to (51(z2),...,5,-1(2)) € Gn-1

forall zin D. m

3.3. Parametrization of GG,,. The last characterization of G,, we give
is totally different from the preceding ones. We shall obtain, in fact, a
parametrization of Gy,. It cannot be used in order to obtain necessary inter-
polation conditions, but, as we shall see in Section 5, it gives the extremal
rational function of degree 1 from D into G,,.
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THEOREM 3.6. For (s1,...,sy) in C", the following assertions are equiv-
alent.

(i) The element (s1,...,Sy) belongs to G,.
(ii) We have |s,| < 1, and there exists (Si,...,Sn—1) in Gn_1 such that

sj=8;+Sn_jsn forj=1,...,n—1

Proof. (i)=(ii): If (s1,...,8n) € Gy, then s, € D and therefore |s,| < 1.
We calculate the S; such that s; = S; +5,_;s, for all j, and we obtain

S; = (8§ — 8n—jsn)/(1 —|sp|?) for j =1,...,n — 1. We must now prove that
(S1,...,5,-1) € Gp—1. Consider h : C — C" given by
(3.21) h()\) = (Sl + /\gn_l, ceySpo1 + )\Sl, )

If we write A(A) = (t1(A),...,tn(N)) on C, then t; = ¢,_jt, on T for all
j€e{l,...,n—1}. Consider

n(=1)"tn (>\) "l = DD (M2 4 4 (0 (V)

F(Z, /\) - (n — 1)t1( )Z + -+ (—1)n_1tn_1()\)2’"—1
AA(z) + (Z)
AC(2) + D(z)’

where

Az) =n(=1)"2" 1+ (n—1)(~1)" 182" 2 4 - 4 (=S,_1),

B(z) = (n—1)(-1)"'S, 12" 2 4 (n = 2)(=1)" 28, 22" P 4 - 4 (=51),
C(z)=—(n—1)8, 12+ (n—2)Sp_22° +--- 4 (=1)""15 2",
D(z)=n—(n—1)S1z+ (n —2)S22% + -+ (=1)" 15, 12" L.

Fix z € T. Using the fact that |t,| = 1 and ¢; = ¢,—jt, on T we obtain
|F'(z,\)| =1 for all X in T for which \C(z) + D(z) # 0. Also, Theorem 3.1
and the fact that h(s,) = (s1,...,s,) € Gy, give |F(z,s,)| < 1. Therefore,

the map A — F(z,\) is a Mobius transformation on D. This gives A\C'(z) +
D(z) #0 for all |A\| <1 and |z| =1, and

(3.22) IF(z,N)] <1 (N <1, |z =1).

If (S1,...,5,-1) € Gp—1, then h(0) & G,,. Since h(sy,) € Gy, by continuity
we can find \g in the line segment between 0 and s, such that h(\g) €
Iy, \ Gy. Using Corollary 3.2, we find zp € T such that [F(z9, \o)| = 1, and
this contradicts (3.22).

(ii)=(i): Consider h given by (3.21). We want to prove that h(\) € Gy,
for all A € D. By Theorem 3.1, (Si,...,S5,-1,0) € G,, implies

sup (=D ' (n=1)Su—12"*+(=1)"*(n = 2)Sp—22" > +- - + (=51)

1
12<1 n—(n—1)S1z+ (n—2)S222 + -+ (=1)n=18,_j2n-1 <
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and this inequality gives

1C(2)]

=41 D))
Fix now \gp € T. Then the map z — F(z, A\g) is well defined and analytic on
a neighborhood of D. We have already seen that |F(z,\g)| =1 for all z € T
and, using the maximum modulus principle, we obtain |F'(z, \g)| < 1 for
all z € D. Theorem 3.1 implies now that h(X\g) € I'},. Therefore h(T) C I},
and since h(0) € Gy, Corollary 2.1 shows that h(D) C G,. In particular
h(sn) € Gr, which gives (s1,...,5,) € Gp. =

The above theorem contains a generalization to the case n > 3 of the
parametrization formula for the elements of G5 given by Agler and Young
[4, Theorem 1.1]. The idea to seek for such a parametrization of G, was
given by the expression of the function f from (3.5). The proof of the above
theorem shows why the condition on the S; and the relations between the
S; and the s; are quite natural. Even though we have stated and proved
Theorem 3.6 having in mind the function f, for example, for the implication
“(ii)=-(i)” a simpler proof can be given. It relies on the fact that the Blaschke
products send C\ D into C\ D. Indeed, let (S1,...,S,_1) € Gn_1. Then for
all zin C\ D and X in D we have

B 2l G2 (=)L,
1—-Siz+---+ (=115, _12n1
Therefore, for all A in D and z in C \ D we have
2" — (S1 + ASp—1)2" T+ (S2 + ASp2)2" R4 -
+ (=)™ N (Sp—1 + AS1)z + (=1)"A #0,

£ (=17

which is equivalent to
(Sl + )\gnfl, Sy + )\gnfg, B )\51, )\) € Gy ()\ € ]D)).
For the closed symmetrized n-disc, an analogous result holds.

THEOREM 3.7. For (s1,...,sy) in C", the following assertions are equiv-
alent.

(i) The element (s1,...,Sn) belongs to I,.

(ii) We have |sn| < 1, and there exists (S1,...,Sn—1) in I',—1 such that

sj =98+ Sp—jsn forj=1,...,n—1.

Proof. (i)=-(ii): If (s1,...,8,) € Iy, then by considering a sequence
(rk)ken C [0,1) with 7, — 1 we obtain (rgsi,...,70sn) € Gy for all k.
Theorem 3.6 now yields a sequence ((Sk1,...,S%n-1))ken € Grn—1 such
that risj = Sk, + gk’n_ersn for all j and k. The symmetrized n-disc is
bounded and so the sequences (S j)ren are also bounded. Therefore, we may
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suppose that Sy ; — S; for j = 1,...,n — 1. Then (S1,...,S,-1) € I-1,
and s; =S; +Sp—jsp for j=1,...,n—1.

(i))=-(i): By applying Theorem 3.6 for rs,, € D and (rSy,...,7" 1S, 1)
€ G,,—1 we obtain

(T‘S’l + (Tn_lgnfl)(rsn% ) rn_lsnfl + (7“51)(7'8”), 7"371) S Gn
for all » € [0,1). By letting » — 1, we see that (s1,...,8,) € [},. =

4. THE RATIONAL [-INNER FUNCTIONS

By its definition (3.11), the distinguished boundary of I, is the counter-
part of T C D for the set I},. In accordance with this definition, an analytic
function f : D — G, will be called I',-inner if f(§) € db(I3,) for almost all
¢ in T. If we write f = (s1,...,Sn), then the fact that f is I',-inner implies
that s, is a scalar inner function on D. Also, if f is a rational I',-inner
function, then s, is necessarily a finite Blaschke product.

