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Weighted measure algebras and uniform norms
by

S. J. BHATT and H. V. DEDANIA (Vallabh Vidyanagar)

Abstract. Let w be a weight on an LCA group G. Let M (G, w) consist of the Radon
measures p on G such that wy is a regular complex Borel measure on G. It is proved that:
(i) M(G,w) is regular iff M (G, w) has unique uniform norm property (UUNP) iff L' (G, w)
has UUNP and G is discrete; (ii) M (G,w) has a minimum uniform norm iff L' (G, w) has
UUNP; (iil) Moo(G,w) is regular iff Moo(G,w) has UUNP iff L'(G,w) has UUNP, where
Moo(G,w) :={p € M(G,w) : i =0 on AM(G,w)) \ AL*(G,w))}.

1. Introduction. A wuniform norm on a Banach algebra (A,| -||) is
a (not necessarily complete) norm |- | on A satisfying the square prop-
erty |a®| = |a*> (a € A). A minimum uniform norm on A is a mini-
mum norm among all uniform norms on A. A Banach algebra A has the
Unique Uniform Norm Property (UUNP) if A admits exactly one uniform
norm [BhDel]; in this case, the spectral radius r(-) is the only uniform norm
on A. The perspective of UUNP in Banach algebras is discussed in [BhDel]
and [BhDe2]. By [BhDe2, Theorem 4.1] and [BhDe3], the Beurling algebra
L'(G,w) has UUNP if and only if L'(G,w) is regular. On the other hand,
either L'(G,w) has exactly one uniform norm or it has infinitely many uni-
form norms [BhDe4].

The present note is aimed at investigating UUNP in weighted measure
algebra M (G,w). In what follows, we briefly discuss preliminaries to fix up
the notations.

Throughout let G be an LCA group with the Haar measure A. Let G be
the dual group of G. A generalized character on GG is a continuous homomor-
phism o : G — (C\ {0}, x). Let H(G) denote the set of all generalized char-
acters on G equipped with the compact-open topology. For o, 8 € H(G),
define (o + B)(s) = a(s)B(s) (s € G). If G is compactly generated, then
H(G) is an LCA group [BhDe5]. Let C.(G) denote the set of all continuous
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functions on GG having compact supports equipped with the inductive limit
topology 7. Then (C.(G),7) is a commutative topological algebra with the
convolution product. For a € H(G), define

valf) = | f(s)a(s)dA(s)  (f € Ce(@)).
G
Then ¢, € A(C.(G)), the Gelfand space of C.(G). Let T : H(G) —
A(C(Q)), a +— ¢qo. If G is second countable and compactly generated,
then 7T is a homeomorphism [BhDe5].

By a weight on G, we mean a continuous function w : G — (0, 00) such
that w(s +t) < w(s)w(t) (s,t € G). The associated Beurling algebra is the
convolution Banach algebra L'(G,w) of all measurable functions f on G
satisfying || f[lw := {5 |flwd\ < co. An element o € H(G) is an w-bounded
generalized character if |a(s)] < w(s) (s € G); let H(G,w) denote the set
of all such elements of H(G). Let 11 be the map T restricted to H(G,w).
Then T} is a homeomorphism from H(G,w) onto A(LY(G,w)) for any LCA

group.

2. Weighted measure algebras and UUNP. A Radon measure on
G is a continuous linear functional on C.(G). Let M,.(G) denote the linear
space of all Radon measures on G (see [Da]). Let Lj,.(G) denote the space
of all locally integrable, measurable functions on G. Then clearly Lj,.(G) C
Mioc(G). Let M (G) be the convolution Banach algebra of all complex regular
Borel measures (necessarily finite) on G with the total variation norm || - ||.
For a weight w on G, define

