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Some remarks on Toeplitz multipliers and Hankel matri
esby
Aleksander Pełczyński (Warszawa) and
Fyodor Sukochev (Bedford Park)Abstra
t. Consider the set of all Toeplitz�S
hur multipliers sending every uppertriangular matrix from the tra
e 
lass into a matrix with absolutely summable entries.We show that this set admits a des
ription 
ompletely analogous to that of the set of allFourier multipliers from H1 into ℓ1. We 
hara
terize the set of all S
hur multipliers sendingmatri
es representing bounded operators on ℓ2 into matri
es with absolutely summableentries. Next, we present a result (due to G. Pisier) that the upper triangular parts ofsu
h S
hur multipliers are pre
isely the S
hur multipliers sending upper triangular partsof matri
es representing bounded linear operators on ℓ2 into matri
es with absolutelysummable entries. Finally, we 
omplement solutions of Mazur's Problems 8 and 88 in theS
ottish Book 
on
erning Hankel matri
es.Introdu
tion. In the present paper, we 
onsider a few loosely 
onne
tedquestions 
on
erning Toeplitz and Hankel matri
es and a des
ription of 
er-tain S
hur multipliers a
ting on matrix representations of S
hatten�von Neu-mann 
lasses and their upper triangular subspa
es. A S
hur multiplier is as
alar matrix whi
h a
ts by entrywise multipli
ation on some distinguishedspa
e of matri
es. We are mainly interested in S
hur multipliers with range
onsisting of matri
es with absolutely summable entries. We show that (
f.Theorem 3.4) des
riptions of 
ertain 
lasses of S
hur multipliers, in parti
-ular, those indu
ed by Toeplitz matri
es are similar to the 
orrespondingdes
riptions of Fourier multipliers. In Se
tion 3, we show that S
hur mul-tipliers indu
ed by Toeplitz matri
es whi
h map the upper triangular tra
e
lass S1 into absolutely summable matri
es are determined by the same 
lassof s
alar sequen
es as the Fourier multipliers from the Hardy spa
e H1 into ℓ1des
ribed by Ch. Fe�erman ([SlSt℄, [SzW℄). Fe�erman's des
ription plays animportant role in our argument. The paradigm for Theorem 3.4 is the resultof A. Shields [Sh℄ who proved the result in the 
ase of the upper triangularpart of the Hilbert matrix.2000 Mathemati
s Subje
t Classi�
ation: 47B35, 47B49, 15A60, 47B10.Key words and phrases: upper triangular matri
es, Toeplitz matri
es, Hankel matri
es,S
hur and Toeplitz�S
hur multipliers, tra
e 
lasses.Resear
h is partially supported by the ARC.[175℄
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hevSe
tions 4 and 5 deal with S
hur multipliers from B(ℓ2) and from theupper triangular part of B(ℓ2) respe
tively. Theorem 4.1 says that the spa
eof S
hur multipliers whi
h map B(ℓ2) into absolutely summable matri
es isdual to the spa
e of matri
es whi
h, when multiplied by a suitable matrixof signs, represent a bounded linear operator on ℓ2. Our result is a rela-tively easy 
onsequen
e of a deep result of Lust-Piquard [Lu℄ whi
h is anon-
ommutative analogue of the result of [KKL℄ on Fourier 
oe�
ients of
ontinuous fun
tions. Theorem 5.1 (due to Pisier) says that the upper trian-gular subspa
e of the spa
e of multipliers des
ribed in Theorem 4.1 
onsistsof all S
hur multipliers from the upper triangular subspa
e of B(ℓ2) intothe spa
e of absolutely summable matri
es. The proof is based on Pisier'stheory of C∗-summing operators and on one of his interpolation theorems.Theorems 4.2 and 5.1 are in full analogy with the 
lassi
al des
riptions ofFourier multipliers from the spa
e of 
ontinuous fun
tions and from the dis
algebra to ℓ1.Se
tion 6 deals with Hankel matri
es. We present sharp quantitative an-swers to Mazur's Problems 8 and 88 from the S
ottish Book. The problemshave been solved independently by Eggermont and Leung, and by Kwapie«and the �rst named author [EL℄, [KwP℄.A
knowledgements. The authors are grateful to Professor Gilles Pisierfor his permission to publish Theorem 5.1 in this paper. We are indebtedto Professor Françoise Lust-Piquard who read earlier versions of the paperand suggested many improvements. Also we would like to thank ProfessorStanisªaw Kwapie« who allowed us to use an idea from the unpublishedle
ture [KwP℄.1. Preliminaries and notation. M stands for the spa
e of all 
om-plex-valued matri
es a = (a(j, k))(j,k)∈Z+×Z+
, where Z+ = N ∪ {0} denotesthe non-negative integers. M0 stands for the spa
e of all matri
es a ∈ Mwith �nite support, where supp a = {(j, k) : a(j, k) 6= 0}. We 
onsider the(quasi) Bana
h spa
es of matri
es

Mp = {a ∈ M : ‖a‖Mp <∞},where
‖a‖Mp = ‖a‖ℓp(Z+×Z+) =

{
(
∑

(j,k)∈Z+×Z+
|a(j, k)|p)1/p for 0 < p <∞,

sup(j,k)∈Z+×Z+
|a(j, k)| for p = ∞.

B(ℓ2) denotes the algebra of all bounded operators on ℓ2 = ℓ2(Z+), withthe usual multipli
ation of matri
es c = ab, where
c(j, k) =

∑

s∈Z+

a(j, s)b(s, k) for j, k ∈ Z+.Hen
e
B(ℓ2) = {a ∈ M : ‖a‖B(ℓ2) <∞},
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es 177where
‖a‖B(ℓ2) = ‖a : ℓ2 → ℓ2‖ = sup∑

k |ξk|2=1

( ∑

j∈Z+

∣∣∣
∑

k∈Z+

a(j, k)ξk

∣∣∣
2)1/2

;

K(ℓ2) denotes the subspa
e of B(ℓ2) of all 
ompa
t operators, hen
e
K(ℓ2) = {a ∈ B(ℓ2) : lim

j,k→∞
a(j, k) = 0}.We set

Sp = {a ∈ M : ‖a‖p <∞} for 0 < p <∞,where ‖a‖p = (Tr(|a∗a|p/2))1/p, a∗ is the adjoint of a, i.e. a∗(j, k) = a(k, j)for j, k ∈ Z+. By |a| = (a∗a)1/2 we denote the modulus of a, and Tr standsfor the usual tra
e, i.e. Tr(a) =
∑

j∈Z+
a(j, j).The spa
es Sp are 
alled the S
hatten 
lasses; S1 
an be identi�ed withthe nu
lear operators on ℓ2, and S2 with the Hilbert�S
hmidt operators.Besides |a| and a∗, we also 
onsider the matrix of absolute values a♮ andthe transposed matrix ta de�ned by

a♮(j, k) = |a(j, k)|, ta(j, k) = a(k, j) ((j, k) ∈ Z+ × Z+).We write ε♮ ≡ 1 whenever ε∈M satis�es |ε(j, k)|= 1 for all (j, k)∈Z+×Z+.An element a ∈ M is upper triangular (resp. lower triangular), in sym-bols a ∈ UT (resp. a ∈ LT ), provided that a(j, k) = 0 for j > k (resp.
a(j, k) = 0 for j < k). If X is a spa
e of matri
es then we put

UT X := {a ∈ X : a ∈ UT }, LT X := {a ∈ X : a ∈ LT }.A matrix b ∈ M is an extension of an a ∈ UT (resp. a ∈ LT ) provided that
a(j, k) = b(j, k) for j ≤ k (resp. a(j, k) = b(j, k) for j ≥ k).A matrix whi
h is 
onstant on all the diagonals parallel to the maindiagonal is 
alled a Toeplitz matrix , i.e. a ∈ M is Toeplitz if and only ifthere exists a sequen
e (ms)s∈Z su
h that a(j, k) = mk−j for j, k ∈ Z+. If
a ∈ UT is Toeplitz then it is determined by the sequen
e (ms)s∈Z+ .The S
hur produ
t of a, b ∈ M is the matrix a ⋄ b de�ned by

a ⋄ b(j, k) = a(j, k)b(j, k) for j, k ∈ Z+.The S
hur multiplier indu
ed by an a ∈ M is the operator Sa : M → Mde�ned by Sa(b) = a ⋄ b. A Toeplitz multiplier is a S
hur multiplier indu
edby a Toeplitz matrix. If a is a Toeplitz matrix determined by a sequen
e mthen the indu
ed Toeplitz multiplier is usually denoted by Tm. Clearly S
hurmultipliers preserve the 
lass of upper triangular (resp. lower triangular)matri
es. If X and Y are spa
es of matri
es then the spa
e of all S
hurmultipliers X into Y is denoted by S(X,Y ).
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hevThe tra
e duality is determined by the bilinear form
(a, b) 7→ Tr(ba) =

∑

j,k∈Z+

a(j, k)b(k, j)de�ned whenever the right hand side makes sense.2. S
hur multipliers from UT S1 into M1. In Proposition 2.1 below,we des
ribe the S
hur multipliers from S1 into M1. This is a folklore result,e.g. it is impli
itly stated without proof in [DLuQ℄.For a s
alar sequen
e x = (ξj)j∈Z+ we put x♮ = (|ξj|)j∈Z+. For x =
(ξj)j∈Z+ and y = (ηk)k∈Z+ de�ne the simple tensor x⊗y ∈ M by x⊗y(j, k) =
ξjηk for j, k ∈ Z+. We denote by 〈·, ·〉 the usual s
alar produ
t in ℓ2.Proposition 2.1. The S
hur multiplier Sb is a bounded linear operatorfrom S1 into M1 if and only if b♮ ∈ B(ℓ2). Moreover ‖Sb : S1 → M1‖
= ‖b♮‖B(ℓ2).Proof. Re
all that the extreme points of the unit ball of S1 are all thesimple tensors x⊗ y with ‖x‖ℓ2‖y‖ℓ2 = 1; moreover, 
onvex 
ombinations ofthe extreme points are norm dense in the unit ball of S1. Thus, we have

‖Sb : S1 → M1‖ = sup
‖x‖ℓ2

=‖y‖ℓ2
=1

‖Sb(x⊗ y)‖M1

= sup
‖x‖ℓ2

=‖y‖ℓ2
=1

‖b ⋄ x⊗ y‖M1

= sup
‖x‖ℓ2

=‖y‖ℓ2
=1

‖b♮ ⋄ x♮ ⊗ y♮‖M1

= sup
‖x‖ℓ2

=‖y‖ℓ2
=1
〈b♮(x♮), y♮〉 = ‖b♮‖B(ℓ2).The main result of this se
tion (Proposition 2.2), whi
h des
ribes theS
hur multipliers from UT S1 into M1, is an easy 
onsequen
e of the follow-ing �Arveson Criterion� (
f. [A℄, [Ov℄). For a ∈ LT and s ∈ Z+, de�ne

Qs(a) ∈ LT by
Qs(a)(j, k) =

{
a(j, k) for 0 ≤ k ≤ s, s ≤ j <∞,
0 otherwise.