For the interpolation problem from D into D we know [12, Theorem 1.2.2]
that if there exists f : D — D analytic such that f(\;) = z;forj=1,...,m
then there exists a Blaschke product of degree at most m which solves the
same interpolation problem. The Blaschke products are the rational analytic
functions on D which are unimodular on T. For the classical Nevanlinna—Pick
problem in M,,(C), their role is played by the rational analytic functions
F :D — M,(C) that are inner, that is, F'(§) is unitary for all £ € T. In this
case, an analogous result holds.

THEOREM 4.1 ([1, p. 181)). Given distinct points A1,...,A\m in D and
matrices W, ..., Wy, in My(C), if there exists F' : D — M,,(C) analytic
such that ||[F(X)|| < 1 for all X € D and F(\;) = W; for all j, then there
exists G : D — M, (C) analytic, with entries rational functions with poles
in the exterior of D, such that G(£) is unitary for all ¢ € T and G(\;) = W;
forg=1,....,m.

The version of this result for the symmetrized n-disc is the following.

THEOREM 4.2. Given distinct points Ai,...,An in D and elements
(S1,15-38n,1)s -5 (S1,ms-- s Snm) in Gy, if there exists an analytic func-
tion f: D — G, such that f(\j) = (s1,4,...,8ny) for all j, then there exists
a rational I'y-inner function g : D — Gy such that g(A\;) = (s1,4,-- -, Sn,j)
for all j.

Proof. 1f such an f exists, then F' = J, o f is a bounded analytic function
from D into (2,,. Then for r € (0,1) we can apply Theorem 1.1 to rF to
obtain an analytic function G, : D — M, (C) such that G,()\;) ~ rF(};)
for all j and supjy<; [|G-(A)[| < 1. We thus obtain a uniformly bounded
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family of analytic functions (G ),¢(0,1), and using the Montel theorem we
find a sequence (r,)neny C (0,1) and an analytic function G : D — M,,(C)
such that r,, — 1 and G,, — G locally uniformly on D. Then ||G(\)|| < 1
on D. Also, the continuity properties of the eigenvalues give o(G();)) =
o(F(Aj)) for j = 1,...,m. (Recall that the eigenvalues are counted with
their multiplicities.) Now Theorem 4.1 gives a rational inner function G :
D — M, (C) such that G(\;) = G();) for all j. Define g = II,, o G. Then
g is a rational analytic function on ID and since the spectrum of a unitary
matrix is always a subset of T we conclude that g : D — G, is I'},-inner. We
also have

9(Aj) = IIn(G(N;)) = In(G(A))) = Hn(F (X)) = f(Aj) = (51455 Sn )
forj=1,....,m. =
The important fact about the rational I,-inner functions is that their
form can be calculated explicitly. Indeed, let f = (s1,...,8,) : D — G, be

such a function. As we have already seen, s, is necessarily a finite Blaschke
product, so let

m )\_
(4.1) s =¢ [ =25
k=1

where £ € T and ai € D for all k. Using (3.13) and the fact that f(T) C
db(I7,) we deduce that s; = 5,_js, on T for j =1,...,n — 1. Consider now
the Hardy space H? (on T). For a fixed j € {1,...,n — 1}, the function s;
belongs to H*®, and so to H?2. Therefore, Sp—jsn € H?. Then Sn—jSn € H?,
where H? = {f € L? : f € H?}. If we define H2 = {f € L% : f(k) = 0,
Vk > 0}, then H? = AH?, where ) is the identity function from I into D.
Since [s,| = 1 on T and s,—;5, € H? we obtain Sp—j € spH?. Therefore,
Sn—j € ()\sn)HE. Since s,—; also belongs to H?, we deduce that Sn—j €
H?N (Asp)H2. For the inner function (in fact, finite Blaschke product) s,
the set H? N (As,)H? is its model space. We have [14, p. 228]

H%N (Asp)H? = H* & (\s,)H?.

The fact that As, is a finite Blaschke product implies that H? © (\s,,) H?
is of finite dimension (in fact, the dimension is exactly the degree of As,,
that is, m + 1). Its elements are of the form Q/P, where @ is a polynomial
of degree at most m and P(\) = [[;L, (1 —@;\). Since s, € H? S (\s,)H?
for k=1,...,n— 1, we can find a polynomial P, of degree at most m such
that s = Pi/P. We also have s = 5,_s, on T, and therefore

Sn—kSk

= |Sn—k|2 >0 onT,
Sn
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forall k=1,...,n— 1. We have
Sn—kSk Py Py

sn ST (=@ T (A = og))’
and therefore s,,_sk/sy is a rational function which is positive on T. The
form of those rational functions can be calculated explicitly [10, p. 137]: we
can find r > 0, t and ¢ in NU {0} with t + ¢ = m, (1,...,5;, € D and
&1,...,& € T such that

Sn—kSk , (H;:l()‘ + 5]')2)( 31':1(1 - BjA)(A - 5]’))
Sn (IT5= )T (L =) (A = )
Since s = §,_rSn on T, this implies, for k # n — k, that we can find a real
number R and 7,6 € T with ndo H§:1 &; = & such that

; (T2 A+ ENATIZ, )
H;nzl(l —aj)‘) ’
(H;‘:l(A +&))( 3’:1 9;)
H?:l(l _aj/\)
where, for j =1,...,q, either f; =1 —Bj)\ and gj = A — B;, or fj =\ —[3;
and g; =1 — ﬂj)\. If n — k =k, then s, must be of the form

Sk —

Spn—k = R)

(I A+ &N AT (1 = B0 (A = 6))

H;n:1(1 - ajA) 7
where t + 2s = m, R is a real number and 7? szl & = &. Using now the
above calculations and Theorem 4.2, we obtain the following result.

s = Ry

THEOREM 4.3. Let Ai,...,An be distinct points in D and let
(S1,15+-38n,1)s---5 (S1,Ny---s 8, N) @0 Gy, be such that we can find an ana-
lytic function f from D into Gy, with f(X\;) = (S14,...,8n,;) forj=1,...,N.

(i) Suppose that n = 2k + 1, where k € N. Then we can find m € N,
€T and aq,...,cm, €D such that, for every j € {1,...,k}, there
ezist tj,q; € NU{0}, 7; € R, n;,6; € T, &1,...,&, € T and
Bjts- -y Bjq; €D such that

ti
ti+q =m, 77j5j(H£j,i) =¢{ (1<j<k),
=1
and if s, is given by (4.1) and

S = (Hjil(A+£j,i))( o fid)
42 1 [T, (1 =@

(1<j<k),
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t; ;
(TLL A+ &)L, 954)
4.3 S _-:7“-5- 1= > 1= R
S (R
where, fori=1,...,q;, either f;; =1 — Bj,i)‘ and gj; = X\ — B4, or
fii = A= Bji and gj; = 1 — B;,\, then g = (s1,...,5,) solves the
same interpolation problem as f.

