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Measure of non-
ompa
tness of operatorsinterpolated by the real methodby
Radosław Szwedek (Pozna«)Abstra
t. We study the measure of non-
ompa
tness of operators between abstra
treal interpolation spa
es. We prove an estimate of this measure, depending on the funda-mental fun
tion of the spa
e. An appli
ation to the spe
tral theory of linear operators ispresented.1. Introdu
tion. The behavior of 
ompa
t linear operators under in-terpolation has been studied sin
e the 1960s. First results were establishedby Krasnosel'ski�� [11℄, who proved that under the hypothesis of the Riesz�Thorin interpolation theorem, that is, T : Lpi

→ Lqi
is bounded for i = 0, 1where 1 ≤ pi, qi ≤ ∞, and the additional assumption that T : Lp0 → Lq0is 
ompa
t, q0 < ∞, it follows that T : Lp → Lq is also 
ompa
t, where

1/p = (1 − θ)/p0 + θ/p1, 1/q = (1 − θ)/q0 + θ/q1 and 0 < θ < 1.His results lead to the question whether similar results hold in the ab-stra
t interpolation 
ase, when (Lp0 , Lp1) and (Lq0 , Lq1) are repla
ed by Ba-na
h pairs (A0, A1) and (B0, B1), respe
tively. The 
omplete answer is stillunknown.The �rst results for the real interpolation method were obtained in 1964by Lions�Peetre [12℄ for the 
ase when A0 = A1 or B0 = B1 and by Pers-son [14℄ for the general 
ase A0 6= A1 and B0 6= B1 with an approximation
ondition on the 
ouple (B0, B1). In these 
ases, they showed that the oper-ator T : Aθ,q → Bθ,q is 
ompa
t for 0 < θ < 1, 1 ≤ q ≤ ∞. We refer to thebook [2℄ for a more detailed history of resear
h.In 1969 Hayakawa [10℄ gave the result for the real interpolation methodwithout the approximation hypothesis but with the assumption that T :
(A0, A1) → (B0, B1) and the restri
tions T : A0 → B0, T : A1 → B1 are both
ompa
t operators and 1 ≤ q < ∞. New approa
hes to Hayakawa's result
an be found in the paper by Cobos and Peetre [7℄ and the referen
es given2000 Mathemati
s Subje
t Classi�
ation: 46B70, 46M35.Key words and phrases: linear operators, measure of non-
ompa
tness, interpolation.[157℄



158 R. Szwedekthere. Finally, in 1992 Cwikel [9℄ showed that the theorem holds whenever
T : A0 → B0 is 
ompa
t and T : A1 → B1 is bounded.Nowadays we sear
h for quantitative versions of interpolating 
ompa
t-ness results. In 1999, Cobos, Fernández-Martínez and Martínez in their re-markable paper [6℄ obtained a logarithmi
 type inequality for the measureof non-
ompa
tness β(·), namely

β(T : Aθ,q → Bθ,q) ≤ Cβ(T : A0 → B0)
1−θβ(T : A1 → B1)

θ.Based on some ideas from [6℄, we present a generalization of those resultsto the abstra
t real method of interpolation.2. Preliminaries and notation. We use the standard notation frominterpolation theory. Mostly, we follow [2℄ and [3℄, where more details aregiven. Let A = (A0, A1) be a Bana
h 
ouple. As usual we let∆(A) := A0∩A1and Σ(A) := A0 +A1. For any t > 0 the K-fun
tional is de�ned by
K(t, a;A) = inf

a=a0+a1

{‖a0‖A0 + t‖a1‖A1} for a ∈ Σ(A),and the J-fun
tional by
J(t, a;A) = max{‖a‖A0 , t‖a‖A1} for a ∈ ∆(A).A real sequen
e w = {wn}n∈Z is 
alled a weight sequen
e if ea
h wn ispositive. If E is a Bana
h sequen
e latti
e modelled on Z and w = {wn} isa weight sequen
e, we de�ne the weighted Bana
h sequen
e latti
e E(w) bysetting ‖x‖E(w) := ‖{xnwn}‖E .Re
all that if a Bana
h sequen
e latti
e E on Z is intermediate withrespe
t to (ℓ∞, ℓ∞(2−n)) (resp., (ℓ1, ℓ1(2

−n))) then the K-method spa
e
AE;K := (A0, A1)E;K 
onsists of all a ∈ A0 +A1 su
h that {K(2n, a;A)} ∈ Ewith the norm

‖a‖ = ‖{K(2n, a;A)}‖Ewhile the J-method spa
e AE;J 
onsists of all a ∈ A0 + A1 whi
h 
an berepresented in the form
a =

∞∑

n=−∞

an (
onvergen
e in A0 +A1)su
h that {J(2n, an;A)}n∈Z ∈ E with the asso
iated norm
‖a‖ = inf

{
‖{J(2n, an;A)}‖E : a =

∞∑

n=−∞

an

}
.

Following the terminology of [13℄, the spa
e E is said to be K-non-trivial(resp., J-non-trivial) when ℓ∞ ∩ ℓ∞(2−n) ⊂ E (resp., E ⊂ ℓ1 + ℓ1(2
−n)).
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ompa
tness of operators 159It is well known from [13℄ that if E is a parameter of the real method(i.e., ℓ∞ ∩ ℓ∞(2−n) ⊂ E ⊂ ℓ1 + ℓ1(2
−n)) then for any Bana
h 
ouple A,

AE;K →֒ AE;Jand the norm of the in
lusion map is less than 4. If additionally the Calderónoperator Ω de�ned on ℓ1 + ℓ1(2
−n) by

Ω{ξn} :=
{ ∞∑

k=−∞

min{1, 2n−k}|ξk|
} for {ξn} ∈ ℓ1 + ℓ1(2

−n)is bounded on E, then AE;J = AE;K . In this 
ase we write AE for AE;Jor AE;K .The 
lassi
al interpolation spa
es play an important role from the point ofview of appli
ations. Let ̺ be a fun
tion parameter, i.e., ̺ : (0,∞) → (0,∞)is a quasi-
on
ave fun
tion (t 7→ ̺(t) in
reases and t 7→ ̺(t)/t de
reases)and
s̺(t) = o(1) as t→ 0 and s̺(t) = o(t) as t→ ∞,where s̺(t) = sup{̺(tu)/̺(u) : u > 0} for every t > 0. Now, if we take

