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Digit sets of integral self-affine tiles with prime determinant
by

JIAN-LIN L1 (Xi’an)

Abstract. Let M € M,(Z) be expanding such that |det(M)| = p is a prime and
pZ™ € M?*(Z™). Let D C Z" be a finite set with |D| = |det(M)|. Suppose the attractor
T(M, D) of the iterated function system {¢q(xz) = M ' (z +d)}aep has positive Lebesgue
measure. We prove that (i) if D ¢ M(Z"), then D is a complete set of coset representatives
of Z"/M(Z"); (ii) if D C M(Z"), then there exists a positive integer 7 such that D =
M?” Dg, where Dy is a complete set of coset representatives of Z™ /M (Z™). This improves
the corresponding results of Kenyon, Lagarias and Wang. We then give several remarks
and examples to illustrate some problems on digit sets.

1. Introduction. Let M € M, (Z) be an expanding matriz, that is, all
eigenvalues of the integer matrix M have moduli > 1. For any finite subset
D C Z" of cardinality |D| = |det(M)], there exists a unique nonempty
compact set T := T (M, D) such that

(1.1) MT = | J(T +d).
deD

More precisely, T is the attractor of the iterated function system {¢q4(x) =
M~z + d)}aep (see [3]). A more explicit expression of T is given by

(1.2) T(M,D) = {i M=id;:d; € D} - iM*J’D.
=1 =1

We call the above D a digit set, based on the view that (1.2) gives a multidi-
mensional generalization of a radix expansion for the members of T'. For most
pairs (M, D), the set T'(M, D) has Lebesgue measure u(T) = 0. If T(M, D)
has positive Lebesgue measure, we call T (M, D) an integral self-affine tile.
Associated with the pair (M, D) is the smallest M-invariant sublattice of Z"
containing the difference set D — D, which we denote by Z[M,D]. If 0 € D
then

(1.3) Z[M, D) = Z|D,M (D), ..., M"}(D)].
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This follows from the Hamilton—Cayley theorem stating that M™ € Z[M 0
MY ... M™ 1], We call a digit set D primitive (with respect to M) if
Z|[M,D) =7Z". If D' = D — v for a constant vector v € Z", then Z[M, D'|
= Z[M, D]. Without loss of generality, we may assume that 0 € D by a
translation. It follows from (1.3) that the condition Z[M,D] € M(Z") is
equivalent to D Z M (Z").

It is known that most of the measure and tiling questions can be reduced
to the case of primitive tiles. More precisely, Lagarias and Wang provide the
following useful fact (see [6], [7, Theorem 1.2]).

PROPOSITION 1. If the columns of a matrix B € M,(Z) form a basis
of ZIM, D], that is, Z[M,D] = B(Z"™), then there exists a matriz M =
B™'MB € My,(Z) and a digit set D := B™1D C Z" such thatZ[M, 15] = 7",
0 € D, and T(M, D) = B(T(M, D)).

In Proposition 1, the expanding integer matrix M is changed to a dif-
ferent integer matrix M, which is similar to M over QQ but not necessarily
over Z. Note that B~ € M, (Z) if and only if D is primitive. We follow
the terminology of [6], and say that D is a standard digit set (with re-
spect to M) if D is a complete set of coset representatives of Z" / M (Z"). In
this case, u(T(M, D)) = |det(B)|u(T(M, D)) > 0 (see [1]). A nonstandard
digit set D is one where Z[M, D] = B(Z"), T(M,D) = B(T(M, D)) and
,u(T(M ,D)) > 0, but D is not a complete set of coset representatives of
Z" ) M (Z").

For the digit sets of integral self-affine tiles with prime determinant,
Kenyon [4] proved the following:

THEOREM 1. Let p be a prime and D C Z be a primitive digit set with
|D| = |p|. Then T'(p, D) is an integral self-affine tile if and only if D is a
complete set of residues mod p.

This result has been generalized by Lagarias and Wang [6, Theorem 4.1],
[11, Theorem 4.2] who showed that nonstandard digit sets do not exist for
many M such that |det(M)| = p is a prime. In fact, they state the following.