(I<j<k),

(ii) If n = 2k, where k € N, then almost the same statement as in (i)
holds, the only difference being that s must be of the form

wh) sy ey TELOT ST (1= BN~ Br)
[T (1= @A) 7
where ty, g, € NU{0} and ty, +2q, =m, 1, € R, Br1,. .., g, €D,
and M, k15 -5 €ty € T are such that 17,% Hf’;l Epi=E.

Now consider a rational analytic function g = (s1,...,s,) from D into
C™ of the form given by the above theorem. By our construction, |s,| =1
on T and s; = 5,_js, for j = 1,...,n — 1. By Corollary 2.1 and Theorem
3.2, in order to have g(D) C I, we must have

n(=1)"sn(§)z" " +(n = (=" sn_1(£)z" " + - + (=51(8)
ws) o, ne = D@z 4+ D e a2
forall ¢ € T. For zin T, if n — (n—1)s1(&)z+- -+ (=1)""ts,_1(£)z" 1 £0
then
n(=1)"sa(£)2" "+ (n = 1)(=1)"'sp-1(€2" 2 + -+ (=51(8)) ‘
= (= D)s1(©)z + -+ (1) s 1§z
n(=1)" 5, () 7" + (n = D(=1)" 501 (O T2+ - + (=51(6)) ‘
n—(n—=1Dsi(§z 4+ (=1)" Tsp (52"
‘ (=1)" (O 2" (n = (n = Ds1(§z+ -+ (=1)"sp1(§)2" ")
n—(n-—1)s(&z+---+ (=1)""ls,_1(§)z"1
and therefore, in order to have (4.5) it is necessary and sufficient to have
n—(n—1)s(Ez+ -+ (=1)"s, 1 ()" #0
for all z € D and £ € T. This yields
(4.6)  ((n—=D)s1(&)/n, (n = 2)s2(8)/n, -+ sn-1(8)/n) € [nr - (E€T).

If (4.6) is satisfied, then g sends D into I5,. If, for example, we also have
9(0) € Gy, then by Corollary 2.1, g sends D into G,.

REMARK. Let f = (s1,...,8,) : D — G, be a rational I,-inner function
of degree k > 1 (observe that the degree of f is the degree of s,, as a finite
Blaschke product). Then, for all 1 <j <n —1,

(4.7) 510 = 50y (I/N)sa(A) (A€ D),

<1

=1,
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Also, if we write s, = Q/P, where P(\) = [["_,(1 — @) and Q(\) =
CH§:1()‘ —«;), with ¢ € T and a7y, ...,ar € D, then there exist polynomials
Pi,...,P,_1, all of degree less than or equal to k, such that

P; P,_i(1/X\ _

PO o/

for 1 < j <n—1. Indeed, if we define S;(\) = sn_j(_l/X)sn()\), then S; is a
well defined analytic function on a neighborhood of . Since f(T) C db(I7},)
we also have S;(§) = sp—;(&)sn(§) = 5;(&) for all £ € T. Therefore S; = s;,

and (4.7) holds. Then, for A € D,

o) = ¢ s/ Q) _ NPy (/D) TIA (O —a)

Pa/xy PO) TTI (A= ai) T (1 — @)
Puy(1/N)  _ Puy(U/2)

I (A=) QAN
For the interpolation problem into G, Theorem 4.3 gives a method to
construct “enough” interpolation functions. The main problem is now that
the condition (4.6) is very difficult to verify. This will reduce the applicability
of the above theorem only to some very particular cases, which will appear
in the remainder of this paper.

(4.8) 50 =

5. COMPLEX GEODESICS ON G,

A two-point interpolation problem from I into a domain D C C"
is closely related to the theory of Carathéodory and Kobayashi pseudo-
distances on D. By definition (see [9, Chapter 4]), the Carathéodory pseudo-
distance between p,q € D is given by Cp(p,q) = supd(F(p), F(q)), where
the supremum is over all analytic functions F' : D — D, and d denotes the
hyperbolic distance on D, that is,

AL — Ay
1— XA
An analytic function ¢ : D — D is called a complex geodesic on D if
Cp(p(A1), o(A2)) = d(A1, A2) for all A\j, Ay € D. Observe that if ¢ : D — D
and F' : D — D are analytic functions such that F' o ¢ is an automor-
phism of D, then ¢ is a complex geodesic on D. For p,q € D, we define
0p(p,q) = inf d(A1, A2), where the infimum is over all A, A2 € D for which
there exists ¢ : D — D analytic such that (A1) = p and p(X2) = ¢.
The map Jp is usually called the Lempert function, and, for general do-
mains D, it does not satisfy the triangle inequality, and therefore it is not
a pseudo-distance. By definition, the Kobayashi pseudo-distance Kp on D

d(\1, \2) = tanh™! (A1, A2 € D).
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is the largest pseudo-distance on D smaller than dp. Then (see [9, Chap-
ter 4]) Cp < Kp < 0p on D, and if ¢ is a complex geodesic on D, then
Cp = Kp = dp on p(D). Also observe that if D = G,, or {2,, where n > 2,
then for A1, A2 € D and p, ¢ € D, there exists an analytic function f : D — D
such that f(A\1) = p and f(A2) = ¢ if and only if dp(p,q) < d(A1, A2), and
therefore a necessary and sufficient condition for the two-point interpolation
problem from D into G,, and (2, is given by d¢, and dp, , respectively.

5.1. Complex geodesics of degree 1 and 2 on G,. By using The-
orem 4.3, we can find an explicit formula for some of the complex geodesics
on Gy,.

5.1.1. Complex geodesics of degree 1 on G,. The simplest case in the
statement of Theorem 4.3 is when m = 1. Consider s,(\) = A for A € D.
Then for a fixed j € {1,...,n — 1}, for the function s; given by (4.2), (4.3)
or (4.4) the following cases can occur:

(i) j # n/2 and s;(A) = (A + &), sn—j(A) = r6(A + &), where r € R
and 1,6, € T, with nd¢ = 1. By putting a = r77 and b = rné we obtain
sj(A) = aX +b and s,_j(\) = bA +a.

(ii) 7 # n/2 and sj(A) = (A — @), sn—;j(A) = ré(1 —aX), where r € R,
n,6 € T with nd =1, and o € D. Put a = 77 and b = —rna. Once more, we
have s;(\) = @\ + b and s,,—;(\) = b + a.