E = ℓq(1/̺(2
m)) with 1 ≤ q ≤ ∞, then

(A0, A1)ℓq(1/̺(2m));K = (A0, A1)ℓq(1/̺(2m));J = (A0, A1)̺,q.If ̺(t)=tθ, θ∈(0, 1), we get the 
lassi
al real interpolation spa
es (A0, A1)θ,q(see, e.g., [2℄, [3℄).Given any sequen
e {Xm}m∈Z of Bana
h spa
es we denote by (
⊕
Xm)Ethe spa
e of {xm}m∈Z ∈

∏∞
m=−∞Xm su
h that {‖xm‖Xm

}m∈Z ∈ E. It is aBana
h spa
e equipped with the norm
‖{xm}‖ = ‖{‖xm‖Xm

}‖E .We will need the following useful ve
tor-valued 
ontinuous in
lusions(with norms less than or equal to 1) proved in [5℄:Proposition 2.1. Let {Xm}m∈Z be a sequen
e of Bana
h spa
es.(i) If E is K-non-trivial then
((

⊕
Xm)ℓ∞ , (

⊕
Xm)ℓ∞(2−m))E;K →֒ (

⊕
Xm)E .(ii) If E is J-non-trivial then

(
⊕
Xm)E →֒ ((

⊕
Xm)ℓ1 , (

⊕
Xm)ℓ1(2−m))E;J .An immediate 
onsequen
e isCorollary 2.2. Let {Xm}m∈Z be a sequen
e of Bana
h spa
es. If the

J-method and the K-method generated by a parameter E of the real methodare equivalent then
((

⊕
Xm)ℓq0

, (
⊕
Xm)ℓq1(2−m))E = (

⊕
Xm)Efor any 1 ≤ qj ≤ ∞ (j = 0, 1).



160 R. SzwedekFor a given Bana
h latti
e E on Z and a subset A ⊂ Z, the subspa
e ofall sequen
es supported on A is denoted by E|A. In parti
ular, we may take
A to be [p, q] := {n ∈ Z : p ≤ n ≤ q} with p, q ∈ Z, p < q.Let ω(Z) be the spa
e of all real sequen
es modelled on Z. For any ν ∈ Z,the shift operator τν : ω(Z) → ω(Z) is de�ned by τν{ξm} = {ξm+ν}.Throughout the rest of the paper we 
onsider Bana
h latti
es E on Z su
hthat the shift operator τν is bounded in E for all ν ∈ Z. For su
h E we de�nea fun
tion ϕE : (0,∞) × (0,∞) → (0,∞) by ϕE(2m, 2n) = 2m‖τn−m‖E→Efor m,n ∈ Z and ϕE(s, t) = ϕE(2[log2 s], 2[log2 t]) for any s, t > 0, where [·]denotes the greatest integer fun
tion.We will also need the extension ψE : [0,∞) × [0,∞) → [0,∞] of ϕE ,de�ned by ψE(0, 0) = 0, ψE(s, 0) = lim infv→0+ ϕE(s, v) for s > 0 and
ψE(0, t) = lim infu→0+ ϕE(u, t) for t > 0.We have the following te
hni
al lemma:Lemma 2.3. Let E be a Bana
h sequen
e latti
e on Z su
h that the shiftoperator τn is bounded in E for any n ∈ N. Then the fun
tion ψE has thefollowing properties:(a) ψE(2ms, 2nt) ≤ ψE(2m, 2n)ψE(s, t) for all m,n ∈ Z and s, t ≥ 0.(b) There exists a 
onstant C1 = C1(E) ≥ 1 su
h that

ψE(su, tv) ≤ C1ψE(s, t)ψE(u, v) for all s, t, u, v ≥ 0.(
) If sups,t∈(0,1] ψE(s, t) <∞, then there exists a 
onstant C2 = C2(E)
≥ 1 su
h that

ψE(s, t) ≤ C2ψE(u, v) for all 0 ≤ s ≤ u, 0 ≤ t ≤ v.Proof. Sin
e ψE(2m+k, 2n+l) ≤ ψE(2m, 2n)ψE(2k, 2l) and
[log2 2ks] = k + [log2 s],

[log2 s] + [log2 t] ≤ [log2 st] ≤ [log2 s] + [log2 t] + 1,for any m, k, n, l ∈ Z and s, t > 0, we get (a) and (b) with a 
onstant
C1 = maxi,j=0,1 ψE(2i, 2j).For (
), sin
e sups,t∈(0,1] ψE(s, t) < ∞, using the previously proved in-equalities, we obtain

ψE(s, t) = ψE

(
s

u
u,
t

v
v

)
≤ C2ψE(u, v)for all 0 < s ≤ u, 0 < t ≤ v where C2 = C1 sups,t∈(0,1] ψE(s, t) < ∞. Re
all-ing that ψE(0, t) = lim infs→0+ ψE(s, t) and ψE(s, 0) = lim inft→0+ ψE(s, t)
ompletes the proof.Lemma 2.4. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouples andlet T : A→ B be a bounded operator.