Arveson Criterion. An element a ∈ LT admits an extension to anelement c ∈ B(ℓ2) if and only if(2.1) sup
s∈Z+

‖Qs(a)‖B(ℓ2) <∞.Moreover , if (2.1) holds, then there exists an extension c ∈ B(ℓ2) of a su
hthat
‖c‖B(ℓ2) = sup

s∈Z+

‖Qs(a)‖B(ℓ2).We are ready to state
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es 179Proposition 2.2. Let b ∈ UT . The S
hur multiplier Sb takes UT S1into M1 if and only if(2.2) sup
s∈Z+

‖Qs(
tb♮)‖B(ℓ2) <∞.Moreover if (2.2) holds then Sb is a bounded linear operator from UT S1 into

M1 and
‖Sb : UT S1 → M1‖ = sup

s∈Z+

‖Qs(
tb♮)‖B(ℓ2).Proof. Assume that Sb(UT S1) ⊆ M1. Sin
e the matri
es in UT S1 with�nitely many non-zero entries are dense in UT S1, a routine appli
ation ofthe Bana
h�Steinhaus prin
iple implies that Sb is a bounded linear operatorfrom UT S1 into M1. Let us put

a∗(x) =
∑

k∈Z+

k∑

j=0

b♮(j, k)x(j, k) for x = (x(j, k)) ∈ UT S1.Clearly
|a∗(x)| ≤

∑

k∈Z+

k∑

j=0

|b(j, k)x(j, k)| = ‖Sb(x)‖M1 ≤ ‖Sb : UT S1 → M1‖ ‖x‖1.Thus a∗ is a bounded linear fun
tional on UT S1 with ‖a∗‖ ≤ ‖Sb :
UT S1 → M1‖. Let ã∗ be the norm preserving extension of a∗ to a lin-ear fun
tional on S1. Then in the tra
e duality ã∗ is represented by a matrix
c ∈ B(ℓ2) su
h that ‖c‖B(ℓ2) ≤ ‖Sb : UT S1 → M1‖ and c(k, j) = b♮(j, k) for
0 ≤ j ≤ k, k ∈ Z+. Hen
e c is an extension of tb♮. By the Arveson Criterion,
sups∈Z+

‖Qs(
tb♮)‖B(ℓ2) ≤ ‖Sb : UT S1 → M1‖.Conversely, assume (2.2). Fix ε ∈ M with ε♮ ≡ 1. Note that(2.3) sup

s∈Z+

‖Qs(
t(ε ⋄ b))‖B(ℓ2) ≤ sup

s∈Z+

‖Q(tb♮)‖B(ℓ2)(be
ause for every a ∈ B(ℓ2) one has ‖ε ⋄ a‖B(ℓ2) ≤ ‖a♮‖B(ℓ2)). It followsfrom (2.2) and (2.3) 
ombined with the Arveson Criterion that there exists
cε whi
h extends t(ε ⋄ b) and satis�es ‖cε‖B(ℓ2) ≤ sups∈Z+

‖Qs(
tb♮)‖B(ℓ2).Thus

Tr(tcεx) =
∑

k∈Z+

k∑

j=0

ε(j, k)b(j, k)x(j, k) (x = (x(j, k)) ∈ UT S1).Therefore, in view of the tra
e duality,
‖Sb(x)‖M1 = sup

ε♮≡1

∣∣∣
∑

k∈Z+

k∑

j=0

ε(j, k)b(j, k)x(j, k)
∣∣∣ ≤ sup

ε♮≡1

‖cε‖B(ℓ2)‖x‖1.
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hevHen
e
‖Sb : UT S1 → M1‖ ≤ sup

ε♮≡1

‖cε‖B(ℓ2) ≤ sup
s∈Z+

‖Qs(
tb♮)‖B(ℓ2).Remark 2.3. A parti
ular 
ase of Proposition 2.2 is [Sh, Theorem 2b℄on matri
es with positive entries.3. Toeplitz multipliers from UT S1 into M1. Our �rst result is wellknown: it gives a satisfa
tory des
ription of Toeplitz multipliers from S1into M1. As we learned from Prof. F. Lust-Piquard, it goes ba
k to [Dg, Bn℄(after reformulating it in the languague of the Fourier transform).Proposition 3.1. A Toeplitz multiplier Tm is a bounded linear operatorfrom S1 into M1 if and only if m = (ms)s∈Z ∈ ℓ1(Z). Moreover

‖Tm : S1 → M1‖ = ‖m‖ℓ1(Z).Proof. To prove that Tm withm ∈ ℓ1(Z) is bounded it is enough to verifyits a
tion on the extreme points of the unit ball BS1 of S1. Let a = x ⊗ ywith x = (ξj)j∈Z+ , y = (ηk)k∈Z+ and ‖x‖ℓ2‖y‖ℓ2 = 1 be an extreme pointof BS1 . We have
‖Tm(x⊗ y)‖M1 =

∑

j,k∈Z+

|mj−k| |ξj| |ηk|

=
∑

s≥0

∞∑

j=0

|ms| |ξj| |ηj+s| +
∑

s<0

|ms|
∞∑

k=0

|ξk−s| |ηk|

≤
∑

s≥0

|ms|
( ∞∑

j=0

|ξj|2
)1/2( ∞∑

k=s

|ηk|2
)1/2

+
∑

s<0

|ms|
( ∞∑

j=−s

|ξj|2
)1/2( ∞∑

k=0

|ηk|2
)1/2

≤
∑

s∈Z

|ms| ||x‖ℓ2‖y‖ℓ2 =
∑

s∈Z

|ms| = ‖m‖ℓ1(Z).Thus ‖Tm : S1 → M1‖ ≤ ‖m‖ℓ1(Z). Conversely, let a(n) = x(n) ⊗ x(n), where
x(n) = ((n+ 1)−1/2, . . . , (n+ 1)−1/2

︸ ︷︷ ︸
n+1

, 0, 0, . . . ).

Then ‖a(n)‖1 = 1 while
‖Tm(a(n))‖M1 =

n∑

s=−n

|ms|
n+ 1 − |s|
n+ 1

.Thus
‖Tm : S1 → M1‖ ≥ lim

n
‖Tm(a(n))‖M1 = ‖m‖ℓ1(Z).



Toeplitz multipliers and Hankel matri
es 181Next, we dis
uss Toeplitz multipliers from UT S1 into M1.For a 
omplex sequen
e m = (ms)s∈Z+ we put
̺(m) =

(
|m0|2 + |m1|2 + sup

r≥1

∞∑

q=1

( r(q+1)∑

s=rq+1

|ms|
)2)1/2

.

We write m ∈ FM if and only if ̺(m) <∞. Here FM stands for �Fe�ermanmultipliers�; in [BP℄ they are 
alled H1-ℓ1 multipliers. Re
all that about 1975Charles Fe�erman dis
overed that the 
ondition m ∈ FM 
hara
terizes theFourier multipliers from the Hardy spa
e H1 on the unit dis
 into ℓ1. Forthe proof see [SzW, SlSt℄. It was observed in [BP℄ that Fe�erman's resultgeneralizes to S1-valued H1 as follows:Theorem 3.2. For a 
omplex sequen
e m = (ms)s∈Z+ the following areequivalent :(i) m ∈ FM,(ii) there is a 
onstant c > 0 independent of m su
h that
∑

s∈Z+

|ms| ‖f̂(s)‖1 ≤ c̺(m)(2π)−1
π\
−π

‖f(eit)‖1 dt for f ∈H1(T;S1).

