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Uniqueness of measure extensions in Banach spaces
by

J. RODRIGUEZ and G. VERA (Murcia)

Abstract. Let X be a Banach space, B C Bx+ a norming set and %(X, B) the
topology on X of pointwise convergence on B. We study the following question: given two
(non-negative, countably additive and finite) measures p1 and p2 on Baire(X,w) which
coincide on Baire(X,T(X, B)), does it follow that 1 = p2? It turns out that this is
not true in general, although the answer is affirmative provided that both p; and ps are
convexly T-additive (e.g. when X has the Pettis Integral Property). For a Banach space Y’
not containing isomorphic copies of ¢!, we show that Y* has the Pettis Integral Property
if and only if every measure on Baire(Y*,w") admits a unique extension to Baire(Y™, w).
We also discuss the coincidence of the two o-algebras involved in such results. Some other
applications are given.

1. Introduction. All the measures considered in this paper are non-
negative, countably additive and finite. A basic question in measure theory
is the following: Given two o-algebras X' C X on a set §2 and two measures
w1 and pe on X such that pi|s = p2|xr, when does it follow that py=pug?
The purpose of this paper is to discuss this problem in the setting of Baire
o-algebras of weak topologies in Banach spaces. More precisely, we are con-
cerned with

Y’ = Baire(X,%(X, B)) C X = Baire(X,w),

where X is a Banach space, B C By~ is a norming set and ¥(X, B) is the
topology on X of pointwise convergence on B, which is weaker than the weak
topology w = ¥(X, Bx+) (for all unexplained notation and terminology, we
refer the reader to the end of this section). We emphasize that the Baire o-
algebra of a locally convex space endowed with its weak topology is exactly
the o-algebra generated by all the elements of the topological dual [7]. In
particular, Baire(X, T (X, B)) is the o-algebra on X generated by B.
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We next summarize the content of this paper. Section 2 plays an auxil-
iary role and is devoted to providing, in a general measure-theoretic setting,
a criterion for the uniqueness of measure extensions (Theorem 2.7) which
can be applied successfully in Section 3 within the framework of weak Baire
measures in Banach spaces. Our approach relies on Edgar’s work [9] (going
back to [17]) about the continuity of the integral over a uniformly integrable
set of functions endowed with the pointwise convergence topology.

In Section 3 our main results are proved. It turns out that there is a close
relationship between the theory of the Pettis integral and the problems con-
sidered in this work. Following [22], we say that a measure y on Baire(X, w) is
convezly T-additive if for each decreasing net (Cy) of convex closed elements
of Baire(X,w) with (), Cq = 0, we have lim, p1(Cy) = 0. It is well known
that a scalarly bounded function f defined on a measure space (A,S,v)
with values in X is Pettis integrable if and only if the image measure v f~!
on Baire(X, w) is convexly 7-additive [26, 5-2-4]. Thus, X has the Pettis In-
tegral Property (PIP) if and only if every measure on Baire(X, w) is convexly
T-additive (Remark 3.3). As an immediate application of the results proved
in Section 2, we show that the question raised in the first paragraph has af-
firmative answer for X' = Baire(X,%(X, B)) C X = Baire(X,w) provided
that both py and po are converly T-additive (Theorem 3.2).

Of course, the previous result is not of interest when

Baire(X, ¥(X, B)) = Baire(X, w).

Remember that this equality holds, for instance, whenever (Bx~, weak®) is
angelic. In Subsection 3.1 we study the coincidence of both o-algebras, in-
cluding examples of Banach spaces with the PIP for which Baire(X, ¥(X, B))
# Baire(X, w). Our attention is mainly focused on the case in which X = Y*
and B = By, where Y is a Banach space. (Note that w* = T(Y*, B) is just
the weak™ topology on Y*.) We prove that Baire(Y™, w*) = Baire(Y*, w) if
and only if Y is sequentially dense in (Y™**, weak™) (Proposition 3.9) and that
these conditions are satisfied whenever Y* has property (C) (Corollary 3.10).

The uniqueness of measure extensions in the setting of dual Banach
spaces is analyzed in Subsection 3.2. We consider the following class of spaces.

DEFINITION 1.1. Let Y be a Banach space. We say that Y* has the
Uniqueness of Measure Extensions Property (UMEP for short) if for every
pair of measures p; and p2 on Baire(Y™*, w) we have

Ml‘Baire(Y*,w*) = MﬂBaire(Y*,w*) = W1 = p2.

In view of the comments above, every dual Banach space Y* with the
PIP has the UMEP. Furthermore, our Theorem 3.17 states that the converse
holds when'Y does not contain subspaces isomorphic to £*. We also show that
in general every dual Banach space with the UMEP is realcompact for its



Uniqueness of measure extensions 141

weak topology (Proposition 3.18). The converse is not true in general, since
U fails the UMEP (Example 3.19).

Notation and terminology. For all unexplained terminology and notation
we refer the reader to the standard references [11] (Banach spaces), [13]
(topological measure theory) and [26] (Pettis integral).