THEOREM II ([6, Theorem 4.1]). Let M € My(Z) be expanding such that
|det(M)| = p is a prime and pZ™ € M?*(Z"™). If D C Z" is a digit set with
|D| = p, then u(T'(M, D)) > 0 if and only if D is a standard digit set.

Since pZ™ ¢ M%(Z") is equivalent to pB~1(Z") ¢ M?(B~1(Z")) which
is not of the form pZ"™ ¢ M 2(zZ"), we observe that there is a gap in the proof
of Theorem II in [6]. The proof there essentially yields the following.

THEOREM III ([11, Theorem 4.2]). Let M € M,(Z) be expanding such
that |det(M)| = p is a prime and pZ™ ¢ M?(Z"). Let D C Z™ with |D| =
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|det(M)| be primitive. Then u(T(M, D)) > 0 if and only if D is a complete
set of coset representatives of Z" /M (Z™).

Since the sufficiency of the theorems above was proved by Bandt [1] un-
der a much weaker condition, and the condition pZ"™ ¢ M?(Z") is always
satisfied in the one-dimensional case, one often concentrates on the neces-
sity of the theorems in higher dimensions (see [6, p. 174]). Based on the
previous research concerning digit sets of integral self-affine tiles with prime
determinant, in the present paper we first give a more general result which
extends the above Theorems I-II1. In particular, we obtain a complete proof
of Theorem II. We then give several remarks and examples to illustrate some
problems on digit sets.

2. Theorem and its proof. Our main result concerning the digit set
D of the integral self-affine tile T'(M, D) with prime determinant det(M) is
contained in the following.

THEOREM. Let M € M,(Z) be expanding such that |det(M)| = p is a
prime and pZ™ € M*(Z™). Let D C Z" be a finite set with |D| = |det(M)].
Suppose that T'(M, D) is an integral self-affine tile. Then the following two
conclusions hold:

(i) If Z[M, D] € M(Z"), then D is a complete set of coset representa-
tives of Z" /M (Z"™).
(ii) If Z[M, D] C M(Z"), then there exists a positive integer v such that
D = M7YDy, where Dy is a complete set of coset representatives of
Zn /M (Z").
Note that either of the above conclusions (i) and (ii) implies that D is
a standard digit set, hence we obtain Theorem II. On the other hand, since
Z[M, D] € M(Z") for a primitive digit set D, Theorems I and III are simple
corollaries of (i).
In order to prove the Theorem, we need the following two lemmas.
LEMMA 1. Let M € My(Z) be an expanding matriz, and let D C Z"
be a finite subset with |D| = |det(M)|. If u(T'(M,D)) > 0, then for each
[ € Z™\{0}, there exists a positive integer k = k(l) such that my;—xp(l) =0,
where
(2.1) my—kp(t) = ’—11)‘ Z e 2miM R L),
deD
This lemma is due to Lagarias and Wang [6, Theorem 2.1], who also
proved the converse. For completeness, we provide a simple proof.

Proof of Lemma 1. Since T (M, D) is an integral self-affine tile, it follows
from (1.1) that T = (Jye p (M ~'T+M~'d) is a measure-disjoint union, which
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can be written as
(2.2) xr(t) =Y xr(Mt —d).
deD
Taking the Fourier transform of (2.2), we have
(2.3) Xr(€) = mp(M* 'R (M*1¢),
which yields
(24)  Xr(&) = mp(M* 1 )mp(M*72€) ---mp(M**E)Xr (M*5¢)

by iteration, where M* denotes the conjugate transpose of M, in fact M*
= MT. Since limy_,oo X7(M*7*¢) = X7(0) = u(T), it follows from (2.4) that,

(2.5) R0(6) = (1) [[ mp (M),

j=1

The infinite product in (2.5) converges absolutely for all £ € R™. For each
1 € Z"\{0}, taking £ = M**[ in (2.4), we have

(2.6)  Xr(M™*1) = mp(M**D)mp (M=) - mp()Rr(1) = X2 (D).
It follows from the Riemann—Lebesgue lemma and (2.6) that