Measure of non-
ompa
tness of operators 161(i) If E is K-non-trivial , then
‖T‖AE;K→BE;K

≤ 2ψE(‖T‖A0→B0 , ‖T‖A1→B1).(ii) If E is J-non-trivial , then
‖T‖AE;J→BE;J

≤ 2ψE(‖T‖A0→B0 , ‖T‖A1→B1).Proof. (i) Sin
e the 
ase ‖T‖A0→B0 = ‖T‖A1→B1 = 0 is obvious, we mayassume that ‖T‖Ai→Bi
> 0 for i = 0 or i = 1. Fix ε, δ ≥ 0 with ε = 0if and only if ‖T‖A0→B0 > 0, and δ = 0 if and only if ‖T‖A1→B1 > 0.Now take k0, k1 ∈ Z su
h that 2k0−1 ≤ ‖T‖A0→B0 + ε < 2k0 and 2k1−1 ≤

‖T‖A1→B1 + δ < 2k1 . Let ν = k1 − k0. Then for any a ∈ AE;K we have
K(2m, Ta;B) ≤ inf

a=a0+a1

{‖Ta0‖B0 + 2m‖Ta1‖B1 : a0 ∈ A0, a1 ∈ A1}

≤ inf
a=a0+a1

{2k0‖a0‖A0 + 2m+k1‖a1‖A1 : a0 ∈ A0, a1 ∈ A1}

= 2k0K(2m+ν , a;A),and hen
e
‖Ta‖BE;K

= ‖{K(2m, Ta;B)}‖E ≤ 2k0‖{K(2m+ν , a;A)}‖E

= 2k0‖τν{K(2m, a;A)}‖E ≤ 2k0‖τν‖E→E‖{K(2m, a;A)}‖E

= 21+k0−1‖τk1−1−(k0−1)‖E→E‖a‖AE;K
= 2ϕE(2k0−1, 2k1−1)‖a‖AE;K

= 2ϕE(‖T‖A0→B0 + ε, ‖T‖A1→B1 + δ)‖a‖AE;K
.If ε, δ = 0 then the above estimate gives the required inequality. If either

ε > 0 or δ > 0 then the inequality follows by taking the relevant limits. This
ompletes the proof of (i).(ii) Let a ∈ AE;J and take any series ∑∞
m=−∞ um 
onvergent in A0 +A1to a, where {um} ⊂ A0∩A1 is su
h that {J(2m, um)} ∈ E. Sin
e E is J-non-trivial, the series ∑∞

m=−∞ um is absolutely summable in A0 +A1. Therefore,for any ν ∈ Z we have a =
∑∞

m=−∞ um+ν (
onvergen
e in A0 +A1) and
J(2m, Tum+ν ;B) ≤ max{2k0‖um+ν‖A0 , 2

m+k1‖um+ν‖A1}

= 2k0J(2m+ν , um+ν ;A).This implies
‖Ta‖BE;J

≤ ‖{J(2m, Tum+ν ;B)}‖E ≤ 2k0‖{J(2m+ν , um+ν ;A)}‖E

= 2k0‖τν{J(2m, um;A)}‖E ≤ 2k0‖τν‖E→E‖{J(2m, um;A)}‖E

= 21+k0−1‖τk1−1−(k0−1)‖E→E‖{J(2m, um;A)}‖E .



162 R. SzwedekTaking the in�mum over all representations a =
∑∞

m=−∞ um of a, we get
‖Ta‖BE;J

≤ 21+k0−1‖τk1−1−(k0−1)‖E→E‖a‖AE;J

= 2ϕE(‖T‖A0→B0 + ε, ‖T‖A1→B1 + δ)‖a‖AE;J
,whi
h 
ompletes the proof as above.Corollary 2.5. Let {Xm} and {Ym} be sequen
es of Bana
h spa
es, let

E be a parameter of the real method , and assume that the Calderón operator
Ω is bounded on E. Then there exists a 
onstant C = C(E) > 0 su
h thatfor any bounded operator

T : ((
⊕
Xm)ℓ1, (

⊕
Xm)ℓ1(2−m)) → ((

⊕
Ym)ℓ∞ , (

⊕
Ym)ℓ∞(2−m)),we have

‖T‖(
⊕

Xm)E→(
⊕

Ym)E

≤ CψE(‖T‖(
⊕

Xm)ℓ1
→(

⊕
Ym)ℓ∞

, ‖T‖(
⊕

Xm)
ℓ1(2−m)→(

⊕
Ym)

ℓ∞(2−m)
).Proof. Use Proposition 2.1 and Lemma 2.4.Let A = (A0, A1) be a Bana
h 
ouple. For m ∈ Z de�ne the Bana
hspa
es

∆m(A) = (A0 ∩A1, J(2m, ·;A)),

Σm(A) = (A0 +A1,K(2m, ·;A)).We note that for any sequen
e
{an} ∈ (

⊕
∆m(A))ℓ1 + (

⊕
∆m(A))ℓ1(2−m) = (

⊕
∆m(A))ℓ1+ℓ1(2−m)the series ∑∞

n=−∞ an is absolutely 
onvergent in A0 +A1. This allows us tode�ne a bounded operator π : ((
⊕
∆m(A))ℓ1, (

⊕
∆m(A))ℓ1(2−m)) → (A0, A1)by

π{an} =
∞∑

n=−∞

an.Clearly ‖π‖ ≤ 1. Moreover if E is J-non-trivial, then π : (
⊕
∆m(A))E →

AE;J is a metri
 surje
tion.We will also need the diagonal operator
j : (B0, B1) → ((

⊕
Σm(B))ℓ∞ , (

⊕
Σm(B))ℓ∞(2−m))de�ned by

jb = {. . . , b, b, b, . . .} for b ∈ B0 +B1.It is obvious that j is bounded with ‖j‖ ≤ 1 and j : BE;K → (
⊕
Σm(B))Eis a metri
 inje
tion whenever E is K-non-trivial.



Measure of non-
ompa
tness of operators 163Let n ∈ N. Following [6℄ we de�ne operators Pn, Q+
n , Q−

n on the Bana
h
ouple ((
⊕
∆m(A))ℓ1, (

⊕
∆m(A))ℓ1(2−m)) by

Pn{um} = {. . . , 0, 0, u−n, u−n+1, . . . , un−1, un, 0, 0, . . .},

Q+
n {um} = {. . . , 0, 0, un+1, un+2, . . .},

Q−
n {um} = {. . . , u−n−2, u−n−1, 0, 0, . . .}.The following properties of the above operators are obvious:

• I = Pn +Q+
n +Q−

n , where I denotes the identity operator on
(
⊕
∆m(A))ℓ1 + (

⊕
∆m(A))ℓ1(2−m).

• The operators Pn, Q+
n , Q−

n , Q+
n +Q−

n have norm 1 on (
⊕
∆m(A))ℓ1 ,

(
⊕
∆m(A))ℓ1(2−m) and (

⊕
∆m(A))E .