Here, H1(T;S1) denotes the 
losure in the norm (2π)−1
Tπ
−π ‖f(eit)‖S1 dtof the linear span of �monomials� {t 7→ eista : s ∈ Z+, a ∈ S1}, and theFourier 
oe�
ients are de�ned by f̂(s) = (2π)−1

Tπ
−π f(eit)e−ist dt for f ∈

H1(T;S1), s ∈ Z+.Our next result 
an be regarded as the non-
ommutative analogue ofthe original Fe�erman 
hara
terization of the Fourier multipliers from H1into ℓ1.Theorem 3.3. A 
omplex sequen
e m = (ms)s∈Z+ is in FM if and onlyif the Toeplitz multiplier Tm maps UT S1 into M1. Pre
isely , the followinginequality holds:(3.1) (
√

3)−1̺(m) ≤ ‖Tm : UT S1 → M1‖ ≤ c̺(m).The 
onstant c in (3.1) is the same as in Theorem 3.2 as well as in theoriginal Fe�erman inequality for s
alar-valued fun
tions.Proof. Sin
e the eventually zero matri
es are dense in UT S1, theBana
h�Steinhaus theorem implies that if Tm(UT S1) ⊂ M1 then Tm isa bounded operator. Thus, it is enough to establish (3.1) for eventually zeromatri
es.
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zy«ski and F. Suko
hevThe right hand inequality of (3.1). For a ∈ UT S1 and s ∈ Z+, de�ne the�s-diagonal� matrix ds(a) by(3.2) ds(a)(j, k) =

{
a(j, k) for k − j = s,
0 otherwise.Clearly ds(a) ∈ S1 and ‖ds(a)‖1 =
∑∞

k=s |a(k−s, k)|. Consider the S1-valuedfun
tion
f(eit) =

∞∑

s=0

ds(a) exp(ist) (−π ≤ t ≤ π).We have the identity (
f. [DoS℄)(3.3) f(eit) = u−taut (−π ≤ t ≤ π),where ut is the unitary diagonal matrix de�ned by
ut(j, k) =

{
exp(ijt) for j = k,
0 for j 6= k.Remembering that ut is unitary, it follows from (3.3) that

‖f(eit)‖1 = ‖ut‖B(ℓ2)‖a‖1‖u−t‖B(ℓ2) = ‖a‖1.Thus,(3.4) (2π)−1
π\
−π

‖f(eit)‖1 dt = ‖a‖1.

Hen
e, f ∈ H1(T;S1); obviously f̂(s) = ds(a) for s ∈ Z+. Thus, by Theo-rem 3.2,
∞∑

s=0

‖f̂(s)‖1|ms| ≤ c̺(m)(2π)−1
π\
−π

‖f(eit)‖1 dt.Hen
e, invoking (3.4), we obtain
‖Tm(a)‖M1 =

∞∑

k=0

k∑

j=0

|a(j, k)mk−j| =
∞∑

s=0

|ms|
∞∑

k=s

|a(k − s, k)|

=

∞∑

s=0

|ms| ‖ds(a)‖1 ≤ c̺(m)‖a‖1.Therefore, ‖Tm : UT S1 → M1‖ ≤ c̺(m), whi
h 
ompletes the proof of theright hand inequality of (3.1) .The left hand inequality of (3.1). Assume that ‖Tm : UT S1 →M1‖<∞.Without loss of generality we may assume that ms ≥ 0 for s ∈ Z+. Fix apositive integer r and an eventually zero non-negative sequen
e (αq)q∈Z+
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es 183with ∑∞
q=0 α

2
q = 1. De�ne upper triangular matri
es a, a1, a2 by

a = a1 + a2,

a1 = x⊗ y, x = (1, 0, 0, . . .), y = (α0, α1, 0, 0, . . .),

a2 = u⊗ v, u = (r−1/2, . . . , r−1/2

︸ ︷︷ ︸
r

, 0, 0, . . . ), v = (vk)k∈Z+ ,where
vk =





0 for 0 ≤ k ≤ r,
r−1/2α2 for r + 1 ≤ k ≤ 2r,
r−1/2 max(αq, αq+1) for rq + 1 ≤ k ≤ r(q + 1) (q = 2, 3, . . .).Put t = α2
0 + α2

1. Clearly ‖x‖ℓ2 = 1 and ‖y‖ℓ2 =
√
t. Thus ‖a1‖1 =

√
t.Similarly ‖u‖ℓ2 = 1 and

‖v‖ℓ2 =
(
α2

2 +
∞∑

q=1

max(αq+1, αq+2)
2
)1/2

≤
√

2
( ∞∑

q=2

α2
q

)1/2
=

√
2(1 − t).

Thus, ‖a2‖1 ≤
√

2(1 − t). Hen
e,
‖a‖1 ≤ ‖a1‖1 + ‖a2‖1 ≤

√
t+

√
2(1 − t) ≤

√
3,be
ause the fun
tion t 7→ √

t+
√

2(1 − t) for 0 ≤ t ≤ 1 attains its maximumat t = 1/3. Therefore(3.5) √
3 ‖Tm : UT S1 → M1‖ ≥ ‖Tm(a)‖M1 .Clearly, the entries of a satisfy

(3.6)

a(j, k) =





α0 for j = 0, k = 0,
α1 for j = 0, k = 1,
α2/r for 0 ≤ j < r, r + 1 ≤ k ≤ 2r,
max(αq, αq+1)/r for 0 ≤ j < r, rq + 1 ≤ k ≤ r(q + 1) (q ≥ 2),
0 otherwise.Obviously, Tm(a) satis�es

Tm(a)(j, k) = a(j, k)mk−j for 0 ≤ j ≤ k and k ∈ Z+.Let
A = {(j, k) : 0 ≤ j < r, k ≥ r + 1},
Bq = {(j, k) : 0 ≤ j ≤ r − 1, rq ≤ k − (j + 1) ≤ r(q + 1)} (q ≥ 1),

B =
⋃

q≥1

Bq.
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hevClearly, A ⊇ B. It follows from (3.6) that(3.7) if (j, k) ∈ Bq then a(j, k) ≥ αq+1/r for q ≥ 1.Applying (3.6) and (3.7), we get
‖Tm(a)‖M1 = α0m0 + α1m1 +

∑

(j,k)∈A

a(j, k)mk−j

≥ α0m0 + α1m1 +
∑

(j,k)∈B

a(j, k)mk−j

= α0m0 + α1m1 +
∑

q≥1

∑

(j,k)∈Bq

a(j, k)mk−j

≥ α0m0 + α1m1 + r−1
∑

q≥1

∑

(j,k)∈Bq

αq+1mk−j .Note that, for a �xed q ≥ 1,
∑

(j,k)∈Bq

r−1αq+1mk−j =
∑

0≤j<r

r(q+1)+j∑

k=rq+j

r−1αq+1mk−j =
∑

0≤j<r

r(q+1)∑

s=rq+1

r−1αq+1ms

=αq+1

r(q+1)∑

s=rq+1

ms.Thus,
(3.8) ‖Tm(a)‖M1 ≥ α0m0 + α1m1 +

∑

q≥1

αq+1

(q+1)r∑

s=rq+1

msRe
all that a depends only on a �xed r. Taking in (3.8) the supremum overall eventually zero, non-negative (αq)q∈Z+ with ∑
q∈Z+

α2
q = 1, we obtain

‖Tm(a)‖M1 ≥
(
m2

0 +m2
1 +

∑

q≥1

( (q+1)r∑

s=rq+1

ms

)2)1/2
.

Thus, taking the supremum over r ≥ 1 and invoking (3.5), we obtain the lefthand inequality of (3.1).Re
all that the multiplier (1/(s+ 1))s∈Z+ 
orresponds to the 
lassi
alHardy inequality ∑
s∈Z+

|f̂(s)|/(s+ 1) <∞ for f ∈ H1(T). ThusCorollary 3.4 ([Sh℄). If a ∈ UT S1 then
∑

j≥0

∑

k≥j

|a(j, k)|
k − j + 1

<∞.
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Remark 3.5. Let

̺2(m) = sup
N∈Z+

(
(N + 1)−2

N∑

s=0

(s+ 1)2|ms|2
)1/2

,

where m = (ms)s∈Z+ is a s
alar sequen
e. A 
lassi
al result of Paley,and Hardy and Littlewood (
f. [Pa 1, HL℄, [Du, Ch. 6, Theorem 6.7℄)asserts that m is a Fourier multiplier from H1 to ℓ2(Z+) if and only if
̺2(m) <∞. More generally it follows from [BP℄, Theorem 3.3 and Proposi-tion 3.1 that

(∗) There is c > 0 su
h that for every s
alar sequen
e m,
∑

s∈Z+

|ms|2‖f̂(s)‖2
1 ≤ c2̺2(m)2‖f‖2

H1(T;S1), f ∈ H1(T;S1).

Thus, with the same 
onstant c, we haveProposition 3.6. For any s
alar sequen
e m = (ms)s∈Z+ one has(3.9) ̺2(m) ≤ sup
‖a‖1≤1

( ∑

s∈Z+

|ms|2‖ds(a)‖2
1

)1/2
≤ c̺2(m),

where ds(a) is de�ned by (3.2).Proof. The proof of the right hand inequality of (3.9) is almost the sameas the proof of the right hand inequality of (3.1) with Theorem 3.2 repla
edby (∗). To establish the left hand inequality of (3.9) for �xed N ∈ Z+ de�ne
a(N) ∈ UT S1 by

a(N)(j, k) =

{
(N + 1)−1 for 0 ≤ j ≤ N and N + 1 ≤ k ≤ 2N + 1,
0 otherwise.Then ‖a(N)‖1 = 1 and ‖ds(a

(N))‖1 = s+1
N+1 for s = 0, 1, . . . , N . Thus,

(N + 1)−2
N∑

s=0

(s+ 1)2|ms|2 =

N∑

s=0

‖ds(a
(N))‖2

1|ms|2 ≤
∑

s∈Z+

‖ds(a
(N))‖2

1|ms|2.

Letting N → ∞, we get
̺2(m) = sup

N∈Z+

(N + 1)−1
( ∑

s∈Z+

(s+ 1)2|ms|2
)1/2

≤ sup
‖a‖1=1

( ∑

s∈Z+

‖ds(a)‖2|ms|2
)1/2

,

whi
h is equivalent to the left hand inequality of (3.9).
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‖m‖∞ be
ause UT S1 ⊂ UT S2 = UT M2. Thus in 
ontrast to the result ofPaley and Hardy and Littlewood mentioned above, the norms ̺2(m) and
‖Tm : UT S1 → M2‖ are not equivalent.