(2.7) xr(l) = lim Xr (M) = 0,

which gives the desired result by (2.5). m

For each integer m > 1, let I}, denote the lattice of integer relations
among the mth roots of unity, that is,

m—1
I, = {(ao,al, .. .,am_l) eZ™: Z ake27rik/m = 0}.
k=0

Let m = p[il e p?r be the standard decomposition into prime powers. For
a; =0,1,...,m/p1 — 1, we define the point P,, o, = (uo,u1,...,Um—1) by

(28) Ur(m/p1)+ar = 1, 7=0,1,....,p1 — 1,
uy, =0 if v # 7(m/p1) + .
Similarly, we define the points Py, , (2 = 0,1,...,m/ps — 1), ..., Py a,
(. = 0,1,...,m/p, — 1). Schoenberg [9] showed that every point P =
(ag,ai,...,am—1) of Iy, can be written as
m/p1—1 m/pr—1
(2.9) P = Z Ipy,a1 BPprjon 00 F Z lprar Ppy s
a1=0 ar=0

where I o, (o; =0,1,...,m/p; =1, j=1,...,r) are all integers.
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In the special case when m = p? is a prime power, it follows from (2.8)
and (2.9) that

ap = Qpa-1 = Qgpa-1 = = a(p_l)pafl = lp’o
(2.10) “ = Gpa-ipy = Agpo-iqy =0 = Apope-tyl = lp
apa_1_1 = CL2pa—1_1 = CL3pa—1_1 = = ap“—l = lp,p“_l—l'

Thus we have the following lemma.

LEMMA 2. Let m = p* be a prime power. Then the coordinates of a
point P = (ag,ai,...,am_1) € Iy, can be divided into p®~! groups of p
equal elements each.

Proof of Theorem. We introduce a lattice A := B~!(Z"), which is M-
invariant. It can be proved that D is a complete set of coset represen-
tatives of Z"/M(Z") if and only if D is a complete set of coset repre-
sentatives of A/M (A). Here we use the same notation as above, and let
5 = {Jg, CTI, e ,Jp_l} with giv() = 0.

In view of Proposition 1, we apply Lemma 1 to the pair (M . D), and con-
clude that for each [ € Z™\{0}, there exists k = k(l) > 1 withmg;_, 5(I) = 0.

Let M' = pM~!. Then M' € M,(Z) and

p—1 L
1) S OB
7=0

This is a sum of p*th roots of unity. In view of the fact that c?o =0and pis
a prime, it follows from Lemma 2 that

(212) {0 ((MD*dy, 1), (M) dyor. 1)}
={0,p" 129" (= 1) (modp).
CASE 1: Z[M,D] € M(Z™). 1t is known that
Bz € M(z") & (MT)"\(Z") C (BT)\(@").

In this case, we choose I’ € Z"\MT(BT)~1(Z"). Then
(2.13) BT (MY ¢ pz™,
where Mt =pM~! € M,(Z).

CLAM 1. There exists w € B(Z") such that

(Mtw, "y = wT (MHTI £ 0 (mod p).

Suppose that for all w € B(Z") we have w? (MT)TI' = 0 (modp). Let
e1,...,e, be the standard basis of unit column vectors in R". Taking w =
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Bey, ..., Be, respectively, we obtain
(2.14) el BTN =p&r, ..., el BT(MNTT = pé,,

where £1,...,&, € Z. Hence BT (MO = p(&y, ..., &,)T € pZ™ contradicts
(2.13). Claim 1 is proved.

Since (M) = (BT)_l(MT)TBT, by letting
(2.15) @:=B'wez" and [:=B"l'e BT(z")\M"(z"),
Claim 1 is equivalent to the following.
Cram 1'. There exists w € 2" such that
(2.16) (M@, 1) = o (M1 0 (mod p).
Claim 1’ combined with Z" = Z[]Tj , 15] yields the following.
CrLAIM 2. There exists Jq €D (1<q<p—1) such that
(2.17) pt(Mdy,1).

Furthermore, {0, Jq, 267(1, o (p= 1)5{(1} is a complete set of coset represen-
tatives of AJM(A).