Given a set £2, we write T,(f2) (or simply ¥,) to denote the topology
on R of pointwise convergence on 2. We denote by o(F) the o-algebra
on £2 generated by a family F C R (i.e. the smallest one for which each
element of F is measurable). As usual, co(F) (resp. aco(F)) stands for the
convex (resp. absolutely convex) hull of F in R¥.

Let (T,%) be a completely regular Hausdorff topological space. We de-
note by Baire(7,T) (resp. Borel(T,%¥)) the o-algebra on T generated by
the family of all real-valued continuous functions on 7' (resp. closed sub-
sets of T'). We write M,(T,%) to denote the family of all measures on
Baire(T, ). We say that p € M, (T,%) is tight if pu(T) = sup{p*(K) :
K C T, K is compact}, where p* stands for the outer measure induced by p.
A measure v on Borel(T, ) is called a Radon measure if v(E) = sup{v(K) :
K C E, K is compact} for every E € Borel(T,%). It is well known that
every tight measure on Baire(T,T) can be extended (in a unique way) to
a Radon measure on Borel(7,¥). The o-algebra made up of all universally
measurable subsets of T (i.e. those which are measurable with respect to
each Radon measure on Borel(T, %)) will be denoted by Univ(7,¥). Recall
that (7, %) is called angelic if each relatively countably compact set A C T’
is relatively compact and for every ¢ € A there is a sequence in A converging
to t.

All our Banach spaces Z are assumed to be real. We write Bz to denote
the closed unit ball of Z. As usual, Z* stands for the topological dual of Z.
Given z € Z and z* € Z*, we sometimes write (z*, z) instead of z*(z). We
identify Z as a closed subspace of Z** by means of the canonical isometry.
A set B C By~ is said to be norming if ||z|| = sup{|z*(z)| : z* € B}
for every z € Z. The topology ¥(Z, B) is the coarsest one for which each
element of B is continuous. We write Z 2 ¢! if Z does not contain subspaces
isomorphic to £!. Recall that Z has property (C) (introduced by Corson [3])
if every family of closed convex subsets of Z with empty intersection contains
a countable subfamily with empty intersection.

Given a measure space (2, X, 1), we write £ (1) to denote the space of
all Y-measurable and p-integrable real-valued functions defined on (2, and
L'(u) for the corresponding Banach space of equivalence classes with its
usual norm || - ||;. A set H C L'(u) is uniformly integrable if it is || - |-
bounded and for each & > 0 there is § > 0 such that supyey {5 |hldp < e
whenever p(E) < §. A function f: 2 — Z is said to be
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* f) is X-measurable for

(i) scalarly measurable if the composition (z
every z* € Z*;
(ii) scalarly bounded if it is scalarly measurable and there is M > 0 such
that for every z* € Bz« we have |(z*, f)| < M p-a.e;
(iii) Pettis integrable if (z*, f) € L'(u) for every z* € Z* and for each
E € ¥ there is zg € Z such that (2%, f) du = 2*(zg) for every

e Z*.

We say that Z has the p-PIP if each scalarly bounded function from (2 to Z
is Pettis integrable. The space Z has the Pettis Integral Property if it has
the p-PIP for every measure space (§2, X, p). It is known that

(Bgz+,weak™) angelic = Z has property (C) = Z has the PIP,

and none of the reverse implications holds in general (see [8, 23, 26]).

2. A criterion for the uniqueness of measure extensions. In order
to deal with Theorem 2.7 we need some preliminary work, which we have
divided into a sequence of lemmas for the convenience of the reader.

DEFINITION 2.1. Let X' C X be two o-algebras on a set (2.

(1) Let M be a family of measures on X. We say that X’ has the unique-
ness property with respect to M if for every pair u1, uo € M we have

pilsr = p2|s = p1 = po.

(2) We say that a measure p on X is approzimated by X' if for every
E € ¥ there is B € X' such that u(E A B) = 0.

LEMMA 2.2. Let X' C X be two o-algebras on a set §2, and M a family
of measures on X such that py + pe € M for every ui, pua € M. Suppose
that every element of M is approximated by X'. Then X' has the uniqueness
property with respect to M.

Proof. Fix pi,p2 € M such that pi|sr = pe|sr. Since p := g
belongs to M, for each E € X there is B € X’ such that u(E A B)
hence 11 (E A B) = p2(E A B) = 0 and therefore p; (E) = p1(B) = pa2(B)

,UQ(E). ]

It is worth pointing out that the converse of Lemma 2.2 holds true under
certain additional assumptions on the family of measures, as we show in
Corollary 2.3 below. Given two o-algebras ' C X on a set {2 and a measure
p' on X' we write ca(y/, X) for the convex set of all measures p on X such
that u|sr = p/. A well known result of R. G. Douglas (see [4, 21]) states that
a measure j € ca(y', X)) is an extreme point of ca(y', X)) if and only if u is
approximated by X'

+ pa
=0
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COROLLARY 2.3. Let X C X be two o-algebras on a set 2 and M a
family of measures on X with the following properties:

® L1 + po € M for every pi, ps € M;
o ifve M and u is a measure on X such that p < v, then u € M.