4. S
hur multipliers from B(ℓ2) into M1. We des
ribe the spa
e
S := S(B(ℓ2),M1) of all S
hur multipliers from B(ℓ2) into M1. Note thatthe zero matrix is the only Toeplitz multiplier from B(ℓ2) into M1. To for-mulate the main result of this se
tion we de�ne the following norms for
a ∈ M:

‖a‖ℓp(ℓ2) =
∥∥∥
( ∑

k∈Z+

|a(·, k)|2
)1/2∥∥∥

ℓp

(1 ≤ p ≤ ∞),(4.1)

β(a) = inf
a=a′+a′′

{‖a′‖ℓ1(ℓ2) + ‖ta′′‖ℓ1(ℓ2)}(4.2)

= inf
a=a′+a′′

{ ∑

j∈Z+

( ∑

k∈Z+

|a′(j, k)|2
)1/2

+
∑

k∈Z+

( ∑

j∈Z+

|a′′(j, k)|2
)1/2}

,

α(a) = sup
ε♮≡1

‖ε ⋄ a‖1.(4.3)Theorem 4.1. For every a ∈ M we have α(a) < ∞ if and only if
β(a) <∞. Moreover(4.4) ‖Sa : B(ℓ2) → M1‖ = α(a);and there is an absolute 
onstant C <∞ su
h that(4.5) α(a) ≤ β(a) ≤ Cα(a) ∀a ∈ M.The essential part of Theorem 4.1 is the inequality (4.5). It follows fromresults in [Lu℄ and extends to the non-
ommutative setting Nazarov's [N℄ gen-eralization of the Kahane�Katznelson�de Leeuw [KKL℄ theorem on Fourier
oe�
ients. The shortest way to get (4.5) is to use the 
hara
terization ofmultipliers from c0(Z+ × Z+) into S1 [Lu, p. 373℄ and dualize it. Howeverwe derive (4.5) from the 
entral statement [Lu, Theorem 2℄:(LP) There is an absolute 
onstant K > 0 su
h that if φ ∈ M satis�es

max(‖φ‖ℓ∞(ℓ2), ‖tφ‖ℓ∞(ℓ2)) ≤ 1,then there exists a ψ ∈ B(ℓ2) su
h that ‖ψ‖B(ℓ2) ≤ K and |φ(j, k)|
≤ |ψ(j, k)| for (j, k) ∈ Z+ × Z+.
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e duality between S1 and B(ℓ2) yieldsthe equality (4.4):
‖Sa : B(ℓ2) → M1‖ = sup

‖b‖B(ℓ2)=1

∑

(j,k)∈Z+×Z+

|a(j, k)b(j, k)|

= sup
‖b‖B(ℓ2)=1

sup
ε♮≡1

∑

(j,k)∈Z+×Z+

ε(j, k)a(j, k)b(j, k)

= sup
ε♮≡1

sup
‖b‖B(ℓ2)=1

Tr(t(ε ⋄ a)b)

= sup
ε♮≡1

‖t(ε ⋄ a)‖1 = sup
ε♮≡1

‖ε ⋄ a‖1.The left hand inequality of (4.5) is easy. Fix a ∈ M with β(a) <∞. For
η > 0 pi
k a′ and a′′ so that a = a′ + a′′ and

‖a′‖ℓ1(ℓ2) + ‖ta′′‖ℓ1(ℓ2) < β(a) + η.Let ja′ denote the jth row of a′. Sin
e α(ja′) = (
∑

k∈Z+
|a′(j, k)|2)1/2, thetriangle inequality for α yields α(a′) ≤ ‖a′‖ℓ1(ℓ2). The same argument appliedto the 
olumns of a′′ gives α(a′′) ≤ ‖ta′′‖ℓ1(ℓ2). Adding these two inequalitiestogether, taking into a

ount that α(a) ≤ α(a′) + α(a′′) and letting η → 0,we get the left hand inequality of (4.5).For the right hand inequality of (4.5) we need the following known fa
t:Lemma 4.2. Let β∗(φ) := supβ(a)≤1 Tr(aφ) for φ ∈ M. Then(4.6) β∗(φ) = max(‖φ‖ℓ∞(ℓ2), ‖tφ‖ℓ∞(ℓ2)).For the sake of 
ompleteness we give the proof of Lemma 4.2 after we�nish the proof of Theorem 4.1.Let us 
onsider the spa
es and balls

(M, β∗) = {a ∈ M : β∗(a) <∞}, (M, β) = {a ∈ M : β(a) <∞},
Bα = {a ∈ M : α(a) ≤ 1}, Bβ = {a ∈ M : β(a) ≤ 1}.It follows from Lemma 4.2 that (M,β∗) is the dual of (M,β) in the tra
eduality.Pi
k a ∈ M with β(a) ≥ 1. Sin
e Bβ is a balan
ed 
losed (in the norm β)
onvex set, the separation theorem yields the existen
e of a fun
tional φ su
hthat

Tr(aφ) ≥ 1,(4.7)

β∗(φ) ≤ 1.(4.8)(4.8) implies that there exists ψ as in (LP). Hen
e, there exist ε ∈ M and
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b ∈ M su
h that
(4.9)

ε♮ ≡ 1, b(j, k) ≥ 1 for (j, k) ∈ Z+ × Z+,

ψ = ε ⋄ b ⋄ φ with ‖ψ‖∞ ≤ K.De�ne σ ∈ M by
σ(j, k) =





ε(j, k) sign(φ(j, k)a(k, j))for (j, k) ∈ Z+ × Z+ and φ(j, k)a(k, j) 6= 0,
1 otherwise.Clearly σ♮ ≡ 1. Thus, invoking (LP), (4.7) and (4.9), we get

|Tr((ψ ⋄ σ)a)| =
∣∣∣

∑

(j,k)∈Z+×Z+

ψ(j, k)σ(j, k)a(k, j)
∣∣∣

=
∣∣∣

∑

(j,k)∈Z+×Z+

ε(j, k) b(j, k)φ(j, k) ε(j, k) sign(φ(j, k)a(k, j))a(k, j)
∣∣∣

=
∑

(j,k)∈Z+×Z+

b(j, k)|φ(j, k)a(k, j)| ≥
∑

(j,k)∈Z+×Z+

|φ(j, k)a(k, j)|

≥
∣∣∣

∑

(j,k)∈Z+×Z+

φ(j, k)a(k, j)
∣∣∣ = |Tr(φa)| ≥ 1.

Invoking (4.3) and the tra
e duality between B(ℓ2) and S1, by (4.9), we get
1 ≤ |Tr((ψ ⋄ σ)a)| = |Tr(ψ · (tσ ⋄ a))| ≤ ‖ψ‖B(ℓ2)‖tσ ⋄ a‖1 ≤ Kα(a).Hen
e, we have shown that β(a) ≥ 1 yields α(a) ≥ K−1, whi
h implies theright hand inequality of (4.5) for a ∈ M with C = K.Proof of Lemma 4.2. Put

β̃(b, c) = ‖b‖ℓ1(ℓ2) + ‖tc‖ℓ1(ℓ2) ((b, c) ∈ M⊕M).Consider the spa
e
E = {(b, c) ∈ M⊕M : β̃(b, c) <∞}.equipped with the norm β̃.De�ne the map q : E → M by q(b, c) = b + c. Obviously ker q =

{(b, c) : b = −c}. A moment's re�e
tion shows that q is a 
ontra
tive surje
-tion from E onto (M, β), hen
e the Bana
h spa
e (M, β) 
an be identi�edwith the quotient E/ker q. Thus the dual spa
e of (M, β) 
an be identi�edwith the annihilator of ker q in the spa
e
E∗ = {(φ, ψ) ∈ M⊕M : (β̃)∗ <∞}.Clearly (β̃)∗(φ, ψ) = max(‖φ‖ℓ∞(ℓ2), ‖tψ‖ℓ∞(ℓ2)). The annihilator of ker qis {(φ, ψ) ∈ E∗ : φ = ψ}. Indeed, the duality is given by (φ, ψ)(b, c) =

Tr(aφ) + Tr(bψ). Putting b = −c, we obtain φ = ψ. This yields (4.6).
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es 1895. S
hur multipliers from UT B(ℓ2) into M1. The main result ofthis se
tion, Theorem 5.1, is due to G. Pisier and is published here with hispermission. It 
an be stated as the formula S(UT B(ℓ2),M1) = UT S. Re
allthat S = S(B(ℓ2),M1) stands for the spa
e of S
hur multipliers from B(ℓ2)into M1 
hara
terized in Theorem 4.1. Pre
isely, we shall proveTheorem 5.1. An element a ∈ UT M indu
es a S
hur multiplier Sa :
UT B(ℓ2) → M1 if and only if a ∈ UT S. Equivalently , there is an absolute
onstant K∗ > 0 su
h that(5.1) K−1

∗ α(a) ≤ γ(a) ≤ α(a), where γ(a) = ‖Sa : UT B(ℓ2) → M1‖.Note that in this se
tion we use Sa to denote S
hur multipliers indu
edby elements a ∈ UT M or a ∈ M a
ting on the spa
e UT B(ℓ2), while S
hurmultipliers indu
ed by elements a ∈ M a
ting on B(ℓ2) are denoted by S̃a.We begin withLemma 5.2. UT M0 is dense in UT S in the norm γ(·).Outline of proof. Let ej,k denote the unit (j, k)-entry matrix. Let UT S0denote the 
losure of UT M0 in the norm γ(·). All in�nite sums of matri
esare regarded in entrywise 
onvergen
e. Fix b ∈ UT S. Note that(i) γ(∑∞
k=m b(j, k)ej,k) = (

