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On unitary equivalence of invariant subspaces of the
Dirichlet space

by

KuNnyu Guo (Shanghai) and LIANKUO ZHAO (Linfen)

Abstract. It is shown that in the Dirichlet space D, two invariant subspaces M,
Mo of the Dirichlet shift M, are unitarily equivalent only if M; = M.

1. Introduction. Let D be the open unit disk, and dA the normal-
ized Lebesgue measure on ID. The Dirichlet space D consists of the analytic
functions f on D with finite Dirichlet integral

D(f) = [ /(=) 2 dA(2).
D
It is easy to verify that D C H?, the Hardy space on D.
Endow D with norm || - ||,

(1.1) IFI1> = II£1 + D(f), feD,

where || f||2 is the norm of f in H2. Then D is a reproducing kernel function
space with reproducing kernel

1 1
K)\(Z) = Elog m, )\,Z e D.

It is well known that K is a complete Nevanlinna—Pick kernel.

Let M, be the operator of multiplication by ¢(z) = z on D, called the
Dirichlet shift. It is an important operator on D which has been extensively
studied, and there is a large literature concerning invariant subspaces of M,
([, [6], [7], [8]-[L1]). We refer the readers to the survey paper [12] for more
information about the Dirichlet space D and the Dirichlet shift M, .

Let Lat(M.,,D,| - ||) be the lattice of invariant subspaces of M, in D.
Recall that two invariant subspaces M1 and My of M, are unitarily equiv-
alent if there exists a unitary operator U : M; — Mg such that UM, |y, =
M, |m,U.
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In [7], unitary equivalence of invariant subspaces of M, was studied, and
it was shown that if two invariant subspaces M1, My satisfy one of the
following conditions:

1. M contains an outer function,

2. My C My,

then M; and My are unitarily equivalent if and only if M; = My [7]
Theorem 2].
In this paper, by using some ideas of [I1], we prove the following theorem.

THEOREM 1.1. Suppose M, Ma € Lat(M,, D, || -||) are unitarily equiv-
alent. Then M1 = Ms.

Also, endow D with the equivalent norm || - ||o,

(1.2) I£15 = 1/(0)1* + D(f), feD.
Then the reproducing kernel of D is

1
Kg(z):1+log1 P A,z € D.

With the norm || - ||p on D, we will show the following theorem.
THEOREM 1.2. Let My, Ms € Lat(M,, D, ||-|lo). Then they are unitarily
equivalent if and only if they are equal.
Let H'2(D) be the completion of
2 2 1/2
0
‘) )aa) <o)
with respect to the Sobolev norm ||-||1,2 (see [I]). Then the Dirichlet space D

0
{“ e C'(D) : |luflr2 = (S |ul? dA+S < (% +15s

D D

is a closed subspace of H12(D) with the norm || - |1,
(1.3) 171} = §1/(2)P dA(z) + D(f),  feD.
D

We have the following theorem.

THEOREM 1.3. Let My, Ms € Lat(M,, D, ||-||1). Then they are unitarily
equivalent if and only if they are equal.

2. Unitary equivalence of invariant subspaces in the norm | - ||.
In this section, the norm || - || on D is defined as

IFII> = 1I£13 + D(f), feD,

where || f||2 is the norm of f in H?, and (,-) is the corresponding inner
product on D.

First, we fix some notation and cite some results about invariant sub-
spaces of M, in D.
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For a set S C D, let [S] denote the invariant subspace of the Dirich-
let shift M, generated by S. Let T = 0D be the unit circle, and dm the
normalized Lebesgue measure on T. We need the following results.

THEOREM 2.1. Let M € Lat(M,, D, || - ||). Then

(i) [8, Theorem 2(c)] M © 2M is one-dimensional.
(ii) [5, Theorem 1] [M & zM] = M.

THEOREM 2.2. Let M € Lat(M,, D, || -||). If p € M S zM, then

(i) [10, Theorem 3.1] ¢ is a multiplier of D.
(ii) [IIL Theorem 2.2(a)] ¢' € N(D), the Nevanlinna class of D.

From Theorem 2.2(ii) and [4, Theorem 5.3], if § € M & 2 M, then for
a.e. £ € T, the nontangential limit of ¢’ at &, ¢/(), exists. For f € D and
£ €T,let f(£) be the nontangential limit of f at &.