Then X' has the uniqueness property with respect to M if and only if every
element of M 1is approrimated by 3.

Proof. It only remains to show the only if part. So assume that %’ has
the uniqueness property with respect to M and fix y € M. We claim that
i is an extreme point of ca(u|ss, X). Indeed, write pn = (u1 + p2)/2, where
w1, o € ca(p|sr, X). Since p; < py + po = p+ p € M for i = 1,2, we infer
that p1, uo € M and therefore py = po. This proves the claim. An appeal to
Douglas’ aforementioned result now ensures that y is approximated by ’. m

The following lemma provides a useful sufficient condition for a measure
to be approximated by a sub-o-algebra.

LEMMA 2.4. Let 2 be a set, F' C F C R¥ two families, and y a measure
on o(F). Suppose that for each f € F there is a sequence (f,) in F' that
converges to f p-a.e. Then p is approzimated by o(F').

Proof. 1t is easy to check that the family
A={FE € o(F) : there is B € o(F') such that u(E A B) = 0}

is a o-algebra on {2 contained in o(F). Therefore, in order to show that
A = o(F) it suffices to prove that each f € F is A-measurable. To this end,
fix f € F, t € R and define H := {w € 2 : f(w) > t}. By the assumption,
there is a sequence (f,) in F’ that converges to f p-a.e. Fix F' € X such
that u(£2\ F) =0 and lim, f,(w) = f(w) for every w € F. The set

o o0

B=J U Niwe2: fulw)>t+1/n}
n=1m=1k>m

belongs to o(F’) and satisfies BN F = H N F, hence p(HAB) = 0 and

therefore H € A. As t € R is arbitrary, f is A-measurable. The proof is

finished. =

The notion of F-smooth measure defined below includes as particular
cases the convexly 7T-additive weak Baire measures on Banach spaces (see
Lemma 3.1 in Section 3) as well as the 7-additive Baire measures on com-
pletely regular Hausdorff topological spaces.

DEFINITION 2.5. Let (2, ¥) be a measurable space and F C R a family
of X-measurable functions. Denote by Zx the collection of all finite inter-
sections of sets of the form {w € 2 : f(w) < g(w) + t}, where f,g € F and
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t € R. A measure p on Y is said to be F-smooth if for each decreasing net
(Za) of elements of Z7 with [, Zo = 0, we have lim, u(Z,) = 0.

Our interest in considering F-smooth measures is motivated by the “sep-
aration property” isolated in Lemma 2.6, which will allow us to use a result
of Edgar [9] regarding the continuity of the “identity” mapping

I:(F,%,) — (L' (), weak)

(that sends each function to its equivalence class) when F is a ¥,-countably
compact, convex and uniformly integrable subset of £!(1).

LEMMA 2.6. Let (§2,%) be a measurable space, F C R o family of
Y -measurable functions and p an F-smooth measure on X. Let S :=

({Z € Zr : p(2\ Z) = 0}. Then for every pair f,g € F we have
fls=gls & f=gp-ae

Proof. Notice that the family C := {Z € Zx : p(2\ Z) = 0} is non-
empty and closed under finite intersections. Fix f,g € F. If f = g p-a.e.,
then Z := {w € 2: f(w) = g(w)} € C, s0 S C Z and therefore f|g = g|s.
Conversely, suppose that f|s = g|s and fix n € N. Define

Cni={weN: fw) > g(w)+1/n} € Zr.

Since the family C, := {Z NC, : Z € C} C Zr is closed under finite
intersections and (\C, = SN C,, = (), we can apply the F-smoothness of p
to deduce that u(Cp) = inf{u(ZNC,): Z € C} =0. As n € N is arbitrary,
f < g p-a.e. A similar argument yields f > g p-a.e., completing the proof. =

Given a measure space (§2,%, 1) and A € X, we write u4 to denote the
measure on X' defined by pa(E) := u(ENA).

THEOREM 2.7. Let 2 be a set and F' C F C RY? two families of func-
tions such that

o F is conver and T,-countably compact;

o F'is Xp-dense in F.

Then o(F') has the uniqueness property with respect to the family of all
F-smooth measures on o(F).

Proof. Since the sum of any two F-smooth measures on o(F) is again
F-smooth, Lemmas 2.2 and 2.4 say that in order to prove the result it suf-
fices to check that each F-smooth measure p on o(F) satisfies the following
condition: for every f € F there is a sequence (f,) in F' that converges to f
u-a.e. We divide the proof into two steps.

STEP 1. Suppose that F is a uniformly integrable subset of £!(u). Since
1 is F-smooth, Lemma 2.6 ensures that there is a set S C 2 such that for
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every f,g € F we have
fls=gls & f=gpae

By the assumption, F is convex and T ,-countably compact, so we can apply
|9, Proposition 3] to deduce that the “identity” mapping

I:(F, %) — (L' (p), weak)
(that sends each function to its equivalence class) is continuous. Since F is
convex, F' C co(F’') C F and we can suppose without loss of generality that

F' is convex as well. Bearing in mind that 7’ is -dense in F, the continuity
of I yields

1(F) c T = 1)
It follows that for each f € F there is a sequence (f,) in F’ such that
limy, || fn — flli = 0, and thus we can find a subsequence (f,,) converging to
f p-a.e.