∑∞
k=m |b(j, k)|2)1/2 for 0 ≤ j ≤ m <∞.(ii) Let bs =

∑s
j=0

∑∞
k=j b(j, k)ej,k for s ∈ Z+. Then bs ∈ UT S0 and

lims γ(bs) = γ(b).(iii) lims ‖(b− bs) ⋄ a‖M1 = 0 for every a ∈ B(ℓ2).Assume to the 
ontrary that there exists b ∈ UT S\UT S0. Then there exists
δ > 0 su
h that γ(b− b′) > δ for every b′ ∈ UT S0. This allows 
onstru
tingindu
tively an in
reasing sequen
e (sν)ν∈Z+ of indi
es with n0 = 0 and asequen
e (aν)ν∈Z+ of matri
es in UT M0 su
h that

‖aν‖B(ℓ2) = 1, supp aν ⊂ {(j, k) ∈ Z+ × Z+ : sν ≤ j ≤ k < sν+1},
‖(b− bsν+1) ⋄ aν‖M1 < 2−(ν+2)δ,

γ(b− bsν ) > ‖(b− bsν ) ⋄ aν‖M1 = ‖(bsν+1 − bsν ) ⋄ aν‖M1 > (1 − 2−(ν+2))δ.Put a =
∑∞

ν=0 aν . Sin
e the supports of the aν 's are 
ontained in the 
on-se
utive re
tangles whose proje
tions onto the j-axis and k-axis are disjoint,
‖a‖B(ℓ2) = supν ‖aν‖B(ℓ2) = 1. We have b = bs0 +

∑∞
ν=0(bsν+1 − bsν ). Hen
e

‖b ⋄ a‖M1 = ‖bs0 ⋄ a‖M1 +
∞∑

ν=0

‖(bsν+1 − bsν ) ⋄ a‖M1

= ‖bs0 ⋄ a0‖M1 +
∞∑

ν=0

‖(bsν+1 − bsν ) ⋄ aν+1‖M1 >
∞∑

ν=0

δ/2 = ∞.A 
ontradi
tion.
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hevSin
e S̃a extends Sa, the right hand inequality of (5.1) is obvious. To provethe left hand inequality we need more notation. Let |x|s = (x∗x + xx∗)1/2for x ∈ B(ℓ2). Call a matrix d a diagonal state provided that d(j, k) = 0for (j, k) ∈ Z+ × Z+ with j 6= k, and dj := d(j, j) > 0 for j ∈ Z+,and Tr d =
∑

j∈Z+
dj = 1. Our proof essentially uses the 
on
ept of p-C∗-summing operator introdu
ed by G. Pisier [Pi 1, M, PiX, p. 1488℄. For ourpurpose, in the 
ase of S
hur upper triangular multipliers, it 
an be de�nedas follows:Definition 5.3. Let 1 ≤ p ≤ ∞ and let a ∈ UT M0. The multiplier

Sa : UT B(ℓ2) → M1 is p-C∗-summing provided that there exist a diagonalstate d and a non-negative 
onstant Cp(a, d) su
h that(5.2) ‖a ⋄ x‖M1 ≤ Cp(a, d) Tr(d|x|ps )1/p for x ∈ UT B(ℓ2).De�ne the p-C∗-summing 
onstant by Cp(a) = inf{Cp(a, d) : d satis�es(5.2)}. The symbol S̃a stands for the multiplier from B(ℓ2) into M1. Themultiplier S̃a : B(ℓ2) → M1 is p-C∗-summing provided it satis�es (5.2) for
x ∈ B(ℓ2); the p-C∗-summing 
onstant of S̃a is denoted by C̃p(a).Remark 5.4. (i) p-C∗-summing operators 
an be de�ned in termsof domination by states whi
h play the role of Piets
h measures (
f.[PiX, pp. 1488�1489℄). The de�nition extends to subspa
es of C∗-algebras.Prof. G. Pisier observed (oral 
ommuni
ation) that for S
hur multipliersfrom UT B(ℓ2) and B(ℓ2) general states 
an be repla
ed by diagonal ones.This justi�es De�nition 5.3.(ii) If a ∈ UT M0 then Cp(a, d) < ∞ for every diagonal state d (enoughto 
he
k for matri
es with only one entry di�erent from zero).(iii) Let 1 ≤ p1 ≤ p2 <∞. If (5.2) is satis�ed for some diagonal state d for
p1 with Cp1(a, d) then it is satis�ed for p2 with the same 
onstant Cp1(a, d).Hen
e Cp2(a) ≤ Cp1(a).Proposition 5.5. Let β(·) be de�ned by (4.2). If Sa : UT B(ℓ2) → M1is 2-C∗-summing then β(a) ≤ 2

√
2C2(a).Proof. By Lemma 5.2, it is enough to establish the assertion for a ∈

UT M0. Fix a diagonal state d. Put Λ = {(j, k) ∈ Z+ × Z+ : j ≤ k}, Λ′ =
{(j, k) ∈ Λ : dj ≥ dk}, Λ′′ = Λ \ Λ′. Let a′ = 1Λ′ ⋄ a and a′′ = 1Λ′′ ⋄ a.It is su�
ient to show that(5.3) ‖a′‖ℓ1(ℓ2) ≤

√
2C2(a) and ‖ta′′‖ℓ1(ℓ2) ≤

√
2C2(a).We shall prove only the �rst inequality, sin
e the proof of the se
ond issimilar. To this end, we �rst show that(5.4) ‖d−1/2a′ ⋄ x‖M1 ≤

√
2C2(a)‖x‖2 (x ∈ UT M0).
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es 191The linearity and 
ommutativity of the tra
e imply
‖Sax‖M1 ≤ C2(a, d)(Tr(d|x|2s ))1/2 = C2(a, d)(Tr(dx∗x+ xx∗d))1/2.Thus

‖Sa′x‖M1 = ‖Sa(1Λ′ ⋄ x)‖M1

≤ C2(a, d)
(
Tr

( ∑

(j,k)∈Λ′

dj |x(j, k)|2 + |x(j, k)|2dk

))1/2

≤ C2(a, d)
(
Tr

( ∑

(j,k)∈Λ′

2dj |x(j, k)|2
))1/2 (by de�nition of Λ′)

= C2(a, d)
√

2 ‖d1/2x‖2.Repla
ing x by d−1/2x, we obtain (5.4). On the other hand, rememberingthat ∑
j∈Z+

dj = 1 and applying the S
hwarz inequality, we get
‖a′‖ℓ1(ℓ2) =

∑

j∈Z+

( ∑

k∈Z+

|a′(j, k)|2
)1/2(5.5)

=
∑

j∈Z+

d
1/2
j

( ∑

k∈Z+

d−1
j |a′(j, k)|2

)1/2

≤
( ∑

j∈Z+

dj

)1/2( ∑

(j,k)∈Λ

d−1
j |a′(j, k)|2

)1/2

=
( ∑

(j,k)∈Λ

d−1
j |a′(j, k)|2

)1/2
.

Sin
e ∑
(j,k)∈Λ |d−1/2

j a′(j, k)x(j, k)| = ‖d−1/2a′⋄x‖M1 , taking the supremumin (5.4) over all x ∈ UT M0 with ∑
(j,k)∈Λ |x(j, k)|2 = 1 we get

( ∑

(j,k)∈Λ

d−1
j |a′(j, k)|2

)1/2
≤ C2(a, d)

√
2.

Combining the latter inequality with (5.5) we obtain(5.6) ‖a′‖ℓ1(ℓ2) ≤
√

2C2(a, d).Taking in (5.6) the in�mum over all diagonal states d we obtain the �rstinequality in (5.3).The proof of the next proposition heavily depends on interpolation the-ory.Proposition 5.6. There exists L∗ > 0 su
h that , for every a ∈ UT M0,(5.7) C̃4(a) ≤ L∗

√
C2(a)γ(a).
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hevProof. Fix a diagonal state d. Sin
e a ∈ UT M0, we may assume that
C2(a, d) < ∞. De�ne a′ and a′′ as in the proof of Proposition 5.5. We shallwork �rst with a′. Assume that x ∈ UT M0. From the de�nition of γ(a),noting that ‖a′ ⋄ x‖M1 ≤ ‖a ⋄ x‖M1 , and applying (5.4), we have

‖a′ ⋄ x‖M1 ≤ γ(a)‖x‖B(ℓ2),(5.8)
‖d−1/2a′ ⋄ x‖M1 ≤

√
2C2(a, d)‖x‖2.(5.9)Sin
e |d(−1/2)iy

j | = 1 for every real y and for every j ∈ Z+, it follows from(5.8) and (5.9) that
‖d(−1/2)za′ ⋄ x‖M1 ≤ γ(a)‖x‖B(ℓ2) for ℜz = 0,

‖d−(1/2)za′ ⋄ x‖M1 ≤
√

2C2(a, d)‖x‖2 for ℜz = 1.It follows from a result of Pisier [Pi 2℄ (see also Remark (i) after Lem-ma 8.5 in [PiX℄) that the 
ouple (UT B(ℓ2),UT S2) is K-
losed in the 
ouple
(B(ℓ2),S2). Now, applying the interpolation result of [GK, Ch. III, �5℄, weobtain, for θ = 1/2,(5.10) ‖d(−1/2)·(1/2)a′ ⋄ x‖M1 ≤ L

√
γ(a)C2(a, d)‖x‖4 for x ∈ UT M0,where the 
onstant L depends only on the 
ouple.Let P : M0 → M0 be the main triangular proje
tion, namely Py = 1Λ⋄yfor y ∈ M0. Re
all that (
f. e.g. [GK, Ch. III, �6, Theorem 6.2℄)