• The following equalities hold:
‖Q+

n ‖(
⊕

∆m(A))ℓ1
→(

⊕
∆m(A))

ℓ1(2−m)
= ‖Q−

n ‖(
⊕

∆m(A))
ℓ1(2−m)→(

⊕
∆m(A))ℓ1

= 2−(n+1),

‖Pn‖(
⊕

∆m(A))ℓ1
→(

⊕
∆m(A))

ℓ1(2−m)
= ‖Pn‖(

⊕
∆m(A))

ℓ1(2−m)→(
⊕

∆m(A))ℓ1

= 2n.In a similar way, we de�ne the operators Rn, S+
n , S−

n on the Bana
h
ouple ((
⊕
Σm(B))ℓ∞ , (

⊕
Σm(B))ℓ∞(2−m)).We re
all that if T : X → Y is an operator, then the nth entropy number

εn(T ) := εn(T : X → Y ), n ∈ N, is de�ned by
εn(T ) = inf

{
ε > 0 : T (BX) ⊂

n⋃

i=1

BY (yi, ε), yi ∈ Y
}
,where for a given Bana
h spa
e Z and ε > 0, we set BZ(x, ε) := {y ∈ Z :

‖x− y‖Z ≤ ε} and BZ = BZ(0, 1).We refer to [4℄ for the fundamental properties of the entropy numbers.The following fa
ts are needed in what follows:
• εn(T ) > 0 for any 0 6= T ∈ L(X,Y ),
• ‖T‖ = ε1(T ) ≥ ε2(T ) ≥ · · · ≥ 0 for any T ∈ L(X,Y ),
• εkn(T1 + T2) ≤ εk(T1) + εn(T2) for any T1, T2 ∈ L(X,Y ),
• εkn(RS) ≤ εk(R)εn(S) for any S ∈ L(X,Y ), R ∈ L(Y, Z),
• εn(TQ)=εn(T ) for T ∈L(X,Y ) and any metri
 surje
tion Q : X̃→X,
• εn(T ) ≤ 2εn(JT ) for T ∈ L(X,Y ) and any metri
 inje
tion J : Y → Ỹ ,where X,Y, Z, X̃, Ỹ are arbitrary Bana
h spa
es and n, k ∈ N.3. Main results. In this se
tion, we prove our main results on estimatesof the measure of non-
ompa
tness for spe
ial operators de�ned on Bana
hspa
es and operators between Bana
h 
ouples. We re
all that the measure



164 R. Szwedekof non-
ompa
tness β(T ) := β(T : X → Y ) is de�ned for any boundedoperator T between Bana
h spa
es by
β(T ) := lim

n→∞
εn(T ).In what follows, without further 
omment, we will use C to denote posi-tive 
onstants (C may depend on obje
ts that are regarded as �xed).Theorem 3.1. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouplesand let T : A → B be a bounded operator. Assume that E is a parameter ofthe real method su
h that the Calderón operator Ω is bounded on E. Assumethat

lim
s→0+

ψE(s, 1) = lim
t→0+

ψE(1, t) = 0.Then there exists a 
onstant C = C(E) > 0 su
h that for any ε > 0 and
k0, k1 ∈ N, there exists N ∈ N su
h that for all n > N ,

β((S+
n + S−

n )jTπ(Q+
n +Q−

n ) : (
⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ CψE(εk0(T : A0 → B0) + ε, εk1(T : A1 → B1) + ε).Proof. Sin
e for any n ∈ N, we have
(S+

n + S−
n )jTπ(Q+

n +Q−
n )

= S+
n jTπQ

+
n + S+

n jTπQ
−
n + S−

n jTπQ
+
n + S−

n jTπQ
−
n ,it su�
es to estimate the measure of non-
ompa
tness for ea
h term.First, note that for all n ∈ N,

‖S+
n jTπQ

−
n ‖(

⊕
∆m(A))ℓ1

→(
⊕

Σm(B))ℓ∞
≤ ‖T‖A0→B0 ,

‖S−
n jTπQ

+
n ‖(

⊕
∆m(A))

ℓ1(2−m)→(
⊕

Σm(B))
ℓ∞(2−m)

≤ ‖T‖A1→B1 .Using the fa
torizations
(
⊕
∆m(A))ℓ1(2−m)

S+
n jTπQ−

n
−−−−−−→ (

⊕
Σm(B))ℓ∞(2−m)

Q−

n

y
xS+

n

(
⊕
∆m(A))ℓ1

jTπ
−−−−→ (

⊕
Σm(B))ℓ∞and

(
⊕
∆m(A))ℓ1

S−

n jTπQ+
n

−−−−−−→ (
⊕
Σm(B))ℓ∞

Q+
n

y
xS−

n

(
⊕
∆m(A))ℓ1(2−m)

jTπ
−−−−→ (

⊕
Σm(B))ℓ∞(2−m)
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ompa
tness of operators 165we obtain
‖S+

n jTπQ
−
n ‖(

⊕
∆m(A))

ℓ1(2−m)→(
⊕

Σm(B))
ℓ∞(2−m)

≤ 2−2(n+1)‖T‖A0→B0 ,

‖S−
n jTπQ

+
n ‖(

⊕
∆m(A))ℓ1

→(
⊕

Σm(B))ℓ∞
≤ 2−2(n+1)‖T‖A1→B1 .Combining the above estimates with Corollary 2.5 and Lemma 2.3, we �ndthat there exists a 
onstant D = D(E) su
h that the measures of non-
ompa
tness of the operators S+

n jTπQ
−
n : (

⊕
∆m(A))E → (

⊕
Σm(B))E and

S−
n jTπQ

+
n : (

⊕
∆m(A))E → (

⊕
Σm(B))E satisfy the following estimates:

β(S+
n jTπQ

−
n ) ≤ ‖S+

n jTπQ
−
n ‖ ≤ DψE(‖T‖A0→B0 , 2

−2(n+1)‖T‖A0→B0)

≤ D‖T‖A0→B0ψE(1, 2−2(n+1)),and
β(S−

n jTπQ
+
n ) ≤ DψE(2−2(n+1)‖T‖A1→B1 , ‖T‖A1→B1)