STEP 2. Since F is a pointwise bounded (because it is T)-countably
compact) family of o (F)-measurable functions, there is a non-negative o (F)-
measurable function h € R such that for each f € F we have |f| < h p-a.e.
(see e.g. [10, 4.1.1]). Therefore, we can find a sequence (A;)2, in o(F) such
that for every k € N,

e F is a uniformly integrable subset of £1(ua, );
o u(N2\ Ag) <1/2F

Given k € N, in view of Step 1 (notice that p,, is F-smooth) there is
a sequence (f¥)22, in F' converging to f pa,-a.e. By Egorov’s theorem,
there exist Ej, € o(F) with pua, (2 \ E) < 1/2% and n(k) € N such that
SUP,,c g, ]fﬁ(k)(w) — f(w)| < 1/k. Fix s € N. We have

Ny = (Y U{w € 2: 1 w) = f@)] > 1/st < U@\ B,

1=1 k=l I=s k=l
hence Ny € o(F) satisfies

o o0 o [e.9]
1 _
BV < S0 (2\ED) < 3 pa (2\ B+ D0 pl@\Ag) €3 gy = 2712
k=l k=l k=l k=l
for every [ > s and therefore p(N;) = 0. Finally, notice that (fff(k))zo:l con-
verges to f pointwise on 2\ |J;=; N, and so pi-a.e. The proof is complete. m
We mention that some other known facts concerning the continuity of
the “identity” mapping J : (F,%,) — (L*(u),] - |l1) (see [9] and the survey
paper [28] for a thorough study on this subject) could be applied in a similar
way to deduce results along the line of Theorem 2.7 without the assumption
of convexity on F.
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3. Uniqueness of extensions in Banach spaces. Theorem 3.2 below
is now an easy consequence of Theorem 2.7. We first need to recall the
following well known fact which we do not find in print.

LEMMA 3.1. Let X be a Banach space and p € My(X,w). Then p is
convezly T-additive if and only if it is Bx+-smooth (in the sense of Defini-
tion 2.5).

Proof. Since Zp,. is made up of closed convex elements of Baire(X, w),
we only have to check the if part. To this end, we begin with the following
claim.

CLAM. Let C' C X be closed and convex. Then there is Do C Zp,. such
that C = (N Dc.

Indeed, let us consider the family D¢ of all elements of Zg, ., of the form
{z € X : 2*(z) < sup(z*(C))}, where z* € Bx+ and sup(z*(C)) < co. The
Hahn—Banach separation theorem ensures that C' = (| D¢ and the Claim is
proved.

Assume now that p is Bx+-smooth and fix a decreasing net (C,) of
convex closed elements of Baire(X, w) with (1), Co = 0. By the Claim above,
for each a we can find D, C Zp,. such that C, = () Ds. Consider now the
family Z C Zp,. of all finite intersections of elements of |J, Dq. Since Z
is closed under finite intersections and (V2 = ,((Pa) =), Ca = 0, we
can apply the fact that u is Bx+-smooth to deduce that inf{u(Z): Z € Z}
= 0. In order to finish the proof notice that, given Z € Z, there exist
ai,...,on and D; € Dy, such that Z = ()., D; D (i, Cq,. Since (Cy) is
decreasing, there is some « such that Co, C ()., Co, C Z. It follows that
lim,, 11(Cy) = 0 and the proof is complete. =

THEOREM 3.2. Let X be a Banach space and B C Bx+ a norming set.
Then Baire(X, (X, B)) has the uniqueness property with respect to the fam-
ily of all convexly T-additive measures on Baire(X, w).

Proof. Since B is norming, the Hahn—Banach separation theorem ensures
that aco(B) is weak*-dense in By-~, that is, aco(B) is a T,(X)-dense subset
of the family By~ C RX. Bearing in mind that By« is convex and ¥, (X)-
compact (by Alaoglu’s theorem), we can apply Theorem 2.7 to conclude that
o(aco(B)) = Baire(X, T(X, B)) has the uniqueness property with respect to
the family of all Bx+-smooth measures on o(Bx+) = Baire(X,w). =

REMARK 3.3. A Banach space X has the PIP if and only if every measure
on Baire(X, w) is converly T-additive. Indeed, this is a consequence of the
fact that a scalarly bounded X-valued function f is Pettis integrable if and
only if the image measure induced by f on Baire(X, w) is convexly 7-additive
(see [26, 5-2-4]). Notice that, given a measure y on Baire(X, w), there is a
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non-decreasing sequence (A,) in Baire(X,w) with union X such that the
identity function [ : X — X is scalarly bounded with respect to each p4,
(see Step 2 of the proof of Theorem 2.7). Thus p is convexly 7-additive if
and only if I is Pettis integrable with respect to each p4, .