(5.11) there is K4 > 0 su
h that
Tr(|Py|4) ≤ K4

4 Tr(|y|4) for every y ∈ M0.Combining (5.10) and (5.11) yields
‖d−1/4a′ ⋄ y‖M1 = ‖d−1/4 ⋄ Py‖M1 ≤ L

√
γ(a)C2(a, d)‖Py‖4

≤ LK4

√
γ(a)C2(a, d)‖y‖4, for y ∈ M0.Substituting d1/4y in pla
e of y, we obtain(5.12) ‖a′ ⋄ y‖M1 ≤ LK4

√
γ(a) · C2(a, d)(Tr(|d1/4y|4)1/4 for y ∈ M0.Using the 
ommutativity of the tra
e several times, the fa
t that Tr(A·B) ≥ 0whenever A and B are positive matri
es, and |y|2s − |y∗|2 ≥ 0, we get

Tr(|d1/4y|4) = Tr(y∗d1/2yy∗d1/2y) = Tr(d1/2|y∗|2d1/2|y∗|2)
≤ Tr(d1/2|y∗|2d1/2|y|2s ) ≤ Tr(d1/2|y|2sd1/2|y|2s )
= ‖ |y|sd1/2|y|s‖2

2.Noti
e that
‖ |y|sd1/2|y|s‖2

2 ≤ ‖d1/2|y|2s‖2
2 = Tr(|y|sd|y|2s ) = Tr(d|y|4s ).In the latter inequality we use the fa
t that if A and Z are positive hermitianmatri
es in M0 then ‖AZA‖2 ≤ ‖ZA2‖2. This is easy to see if we 
hoose an
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‖a′ ⋄ y‖M1 ≤ LK4

√
γ(a)C2(a, d)(Tr(d|y|4s ))1/4 for y ∈ M0.Similarly, we obtain

‖a′′ ⋄ y‖M1 ≤ LK4

√
γ(a)C2(a, d)(Tr(d|y|4s))1/4 for y ∈ M0.Hen
e, remembering that a = a′ + a′′ and using the triangle inequality, weinfer that

‖a ⋄ y‖M1 ≤ 2LK4

√
γ(a)C2(a, d)(Tr(d|y|4s ))1/4 for y ∈ M0.A

ording to De�nition 5.3, taking the in�mum over all diagonal states, weobtain (5.7).Proof of Theorem 5.1. We have proved in the proposition above thatthere exists a 
onstant L∗ > 0 su
h that

C̃4(a) ≤ L∗

√
C2(a)γ(a) for a ∈ UT M0.Now we use an observation of Pisier (
f. [M, Proposition 3℄) that every

4-C∗-summing operator from B(ℓ2) into a Bana
h spa
e of 
otype 2 (inparti
ular, into M1 = ℓ1(Z+ × Z+)) is 2-C∗-summing. Hen
e, there is a
onstant K̃ > 0 independent of a su
h that C̃2(a) ≤ K̃C̃4(a). Sin
e S̃aextends Sa, we have C2(a) ≤ C̃2(a). Thus,
C2(a) ≤ L∗K̃

√
C2(a)γ(a) for a ∈ UT M0,or, equivalently,(5.13) C2(a) ≤ L2

∗K̃
2γ(a) for a ∈ UT M0.Combining (5.13) with the assertion of Proposition 5.5, we �nd that thereexists a 
onstant K∗ > 0 su
h that(5.14) β(a) ≤ K∗γ(a) for a ∈ UT M0,and 
ombining this inequality with the left hand inequality of (4.5), we obtainthe left hand inequality of (5.1).Remark 5.7. Theorem 5.1 
an be regarded as a non-
ommutative ana-logue of Paley's theorem [Pa 2℄ whi
h asserts that the spa
e of Fouriermultipliers from H∞ (resp. from the dis
 algebra) into ℓ1(Z+) 
oin
ideswith ℓ2(Z+). Theorem 4.1 
orresponds to the well known fa
t that thespa
e of Fourier multipliers from L∞(T) (resp. from C(T)) into ℓ1(Z) 
o-in
ides with ℓ2(Z). Thus, the Fourier multipliers from H∞ (resp. the dis
algebra) into ℓ1(Z+) form a 
omplemented subspa
e in the spa
e of Fouriermultipliers from L∞(T) (resp. C(T)) into ℓ1(Z) although H∞ is not 
om-plemented in L∞ (resp. the dis
 algebra is not 
omplemented in C(T)).Similarly, S(UT B(ℓ2),M1) = UT S is 
omplemented in S = S(B(ℓ2),M1),although UT B(ℓ2) is not 
omplemented in B(ℓ2).
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es and Mazur's problems. In this se
tion we dis-
uss some properties of Hankel matri
es related to the problems of StanisªawMazur (
f. [S
b, Problems 8 and 88℄). The problems have been solved inde-pendently by P. P. B. Eggermont and Y. J. Leung [EL℄ and by S. Kwapie«and the �rst named author of the present paper [KwP℄. We dis
uss somequalitative improvement of the solutions. We follow the approa
h of [KwP℄.Definition 6.1. An a ∈ M is said to be a Hankel matrix (notation
a ∈ H) provided that

a(j, k) = a(0, j + k) ((j, k) ∈ Z+ × Z+).Let
Hn = H ∩Mn = {a ∈ H : a(j, k) = 0 for max(j, k) > n} (n = 0, 1, . . . ).Note that(6.1) ‖a‖M1 =

∞∑

k=0

(k + 1)|a(0, k)| (a ∈ H).For a ∈ H the series φ ∼ ∑
k≥0 a

(k) exp(ikt), where a(k) = a(0, k) for k ∈ Z+,is 
alled the symbol of a. Conversely, given a series φ we denote by a[φ] the
orresponding Hankel matrix whose symbol is φ.Let
‖a‖

ℓ1
ˆ̂⊗ℓ1

= sup
∑

j∈Z+

∣∣∣
∑

k∈Z+

a(j, k)σk

∣∣∣ (a ∈ M),the supremum extending over all s
alar sequen
es (σk)k∈Z+ with |σk| ≤ 1;
ℓ1

ˆ̂⊗ ℓ1 = {a ∈ M : ‖a‖
ℓ1

ˆ̂⊗ℓ1
<∞}.Let

hn = sup
a∈Hn; ‖a‖

ℓ1
ˆ̂
⊗ℓ1

=1
‖a‖M1 (n = 0, 1, . . . ).

Note that the quantities ‖a‖
ℓ1

ˆ̂⊗ℓ1
and hn depend on the �eld of s
alars.S. Mazur asked (
f. [S
b, Problem 88℄) whether a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1 implies

‖a‖M1 <∞.The negative answer is an immediate 
onsequen
e of the next proposition
ombined with the Bana
h�Steinhaus prin
iple.Proposition 6.2. There is C∗ > 0 su
h that
hn ≥ C∗

√
n+ 1 (n = 0, 1, . . .).In what follows, 〈·, ·〉 denotes the usual s
alar produ
t in L2(−π, π),

〈φ, ψ〉 = (2π)−1
π\
−π

φ(t)ψ(t) dt.
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∑n

k=0 a
(k) exp(ikt) be an analyti
 trigonometri
polynomial of degree n. Then(6.2) ‖a[φ]‖ℓ1

ˆ̂⊗ℓ1
≤ (n+ 1) sup

|t|≤π
|φ(t)|.Proof. Pi
k (z(k))n

k=0 with |z(k)| ≤ 1 for k = 0, 1, . . . so that
‖a[φ]‖ℓ1

ˆ̂⊗ℓ1
=

n∑

j=0

∣∣∣
n−j∑

k=0

a(0, j + k)z(k)
∣∣∣.De�ne trigonometri
 polynomials

f(t) =

n∑

k=0

z(k) exp(−ikt), g(t) =

n∑

j=0

wj exp(ijt),where
wj = sign

n−j∑

k=0

z(k)a[φ](0, j + k) (j = 0, 1, . . . , n).Clearly φf =
∑n

j=−n dj exp(ijt), where in parti
ular
dj =

n−j∑

k=0

a[φ](0, j + k)z(k) (j = 0, 1, . . . , n).Thus
〈φf, g〉 =

n∑

j=0

djwj =

n∑

j=0

∣∣∣
n−j∑

k=0

a[φ](0, j + k)z(k)
∣∣∣ = ‖a[φ]‖ℓ1

ˆ̂⊗ℓ1
.On the other hand, using the Cau
hy�S
hwarz inequality, and taking intoa

ount that 〈f, f〉 ≤ n+1 and 〈g, g〉 ≤ n+1 (be
ause deg f < n+1, deg g <

n+ 1, |z(k)| ≤ 1, |wj | ≤ 1 for j, k = 0, 1, . . . , n) we obtain
|〈φf, g〉| ≤ 〈φf, φf〉1/2 · 〈g, g〉1/2 ≤ sup

|t|≤π
|φ(t)|〈f, f〉1/2〈g, g〉1/2

≤ (n+ 1) sup
|t|≤π

|φ(t)|.Proof of Proposition 6.2. Let (pn)∞n=0 be a sequen
e of analyti
 trigono-metri
 polynomials su
h that(i) deg pn = n (n = 0, 1, . . . );(ii) the absolute values of the 
oe�
ients with indi
es ≤ n of pn areequal to 1;(iii) there is a 
onstant C > 0 su
h that(6.3) sup
|t|≤π

|pn(t)| ≤ C
√
n+ 1 (n = 0, 1, . . . ).
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ˆ̂⊗ℓ1

≤ (n + 1)C
√
n+ 1.Thus, by (6.1) and (ii),

‖a[pn]‖M1 =
n∑

j=0

(j + 1) = (n+ 1)(n+ 2)/2.