(iii) 7 # n/2 and s;(A) = r6(1 — @A), sp—j(A) = rn(A — «), where r € R,
17,0 € T with nd = 1, and a € D. Put a = —rna and b = 7. Then again
sj(A) =@ + b and s,—;(\) = bA +a.

(iv) j = n/2 and s;(A) = rp(A + &), where r € R and n,§ € T with
n*¢ = 1. By putting a = r1) we obtain rné =17 = @ and s;(\) = @\ +a on D.

Therefore, we obtain a function of the form

FO) = (SnciA+ 51,0, S1A+ Sp1,0) (A eD),

and by (4.6) a necessary and sufficient condition for f(D) C G, is that
(n—1)(Sp-1£+S1)/n, ..., (S1€+ Sn_1)/n) € I},—1 for all £ € T. Even for
this very particular case, the last condition is not trivial to check. Instead
of using this condition, we shall use the proof of Theorem 3.6 to see that
f(D) C G, if and only if (S1,...,S,-1) € Gn—1. If this is the case, and
F : G, — Dis given by F(s1,...,8,) = Sp, then F o f is the identity on D.
Therefore, f is a complex geodesic on G,. We have proved the following
theorem.

THEOREM 5.1. For b(A) = &\ — ) /(1 —a)), where { € T and a € D,
and (S1,...,5,-1) € Gp—1, the map

(5.1) A — (Snflb(k) + 51, ... ,glb(k) + Sn_1, b()\))

is a complex geodesic on Gy,.
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Are those the only complex geodesics of degree 1 on GG,,7 For the general
case n > 2, we do not have an answer. In fact, we would like to have an
answer to the following more general question.

QUESTION. If f = (s1,...,8,) : D — Gy, is a complex geodesic on G,
must s, be a Blaschke product of degree at most n?

If the answer to the last question is yes (for n = 2, this is indeed the case
[8]), then every complex geodesic of degree 1 on G, is of the form given by
Theorem 5.1.

5.1.2. Complex geodesics of degree 2 on Gy, passing through the origin. If
we consider m = 2 in the statement of Theorem 4.3, then (4.1)—(4.4) give the
form of the rational analytic functions f = (s1,...,s,) : D — C" of degree
2 such that |s,| =1 on T and s; = 5,—js, on T for j = 1,...,n— 1. In
order to have f(D) C G, the function f must satisfy (4.6) and f(0) € G,,.
Even though the degree of f is small, the relations in (4.6) are very difficult
to check in the general case. To simplify the calculations, suppose that f
also satisfies f(0) = (0, ...,0). Let therefore £ € T and a € D. Consider also
VU1,...,U,-1 € C such that ¥; = @n_jf for j=1,...,n— 1. Then put

191)\ 1971 1)\ (6
2 A) = A eD).
62 0= ([P T O oy) (eD)
If we write f = (s1,...,5,) Oon ]D), then in order to have

n—(n—1s1(N)z+-+ (=" 15,1 (\)2""t#£0
for all z € D and A € T we must impose the condition
Ana+ (n— 1)1z — (n—2)0222 + -+ (1), 12" 1) #n
(Iz] <1, [A[=1).
This is equivalent to
(5.3) ‘Sl|1p [n@ 4 (n — )12 — (n — 2)092% + -+ 4+ (=1)"0,,_1 2"} < n.
2|<1

Therefore, if the last supremum is < n, then f(D) C G,,. If the supremum
is exactly n and it is attained at some zy € T, then we see that h : D — D
defined by

n(=1)"sn (A28 L+ (n = 1) (=1)" Ls 1 (N)20 2+ -+ (—=s1(N\)
n—(n—1)s1(Nzo+ -+ (=1)" s, (N)2f !

for A € D is a rational function of degree at most 1 such that |h(\)| = 1

for all A € T. Since h(0) = 0 we obtain h(A) = nA for some n € T, and so

f: D — Gy is a complex geodesic on G,,. Let us also remark that if the

answer to the final question from the above subsection is yes, then every

complex geodesic of degree 2 on G, passing through the origin is of the
form (5.2).

h()\) =
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For the case n = 2, if (s, po) is a fixed element in G2\ {(0,0)} then there
is a complex geodesic on G2 of the form (5.1) or (5.2) passing through (0, 0)
and (sg,po). This allows us to obtain a Schwarz lemma for the symmetrized
bidisc ([3, Theorem 1.1], [8, Theorem 5]). In fact, if n = 2 then Theorem 4.3
can be used ([8, Theorem 7]) in order to explicitly calculate the set of all
complex geodesics on (o, and to solve completely the two-point interpolation
problem into Gs.

For n > 3, observe that if equality occurs in (5.3) then we can find
20,& € T such that n— (n—1)s1(€)zo+- - -+ (=1)""1s,-1(€)20~ ' = 0. Then
the polynomial Q(z) = nz" ' — (n — 1)s1(&)2" 2 + -+ + (=1)""1s,_1(§)
has a zero at zZp € T. Since (s1(§),...,sn(§)) € I, the polynomial P(z) =
2" —51(6)2" L+ 4 (=1)"s,(€) has all its roots inside D. Since Q = P/,
the Lucas theorem implies that P has a zero of order at least 2 at Zg.
Therefore, the complex geodesic f on G,, given by (5.2) is a rational I,-
inner function on D of degree 2 for which we can find £ € T such that f(§) =
Tn(Z0, Z0, W1, . - ., Wp—2) € db(I},). As we shall see in the next subsection,
this situation can be generalized to the case of rational I},-inner functions
on D of degree k < n: by studying the relation between the interpolation
problem into G, and the interpolation problem into G,_; we shall give a
method to construct complex geodesics of arbitrary order £ < n on G,,.

5.2. Relations between the case n and n — 1. Complex geodesics
of order k < n. Let us start by proving a generalization of the implication
“(i)=(ii)” of Corollary 3.4. The idea of the proof of Lemma 5.1 comes from
the proof of Theorem 3.5.

LEMMA 5.1. Let (s1,...,8n) € G and define R = sup|.|<y |f(2)], where
f is given by (3.5), so that 0 < R < 1. Set

i 53/Ch— (w/R)(s141/Ch)
"h 1= (w/R)(s1/CY)
for 5 =1,...,n— 1. Then (51(w),...,sp—1(w)) € Gp_1 for all w € D.

Moreover, if (s1,...,8,) & {mn(a,...,a) : a € D}, then there exists wy € T
such that (S1(wo), ..., Sn—1(wo)) € In—1 \ Gp—1.