The previous remark and Theorem 3.2 have the following

COROLLARY 3.4. Let X be a Banach space with the PIP and B C Bx+
a norming set. Then Baire(X,%(X, B)) has the uniqueness property with
respect to My (X, w).

3.1. Coincidence of Baire(X,%(X, B)) and Baire(X,w). It is clear that,
for a Banach space X such that (Bx~, weak™) is angelic, the equality

Baire(X, T(X, B)) = Baire(X, w)

weak™®

holds for any norming set B C By~ (since Bx+ = aco(DB) ). In fact,
the same conclusion can be obtained if we only assume that B separates the
points of X (see [15]). In particular, for this class of Banach spaces (which
contains all weakly compactly generated and, more generally, all weakly
Lindel6f determined spaces, see e.g. [11, Chapters 7 and 8|) the result isolated
in Corollary 3.4 is futile.

In this subsection we discuss the coincidence of Baire(X,¥(X, B)) and
Baire(X,w) in some particular cases of special interest. We will need the
following lemma, which might be folklore and is included here for the con-
venience of the reader.

LEMMA 3.5. Let X be a Banach space and F' a subset of X*. If x* € X*
is o(F")-measurable, then there is a countable set C C F such that
z* e s,pan(C’)Weak
Proof. Since z* is o(F')-measurable, there is a countable set C' C F' such
that «* is (C)-measurable. Let X' be the family of all elements A € o(C)
such that
ﬂ kery* C

{A if0e A,
y*eC

X\A if0¢ A

It is easy to check that X' is a o-algebra on X for which each y* € C is
XY-measurable, hence ¥ = o(C). It follows that kerz* € X and therefore
(ycc kery™ C kerz™. From the last inclusion and the Hahn-Banach sep-
aration theorem we infer that z* belongs to the weak*-closure of span(C).
The proof is complete. u

Given a compact Hausdorff topological space K, we write C'(K) to denote
the Banach space of all real-valued continuous functions on K endowed with
the supremum norm. Note that the set B = {d; : t € K} C Be(x)- of “point
masses” (i.e. 0;(h) := h(t)) is norming and that T(C(K), B) = %,(K). We
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next study the Baire(C'(K), ¥, (K ))-measurability of the “integral” functional
() € C(K)*, o(p)(f) := §; f dp, associated to a Radon measure y on K.

PROPOSITION 3.6. Let K be a compact Hausdorff topological space and
i a Radon measure on K. If «(p) is Baire(C(K), T,(K))-measurable, then
there is a closed separable set F C K such that u(K \ F) = 0.

Proof. In view of Lemma 3.5, there is a countable set D C K such that

weak*
W(p) € span{o; i t € D} .
Define F' := D and fix t € K \ F. By Urysohn’s lemma, there is a continuous

function f : K — [0,1] such that f(¢) = 1 and f(s) = 0 for every s € F.
Given ¢ > 0, there exist ¢1,...,t, € D and aq,...,a, € R such that

§ran=|§ fdn =Y aif )] =0, 1) = (3w, )| <=

K K i=1 i=1

As € > 0 is arbitrary, the open set Gy := {s € K : f(s) > 0} satisfies
wu(Gt) = 0. Since K\ F = |J{G;:t € K\ F} and p is a Radon measure, we
conclude that u(K \ F') = 0. This completes the proof. m

COROLLARY 3.7. Let K be a compact Hausdorff topological space such
that
Baire(C(K), T,(K)) = Baire(C(K), w).

Then for each Radon measure |1 on K there is a closed separable set FF C K
such that u(K \ F) = 0.

EXAMPLE 3.8. Under the continuum hypothesis, there exists a com-
pact Hausdorff topological space K (the so-called Kunen—Haydon—Talagrand
space) with the following properties (see [19, §5]): (i) K is first-countable;
(ii) K is not separable; (iii) there is a Radon measure p on K such that
p(G) > 0 for every non-empty open set G C K. On the one hand, (i) implies
that C(K) has the PIP (see [22, Theorem 3]). On the other hand, in view of
(ii) and (iii), an appeal to Corollary 3.7 establishes that Baire(C'(K), T,(K))
# Baire(C'(K), w).

A well known theorem due to Odell and Rosenthal [20] (cf. [5, Theo-
rem 4.1]) states that a separable Banach space Y is weak*-sequentially dense
in Y** if and only if Y 2 ¢'. In Proposition 3.9 below we apply this result to
analyze the coincidence of Baire(Y*, w*) and Baire(Y™*, w) for a not necessar-
ily separable Banach space Y. Recall first (Haydon [16], cf. [5, Theorem 6.8])
that Y 2 ¢ if and only if each y** € Y** is Univ(Y*, w*)-measurable, that
is, if and only if Baire(Y™*, w) C Univ(Y™, w*).