M(G,w) ={u € Mo.(G) : wp € M(G)},
Co(G,1/w) ={f € C(G) : f/w e Co(G)},
Cp(G,1/w) = {f € C(G) : f/w € Cr(G)}-
All are Banach spaces; the first one with norm ||u|| := [|wp|| and the others
with norm || f[l,-100 = [lw ! fllsc. It is clear that every p € M(G,w) is

a continuous linear functional on Cy(G,1/w) by (f,p) = {, f/wdv, where
v=wp € M(G). For p € M(G,w) and f € C,(G,1/w), define

Ty :G—C as Tf(s)=(r—sf,u) (s€G).
Then T} € Cy(G, 1/w) and [|T§ [ly-1 00 < | tllw| fllo-1 o For p,v € M(G,w),
the convolution product p * v is defined as
<f7:u*1/>:<T}L7V> (fECb(G,l/W))

Then it is a routine verification that pu*v € M(G,w), p*xv = v * u and
le * v|lw < |[|pllwll¥|lw- Thus M(G,w) is a commutative Banach algebra.

The pointmass measure dy is the identity of M (G, w). The Beurling algebra
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L'(G,w) is a closed ideal in M (G, w); and by [Gh, Lemma 2.3], M (G,w) is
exactly the multiplier algebra of L!'(G,w).

Let p € Myoc(G). Define Dgy, = {a € H(G) : | |a(s)]d|u|(s) < oo}.
When Dz, # 0, Lu (also denoted by i), defined as

(Lp)(a) = i) = §a(s)du(s) (o € Dey),
G

is the Laplace transform of . The following introduces weighted analogues of
the classical transforms of harmonic analysis, thereby providing important
tools for abelian weighted harmonic analysis.

PROPOSITION 2.1. Let p,v € Mo (G).

(i) Deu # 0 iff n € M(G,w) for some weight w on G.

(i) DeuNDery # 0 iff pv € M(G,w) for some weight w on G. In this
case, pxv € M(G,w) and Dry # 0.

(iii) If o € Dpy,, then o+ G C Dgy,. R

(iv) If « € Dy, and if Lu =0 on a+ G, then p = 0.

(v) Let w be a weight on G and let p € M(G,w). Then H(G,w) € Dgy;
the restriction of Lu to H(G,w) is the generalized Fourier—Stieltjes
transform of u.

(vi) Let w be a weight on G and let f € L'(G,w). Then H(G,w) C
Dpy; the restriction of Lf to H(G,w) is the generalized Fourier
transform of f.

(vii) Let w be a weight on G such that w > 1 on G and let p € M (G, w).
Then G C Dy the restriction of Ly to G is the Fourier— Stieltjes
transform of u.

(viii) Let w be a weight on G with w > 1 on G and let f € L'(G,w).
Then G C Dy the restriction of Lf to G is the Fourier transform
of .

Proof. (i) Let a« € Dgy,. Define w(s) = |a(s)| (s € G). Then p €
M(G,w). Conversely, let 4 € M(G,w) for some weight w on G. By [BhDe3],
H(G,w) # 0. Let 8 € H(G,w). Then { |3(s)|d|u|(s) < {5w(s)d|p|(s) <
oo. Hence H(G,w) C Dg,,. In particular, Dz, # 0.

(ii) Assume that Dz, N Dy, # (. Choose o € Dy, N Dy, Define w(s) =
la(s)| (s € G). Then p,v € M(G,w). Since M(G,w) is a Banach algebra,
pxv e M(G,w). By (i) above, Dz # 0. Conversely, let p,v € M(G,w)
for some weight w on G. Then, as in the proof of (i), § # H(G,w) C
Dgu NDg,.

(ii) For a € D, and 0 € G, {gl(a+0)(s)|dlul(s) = g la(s)] dlul(s)
< oo. Hence o + G C Dy,
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(iv) Let o € Dy, be such that L = 0 on a + G. Since a € Dy,
ap € M(G). Now L(ap)(0) = L(u)(a+6) =0 (0 € G). Hence ap = 0.
Since a(s) # 0 for any s € G, u = 0.