(5.4) sj(w) =C (w e D)

Proof. We know that

n(=1)"sp,2" 1+ (n—1)(=1)" s, 12" 2+ + (—51)
n—(n-—Lsiz+-+ (=) ls,_12n71

,_R
w

for |z] <1 and 0 < |w| < 1, and that there exist |z9| = 1 and |wg| = 1 such
that equality occurs. If the above rational function in z is not constant, then
|s1] < nR and
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(n—1)s1 —2(w/R)s2 (n—2)sg —3(w/R)s3 o

L= n— (w/R)s1 i n— (w/R)s1 S
- n—15n—1— n(w/R)Sn zn—l
+(=1) n— (w/R)s; 70

for all |z| <1 and |w| < 1. Therefore

AT S (w) AT e (1) S (w) £ 0
for all w € D and A € C\ D, which means that (s1(w),...,s,—1(w)) € Gp—1
for all w € D. Since also 20! — 81 (wo)Z0 % + -+ 4+ (=1)" '8n_1(wo) = 0,
this implies that (51(wo),...,Sn—1(wo)) € -1\ Gn-1. If the above func-
tion in z is constant, then we can ﬁnd a € D such that (s1,...,s,) =
(Cla,...,Cra™), and then 5j(w) = C/_jad forallw € D. u

By using (3.20) or the above lemma, we obtain a relation between the
I,-inner and I;,_q-inner functions.

LEMMA 5.2. For an analytic function f = (s1,...,8,) : D — Gp and for
z € D, the map f, = (51,...,5n—1) sends D into G,,—1, where

g s/ = zsia () /R
(55) Sj (>\) — Cn—l 1— ZSl(A)/C}I
for 5 = 1,....n — 1. Moreover, if f is I',-inner and z € T, then f, is
L_1-inner, and if f is rational and [},-inner and z € T, then f, is rational
and I',,_1-inner.

Proof. The fact that for all z € D the function f, is analytic from I into
Gr—1 is a consequence of the above lemma. If f(£) € db(I},) for almost all
&in T and if z € T, then

[5n-1(6)/Ch ™" — 250(€)/Chil = 1 — 251(§)/Cy|
almost everywhere on T, and therefore |s,—1| = 1 almost everywhere on T.
Since f,(§) € I,—1 almost everywhere on T this implies that f.(§) €
db(I},—1) almost everywhere on T. =

(A eD)

Lemma 5.2 gives a way to construct analytic functions from D into G,,—1,
by starting with analytic functions from D into G,. But how to solve the
inverse problem? That is, we start with analytic functions from D into G,,_1
and we want to construct analytic functions from D into G,,. It is clear that
if g =(s1,,-..,8p-1) : D — Gp—1 and b : D — D are analytic functions,
then by considering f = (s1 + b,$1b + S2,...,Sp—2b + Sp—1, Sp—1b) we find
that g is analytic from D into G,,. But in the definition of g we have sepa-
rated, analytically, n — 1 values in D from one value in . Therefore, for the
interpolation problem into G, it is clear that this method is not sufficient.
A general way of reversing the construction in the above lemma (that is,
g = (51,...,8,—1) analytic from D into G,,_; is given, and we want to find
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z€Dand f = (s1,...,5,) : D — G, analytic such that f, = g) seems to be
difficult to obtain.

It is proved in Lemma 5.2 that if f = (s1,...,s,) : D — G, is [} -inner
and z € T, then g = (51,...,5,-1) given by (5.5) is [,_1-inner. But if f is a
complex geodesic on G, does it follow that there exists z € T such that g is
a complex geodesic on G,,—17 We do not know the answer to this question.
A partial result is given by the proof of the following theorem. It will also
allow us to obtain some of the complex geodesics of order n on G,,.

THEOREM 5.2. If f = (s1,...,8,) : D — G, is a rational I,-inner
function of degree less than or equal to n such that there exists £ € T with
f(&) =mn(n,...,n) for somen € T, then f is a complex geodesic of degree
n on G,.

Proof. Induction on n. For n = 2, let f = (s,p) from D into Ga be
a rational function of degree at most 2 with poles off D such that f(T) C
db(I%) and ||s||cc = 2. Then f cannot be of degree 1 since as we have already
seen in Theorem 5.1 it must then be of the form f()\) = (Bb()\) + 3,b()\)),
where 0 € D and b is a Mobius transformation on D, which contradicts
the fact that ||s|lco = 2. Let f(&) = (2n,1%) where &, € T, and consider
q: Gy — D given by )

np—s

Q(Sap) - 2 —ﬁS :

Then g o f is a rational function of degree at most 1 on D which is also
inner. The relation (3.8) and the fact that f(ID) C G2 imply |go f| < 1 on D,
and therefore ¢ o f cannot be a constant function. Hence ¢q o f is a Mobius
transformation on D, and therefore f is a complex geodesic on Gos.

Suppose now that every rational analytic function g : D — Gp,—1 of
degree < n — 1 such that ¢g(T) C db(I},—1) and g(&) = mp—1(n,...,n) for
some £ € T and n € T, is a complex geodesic of degree n —1 on G,,_1. Let
f be as in the statement. Without loss of generality, we may suppose that
f(1) = (CL,...,C2). Define g : D — Gyt by g(A) = G1(N)s .-, 3n_1(N)
on D, where

, (N /C = s (N)/CiFT
oy OG5 (/C

1—s1(N)/C}
Then g is a rational function of degree < n—1, its poles are in the exterior of
D, and ¢g(T) € db(I3,—1) by Lemma 5.2. We want to prove that s1(1) = n—1.

For z in D, put

(1<j<n-—1).

51(\)/CL — 2s9(N)/C2
5o(N) = ( )/_ 1/
1—zs1(N)/CL
Lemma 5.2 shows that ¢, (D) C D, the function ¢, being rational, with poles
off D. Observe that ¢,(1) = 1 for all z € D\ {1}. We want to prove that

(A e D).
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51(1) = n — 1, that is, ¢1(1) = 1. It will be shown in the final part of the
proof that s}(1) # 0. Then
_s1(1)/C; = s5(1)/CR

s1(1)/C5, ’

p1(1) =
and therefore we must prove that
(5.6) = s1(1)/Cp + 55(1)/Ch = 51(1)/Cyp.

For each z € D\ {1} there exists a neighborhood V, of 1 € C such that ¢, is
well defined and analytic on V,. We have |¢,(1)| = 1 and |¢.| < 1 on V. ND.
Put h.(0) = |p.(e?)|? for § in a neighborhood of 0 € R. The function A, is
at least of class C'! near § = 0, and it has a maximum at this point. This
implies that h’,(0) = 0. Since

dh . g i i - g 1 (
(0) = —ie ™ ()2 (") + ie” p.(e") ()

do
= i(—€" 2 ()¢l (e”) + € g2 () (")),
we obtain Im(¢’,(1)) = 0 for all z € D\ {1}. Therefore

—z
which implies that s} (1)/CL = —s}(1)/CL+s5(1)/C2. Therefore, the equality
(5.6) is true. Hence 51(1) =n—1, and now the fact that (51(1),...,5,-1(1))
€ I, gives g(1) = (C}l_l,...,CZj). By the induction hypothesis, the
degree of g is n — 1 and there exists G : G,,_1 — D analytic such that Gog
is a Mobius transformation on D. Define F': G,, — D by

S1/CL —5y/C2 Sp_1/Crt -8, /Cr
1-5,/Ck 1-5,/CL '
Then F o f = G o g, and therefore F o f is a Md&bius transformation on D.