PROPOSITION 3.9. Let Y be a Banach space. The following conditions
are equivalent:
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(i) Y is weak*-sequentially dense in Y™**,
(ii) Baire(Y™,w*) = Baire(Y™*, w);
(iii) Y 2 ¢! and for each y** € Y** there is a countable set D C'Y such

—weak™

that y** € D .
Proof. (i)=-(ii) is obvious. Let us turn to the proof of (ii)=-(iii). Since
Baire(Y™, w) = Baire(Y™*,w") C Borel(Y*,w*) C Univ(Y™*, w"),

the aforementioned Haydon’s result ensures that ¥ 7 ¢'. On the other
hand, given y** € Y** Lemma 3.5 can be applied to find a countable set
C C Y such that y** € span(C)Weak . Clearly, the set D C Y of all linear
combinations of elements of C' with rational coefficients is countable and
y** € D™ . This establishes (ii)=(iii).

The proof of (iii)=(i) is as follows. Fix y** € Y**. Take a countable set

D C Y such that y** € D"* and define Z := span(D)H'|| C Y. Since

{y* €Y :y*(2) =0 for every z € Z} = ﬂ kery C ker y™*,
yeD
there exists z** € Z** such that y*™* = 2™ or, where r : Y* — Z* is the
“restriction” operator. Notice that Z is separable and Z % ¢!, so the Odell-
Rosenthal theorem allows us to obtain a sequence (z,) in Z C Y that con-
verges to z** in (Z**, weak™). Clearly, (z,) converges to y** in (Y™** weak™).
The proof is complete.

The previous proposition can be applied to the class of dual Banach
spaces with property (C). To this end, we use the following characterization
due to Pol [23|: a Banach space X has property (C) if and only if for every
A C Bx+ and every z* € A" there is a countable set E C A such that

———weak™
z* € co(E)

COROLLARY 3.10. Let Y be a Banach space such that Y* has prop-

erty (C). Then
Baire(Y™, w*) = Baire(Y™", w).

Proof. We will check that Y meets the requirements of Proposition 3.9(iii).
On the one hand, since /, fails property (C) and this property is clearly
inherited by quotients, we infer that Y 2 ¢'. On the other hand, given y** €

By« = By , the previous result of Pol says that there is a countable

_ k*
set B C By such that y** € co(E)  , and so the set D of all convex

combinations of elements of E with rational coefficients is countable and
y** c l—)weak .
REMARK 3.11. The converse of the previous corollary holds true for

Y separable. Indeed, if Baire(Y*,w*) = Baire(Y*,w), then Y is weak*-
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sequentially dense in Y**. Thus (By=, weak®™) can be thought of as a sub-
space of the space (B (By+, w*), ¥,(By~)) of all real-valued Baire-1 functions
on (By=,w*), which is angelic since (By~,w™*) is a Polish space (Bourgain,
Fremlin and Talagrand [2], cf. [5, Theorem 4.1]). Hence (By=+,weak™) is
angelic as well and so Y* has property (C).

Recall that a cardinal x is of measure zero (or measure-free) if there is no
probability measure p on the power set of x such that p({a}) = 0 for every
a < k. A well known theorem of Ulam (see e.g. [13, 438C]) asserts that the
first uncountable ordinal, denoted by wi, is of measure zero. We stress that
it is consistent with ZFC to assume that every cardinal is of measure zero.
For a detailed account on this subject we refer the reader to [13, §438] and
the references therein.

EXAMPLE 3.12. The space ' (w1) = co(w,)* has the PIP and
Baire(¢! (w1), w*) # Baire(¢! (w;), w).

Proof. ¢'(wy) has the PIP because w; is of measure zero (see [8, Theo-
rem 5.10]). On the other hand, since ¢o(wy) is not weak*-sequentially dense
in its bidual cp(w1)™ = fs(w1), we can apply Proposition 3.9 to conclude
that Baire(¢!(w),w*) and Baire(¢!(w),w) are different. =

In fact, we have Baire(¢!(w;), w) = Borel(f*(w1), || - ||) (see [12]).
EXAMPLE 3.13. The space C[0,1]* satisfies
Baire(C10, 1]*, w*) # Baire(C|0, 1]*, w),
and it has the PIP if and only if the cardinal of the continuum is of measure

ZET0.

Proof. The last assertion was proved in [8]. On the other hand, since
¢! embeds in C0,1], we have Baire(C[0,1]*,w*) # Baire(C[0,1]*,w), by
Proposition 3.9. u

3.2. Uniqueness of extensions in dual Banach spaces. In this subsec-
tion we focus our attention on the class of dual Banach spaces Y* with the
UMERP (in the sense of Definition 1.1), that is, those for which Baire(Y™*, w*)
has the uniqueness property with respect to My (Y™*, w). As an immediate
consequence of Corollary 3.4 we get the following result.

COROLLARY 3.14. Let Y be a Banach space. If Y* has the PIP, then
Y* has the UMEP.