≤ D‖T‖A1→B1ψE(2−2(n+1), 1).Now �x ε > 0 and k0, k1 ∈ N, and put εki
(T ) = εki

(T : Ai → Bi) for i = 0, 1.Note that there exists NE ∈ N su
h that
β(S+

n jTπQ
−
n + S−

n jTπQ
+
n ) ≤ DψE(εk0(T ) + ε, εk1(T ) + ε)for all n > NE .In order to estimate the measures of non-
ompa
tness of the remainingtwo operators S+

n jTπQ
+
n and S−

n jTπQ
−
n , we �rst observe that the operators

jTπQ+
n : (

⊕
∆m(A))ℓ1 → (

⊕
Σm(B))ℓ∞ ,

jTπQ−
n : (

⊕
∆m(A))ℓ1(2−m) → (

⊕
Σm(B))ℓ∞(2−m)are bounded and the sequen
es {‖jTπQ+

n ‖}
∞
n=1, {‖jTπQ−

n ‖}
∞
n=1 of theirnorms are non-in
reasing. Let

λ0 = lim
n→∞

‖jTπQ+
n ‖, λ1 = lim

n→∞
‖jTπQ−

n ‖,and let {u0
m}∈B(

⊕
∆m(A))ℓ1

and {u1
m}∈B(

⊕
∆m(A))

ℓ1(2−m)
be sequen
es su
hthat

λ0 = lim
n→∞

‖jTπQ+
n u

0
n‖(

⊕
Σm(B))ℓ∞

,

λ1 = lim
n→∞

‖jTπQ−
n u

1
n‖(

⊕
Σm(B))

ℓ∞(2−m)
.The properties of entropy numbers yield

εk0(jTπ : (
⊕
∆m(A))ℓ1 → (

⊕
Σm(B))ℓ∞)

≤ εk0(Tπ : (
⊕
∆m(A))ℓ1 → B0) ≤ εk0(T ),

εk1(jTπ : (
⊕
∆m(A))ℓ1(2−m) → (

⊕
Σm(B))ℓ∞(2−m))

≤ εk1(Tπ : (
⊕
∆m(A))ℓ1(2−m) → B1) ≤ εk1(T ).



166 R. SzwedekFrom the de�nition of entropy numbers there exist sets {b01, . . . , b
0
k0
} ⊂ B0and {b11, . . . , b

1
k1
} ⊂ B1 su
h that
Tπ(B(

⊕
∆m(A))ℓ1

) ⊂

k0⋃

j=1

BB0(b
0
j , εk0(T ) + ε/2),

Tπ(B(
⊕

∆m(A))
ℓ1(2−m)

) ⊂

k1⋃

j=1

BB1(b
1
j , εk1(T ) + ε/2).

Thus, for some biji
, 1 ≤ ji ≤ ki, and for some subsequen
es {ni

k}
∞
k=1 with

i = 0, 1, we obtain
TπQ+

n0
k

u0
n0

k
∈ BB0(b

0
j0 , εk0(T ) + ε/2),

TπQ−
n1

k

u1
n1

k
∈ BB1(b

1
j1 , εk1(T ) + ε/2).This implies

K(2m, b0j0 ;B) ≤ ‖b0j0 − TπQ+
n0

k

u0
n0

k
‖B0 + 2m‖TπQ+

n0
k

u0
n0

k
‖B1

≤ (εk0(T ) + ε/2) + 2m‖T‖A1→B12
−(n0

k
+1)‖u0

n0
k
‖(

⊕
∆m(A))ℓ1

≤ (εk0(T ) + ε/2) + 2m−n0
k‖T‖A1→B1 ,

K(2m, b1j1 ;B) ≤ ‖TπQ−
n1

k

u1
n1

k
‖B0 + 2m‖b1j1 − TπQ−

n1
k

u1
n1

k
‖B1

≤ ‖T‖A0→B02
−(n1

k
+1)‖u1

n1
k

‖(
⊕

∆m(A))
ℓ1(2−m)

+ 2m(εk1(T ) + ε/2)

≤ 2−n1
k‖T‖A0→B0 + 2m(εk1(T ) + ε/2),and hen
e

‖jb0j0‖(
⊕

Σm(B))ℓ∞
= sup

m∈Z

K(2m, b0j0 ;B) ≤ εk0(T ) + ε/2,

‖jb1j1‖(
⊕

Σm(B))
ℓ∞(2−m)

= sup
m∈Z

2−mK(2m, b1j1 ;B) ≤ εk1(T ) + ε/2.Consequently,
λ0 = lim

k→∞
‖jTπQ+

n0
k

u0
n0

k

‖(
⊕

Σm(B))ℓ∞

≤ sup
k∈N

(‖jTπQ+
n0

k

u0
n0

k
− jb0j0‖(

⊕
Σm(B))ℓ∞

+ ‖jb0j0‖(
⊕

Σm(B))ℓ∞
)

≤ 2(εk0(T ) + ε/2)and
λ1 = lim

k→∞
‖jTπQ−

n1
k

u1
n1

k
‖(

⊕
Σm(B))

ℓ∞(2−m)

≤ sup
k∈N

(‖jTπQ−
n1

k

u1
n1

k

− jb1j1‖(
⊕

Σm(B))
ℓ∞(2−m)

+ ‖jb1j1‖(
⊕

Σm(B))
ℓ∞(2−m)

)

≤ 2(εk1(T ) + ε/2).
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e, there is Na ∈ N su
h that for n > Na,
‖S+

n jTπQ
+
n ‖(

⊕
∆m(A))ℓ1

→(
⊕

Σm(B))ℓ∞
≤ 2(εk0(T ) + ε),

‖S−
n jTπQ

−
n ‖(

⊕
∆m(A))

ℓ1(2−m)→(
⊕

Σm(B))
ℓ∞(2−m)

≤ 2(εk1(T ) + ε).With previously 
hosen ε > 0, there exist sets {u0
1, . . . , u

0
k0
} ⊂ B(

⊕
∆m(A))ℓ1and {u1

1, . . . , u
1
k1
} ⊂ B(

⊕
∆m(A))

ℓ1(2−m)
su
h that

jTπ(B(
⊕

∆m(A))ℓ1
) ⊂

k0⋃

j=1

B(
⊕

Σm(B))ℓ∞
(jTπu0

j , 2εk0(T ) + ε/3),

jTπ(B(
⊕

∆m(A))
ℓ1(2−m)

) ⊂

k1⋃

j=1

B(
⊕

Σm(B))
ℓ∞(2−m)

(jTπu1
j , 2εk1(T ) + ε/3).