In fact, we may write @ € Z" = Z[M, D] as

izmm (d = 0)
=0 j

for some integers n; ; (i =0,1,...,n—1,j =0,1,...,p — 1). Substituting
this in (2.16) and using MM' = pI, we have

p—1

Znoﬂjﬁgj,l) Z 0 (modp).
§=0

Thus there must exist Jq €D (1<q<p-—1) such that (2.17) holds.
For any integer h with |h| =1,...,p — 1, (2.17) gives

(2.18) pt(hM1d,, 1),

which shows that hd, & M(A), for if hd, = Mf with 3 € A = B~1(zZ"),
then (hM'd,,1) = p(B3,1) € pZ contradicts (2.18). Hence Claim 2 holds.

It follows from Claim 2 that each A € A has a unique representation
(2.19) )\:joch—i—j\\fg for some 0 < jo<p—1,0€ A
Also from ]Tf’c?q eZ™ C A,
(2.20) Mh@z]’@%—]\fz& forsome 0 < j<p-—1, 9 € A
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The assumption pZ" ¢ M2(Z") is equivalent to MT(A) ¢ M(A (A), which
guarantees that j # 0 in (2. 20) for if j = 0 in (2.20), then MTd € M(A),
and (2.19) would give Mixe M(A) for all A € A, a contradiction.

Now it follows from (2.20) and MT(A) C A that for all & > 1,

(2.21) (MYd, = j7d, + Md, for 8, € A,
hence from (2.17),
(222)  ((M)7dg, 1) = (M'(j7 dg + M, 1),1)

= 7 HMTdy, 1) + p(8,—1,1) # 0 (modp),

where 69 = 0 and (d,—1,1) € Z for 6,1 € A and [ in (2.15).
Finally, comparing (2.12) and (2.22), we see that k(l) = 1 for [ given in
(2.15). Hence (2.12) becomes

(2.23) {0, (Mtdy,1y,... . (M'd,_1,1)} ={0,1,...,p— 1} (modp),

for I given in (2.15). In this case, if d; — J] — MM for some A € A, then
(MT(d —d; i),1) = p(A\, 1) € pZ contradicts (2.23). Thus D is a complete set
of coset representatives of A/M(A), and conclusion (i) of the Theorem holds.

CASE 2: Z[M,D] C M(Z"™). From (1.3), we know that

Z|M,D] = B(Z") C M(Z") < D C M(Z").
Let D = M D’ and Z[M, D'] = B'(Z™). Then
(2.24) Z|M,D] = M(B'(Z")) and T(M,D)= M(T(M,D")).

If B'(Z™) € M(Z™), the discussion in Case 1 applied to the pair (M, D")
shows that D’ is a complete set of coset representatives of Z" /M (Z™) and
D = MD', i.e., conclusion (ii) of the Theorem holds with v = 1.

It B'(Z") C M(Z"), then Z[M,D] C M*(Z"). Let D = M2D" and
Z[M,D") = B"(Z"). Then

Z[M,D] = M*(B"(Z")) and T(M,D)= M*(T(M,D")).
The same argument applied to the case B”(Z") ¢ M(Z"™) gives conclusion
(ii) with v = 2, while B”(Z"™) C M(Z™) needs the next step. After finitely
many steps, we see that there exists an integer v > 1 such that Z[M, D] C
MY(Z™) with D := M"Dy, Z[M, Dy| := Bo(Z"™) but Bo(Z"™) € M(Z™). This
is due to the fact that

o0
(2.25) M°(zZ") C M°YZ") (¢ =1,2,...) and ﬂ M (z™) = {0}.
o=1
See [10, Lemma 1]. Applying Case 1 to the pair (M, Dy), we conclude that
Dy is a complete set of coset representatives of Z" /M (Z") and D = M7 Dy.
This completes the proof of the Theorem. =
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3. Remarks and examples. (I) It should be pointed out that if D is
a complete set of coset representatives of Z" /M (Z™), then D is a standard
digit set. However, the converse is not true (see [5, Remark 1]), even in the
case when |D| = |det(M)| = p is a prime. Here we give a concrete example
in higher dimensions. Note that in the one-dimensional case we have many
such pairs (M, D), for example

M=[3] and D =1{0,1,21} (I€3Z\{0}).