It turns out that the converse of the previous corollary holds whenever
Y 2 ¢! (Theorem 3.17 below). Recall first that, for a Banach space Y such
that Y 2 ¢!, we have

Baire(Y™*, w) C Univ(Y™, w"),
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so the completion ¥ of each Radon measure v on Borel(Y™*, w*) can be re-
stricted to Baire(Y*,w). We will use the notation v° = V| Baire(Y* w)-

PROPOSITION 3.15. Let Y be a Banach space such that Y 7 (' and
w € My (Y* w). The following conditions are equivalent:

(i) there is a Radon measure v on Borel(Y*, w*) such that v° = y;
(ii) w is convezly T-additive.

Proof. For (i)=-(ii), fix n € N and consider the restriction v, of v to
Borel(nBy+,w*) = {BNnBy- : B € Borel(Y",w")}.

Since Y ¢!, a result of Haydon [16] (cf. [5, Theorem 6.8]) ensures that the
identity mapping I, : nBy+ — Y™ is Pettis integrable with respect to the
completion 7, of v,,. Therefore, its image measure y,, := v, 1,1 € My (Y*, w)
is convexly T-additive.

To prove that p is convexly 7-additive, consider a decreasing net (Cy)
of convex closed elements of Baire(Y™*, w) with (1C = (). Fix ¢ > 0 and take
n € N large enough such that v(Y* \ nBy~) < €/2. Since p,, is convexly
7-additive, we can find an « such that 7,(Cq N nBy+) = un(Cq) < £/2,
hence

11(Ca) = 1°(Ca) = U(Co N1By+) + (Cq \ nBy+)
= U, (Co NBy+) + 7(Cy \ nBy+) < .

As ¢ > 0 is arbitrary, lim, u(C,) = 0. This proves that u is convexly 7-
additive.

Let us turn to the proof of (ii)=-(i). Since (Y*,w*) is o-compact (i.e.
Y™ can be expressed as a union of countably many w*-compact subsets),
the restriction ji|paire(y+,w+) 1S tight and therefore it can be extended to a
unique Radon measure v on Borel(Y*,w*). Then both y and " are con-
vexly 7-additive (bear in mind the implication (i)=-(ii)) and u|gaire(y+ w+) =

0

l/O|Baire(y*7w*). An appeal to Theorem 3.2 now establishes that y = v, and

the proof is complete. »

The arguments of the proof of (ii)=-(i) in Proposition 3.15 also allow us
to deduce the following corollary.

COROLLARY 3.16. LetY be a Banach space such thatY 5 (1. Then every
measure on Baire(Y*, w*) can be extended in a unique way to a convexly
T-additive measure on Baire(Y*, w). If, in addition, Y* has the PIP, then
every measure on Baire(Y™, w*) can be extended in a unique way to a measure
on Baire(Y™*, w)

THEOREM 3.17. Let Y be a Banach space such that Y 2 ¢*. Then Y*
has the PIP if and only if it has the UMEP.
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Proof. It only remains to prove the if part. To this end, we will show
that each p € M, (Y™, w) is convexly 7-additive. Indeed, as in the proof of
the implication (ii)=-(i) in Proposition 3.15, we can find a Radon measure v
on Borel(Y*,w*) such that pi|gaire(y+,w+) = I/0|Baire(y*7w*). Since Y* has the
UMEP, we get 1 = 1° and an appeal to Proposition 3.15 establishes that s
is convexly 7-additive, as required. m

A completely regular Hausdorff topological space (7',%) is said to be
realcompact if it is homeomorphic to a closed subset of R! for some set I.
A well known result of Hewitt and Shirota (see e.g. [27, Theorem 5, p. 218])
states that (7, %) is realcompact if and only if for each {0, 1}-valued measure
w on Baire(T', T) there exists t € T such that u(A) = 1ift € Aand u(A) =0
if t ¢ A. This characterization was used in [8] (see [6] for a corrected proof)
to show that every Banach space X with the PIP is realcompact for its weak
topology. We next obtain the same conclusion for any dual Banach space

with the UMEP.

PrOPOSITION 3.18. Let Y be a Banach space. If Y* has the UMEP,
then (Y*,w) is realcompact.

Proof. Fix any p € My(Y*, w) with u(Baire(Y*,w)) = {0,1}. Since
[ Baire(v+,w+) 18 tight and takes only the values 0 and 1, it is not difficult to
see that there exists yj € Y such that for every B € Baire(Y™, w*) we have
u(B) =1if y5 € B and pu(B) =0 if y§ ¢ B. Define 1/ € M,(Y*,w) by
1 ifyjed
w(A) = { 0 if ig ¢ A for every A € Baire(Y™, w).

Since f1|Baire(v+,w) = H'|Baire(v+w+) and Y* has the UMEP, we conclude
that u = p’. An appeal to the aforementioned characterization of Hewitt
and Shirota establishes that (Y™, w) is realcompact. =

The converse of the previous proposition does not hold in general. Indeed,
the space £ = (¢!)* is weakly realcompact (see [3, Example 1]) whereas
it fails the UMEP, as we show in Example 3.19 below. This example was
pointed out to us by D. H. Fremlin, who has kindly given his permission to
include it here.