(v) For § € H(G,w), [ 18(5)] dlpl(s) < Yy (s) dlp(5) < oo.

(vi) This can be proved as (v).

(vii) Let 6 € G. Then 6 € H(G) and S 10(s)| dlul(s) < §,w(s)d|ul(s)
< 00. Hence G C Dz

(viii) This can be proved as in (vii). m

PROPOSITION 2.2. Let w be a weight on G. Then there exists a weight
w >1 on G such that M (G,w) is isometrically isomorphic to M(G,w).

Proof. Since H(G,w) is non-empty, choose a € H(G,w). Define w(s) =
w(s)/|a(s)| (s € G). Then w is a weight and @ > 1 on G. Now define
T: M(G,w)— M(G,w) as T(u) = ap. Then, for p € M(G,w),

w(s
IT(w)llz = llaplls = | wlo) dlap|(s) = | w(s) dlpl(s) = ||l
Vate) )
It is easy to see that T is an algebra isomorphism. =

PROPOSITION 2.3. Let w be a weight on G. Then the following are equiv-
alent:

(i) M(G,w) is regular;
(ii) M(G,w) has UUNP;
(iii) L'(G,w) has UUNP and G is discrete.

Proof. By Proposition 2.2, we can assume that w > 1 on G.

(i)=(ii). This is true for all semisimple, commutative Banach algebras.

(ii)=(iii). Since M(G,w) is a dense subalgebra of M(G), M(G) has
UUNP due to Theorem 2.4 in [BhDe2]. Hence, by [BhDe2, p. 233], G must
be discrete. In this case, L'(G,w) = M(G,w) has UUNP.

(iii)=>(i). Since G is discrete, M (G,w) = L'(G,w). By [BhDe2, Theorem
4.1] and [BhDe3], L}(G,w) is regular. m

The following is the main result of the paper. It compares with the
result that L'(G,w) has a minimum uniform norm if and only if L!(G,w)
has UUNP [BhDe4, Theorem 1].

THEOREM 2.4. M(G,w) has a minimum uniform norm if and only if
LY(G,w) has UUNP.

Proof. By Proposition 2.2, we can assume that w > 1 on G. Assume that
L'(G,w) has UUNP. Then it is regular due to [BhDe2, Theorem 4.1]. Since
M (G, w) is the multiplier algebra of L!(G,w) and A(LY(G,w)) & H(G,w) is
a set of uniqueness for M (G,w) by Proposition 2.1, it follows from [BhDe2,
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Corollary 6.3] that |u|e = sup{|i(a)| : « € H(G,w)} is the minimum
uniform norm on M(G,w).

Conversely, assume that M (G, w) has a minimum uniform norm, say |- |o.
Define F' = {o € H(G,w) : a is | - [o-continuous}. Then |f|o = sup{|va(f)] :
a € F}:=|f|r (f € LY(G,w)). We break up the proof into three steps.

STEP I: |- |o 48 a minimum uniform norm on L'(G,w). Let | -| be any
uniform norm on L!(G,w). Define

[ttlop = sup{|f  p| : f € LY(G,w) and |f| <1} (n € M(G,w)).
Since L!(G,w) has a bounded approximate identity, | - |op is a uniform norm
on M(G,w) and it is identical to | - | on L'(G,w). Since | - |y is a minimum
uniform norm on M (G,w), |-|o < |-|op on M (G, w) and hence |-|g < |+|op = ||
on L'(G,w). Thus | - |p is a minimum uniform norm on L(G,w).

STEP II: F = G + F. Fix 0 € G. Define |f|grr = |0f|r on L} (G, w),
where 0+ F := {#+a : a € F}. Then |-|g,r is a uniform norm on L'(G, w).
Since | - | (=] |o) is the minimum uniform norm on L}(G,w), we have

(1) [flr < |floxr  (f € LY(G,w)).
This holds for each § € G. So |flo+r < |0f|g, = |f|F. Hence éj—F CF
by the definition of F' and |- |p = | - |o. Thus it follows that F = G + F.