We conclude that f is a complex geodesic of degree n on G,.

Let us now justify the remaining claim. Suppose, for contradiction, that
s1(1) = 0. We know that

F(sl,...,sn):cz(c,ﬁ_l ;... 0l

51(\)/Cj, — 52(\)/C
1—s1(N)/C;,

is a rational function sending D into D. Since s1(1) = CL and s2(1) = C2, the
fact that s} (1) = 0 implies s7(1)/CL — s5(1)/C2 = 0. Therefore, sh(1) = 0.

Considering then

A\ —

52(V)/Ch — ss(V)/C;,
1-si(A)/CL

we deduce in the same way that s5(1) = 0. After n — 1 steps we obtain

A=
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sh (1) = 0. If we write
sn(N) =& >\m_— SiAml 44 (—E)m_lsmfﬁ\ + (—1)1”Sm ’
1=SiA+ -+ (=1)m 1S, A1 4 (=1)m S, \™
where § € T and (S1,...,5n) € G, the fact that s/,(1) = 0 implies
m — (m = 1)S1 + -+ (=1)" Sy
=|=S1 4+ (m—-1)(=1D)""t8,, 1 +m(=1)"S,,|.

Therefore
—Si 4+ (= D)D" S+ m(=1)" S | _
m—(m—1)S1+ -+ (=1)m185,, 4 ’

and this contradicts (3.6), since (S1,...,5m) € G- =

We have seen (Theorems 3.6 and 5.1) that for every (si,...,s,) € G,
there is a complex geodesic on G,, of degree 1 passing through this point.
Using Theorem 5.2, we also obtain the following fact.

COROLLARY 5.1. For a given element (s1,...,sy) € Gy, there is a com-
plex geodesic of degree n passing through it.

Proof. Let (s1,...,8n) = Tn(21,...,2n) With z1,...,2, € D, and fix
¢ € T. Consider then the Mébius transformations b1, ..., b, on D such that
b;(0) = z; and bj(1) = £ for j = 1,...,n. Now Theorem 5.2 shows that
A= T (b1(A), ..., bp(N)) is a complex geodesic of degree n on G, passing
through (s1,...,8,). =

Now we want to construct complex geodesics of order k < n on G,. An
important ingredient is the following lemma.

LEMMA 5.3. Let (s1,...,8n) = 7mn(l,...,1,21,...,2,—) € db(I}),
where 1 <k <n and at least one of the z; is different from 1 € T. Put

5;/Ch — sj01/Ch!

5=01 i=1,...,n—1).

Sj n—1 1 _31/C71l (] ’ ) 1 )
Then (Siy...,8n-1) = mp—1(1,...,L,wy,..., wy_g—1) for some wi,...
e, Wp_p_1 €T.

Proof. We already know (see Lemma 5.2) that (s1,...,5,-1) €db(I},—1).
Consider the polynomial P(z) = 2" —s;2" 1 4.+ (—1)"s, on C. We know
that 1 is a zero of P of order at least £ > 1. In particular, P(1) = 0, that
is, 1 —s3+ -+ (=1)"s, = 0. We rewrite this equality as

n(=1)"sp + (n = 1)(=1)"'sp_1 4+ + (—s1)

= (= (= Dy 4 (1) s ),



50 C. Costara

and observe that in the proof of Lemma 5.1 it is shown that this implies
that 1 — 81 + .-+ + (=1)""15,_1 = 0. Thus 1 is a root of Q(z) = 2"~ ! —
§1z"_2 —+ -+ (_1)n—1’§n_1‘
If £ > 2, then 1 is also a root of the polynomial
n—1

P’ 1
(Z) — -l - 81211—2 4t (_l)n—l Z 8,1
n n n

By applying the above considerations to P’(z)/n we obtain
HTASI/C}%l - %32/0%71
-1
n2 25n-2/Cp 3 — fsn1/CT)

n—2
+ (_1) Cn—? 1 — n_—lsl/cl .

that is, Q'(1)/(n—2) = 0. Therefore, 1 is also a zero of @ of order at least 2.
By repeating the above reasoning k times, we conclude that 1 is a zero of @)
of order at least k, and this is exactly what we wanted to prove. m

1—-Cpy

:0,

Observe that the above reasoning can be reversed to show that, in
the context of Lemma 5.3, if (s1,...,s,) € db(I},) \ {mn(1,...,1)} and

($1,--,8n-1) = mp—1(1,...,L,wy,...,wy_g_1), where 1 < k < n and
Wiy ..oy Wy_k—1 € T, then (s1,...,8,) = mn(1,...,1,21,...,2,_p) for some
21y, 2n_k € T.

The above lemma gives a way to recognize some of the complex geodesics
on G, of degree less than or equal to n.

THEOREM 5.3. Letn,k e Nwithn>2and1 <k<n. Iff:D— G, is
a rational I, -inner function of degree at most k for which there exist {,n € T
such that f(¢) = mn(ny...,n 21, .., 2n_k) for some z1,...,zn—k € T, then
f is a complex geodesic of degree k on G,,.

Proof. Induction on n > 2. The case n = 2 is proved in Theorem 5.1.
Suppose now that n > 2 and that for all £ € {1,...,n}, if f is a rational
I'h-inner function of degree at most k for which there exist {,n € T such
that f(¢) =mn(n,...,n,21,...,2n—k) for some zi,...,2,_ € T, then f is a
complex geodesic of degree k on G,,. Let now g = (S1,...,Sn+1) : D — Gpi1
be a rational I, 1-inner function of degree at most k& < n + 1 for which, for
example, g(1)=mp41(1,..., 1L, wy,..., Wyi1-k), fOr some wy, ..., w1 €T.
If k =n+1, then Theorem 5.2 shows that g is a complex geodesic of degree
n+ 1 on Gpq1. If not, then at least one of the w; is different from 1, and
consider h : D — G, given by

h = Cl SI/C}-L-H - 52/031-1-1 o Sn/C:LH-l - Sn—l-l/CZi%
"TA-8/Ch, T 1-5/Cyy )

Lemma 5.2 shows that h is a rational I';-inner function. Its degree is at
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most k, and h(1) = m,(1,...,1,21,...,2n—k) € db(I},) by Lemma 5.3. The
induction hypothesis now implies that A is a complex geodesic of degree k
on G, and hence (see the proof of Theorem 5.2) g is a complex geodesic of
degree k on Gp41. m

Using the above theorem one can see now that for any fixed 1 < k <n
there are complex geodesics of order k on G,. Furthermore, the following
corollary holds.