Set δi = ε/(‖T‖Ai→Bi
+ ε) for i = 0, 1. There exists Nε ∈ N su
h that
max

1≤k≤k0

‖PNε
u0

k − u0
k‖(

⊕
∆m(A))ℓ1

≤ δ0/3,

max
1≤k≤k1

‖PNε
u1

k − u1
k‖(

⊕
∆m(A))

ℓ1(2−m)
≤ δ1/3.This implies

max
1≤k≤k0

‖jTπPNε
u0

k − jTπu0
k‖(

⊕
Σm(B))ℓ∞

≤ ε/3,

max
1≤k≤k1

‖jTπPNε
u1

k − jTπu1
k‖(

⊕
Σm(B))

ℓ∞(2−m)
≤ ε/3.Thus for any u0 ∈ B(

⊕
∆m(A))ℓ1

and any u1 ∈ B(
⊕

∆m(A))
ℓ1(2−m)

min
1≤k≤k0

{‖jTπu0 − jTπPNε
u0

k‖(
⊕

Σm(B))ℓ∞
} ≤ 2εk0(T ) + 2ε/3,

min
1≤k≤k1

{‖jTπu1 − jTπPNε
u1

k‖(
⊕

Σm(B))
ℓ∞(2−m)

} ≤ 2εk1(T ) + 2ε/3.The diagrams
(
⊕
∆m(A))ℓ1

S−

n jTπPNε−−−−−−−→ (
⊕
Σm(B))ℓ∞

PNε

y
xS−

n

(
⊕
∆m(A))ℓ1(2−m)

jTπ
−−−−→ (

⊕
Σm(B))ℓ∞(2−m)and

(
⊕
∆m(A))ℓ1(2−m)

S+
n jTπPNε−−−−−−−→ (

⊕
Σm(B))ℓ∞(2−m)

PNε

y
xS+

n

(
⊕
∆m(A))ℓ1

jTπ
−−−−→ (

⊕
Σm(B))ℓ∞



168 R. Szwedekimply that there exists Nb ∈ N su
h that for n > Nb,
max

1≤k≤k0

{‖S−
n jTπPNε

u0
k‖(

⊕
Σm(B))ℓ∞

} ≤ ε/3,

max
1≤k≤k1

{‖S+
n jTπPNε

u1
k‖(

⊕
Σm(B))

ℓ∞(2−m)
} ≤ ε/3.Thus for some 1 ≤ j0 ≤ k0 and 1 ≤ j1 ≤ k1, we obtain

‖S−
n jTπu

0‖(
⊕

Σm(B))ℓ∞
≤ ‖S−

n jTπu
0 − S−

n jTπPNε
u0

j0‖(
⊕

Σm(B))ℓ∞

+ ‖S−
n jTπPNε

u0
j0‖(

⊕
Σm(B))ℓ∞

≤ 2εk0(T ) + εand
‖S+

n jTπu
1‖(

⊕
Σm(B))

ℓ∞(2−m)
≤ ‖S+

n jTπu
1 −S+

n jTπPNε
u1

j1‖(
⊕

Σm(B))
ℓ∞(2−m)

+ ‖S+
n jTπPNε

u1
j1‖(

⊕
Σm(B))

ℓ∞(2−m)

≤ 2εk1(T ) + ε.This implies
‖S−

n jTπQ
−
n ‖(

⊕
∆m(A))ℓ1

→(
⊕

Σm(B))ℓ∞
≤ 2εk0(T ) + ε,

‖S+
n jTπQ

+
n ‖(

⊕
∆m(A))

ℓ1(2−m)→(
⊕

Σm(B))
ℓ∞(2−m)

≤ 2εk1(T ) + ε.Consequently, we obtain
β(S+

n jTπQ
+
n : (

⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ DψE(2εk0(T ) + 2ε, 2εk1(T ) + 2ε) ≤ 2DψE(εk0(T ) + ε, εk1(T ) + ε),

β(S−
n jTπQ

−
n : (

⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ 2DψE(εk0(T ) + ε, εk1(T ) + ε).Finally, the 
ombination of the estimates obtained yields the requiredestimate
β((S+

n + S−
n )jTπ(Q+

n +Q−
n ) : (

⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ CψE(εk0(T ) + ε, εk1(T ) + ε)for all n > N = max{Na, Nε, Nb, NE}, where C = C(E) > 0.Theorem 3.2. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouples.Let T : A → B be a bounded operator and E be a J-non-trivial Z-latti
e.Then for any ε > 0 and n, k0, k1 ∈ N,
β(TπPn)(

⊕
∆m(A))E→BE;J

≤ 4ψE(εk0(T : A0 → B0) + ε, εk1(T : A1 → B1) + ε).Proof. The spa
e E|[−n,n] is �nite-dimensional and E|[−n,n]
C
→֒ ℓ

(2n+1)
∞ ,where C = C(n) > 0. Given any η > 0, by the 
ompa
tness argument thereis a �nite set {µ1, . . . , µs} ⊂ BE|[−n,n]

su
h that for any λ ∈ BE|[−n,n]
,
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min

1≤r≤s
{‖λ− µr‖E|[−n,n]

} < η/C.Take ε > 0 and k0, k1 ∈ N. Let 2li−1 ≤ εki
(T : Ai → Bi)+ε < 2li for i = 0, 1and let ν = l1 − l0. For any {um}m∈Z ∈ B(

⊕
∆m(A))E

, we have
‖{J(2−n, u−n), . . . , J(2n, un)}‖E|[−n,n]