The following lemma comes essentially from the proof of [7, Lemma 2],
which gives a necessary condition for two invariant subspaces to be unitarily
equivalent.

LEMMA 2.3. Let M1, Mg € Lat(M,,D, | - ||) and U : My — Ms be a
unitary operator such that UM |pm, = My|m,U. Then for any f € My and

g=Uf, O] =19 ae €T
For f € D and & € T, define the local Dirichlet integral of f at & by

2
10 =10 i,

and set D¢(f) = oo if f(§) does not exist. See [9] for more information about
the local Dirichlet integral.
A formula of J. Douglas [3] for the Dirichlet integral shows that

D(f) = | De(f) dm(€),

T

which implies that D¢(f) € L'(T) whenever f € D.
For f,g € D and £ € T such that both D¢(f) and D¢ (g) are finite, define

De(f,g) = | L= ff,f)f (;(2?7) —9©) ,
T

which is called the mized local Dirichlet integral of f and g at & [11]. Then

D¢(f,g9) € LY(T) and De(f) = De(f, f)-
The following lemma comes from [IT, Lemma 2.1].

De(f) = |

m(n),
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LEMMA 2.4. Let f,ge D, A€ D, and o, 5 € C. Then

20 ()=l _1A§(f(€)g(§)+Dg(f,g))dm(£)
1STl_ e (€) 9(&) dm(é)
and
22 i 2 s O e e
= g V1O - )G Mm@ + 01900

Proof of Theorem 1.1. The proof will make use of some ideas of the proof
of [I1, Lemma 3.1].

Let U : M; — M3 be a unitary operator such that UM, |y, = M| am,U.
Let ¢ € My © zM; and ¥ = Uep. Then it is easy to verify that ¢ €
My 6 2Ms. By Lemma 2.3,

(23) [P(©OF = WO, ae (eT.
Since UM | pmy = M2, U, for A € D we have

1 VAR
1—x7%/ = \12-2x

By (2.1),
A

(2.4) §r —3 (!w(€)\2 + De(p)) dm/(€) +§T =50 (&) dm(€)

_ AE

= § X (W€ + De(v) dm() +§r T YO dm©)
By (2.3) and (2.4), we obtain

1 1

(2.5) qxr e De(0)dmi(€) = 1SF e De@) dm(©)
Taking A = 0 in (2.5), we have
(2.6) | De() dm(€) = | De(v) dm(€).

T T
Since the Poisson kernel is

1—|A]2 1
PO =g~
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by (2.5) and (2.6) we get

| PA(€) De(p) dm (&) = | PA(§) De(w) dm(&).
T T
Since Dg(p), De(y) € L*(T), it follows that
(2.7) De(p) = De(v), ae §€T.
On the other hand, by (2.3), we have
SU_féywmaﬁdm@>=xO_féphmoﬁdm@»
T T
Then by (2.2), for a, 5 € C,
AE —
[ g 16) ol am(e) + 2 3500
A 2 SNy
=\ =55 [W(&) — BT dm(§) + BAY(N).
Yo

In particular, for n € T such that ¢(n), ¥(n), ¢'(n), ¥'(n), Dy(¢) and Dy ()
are finite, taking o = ¢(n) and 8 = ¥(n), we have
XJE —n* |p(€) — ¢(n)]?
. _ d
A Y e AT
| AELE —nl? (&) — v(n)?
2 =22 [E—nl

m(§) + ¢(n) Ap'(A)

dm(&) + () M (X).

Since

AEJE — 77\2

(1-¢)?
letting A — 1 nontangentially, it follows from (2.8) and the dominated con-
vergence theorem that

=Dy(p) + () ng' () = =Dy() + (1) ny’ (n).
Combining this with (2.7), we have

-1 as A —n,

(2.9) omng'(n) =m)m'(n), ae neT.
From (2.3) and (2.9), we get

e _vEe
(2.10) O = v e feT.

By Theorem 2.2(ii), both ¢’ and ¢’ are in N (D), and hence combining (2.10)
and a simple reasoning shows that

PE)_vE) g

p(z)  P(2)’
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This implies that ¢ = ¢ for some constant c¢. By Theorem 2.1, M1 = Mo
as desired.

3. Unitary equivalence of invariant subspaces in the norm || |[|o.
In this section, we consider the Dirichlet space D in the norm || - ||o,

IF1I5 = If(O)]* + D(f),  f€D.