Therefore
hn ≥

‖a[pn]‖Ml

‖a[pn]‖ℓ1
ˆ̂⊗ℓ1

≥ (n+ 1)(n+ 2)/2

C(n+ 1)3/2

≥ C∗

√
n+ 1.Remark 6.4. We present some examples of sequen
es of analyti
 trigono-metri
 polynomials satisfying (i)�(iii).(a) Let qm for m = 0, 1, . . . be the mth Rudin�Shapiro polynomial(
f. [GrM, p. 33℄). Then deg qm = 2m−1, the jth 
oe�
ient of qm equals ±1,and sup|t|≤π |qm(t)| < 2(m+1)/2. For n = 0, 1, . . . let n+ 1 = 2m1 + · · ·+ 2mkwhere 2m1 ≤ n ≤ 2m1+1 − 2 and m1 > · · · > mk ≥ 0. Put

pn(t) = qm1(t) +

r∑

j=1

qmj+1 exp
( j∑

r=1

2mr it
)
.

Then deg pn = n and
sup
|t|≤π

|pn(t)| ≤
mk∑

j=0

2(mk−j+1)/2 < C
√
n+ 1,

with some C ≤ 2 +
√

2.(b) The van der Corput polynomials (
f. [Z, Ch. V, Theorem 4.7℄) arede�ned by
p0 = 1, pn = 1 +

n∑

j=1

exp(ijc ln j + ijx) (n = 1, 2, . . .), c > 0 �xed.
The sequen
e 
onstru
ted from the Rudin�Shapiro polynomials has real 
o-e�
ients, while the van der Corput polynomials have 
omplex 
oe�
ients.The latter have been used in a di�erent way in [EL℄ to solve Mazur's problem.(
) For polynomials with 
omplex 
oe�
ients one 
an make the 
onstant
C appearing in (6.3) for large n arbitrarily 
lose to 1. This follows from thefollowing deep result due to J.-P. Kahane [K℄:There exists a sequen
e

Kn(t) =

n∑

j=1

a
(n)
j exp(ijt), |a(n)

j | = 1 (j = 1, . . . , n; n = 1, 2, . . .),
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e (εn) of positive numbers with εn = O(n−1/17
√

lnn ) su
h that
(1 − εn)

√
n ≤ Kn(t) ≤ (1 + εn)

√
n (|t| ≤ π; n = 1, 2, . . .).Remark 6.5. In fa
t, hn = O(

√
n). The rate of growth is the same asfor the analogous quantity un for all matri
es in Mn. Pre
isely let

un = sup
a∈Mn; ‖a‖

ℓ1
ˆ̂
⊗ℓ1

=1
‖a‖M1 .Obviously hn ≤ un for all n. The next fa
t is well known and essentially goesba
k to Orli
z [O℄.Proposition 6.6.(6.4) un ≤ C̃

√
n+ 1 (n = 0, 1, . . .),where(6.5) C̃ =

{√
2 for real s
alars,

2/
√
π for 
omplex s
alars.Proof. Let a ∈ Mn. Let (ηk) be either a sequen
e of independent Ber-noulli random variables (real 
ase), or Steinhaus r.v. (
omplex 
ase). Usingthe Cau
hy�S
hwarz inequality and then the Khin
hin type inequality weget

‖a‖M1 ≤
n∑

j=0

√
n+ 1

( n∑

k=0

|a(j, k)|2
)1/2

≤
n∑

j=0

C̃
√
n+ 1E

∣∣∣
n∑

k=0

ηka(j, k)
∣∣∣

≤ C̃
√
n+ 1 ‖a‖

ℓ1
ˆ̂⊗ℓ1
,whi
h proves (6.4). To get (6.5), we use the results of Szarek for Bernoullir.v. and of Sawa for Steinhaus r.v. on the best 
onstants in Khin
hin typeinequalities (
f. [KnKw℄ and referen
es there).Our next result strengthens the negative answer to Mazur's Problem 88.It is �almost sharp�.De�ne the �
riti
al broken line� Ψ : (0;∞) → (−1;∞) by

Ψ(t) =

{
3
2 t− 1 for 0 < t ≤ 2,
t for t > 2.For a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1 put

vk = |a(0, k)| (k ∈ Z+), At(a) =
∑

k∈Z+

vt
k(k + 1)Ψ(t) (0 < t <∞).
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hevTheorem 6.7.(I) If β < Ψ(t) then∑

k∈Z+

vt
k(k + 1)β <∞ for all a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1.(II) If β > Ψ(t) then

∑

k∈Z+

vt
k(k + 1)β = ∞ for some a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1.

(III) If 4/3 ≤ t <∞ then At(a) <∞ for all a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1.To prove (I) we needLemma 6.8. Let C̃ be de�ned by (6.5). Then for a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1,
2m−1∑

k=2m−1

vt
k(k + 1)Ψ(t) ≤ (23/2C̃‖a‖

ℓ1
ˆ̂⊗ℓ1

)t (m = 1, 2, . . . ; 0 < t <∞).Proof. Case 1: 0 ≤ t ≤ 2. The Hölder inequality for the exponent 2/tyields(6.6) 2m−1∑

k=2m−1

vt
k(k + 1)Ψ(t) ≤ 2 · 2Ψ(t)m2(1−t/2)(m−1)

( 2m−1∑

k=2m−1

v2
k

)t/2
,be
ause if 2m−1 ≤ k ≤ 2m − 1, then

(k + 1)Ψ(t) ≤
{

2Ψ(t)m for t ≥ 2/3,
2 · 2Ψ(t)m for 0 ≤ t < 2/3.Re
all Littlewood's inequality [L℄ and its 
onsequen
e for Hankel matri
es:

(6.7)

∑

j∈Z+

( ∑

k∈Z+

|a(j, k)|2
)1/2

≤ C̃‖a‖
ℓ1

ˆ̂⊗ℓ1
(a ∈ M),

∑

j∈Z+

( ∞∑

k=j

v2
k

)1/2
≤ C̃‖a‖

ℓ1
ˆ̂⊗ℓ1

(a ∈ H).Thus,(6.8) 2m−1
( 2m−1∑

k=2m−1

v2
k

)1/2
=

2m−1−1∑

j=0

( 2m−1−j∑

k=2m−1−j

v2
k+j

)1/2
≤ C̃‖a‖

ℓ1
ˆ̂⊗ℓ1
.Sin
e Ψ(t) = 3

2t− 1 for 0 < t ≤ 2, (6.8) 
ombined with (6.6) yields
2m−1∑

k=2m−1

vt
k(k + 1)Ψ(t) ≤ 2 · 2Ψ(t)m2(1−t/2)(m−1)(21−mC̃‖a‖

ℓ1
ˆ̂⊗ℓ1

)t

= (23/2C̃‖a
ℓ1

ˆ̂⊗ℓ1
‖)t.This 
ompletes the proof of Lemma 6.8 in Case 1.
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Case 2: 2 < t <∞. Sin
e Ψ(2) = 2, applying Case 1 for t = 2 we get

2m−1∑

k=2m−1

vt
k(k + 1)Ψ(t) ≤

( 2m−1∑

k=2m−1

v2
k(k + 1)2

)t/2
≤ (23/2C̃‖a‖

ℓ1
ˆ̂⊗ℓ1

)t.

Proof of Theorem 6.7. For (I) note that if β − Ψ(t) < 0 then for m =
1, 2, . . . ,

2m−1∑

k=2m−1

vt
k(k + 1)β ≤ 2(m−1)(β−Ψ(t))

2m−1∑

k=2m−1

vt
k(k + 1)Ψ(t)

≤ 2(m−1)(β−Ψ(t))(23/2C̃‖a‖
ℓ1

ˆ̂⊗ℓ1
)t.Thus

∑

k∈Z+

(k + 1)βvt
k = vt

0 +
∞∑

m=1

2m−1∑

k=2m−1

vt
k(k + 1)β <∞.

To prove (II) observe that, by the Bana
h�Steinhaus prin
iple, it su�
esto exhibit a sequen
e (an) ⊂ H ∩ ℓ1 ˆ̂⊗ ℓ1 \ {0} for n ∈ Z+ su
h that
(6.9) lim

n
(‖an‖ℓ1

ˆ̂⊗ℓ1
)−t

∑

k∈Z+

|an(0, k)|t(k+1)β =∞ whenever β > Ψ(t).

Let 0 < t ≤ 2. Put an = a[pn] for n ∈ Z+, where (pn) is any sequen
e oftrigonometri
 polynomials des
ribed in Remark 6.4. Then for β > Ψ(t) > −1there is C = C(β) > 0 su
h that
∑

k∈Z+

|a[pn](0, k)|t(k + 1)β =

n∑

k=0

(k + 1)β ≥ Cnβ+1 (n ∈ Z+),

while it follows from the proof of Proposition 6.2 that ‖a[pn]‖t

ℓ1
ˆ̂⊗ℓ1

= O(n3t/2).Thus we get (6.9) be
ause if β > Ψ(t) then nβ+1 > n3t/2.If t > 2 we de�ne an ∈ H for n ∈ Z+ by
an(j, k) =

{
1 for j + k = n,
0 otherwise.Then ‖an‖t

ℓ1
ˆ̂⊗ℓ1

= (n+1)t while ∑
k∈Z+

|an(k, 0)|t(k+1)β = (n+1)β, whi
hyields (6.9) be
ause if t > 2 then β > Ψ(t) = t.To prove (III) �rst observe that, by a result due to Littlewood [L℄, if
a ∈ M and ‖a‖

ℓ1
ˆ̂⊗ℓ1

<∞ then ∑
(j,k)∈Z+×Z+

|a(j, k)|4/3 <∞. In parti
ular,if a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1, then A4/3(a) =
∑

k∈Z+
v

4/3
k (k + 1) <∞.
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onsider the 
ase t = 2. Then Ψ(2) = 2. We have to prove that if
a ∈ H ∩ ℓ1 ˆ̂⊗ ℓ1, then A2(a) =

∑∞
k=0 v

2
k(k + 1)2 <∞. Put

Vk =
( ∞∑

ν=k

v2
ν

)1/2
(k = 0, 1, . . . ).Note that

VkVp ≥ V 2
p =

∞∑

ν=p

v2
ν (p = k, k + 1, . . . ; k = 0, 1, . . . ).