We first need to introduce the so-called Talagrand’s measure [25] (see also
e.g. [26, Section 13] or [13, §464]). We identify {0, 1} with P(N) by means of
the bijection ¢ : {0,1} — P(N) defined by ¢((a,)) := {n € N:a, = 1}. Let
({0, 1}, X, \) be the complete probability space obtained after completing
the usual product probability measure on {0, 1}". Recall that Talagrand’s
measure, which we denote by A1, is a complete extension of A to a larger o-
algebra on {0,1}N, say ) D X, such that for every free ultrafilter &/ C P(N)
we have ("1 (U) € X1 and M (¢ (U)) = 1.
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ExXAMPLE 3.19. /., does not have the UMEP.

Proof. Fremlin and Talagrand [14] (cf. [26, 13-3-3]) showed that the iden-
tity mapping f : {0,1} — /. is scalarly measurable with respect to ;.
In fact, they proved that for every y** € £%_ there exist y € ¢! and o € R
such that (y**, f) = (f,y) + « Ai-a.e. Therefore, we can consider the induced
image measure p1 1= A1 f 71 € My (oo, w).

Let ¢ : {0,1} — {0, 1} be the bijection given by ¢(a) := ¢~1(N\ ((a)).
Then for every B € X we have ¢(B) € X and A(¢(B)) = A(B). Moreover,
it was shown in [25] that Xy = {¢(B) : B € X }. Clearly, the function A :
X1 —[0,1] given by A2(A) := A\1(¢(A)) is a complete measure extending A.

We claim that f s scalarly measurable with respect to Ao. Indeed, given
y** € £*_, we already know that there exist y € /!, o € R and B € X with
A1(B) = 1 such that (y**, f(b)) = (y, f(b)) + « for every b € B. A simple
computation yields

<y**7 f(CL)> = <y**7 1> - <ya 1> + <y7 f(a)> —a for every a € gb(B)’
where 1 = (1,1,...) € ls. Since Ao(¢(B)) = 1 and (y, f) is X-measurable
(notice that f is w*-continuous), we infer that (y**, f) is measurable with
respect to A2, as claimed. So we can take the induced image measure s :=
Aft e My(loo,w).

On the one hand, since f~!(B) € X for every B € Baire(fo, w*) and
Atlz = A = As|x, we conclude that M1|Baire(€oo,w*) = NQ’Baire(Zoo,w*)-

On the other hand, fix a free ultrafilter &/ C P(N) and consider its as-
sociated functional z;f € £5 given by ;7 ((ay)) = lim,_y ay. It is clear
that

H :={a € ly:x//(a) =1} € Baire({oo, w)
satisfies f~H(H) = (1 (U), so p1(H) = M\ (¢"HU)) = 1, whereas
pa(H) = Xa(¢HU))
= ({a € {0,1}": ¢(a) € '@} = M({0, 11\ ¢THU)) = 0.
Therefore, 11 # po. It follows that ¢, does not have the UMEP. =

We finish the paper with some further comments about the PIP and the
UMEP in a dual Banach space Y*.

Bator asked in [1] whether a scalarly bounded function f defined on a
measure space (A,S,v) with values in Y* is Pettis integrable provided that
the following condition (necessary for Pettis integrability) holds:

(xx)  for each y** € Y™ there exists a bounded sequence (y,) in Y such
that lim, (yn, f) = (y*™, f) v-ae.

Musial and Plebanek [18] (assuming the existence of a two-valued measurable
cardinal) and Stefansson [24]| (without additional set-theoretic assumptions)
gave examples showing that the answer to Bator’s question is negative in
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general. However, Y* has the v-PIP if and only if every scalarly bounded
function f: A — Y™ satisfies (xx) (see [18]).

Next let us translate these facts into the language of measures on
Baire(Y™*, w). Observe first that condition (#x*) above is equivalent to saying
that the image measure vf~! on Baire(Y*,w) has the following property:

DEFINITION 3.20. Let Y be a Banach space and p € M, (Y™, w). We say
that p has the Bator property if for each y*™* € Y** there exists a bounded
sequence (yp) in Y converging to y** p-a.e.

Every convexly 7-additive measure on Baire(Y ™, w) has the Bator prop-
erty (see the proof of Theorem 2.7), but the converse does not hold in general
(consider the image measures of the functions constructed in [18] and [24]).
According to the results above, we can now state that Y* has the PIP if and
only if every measure on Baire(Y™*, w) has the Bator property.

Note that every measure on Baire(Y*, w) with the Bator property is
approximated by Baire(Y*, w*) (apply Lemma 2.4). Bearing this in mind,
the previous characterization of the PIP should now be compared with the
following straightforward consequence of Corollary 2.3:

COROLLARY 3.21. Let Y be a Banach space. Then Y* has the UMEP if
and only if every measure on Baire(Y™, w) is approzimated by Baire(Y™, w*).

One question still unanswered is whether the PIP and the UMEP are
equivalent for arbitrary dual Banach spaces.
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