COROLLARY 5.2. If (81,...,8,) € Gy, then for each 1 < k < n there
is a complex geodesic of degree k on G, of the form given by Theorem 5.3
which passes through this point.

Proof. Induction on n. If n = 2, then for a fixed element in G2 by The-
orems 3.6 and 5.1 there is a complex geodesic of order 1 on Ga passing
through it, and by Corollary 5.1 there is a complex geodesic f = (s,p)
of order 2 passing through it such that ||s||cc = 2. Suppose now that
if 1<k<n and (s1,...,8,) € Gy, then there is a complex geodesic of
degree k on G, of the form given by Theorem 5.3 such that its image
contains (S1,...,5p). Let 1 < j < n+1 and (S1,...,50, Sn+1) € Gnt1.
Write (S1,...,8%, Sn+1) = Tnt1(21, ..., 2n4+1) for some z1,...,2,41 € D.
If 5 = 1, we have already seen that there is a complex geodesic of or-
der 1 on Gpyqq of the form given by Theorem 5.3 which passes through
(S1,...,50,Sn+1). If 7 > 1, then by our induction hypothesis we can find

a rational [,-inner function f = (s1,...,s,) of degree j — 1 such that
f(Xo) = mu(z1,...,2n) for a \g € D and such that, for some ( € T, we
have f(¢) = mn(n,..., M, w1,..., wy—jy1) for some n,wy,...,wp_j41 € T.

Let b be the Mobius transformation on D such that b(A\g) = z,+1 and
b(() = n. Put g = (s1 +b,81b + s2,...,5,0) on D. Then ¢ is a rational
I, +1-inner function of degree j such that g(Ao) = (S1,...,50, Snt+1) and
g(() - Wn(nv s W - 7wn—j+17n)- .

5.3. Uniqueness. For a fixed element z € D, denote by fén) :Gp, — D
the analytic map

(5.7) ™ (s1,...,50)

n(=1)"s,2" 1+ (n— 1)(=1)" s 12" 2+ -+ (—51)
n—m—1s1z+- -+ (=1)""lg,_1271 '

For a complex geodesic on G,, of the form given by Theorem 5.3, that is, a

rational I,-inner function of degree k < n for which there exist (,zg € T

such that f(¢) = mn (20, .-, 20, 215 - - - 2n—k) for some 21, ..., 2, € T\ {20},

the proof of Theorem 5.3 shows that fé:) o g is an automorphism of D. Our
next theorem asserts that those are the only complex geodesics on G,, which

can be obtained by using the functions fz(") given by (5.7).
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THEOREM 5.4. If g : D — G, is an analytic function for which there
exists zg € D such that b := fz(gl) og is a Mébius transformation on D then g
is a rational I'y-inner function of degree k < n for which we can find { € T
such that g(C) = mn(Z0, -+, 20, 215 - - -, 2n—k) for some z1,...,2p— € T.

We shall first prove the following weaker version of the statement.

LEmMMA 54. If g : D — G, is a rational I',-inner function of degree
k > 1 for which there is z9g € T such that b = fégl) og is a Mobius
transformation on D then k < n and we can find ( € T such that g(¢) =
Tn(Z0y -« -y 20y 215 -+« Zn—k) for some z1,..., 2k € T.

Proof. Once more, induction on n > 2. For n = 2, the statement is a
particular case of [8, Theorem 7]. Suppose the statement is true for an n > 2,
and let ¢ = (S1,...,S41) : D — Gp41 be a rational I,41-inner function
of degree k > 1 for which there is z9 € T such that b := fz(é”l) ogisa
Mobius transformation on ID. Without loss of generality we may suppose
that zg = 1. Therefore,

68 b
C (n+ D=8 (A) + n(=1)"S, (A) 4 -+ 4 (=S1(N)) B
- (n + 1)in51(A) +o+ (-8 () (A € D).

Put
(5.9)  h(N)

— <Cl ()‘)/CnJrl ( )/Cn+1 Sn()‘)/CZJrl n—l—l( )/CZI%>
1=51(N/Crp T L= $1(N)/Cp iy

for A € D. Write h = (s1,...,8,) : D — Gy, and observe that, on the s;,

(5.8) and (5.9) imply that

gy MEDS ) (= DD ) e (O
n—(n-=—1)s1(A)+ -+ (=1)"Ltsp_1 ()

for all A € D. The following cases can occur.

(i) S1 # C, on T. In this case, h is a rational I',-inner function of
degree k. Indeed, we can write S,11 = Q/P, S; = R/P and S, = T/P,
where R and T are polynomials of degree at most k, P(\) = Hle(l — ;)
and Q(\) = fozl()\ — ;) with £ € T and aq,...,a, € D. Then s, =
(T—(n+1)Q)/((n+1)P— R), and we know that s, is a Blaschke product
on D. We want to prove first that the degree of T'—(n+1)Q is k. If the degree
is strictly less than k, then T(\) = axpA¥ +- - - + a1 A+ ap with ay = (n+1)¢.
Now since for A € T we have

n
.,Qn

1S ()] = | Tt H @A + @\t
H§:1(1 - ai)‘) 7
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it follows that

e+ -+ ;N ag\k
sup % —
[AI<1 [Tisi (T =aiA)

The analytic function inside the supremum has value (n + 1) at A = 0, so
by the maximum modulus principle it is constant and equal to (n+ 1)5 on D.
This implies that S, (A\) = (n+1)S,11(\) on D, and since S; = S, 8,41 on T
we obtain S7 = n+1, a contradiction. Therefore, the degree of T — (n+1)Q
is k, and it remains to prove that T'— (n + 1)@ and (n + 1)P — R have no
common zeros in C. If T(o) = (n + 1)Q(«) and R(a) = (n + 1)P(a) for
some a € C, then the second equality implies that || > 1 (indeed, if « € D
then P(«) # 0 and Si1(«) = n + 1, and this contradicts our supposition).
Therefore, 1/a € D. By using (4.8) we get Si(1/a) = T(a)/Q(a) = n + 1,
and once more we obtain a contradiction. Therefore, the degree of h is k,
and then by (5.10) and our induction hypothesis we infer that & < n and
that we can find ¢ € T such that h(¢) = mn(1,...,1,21,...,2,—k) for some
21, ...y 2n—k € T. Now the remark following the proof of Lemma 5.3 shows
that g(¢) = mpy1(1, ..., Lwy, ..., wy_gy1) for some wy, ..., wy_gy1 € T.