STEP III: F = H(G,w). Suppose this is not the case. Then there exist
positive generalized characters a@ € F and § € H(G,w) \ F because F =
G+F. Choose t € G such that 3(t) < a(t). Let U be an open neighbourhood
of t such that its closure is compact and ((s) < a(s) (s € U). Take f = xv.
Then f € LY(G,w) because w is continuous. Now

flsc = sup{lesro(f)] : 0 € G}
— sup {‘ | 7(5)8(s)6(s) d)\(s)’ 0 é}

G
< Sup{ S B(8)|0(s)|dA(s) : 0 € @}
U
= | B(s)dx(s) < | a(s) dA(s)
U U

<sup{lpara(f): 0 € G} = [fl,yq < |flF.
Thus |- |5, & is a uniform norm and [f|;, 5 < |f|r, which is a contradiction
because the latter is the minimum uniform norm on L'(G,w). Thus F =

H(G,w).

By Step III, |f|0 = ’f’F = |f|H(G,w) = ’l“(f) (f S Ll(va))¢ where 7"()
denotes the spectral radius on L!(G,w). Thus the spectral radius is the only
uniform norm on L(G,w), and hence L!(G,w) has UUNP. =
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EXAMPLE 2.5. For @ > 0, define wo(s) = (1 + |s])* (s € R). Then
the Beurling algebra L'(R,w,) has UUNP. Thus M (R, w,) has a minimum
uniform norm, namely p — |fi]|o, but M(R,wy) fails to have UUNP. u

Let
My(G,w) = {p € M(G,w) : i € Co(A(LYG,w)))}
={neM(G,w): e C(H(G w))}
and
Moo (G,w) :={p € M(G,w) : i =0 on AM(G,w))\ A(LY(G,w))}
={ne M(G,w):=0o0n AM(G,w))\ H(G,w)}

={n € M(G,w): fi=0on h(L'(G,w))},

where h(L'(G,w)) is the hull of L'(G,w) in M(G,w). Then both are
closed ideals in M (G, w) and L'(G,w) C MOO(G, w) € My(G,w). These are
weighted measure algebra analogues of My(G) and Myy(G) considered in
[LN, p. 376]. Our feeling is that Mg (G,w) is close in spirit to L'(G,w),
whereas My(G,w) is close to M (G,w). The following supports this. It also
compares with Proposition 2.3.

PROPOSITION 2.6. Let w be a weight on G. Then the following are equiv-
alent:

(i) Moo(G,w) is regular;
(ii) Moo(G,w) has UUNP;
(iii) L'(G,w) has UUNP.

(
Proof. (1)=-(ii). This is true for all semisimple, commutative, Banach
algebras.
(ii)=(iii). Let Mgy(G,w) have UUNP. Let |- | be a uniform norm on
LY(G,w). Define

|ulop = sup{|f * u| : f € LY(G,w) and [f| <1} (1 € Moo(G,w)).

Then | - |op is a uniform norm on Mgy (G,w) and it is identical to | - | on
LY(G,w). Since Moo(G,w) has UUNP, |-|op is identical to the spectral radius
of Moo(G,w). Since L}(G,w) is an ideal in Moo(G,w), || = |- |op is identical
to the spectral radius on L'(G,w). Thus LY(G, ) has UUNP.

(iii)=(i). Assume that L!(G,w) has UUNP. By [BhDe2, Theorem 4.1],
LY(G,w) is regular. Since L(G,w)) € My(G,w) and since A(L'(G,w)) =
A(Moo(G,w)), Moo(G,w) is regular. =

CONJECTURE. Motivated by the fact that My(G) fails to have UUNP

[BhDe2, p. 234], we conjecture that My(G,w) has UUNP if and only if
L'(G,w) has UUNP and G is discrete.
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