= ‖Pn{um}‖(
⊕

∆m(A))E

≤ ‖{um}‖(
⊕

∆m(A))E
≤ 1.Thus there exists a positive integer r ≤ s su
h that

max
i=0,1

{2im‖um‖Ai
} = J(2m, um) < µr

m + ηform= −n, . . . , n, where µr = {µr
m}. From the de�nition of εki

(T : Ai → Bi),there exist �nite sets {bi1, . . . , biki
} ⊂ Bi, i= 0, 1, su
h that form= −n, . . . , n,

min
1≤j≤ki

{‖Tum − (µr
m + η)bij‖Bi

} ≤ 2−im(µr
m + η)2li = ηi

r,m.For m ∈ {−n, . . . , n} and positive integers j0 ≤ k0, j1 ≤ k1 and r ≤ s 
hooseelements dp
m with p = p(r, j0, j1) depending on r, j0, j1, where
dp

m ∈ BB0((µ
r
m + η)b0j0 , η

0
r,m) ∩BB1((µ

r
m + η)b1j1 , η

1
r,m),provided that the interse
tion is not empty. All elements dp

m are in B0 ∩B1,and their number may 
hange with m (let us say it is w = w(m)), but itis �nite. Given any um ∈ B(
⊕

∆m(A))E
, we 
an �nd a sequen
e {dpm

m }n
m=−n,where pm ∈ [1, w(m)], su
h that for m ∈ {−n, . . . , n},

J(2m−ν , Tum − dpm
m ) = max

i=0,1
{2i(m−ν)‖Tum − dpm

m ‖Bi
}

= max
i=0,1

{2i(m−ν)‖Tum − (µr
m + η)biji

+ (µr
m + η)biji

− dpm
m ‖Bi

}

≤ max
i=0,1

{2η0
r,m, 2

m−ν2η1
r,m} = 2η0

r,m.Let DJ be the 
olle
tion of all sums ∑n
m=−n d

pm
m . Noti
e that DJ is a�nite subset of BE;J and for any {um} ∈ B(

⊕
∆m(A))E

there exists one∑n
m=−n d

pm
m ∈ DJ su
h that

∥∥∥TπPn{um} −
n∑

m=−n

dpm
m

∥∥∥
BE;J

=
∥∥∥

n∑

m=−n

(Tum − dpm
m )

∥∥∥
BE;J

≤ ‖{J(2m, Tum+ν − d
pm+ν

m+ν )}‖E|[−n−ν,n−ν]

≤ 21+l0‖{µr
m+ν + η}‖E|[−n−ν,n−ν]

≤ 21+l0‖τν‖E→E‖{µ
r
m + η}‖E|[−n,n]

≤ 22+l0−1
(
1 + η

∥∥∥
n∑

m=−n

em

∥∥∥
E

)
‖τl1−1−l0+1‖E→E .Sin
e ε > 0 and η 
an be arbitrarily small the required estimate follows.



170 R. SzwedekTheorem 3.3. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouples.Let T : A → B be a bounded operator and E be a K-non-trivial Z-latti
e.Then for any ε > 0 and n, k0, k1 ∈ N,
β(RnjT : AE;K → (

⊕
Σm(B))E)

≤ 4ψE(εk0(T : A0 → B0) + ε, εk1(T : A1 → B1) + ε).Proof. Fix ε > 0 and k0, k1 ∈ N. Suppose that 2li−1 ≤ εki
(T : Ai → Bi)+

ε < 2li for i = 0, 1 and let ν = l1 − l0. There exists a 
onstant C = C(n) > 0su
h that E|[−n+ν,n+ν]
C
→֒ ℓ2n+1

∞ . Given any η > 0, there exists a �nite set
{µ1, . . . , µs} ⊂ BE|[−n+ν,n+ν]

su
h that for any λ ∈ BE|[−n+ν,n+ν]
,

min
1≤r≤s

{‖λ− µr‖E|[−n+ν,n+ν]
} < η/C.For any a ∈ BAE;K

, we have
‖{K(2−n+ν , a), . . . ,K(2n+ν , a)}‖E|[−n+ν,n+ν]

≤ ‖{K(2m, a)}‖E = ‖a‖AE;K
≤ 1.Thus there is µr = {µr

m}, where r ≤ s, su
h that
K(2m+ν , a) < µr

m+ν + η for any m ∈ {−n, . . . , n}.From the de�nition of the K-fun
tional, there exist de
ompositions
a = a0

m + a1
m, where a0

m ∈ A0, a
1
m ∈ A1,whi
h yields

‖a0
m‖A0 + 2m+ν‖a1

m‖A1 ≤ µr
m+ν + ηfor m = −n, . . . , n. By de�nition of εki

(T : Ai → Bi), there exist �nite sets
{bi1, . . . , b

i
ki
} ⊂ Bi, i = 0, 1, su
h that

min
1≤j≤ki

{‖Tai
m − (µr

m+ν + η)bij‖Bi
} ≤ 2−i(m+ν)(µr

m+ν + η)2li = ηi
r,m.Denote by DK the 
olle
tion of all ve
tor-valued sequen
es {dpm

m } de�ned by
dpm

m =





(µr
m+ν + η)(b0j0

m
+ b1j1

m
), 1 ≤ r ≤ s, 1 ≤ j0m ≤ k0, 1 ≤ j1m ≤ k1for m ∈ {−n, . . . , n},

0, otherwise,where pm = pm(r, j0m, j
1
m) depends on r, j0m and j1m. Noti
e that DK is a�nite subset of (

⊕
Σm(B))E . For any a ∈ BAE;K

, we 
an 
hoose a sequen
e
{dpm

m } ∈ DK with
‖Tai

m − (µr
m+ν + η)biji

m
‖Bi

≤ ηi
r,m for i = 0, 1.Thus
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K(2m, Ta− (µr

m+ν + η)(b0j0
m

+ b1j1
m

))

= K(2m, Ta0
m − (µr

m+ν + η)b0j0
m

+ Ta1
m − (µr

m+ν + η)b1j1
m

))

≤ η0
r,m + 2mη1

r,m = 2η0
r,m.Consequently,

‖RnjTa−{dpm
m }‖(

⊕
Σm(B))E

= ‖{K(2m, Ta−(µr
m+ν +η)(b0j0

m
+b1j1

m
)}‖E|[−n,n]