We use (,)g to denote the corresponding inner product.

We begin with a discussion of Carleson’s formula. Let f = BSF be
the canonical factorization of f, where B = Hj‘;l I%j\laj a_;z is a Blaschke
product, S is the singular part of f, and p the corresponding singular mea-
sure, and F' is the outer part of f. Then Carleson’s formula [2] (see also [9]

Corollary 3.6]) is

21 oo
1 1S s
D(f) = 5 | 3 Pan (7)) ds
0 n=1
21 21
1 2 1S\ |2
+ % S S \e"t — 6i5|2 Cl,l,t(t) ‘f(e )‘ ds
00
2m 2 it is ; ;
1 1 T (e2ule’) _ o2u(e™) iy _ is
LT 2 e — (e
2m 5 2m |eit — eis|?

for f € D, where u(e) = log|f(e®)|, and P,(e®) is the Poisson kernel.
By Carleson’s formula, it is easy to verify that

(3.1) I2£1I = D(=f) = I fI3 + D(f) = IfII>,  feD.
Proof of Theorem 1.2. By Theorem 1.1, it suffices to prove that if M
and My are unitarily equivalent in the norm || - ||o, then they are unitarily

equivalent in the norm || - ||.
Let V : M; — Ma be a unitary operator such that VM, |y, = M|am, V.
For f € M, let g =V f. It is enough to prove that

1F1F = llgll-
Since VM| pmy, = M m,V and V' is unitary, we have V(zf) = zg and

[2fllo = [lzgllo-
By (3.1), the proof is complete.

4. Unitary equivalence of invariant subspaces in the norm |- ||;.
In this section, we consider the Dirichlet space D with the norm || - [|1,

IF13 = {fdA+ D(f), feD.
D
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Let (-,-)1 be the corresponding inner product. A direct computation shows
that for nonnegative integers n, m with n <m, and f(z) = Y2, aZt € D,

o oo 1
n m _ = k _k\ __ —
(4.1) ("f,2"f)h = gak_nak_m(z L, 20 = kg;nak_nak_m <k:+1 + /~c>

Proof of Theorem 1.5. Let f(z) = Y2, a;Z be in D and n, m be non-
negative integers with n < m. Then by (4.1),

n m S a 1
(4.2) (2" f, 2™ f) = kz;nak—nak—m (M + k)
s ~ 1
(4.3) (Z"TLf ML EY = Z Ak —(n+1)Ak—(m+1) <k+1 + k)
k=m+1
= Pt k—nk—m k+2 ’

and similarly,

R 1
n+2 m-+2 _ —
(44) <Z I,z f>1 = k%mak—nak—m (k'+3 + k+ 2) .

Taking (4.2) — 2 x (4.3) + (4.4) yields

(4.5) <znf, sz>1 . 2<Zn+1f7 Zm+1f>1 + <Zn+2f, Zm+2f>1
N 20k _ng—m
B kz (k+1)(k+2)(k+3)

=m

Let U : M; — Ma be a unitary operator such that UM, |y, = M| am,U.
Suppose f(z) = > 2 @zl in My and g(z) = Y 75, bzt in My are such that
Uf = g. Then by (4.5), we have

[e.9] o0

Ak —nQk—m . bkfngkfm
(4.6) kz (k+1)(k+2)(k+3) _kz (k+1)(k+2)(k+3)

=m =m

It is obvious that D C L2((1—]z|?)2dA(z)), the weighted Bergman space
with the orthonormal basis {((k + 1)(k + 2)(k + 3)/2)'/22F}%° , and a rou-
tine calculation shows that for h(z) = 7%, ¢z in L2((1 — |2|%)2dA(z)),

o0

4.7 (Z"h 2" h) 2 (- pa2)2aa() = kZm T DGtk 3)

By (4.6) and (4.7), for f € M; and g € My with Uf = g,

(2" f 2™ F)p2(—)z2)2dAz)) = (279, 27 9) L2 (1-|212)2d A(2)) -
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This means that [f] and [g], the invariant subspaces of L2((1 — |z|?)2dA(z))
generated by f and g, respectively, are unitarily equivalent. Therefore by
Theorem 1 in [7], g = c¢f for some constant c. This implies that M; = Mo,
completing the proof.
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