However in higher dimensions, up to now each known digit set D in an
integral self-affine tile T'(M, D) is a complete set of coset representatives of
Z"/M(Z"™), although the product-form digit set may give a different digit
set when |det(M)]| is not a prime (see [11]). Naturally one may ask whether
there are other types of digit sets D that also give integral self-affine tiles
(see Remarks in [8, p. 1413]). The pair (M, D) given below is the first such
example in higher dimensions. From this example, one can see that the
classification of all tile digit sets appears to be a difficult question even for
prime determinants.

ExAMPLE. Let p > 3 be a prime. We consider the following expanding
matrix M € M(Z) and digit set D C Z? in R?:

o [0 2] o0
<];1> B (?) :M<k12k2>

for any 1 < k1 # ko < p — 1, we first note that D is not a complete set of
coset representatives of Z2/M (Z?).
(ii) Observe that

oo =) () () (ot
() =6)=()

> (k,-—1)<(1)> k=34, .. p—1),
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it follows from (1.3) that Z[M, D] = B(Z?) with

1 2 -1 2
(3.3) B:[ } and B_lz[ /p].

P p 1 —1/p
Hence

— 92— 4 —
(3.4) M:B_lMB:[ P p}

p—1 p—2
and
~ 0\ [/2—k
3.5 D=B"'D= , ck=1,...,p—15%.
@) {(o)(i2h)omnm1)
(iif) Now

71— [ 2-p)/p (4-p)/p }
(b=1/p p-2)/p 1

and we have

() () e e

M’—1{ (2 - k‘l) B <2 - kz)} _ (Q(k‘l - k‘z)/ﬁ) ¢ 72,
kl—l kQ—l (kg—kl)/p
where 1 < k1 # ko < p—1. Thus D ) is a complete set of coset representatives
of Z?/M(Z?*). Furthermore, u(T(M,D)) > 0, which gives u(T(M, D)) =
\det(B)|u(T (M, D)) > 0.

(iv) The fact that u(T'(M, D)) = pu(T(M, D)) = p can be proved by ap-

plying Proposition 2 below, essentially due to Lagarias and Wang. Therefore
we have a pair (M, D) such that the following conditions hold:

(1) |det(M)| = p is a prime and pZ" = M?(Z").

(2) W(T(M, D)) = p.

(3) D is a standard digit set.

(4) D is not a complete set of coset representatives of Z" /M (Z™).

(IT) Tt is known that a Haar-type orthonormal wavelet basis can be con-
structed from an integral self-affine tile T'(M, D) with u(T(M,D)) = 1

(see [12]). There are several conditions to guarantee pu(T(M,D)) = 1. We
state the following proposition which can be applied to prove pu(T(M, D)) =

|det(B)|u(T(M, D)) = |det(B)| easily in the case of prime determinant.

PROPOSITION 2. Let M € M,(Z) be an expanding matriz and D C Z"
with |D| = |det(M)| = p. If p is a prime, then u(T(M, D)) =1 if and only
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if D is primitive and is a complete set of coset representatives of Z”/ﬁ(Z”)
Furthermore, in the case when p = 2, a necessary and sufficient condition
for w/(T(M, D)) =1 is Z[M, D] = Z".

Proof. Since |det(M )] = p is a prime, the characteristic polynomial of
M is irreducible over Q, and the first assertion follows from Theorems 3.3
and 5.3 in [11]. The second conclusion follows from the result that if M €
M, (Z) is a (not necessarily expanding) matrix with \det(ﬂ )| = 2, then
each primitive digit set for M is a complete set of coset representatives
of Z"/M(Z"™) (see [7, p. 191]). In fact, without loss of generality, we let
D= {0,d} be a primitive digit set for M. If D is not a complete set of coset
representatives of Z"/ M (Z"), then d = M for some [ € Z". From (1.3),