Clearly we 
an write (6.7) as C̃‖a‖
ℓ1

ˆ̂⊗ℓ1
≥

∑
k∈Z+

Vk. Squaring both sides,we have
C̃2‖a‖2

ℓ1
ˆ̂⊗ℓ1

≥
( ∑

k∈Z+

Vk

)2
=

∑

k∈Z+

(
V 2

k + 2
∞∑

p=k+1

VkVp

)

≥
∑

k∈Z+

(
V 2

k + 2
∞∑

p=k+1

V 2
p

)
=

∑

k∈Z+

k∑

ν=0

(2ν + 1)v2
k = A2(a).

Next, let 4/3 < t < 2. Choose θ so that t = θ ·4/3+2(1−θ). Then 0 < θ < 1.The numeri
al inequality α+ β ≥ αθβ1−θ for α, β > 0 implies
A4/3(a) +A2(a) =

∑

k∈Z+

(v
4/3
k (k + 1) + v2

k(k + 1)2)

≥
∑

k∈Z+

v
θ·4/3+2(1−θ)
k (k + 1)θ+2(1−θ) = At(a).Finally, if t > 2, then

At(a) =
∑

k∈Z+

vt
k(k + 1)t ≤

( ∑

k∈Z+

v2
k(k + 1)2

)t/2
= A2(a)

t/2.

Remark 6.9. The behavior of the series At(a) =
∑

k∈Z+
vt
k(k + 1)Ψ(t)seems to be unknown for 0 < t < 4/3. Sin
e the harmoni
 series diverges,

limt→0At(a) = ∞ for any a ∈ H ∩ ℓ1
ˆ̂⊗ ℓ1 whose symbol has almost all
oe�
ients di�erent from 0.Remark 6.10.(i) If a ∈ M and ‖a‖

ℓ1
ˆ̂⊗ℓ1

<∞ then a ∈ S1 and ‖a‖1 ≤ ‖a‖
ℓ1

ˆ̂⊗ℓ1
.(ii) There exists a ∈ S1 ∩H with ‖a‖

ℓ1
ˆ̂⊗ℓ1

= ∞.Proof. Part (i) is known. Let b ∈ M0. Clearly ∑
t∈Z+

|b(t, k)|2 ≤ ‖b‖B(ℓ2)for k ∈ Z+. Thus, by the S
hwarz inequality and by (6.7),
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|Tr(ab)| =

∣∣∣
∑

k∈Z+

∑

s∈Z+

a(s, k)b(k, s)
∣∣∣

≤
∑

k∈Z+

( ∑

s∈Z+

|a(s, k)|2
)1/2( ∑

t∈Z+

|b(k, t)|2
)1/2

≤
∑

k∈Z+

( ∑

s∈Z+

|a(s, k)|2
)1/2

‖b‖B(ℓ2) ≤ C̃‖a‖
ℓ1

ˆ̂⊗ℓ1
‖b‖B(ℓ2).Sin
e M0 is norm dense in K(ℓ2), the tra
e duality between K(ℓ2) and S1implies that ‖a‖1 ≤ ‖a‖

ℓ1
ˆ̂⊗ℓ1

.(ii) It is enough to show
sup

a∈M0∩H; ‖a‖1≤1
‖a‖

ℓ1
ˆ̂⊗ℓ1

= ∞.We need [Pe, Ch. VI, Lemma 1.3℄: If F is an analyti
 trigonometri
 polyno-mial of degree n then
‖a[F ]‖1 ≤ (n+ 1)

1

2π

π\
−π

|F (t)| dt.Let Fn be the n-shifted Fejér kernel,
Fn =

1

n+ 1

[ n∑

k=0

(k+1) exp(ik)+
2n∑

k=n+1

(2n+1−k) exp(ik)
]

(n = 1, 2, . . . ).Peller's lemma mentioned above and properties of Fejér kernels imply that∥∥ 1
2n+1a[Fn]

∥∥
1

= 1. Sin
e the non-zero 
oe�
ients of Fn are positive, we have
∥∥∥∥

1

2n+ 1
a[Fn]

∥∥∥∥
ℓ1

ˆ̂⊗ℓ1

=
1

2n+ 1

2n∑

j=0

2n−j∑

k=0

a[Fn](j, k) =
n+ 1

2
(n = 1, 2, . . . ).

Next we 
onsider Problem 8 of [S
b℄. Let B̃ : c × c → c be the bilinearform de�ned by
(6.10) B̃((xn), (yn)) = (zn) where zn= (n+ 1)−1

n∑
k=0

xkyn−k (n∈Z+),where c stands for the spa
e of all 
onvergent s
alar sequen
es. StanisªawMazur asked: �Does B̃ map c× c onto c ?�. The answer is negative:Proposition 6.11. B̃ is not surje
tive.Proof. Re
all that every bounded bilinear form Ã : X × Y → Z,where X,Y, Z are Bana
h spa
es, uniquely extends to a linear operator A :
X ⊗̂ Y → Z (here ⊗̂ denotes the proje
tive tensor produ
t) su
h that

Ã(x, y) = A(x⊗ y) (x ∈ X, y ∈ Y );moreover ‖Ã‖ = ‖A‖ (
f. [DeF, Ch. I, �3℄).Clearly if Ã is surje
tive then so is A.
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zy«ski and F. Suko
hevBy [DnS
, Ch. VI, �6℄, if A : V → Z (V, Z Bana
h spa
es) is surje
-tive then the adjoint operator A∗ : Z∗ → V ∗ is an isomorphi
 embedding,equivalently(6.11) ‖A∗(z∗)‖ ≥ γ‖z∗‖ (z∗ ∈ Z∗) for some γ > 0.We show that the linearization B of Mazur's bilinear form B̃ de�ned by(6.10) violates (6.11).Clearly ‖B‖ = ‖B∗‖ = ‖B̃‖ = 1. Identify c∗ with ℓ1(Z+ ∪ {∞}). Let(δ∗k)k∈Z+∪{∞} be the unit ve
tor basis of c∗. An easy 
al
ulation gives
B∗(δ∗k)(x⊗ y) =

1

k + 1

k∑

j=0

xjyk−j (x = (xn) ∈ c, y = (yn) ∈ c; k ∈ Z+).Put En = span{δ∗k : 0 ≤ k ≤ n for n = 0, 1, 2, . . . } and let
γn = inf

0 6=x∗∈En

‖B∗x∗‖(c⊗̂c)∗

‖x∗‖c∗
(n = 0, 1, . . . ).Let (pn)n∈Z+ be a sequen
e of analyti
 trigonometri
 polynomials satisfying(i)�(iii) in the proof of Proposition 6.2. Fix n ∈ Z+. Consider the fun
tional

ψ on c ⊗̂ c de�ned by
ψ = B∗

( n∑

k=0

(k + 1)a[pn](0, k)δ
∗
k

)
.Then, remembering that deg pn = n and a[pn](j, k) = 0 for j + k > n, wehave

‖ψ‖(c⊗̂c)∗ = sup
‖x‖c≤1; ‖y‖c≤1

|ψ(x⊗ y)|

= sup
‖x‖c≤1; ‖y‖c≤1

∣∣∣
n∑

k=0

∑

j+k=n

a[pn](0, j + k)xjyk

∣∣∣

= sup
‖x‖c≤1; ‖y‖c≤1

∣∣∣
n∑

j=0

n∑

k=0

a[pn](j, k)xjyk

∣∣∣ = ‖a[pn]‖ℓ1
ˆ̂⊗ℓ1
.

Thus, by (6.2) and (6.3), we have ‖ψ‖(c⊗̂c)∗ ≤ C(n+1)3/2. Similarly, invoking(ii) gives
∥∥∥

n∑

k=0

(k + 1)|a[pn](0, k)|δ∗k
∥∥∥

c∗
=

n∑

k=0

(k + 1)|a[pn](0, k)| =
(n+ 1)(n+ 2)

2
.Thus, appealing to the de�nition of γn, we obtain

C(n+1)3/2 ≥ ‖ψ‖(c⊗̂c)∗ ≥ γn

∥∥∥
n∑

k=0

(k+1)a[pn](0, k)δ
∗
k)

∥∥∥
c∗

= γn
(n+ 1)(n+ 2)

2
.Therefore γn = O(n−1/2); in parti
ular limn γn = 0. Thus B violates (6.11).
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es 203Remark 6.12. The same proof shows that B̃(c0 × c0) 6= c0. Clearly
B̃(c0 × c0) ⊃ c0.Remark 6.13. Re
all (
f. [Pi 3, p. 61℄, [MiP℄) that the nth Gelfandnumber of an operator T : V → Z is de�ned by

cn(T ) = inf{‖T|W ‖ : W ⊂ V, codimW < n}.The Gelfand numbers measure �non-surje
tivity� of T . Our proof of 6.11
ombined with a standard duality argument shows that cn(B) ≤ γn−1. Hen
e
cn(B) = O(n−1/2). It is not hard to show that this is sharp, i.e. there is
C ′ > 0 su
h that cn(B) ≥ C ′n−1/2 for all n.
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