(ii) There is ¢ € T such that S1({)=C,, ;. Then g(¢)=(ClL,1, .-, CZI})
We now use what is proved in Theorem 5.2. For the function h = (s1,...,sy)
given by (5.9), we have h(¢) = (CL,...,C"), and so we can apply the same
argument for h to see that if we set

o sO/CL s/ s (N)/CE s (A)/C
hl“"(““ TP VYo TS o R R VIS )

for A € D, then hy(¢) = (C} .,C"1). After n steps, we obtain h,_1(¢)

= Ci = 1. Now observe tha?tﬁ17 -
(n+ D= 801 (V) + n(=D)"Sn(A) + -+ + (=51())
(n+1) =nS1(A) + -+ (=1)2S, ()

on D, and hence, by using (5.8), we obtain b(¢) = —1. Since b is bijective
on T, there is only one ¢ € T such that S1(¢) = C, ;. Since S{(¢) # 0 (see
the proof of Theorem 5.2), the h given by (5.9) is of degree k — 1. (By what
is proved at (i), the only points where cancellations can occur, which could
decrease the degree of s, are the points on T where S} equals n + 1.) Since
(5.10) holds for h, by applying the induction hypothesis we deduce that the
degree of h is < n. Therefore the degree of ¢ is at most n + 1, and since

9(¢) = (Cri1s-- -, CZI%), by Theorem 5.2 we conclude that k =n+1. =

Proof of Theorem 5.4. Suppose first that zg € . Consider two distinct
points A1 and Ag in ID. Then by Theorem 4.2 we can find a rational I,-inner
function g : D — G,, such that g(A\x) = g(Ag) for £ = 1,2. Now the ana-

lytic function fz(gb) o g sends D into D, and (f,,f? 0g)( k) = (fég”) og)(\g) =

< ||Snlloc < m+ 1.

hn—l = -
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b(Ai) for k = 1,2. Therefore fz(gl) og = b. If we write g = (s1,...,5n),

then

n(=1)"sn(Nzg "+ (n = D(=1)"Tsn1(N)z5 >+ -+ (=s1(N))
n—(n-—1s1(Nzo+---+ (—1)"‘18n_1()\)zg_1

(5.11)

=b(N)
for all A in a neighborhood of D. For ¢ € T, since (s51((),...,s.(¢)) € I},
and zg € D we see that n — (n — 1)s1({)20 + -+ (=1)" " Ls,_1(¢) 25~ # 0.
Therefore,

n(=1)"sn(Qzg " + (0 = D)(=1)""sn-1(Qzg >+ + (=51(0))|
[ — (n = 1)s1(Q)z0 + -+ (=1)" L1 ()25 |
Since by (3.9) the analytic function

s n(—1)"5, ()" + (n — D) (=1)" s, 1 (2" L+ -+ (—=51(0))
n—(n—1)s1(¢)z+- -+ (1) 1s,_1(¢)zn1

sends D into D, by the maximum modulus principle it must be constant. One
can easily see that this implies that there is n € T such that (s1(¢),...,sn(C))
=mn(n,...,n). Since ( € T was arbitrary, we infer that there is a Blaschke
product B such that § = m,(B,...,B) on D. But g(A\;1) = g(\1) and
A1 € D was arbitrary; therefore, there exists f : D — D analytic such
that g = m,(f,..., f) on D. Then (5.11) gives f = —b, and this easily im-

plies that fz(n) o g = —b for all z € D. Therefore, without loss of generality
we may suppose that zg € T.

Let (Ak)ken € D be a dense sequence. For each j > 2, by applying
Theorem 4.2 we obtain a rational I,-inner function g; : D — G, such that
gi(Ak) = g(Ag) for k=1,...,7. As above, fz(gl) og; = b for each j > 2. Then
by Lemma 5.4, for each j > 2 the last component of g; is a Blaschke product
of degree < n. Since G,, C C" is bounded, by Montel’s theorem we can find
a subsequence (j;)ien € N and h : D — I3, analytic such that g;, — h locally
uniformly on . Then clearly the last component of h is either constant or
a Blaschke product of degree at most n. But g;,(Ax) — g(Ag) for all k, and
therefore h(\g) = g(\g) for all k. By density we deduce that h = g, and
therefore ¢ is a rational I},-inner function. Now we apply Lemma 5.4 to g
to obtain the statement. m

= 1.

References

[1] J. Agler and J. McCarthy, Pick Interpolation and Hilbert Function Spaces, Grad.
Stud. Math. 44, Amer. Math. Soc., Providence, RI, 2002.

[2] J. Agler and N. J. Young, The two-point spectral Nevanlinna—Pick problem, Integral
Equations Operator Theory 37 (2000), 375-385.



(8]
(9]
[10]
[11]
[12]

[13]
[14]

[15]

[16]

Spectral Nevanlinna—Pick problem 55

J. Agler and N.J. Young, A Schwarz lemma for the symmetrized bidisc, Bull. London
Math. Soc. 33 (2001), 175-186.

—, —, A model theory for I'-contractions, J. Operator Theory 49 (2003), 45-60.
—, —, The hyperbolic geometry of the symmetrized bidisc, J. Geom. Anal. 14 (2004),
375-403.

B. Aupetit, A Primer on Spectral Theory, Springer, New York, 1991.

H. Bercovici, C. Foiag and A. Tannenbaum, A spectral commutant lifting theorem,
Trans. Amer. Math. Soc. 325 (1991), 741-763.

C. Costara, On the 2 x 2 spectral Nevanlinna—Pick problem, J. London Math. Soc.,
to appear.

S. Dineen, The Schwarz Lemma, Oxford University Press, 1989.

P. Duren, Theory of HP Spaces, Dover, 2000.

C. Foiag and A. E. Frazho, The Commutant Lifting Approach to Interpolation Prob-
lems, Birkhauser, Berlin, 1986.

J. B. Garnett, Bounded Analytic Functions, Pure and Appl. Math. 96, Academic
Press, New York, 1981.

M. Marden, Geometry of Polynomials, Amer. Math. Soc., Providence, RI, 1966.
N. K. Nikolski, Operators, Functions, and Systems: an Fasy Reading. Volume I,
Math. Surveys Monogr. 92, Amer. Math. Soc., Providence, RI, 2002.

I. Schur, Uber Potenzreihein, die im Innern des FEinheitskreises beschrankt sind,
J. fiir Math. 147 (1917), 205-232, and 148 (1918), 122-145.

B. Sz.-Nagy et C. Foias, Dilatations des commutants, C. R. Acad. Sci. Paris Sér. A
266 (1968), 493-495.

Département de mathématiques et de statistique
Université Laval

Québec (QC) G1K 7P4, Canada

E-mail: ccostara@mat.ulaval.ca

Received May 10, 2004 (5421)