≤ 21+l0‖{µr
m+ν + η}‖E|[−n,n]

≤ 21+l0‖τν‖E→E‖{µ
r
m + η}‖E|[−n+ν,n+ν]

≤ 22+l0−1
(
1 + η

∥∥∥
n+ν∑

m=−n+ν

em

∥∥∥
E

)
‖τl1−1−l0+1‖E→E .Sin
e η is arbitrary, the estimate follows.Theorem 3.4. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouples.Let T : A → B be a bounded operator and E be a parameter of the realmethod su
h that the Calderón transform Ω is a bounded operator on E.Assume that lims→0+ ψE(s, 1) = limt→0+ ψE(1, t) = 0. Then there exists a
onstant C = C(E) > 0 su
h that for any ε > 0 and k0, k1 ∈ N,

β(T : AE → BE) ≤ CψE(εk0(T : A0 → B0) + ε, εk1(T : A1 → B1) + ε).Proof. From the properties of the operators π and j we have
β(T : AE;J → BE;K) = β(Tπ : (

⊕
∆m(A))E → BE;K)

≤ 2β(jTπ : (
⊕
∆m(A))E → (

⊕
Σm(B))E).We de
ompose the operator jTπ as

jTπ = (Rn + S+
n + S−

n )jTπ

= RnjTπ + (S+
n + S−

n )jTπ(Pn +Q+
n +Q−

n )

= RnjTπ + (S+
n + S−

n )jTπPn + (S+
n + S−

n )jTπ(Q+
n +Q−

n )where n ∈ N. Combining the results of Theorems 3.1 (with 
onstant D), 3.2and 3.3, we dedu
e that there exists N ∈ N su
h that for n > N ,
β(jTπ : (

⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ ‖Ω‖E→Eβ(RnjT : AE;K → (
⊕
Σm(B))E)

+ ‖Ω‖E→Eβ(TπPn : (
⊕
∆m(A))E → BE;J )

+ β((S+
n + S−

n )jTπ(Q+
n +Q−

n ) : (
⊕
∆m(A))E → (

⊕
Σm(B))E)

≤ (D + 8‖Ω‖E→E)ψE(εk1(T : A0 → B0) + ε, εk1(T : A1 → B1) + ε),whi
h yields the result with a 
onstant C = C(E) > 0.



172 R. SzwedekWe �nish with some appli
ations of the results obtained. The followingis essentially a 
orollary of the properties of the measure of non-
ompa
tnessand the results obtained above.Corollary 3.5. Under the assumptions of Theorem 3.4,
β(T : AE → BE) ≤ CψE(β(T : A0 → B0), β(T : A1 → B1)).In parti
ular , if T : A0 → B0 or T : A1 → B1 is 
ompa
t then T : AE → BEis also 
ompa
t.The 
ompa
tness statement in Corollary 3.5 has been proved in [5,Thm. 5.4℄ via a dire
t proof without estimates of the measure of non-
om-pa
tness.Corollary 3.6. Let A = (A0, A1) and B = (B0, B1) be Bana
h 
ouplesand let T : A → B be an operator. If ̺ is a fun
tion parameter , then thereexists a 
onstant C > 0 su
h that whenever β(T : A0 → B0) > 0, we have
β(T : A̺,q → B̺,q) ≤ Cβ(T : A0 → B0)s̺

(
β(T : A1 → B1)

β(T : A0 → B0)

)
.Proof. It is easy to see that ‖τn‖E→E ≤ s̺(2

n) for n ∈ Z, thus Corol-lary 3.5 applies.Remark 3.7. After the 
ompletion of this paper we were kindly in-formed by Fernando Cobos that the above estimate for the measure of non-
ompa
tness for interpolation spa
es generated by a fun
tion parameter wasproved independently by J. M. Cordeiro [8℄.Remark 3.8. We note that if ̺(t) = tθ with θ ∈ (0, 1), then we re-
over the logarithmi
 type estimate for 
lassi
al real interpolation spa
es
(A0, A1)θ,q proved in [6℄:

β(T : Aθ,q → Bθ,q) ≤ Cβ(T : A0 → B0)
1−θβ(T : A1 → B1)

θfor some C > 0.Remark 3.9. Let A be any Bana
h spa
e and T be any bounded oper-ator on A. It is well known (see, e.g., [4℄) that the essential spe
tral radiusof T 
an be expressed in terms of the measure of non-
ompa
tness:
ress(T ) = ress(T : A→ A) = lim

n→∞
β(Tn : A→ A)1/n.The inequality

β(T kn : A→ A) ≤ β(T k : A→ A)n for k, n ∈ Nallows us to write
lim

n→∞
β(Tn : A→ A)1/n = inf

1≤n<∞
β(Tn : A→ A)1/n ≤ β(T : A→ A).
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on
lude the paper with the following result whi
h extends previousresults by Edmunds and Teixeira [15℄, Albre
ht [1℄ and Cobos, Fernández-Martínez and Martínez [6℄.Corollary 3.10. Let A = (A0, A1) be a Bana
h 
ouple of 
omplexspa
es. Assume that T : A→ A is a bounded operator and E is a parameterof the real method su
h that the Calderón transform Ω is a bounded operatoron E and
lim

s→0+
ψE(s, 1) = lim

t→0+
ψE(1, t) = 0.Then

ress(T : AE → AE) ≤ CψE(ress(T : A0 → A0), ress(T : A1 → A1)),with C = C(E) > 0.Proof. Applying Corollary 3.5, we obtain
β(Tn : AE → AE) ≤ CψE(β(Tn : A0 → A0), β(Tn : A1 → A1))

= CψE((β(Tn : A0 → A0)
1/n)n, (β(Tn : A1 → A1)

1/n)n)

≤ CCn−1
1 ψE(β(Tn : A0 → A0)

1/n, β(Tn : A1 → A1)
1/n)nfor any n ∈ N. Therefore

β(Tn : AE → AE)1/n

≤ C1/nC
1−1/n
1 ψE(β(Tn : A0 → A0)

1/n, β(Tn : A1 → A1)
1/n),whi
h yields the result.A
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