(3.6) 7" = Z[M1,M?1,...,M™] C M(Z") C Z",
which contradicts the fact that \det(ﬂ )| = 2. This completes the proof. =

Note that it follows from Propositions 1 and 2 that 7'(M, D) being an
integral self-affine tile, i.e. the condition u(T'(M,D)) > 0 in Theorem II
essentially gives u(T(M, D)) = |det(B)|, while the same condition in Theo-
rems I and IIT (the case of primitive tile) essentially gives (T (M, D)) =
In the case when p = 2, the conclusions of Theorems II and III hold with-
out the condition pZ" ¢ M?(Z™). On the other hand, the above Example
is also suitable for p = 2. The case |det(M)| = 2 gives D = {0,d} with
only one digit d to choose. For a given expanding matrix M € M, (Z) with
|det(M)| = 2, the digit set D = {0, M1} is neither a primitive set nor a com-
plete set of coset representatives of Z™ /M (Z"), for any [ € Z™\{0}. However
w(T(M,D)) > 1 and D is a standard digit set. To see this, note that

Z[M, D) = B(Z") = Z[M1, M*1,...,M™] C M(Z") C Z",
(37) M=B'MB, D=B"'D={0,B'Ml},
Z[M,D] = Z|[B~'MI,B~'M?l,...,B~'M"I| = B~Y(Z[M, D)).
Hen(jf)/ Z[M , 5] = 7", D is a complete set of coset representatives of
Z"/M(Z") and
pu(T(M, D)) = |det(B)| (T (M, D)) = |det(B)| > 1.

Therefore we also have many such pairs (M, D) satisfying the desired con-
ditions in higher dimensions, for example
01 00
00
(3.8) M and D =
00 -1
0

Il
_— NN O
o O O O
[l
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In (3.8), M is an expanding matrix with det(M) = 2,D = {0, M1} with
1=1(0,1,0,0)", and B and M are given by

1 0 0 O 0 -2 00

0 -2 0 0 ~ 0 010
(3.9) B = and M =

0 0 -2 0 0 -1 01

0o 1 -1 -1 1 000

So D = B'D = D. Now, D is not a complete set of coset representa-
tives of Z*/M(Z*), but D = D is a complete set of coset representatives of

ZA/M(Z*) and p(T(M, D)) = 4u(T(M, D)) = 4.

(III) For the matrix M in (3.8), there is no digit set D C Z* such that
the pair (M, D) gives a Haar-type wavelet basis of R*; understanding the
reasons for this fact requires some knowledge of algebraic number theory
(see [7]). We observe from Proposition 2 that this is equivalent to saying
that there is no digit set D C Z* such that Z[M, D] = Z*. In fact, for the
matrix M in (3.8) and any digit set D = {(0,0,0,0)T, (o, 8,7,7)T} C Z*,
we have Z[M, D] = B(Z*) with

o' B Y 2n —

o — —2a —

(3.10) g |? ¥ n—" o=y
yoo2n—v 20—y  =28-2n+7y

n n-—a—y —a—F-n a—F-1n
A computation shows that det(B) is an even integer. So Z[M, D] = Z*
cannot hold. This shows that for a given expanding matrix M € M,(Z), it
is not always possible to find a digit set D such that D is primitive with
respect to M.

(IV) Finally, we point out that the first example given by

o e[ 2] o {0 (D)

in [2, Figure 1] cannot produce an integral self-affine tile T'(M, D), because
w(T(M,D)) = 0. In fact, for the pair (M, D) in (3.11), we have

M(D) = {<8> (2) (153) }

and for any ki, ke € Z,

(3.12) (k1 —@)(é) —2k2<g> —k2<_;) = (Z)
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which shows that Z[M, D] = Z2. On the other hand, one can check that
|det(M)| = p = 3 and pZ? ¢ M?(Z?). If u(T(M, D)) > 0, then statement
(i) of the Theorem shows that D is a complete set of coset representatives

of Z2/M(Z?). But
(o) (75) ()

which proves that u(T'(M,D)) = 0, and T(M, D) with (M, D) given by
(3.11) is not a tile.
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