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Besov algebras on Lie groups of polynomial growth
by

ISABELLE GALLAGHER (Paris) and YANNICK SIRE (Marseille)

Abstract. We prove an algebra property under pointwise multiplication for Besov
spaces defined on Lie groups of polynomial growth. When the setting is restricted to
H-type groups, this algebra property is generalized to paraproduct estimates.

1. Introduction

1.1. Lie groups of polynomial growth. In this paper G is a unimod-
ular connected Lie group endowed with the Haar measure. By “unimodular”
we mean that the Haar measure is left- and right-invariant. Denoting by G
the Lie algebra of G, we consider a family X = {X1, ..., X} } of left-invariant
vector fields on G satisfying the Hérmander condition, i.e. G is the Lie al-
gebra generated by the X;’s. In the following, although not stated, all the
function spaces depend on X.

A standard metric on G, called the Carnot—Carathéodory metric, is nat-
urally associated with X and is defined as follows: Let £ : [0,1] — G be an
absolutely continuous path. We say that ¢ is admissible if there exist mea-
surable functions ci, ..., ¢ : [0, 1] — C such that, for almost every t € [0, 1],
one has £'(t) = S°F_ | ¢;(t)X;(£(t)). Tf £ is admissible, its length is defined
by |£] = §o(F, |ei(t)|? dt)/2. For all z,y € G, define d(z,y) as the infi-
mum of the lengths of all admissible paths joining x to y (such a curve exists
by the Hérmander condition).

This distance is left-invariant. For short, we denote by |z| the distance
between e, the neutral element of the group, and x so that the distance
from x to y is equal to |y~!z|. For all p > 0, denote by B(z, p) the open ball
in G with respect to the Carnot—Carathéodory distance and by V(p) the
Haar measure of any ball. There exists d € N* (called the local dimension
of (G,X)) and 0 < ¢ < C such that, for all p €]0, 1],
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cp < V(p) < Cp?
(see INSW]). When p > 1, two situations may occur (see [G):

e Either there exist ¢, 0, D > 0 such that cp? < V(p) < Cp” for all
p > 1 where D is called the dimension at infinity of the group (note
that, unlike d, D does not depend on X). The group is then said to
have polynomial growth.

e Or there exist ¢, co,C1,Cy > 0 such that c;e®? < V(p) < C1e“2P for
all p > 1, and the group is said to have exponential growth.

When G has polynomial growth, it is plain that there exists a constant C' > 0
such that V(2p) < CV (p) for all p > 0. This implies in turn that there exist
C > 0 and x > 0 such that V(6p) < CO*V (p) for all p > 0 and 6 > 1.

We denote by Ag = Zle X? the sublaplacian on G.

1.2. Nilpotent Lie groups. A Lie group is said to be nilpotent if its
Lie algebra G is nilpotent; more precisely, writing G' = G and defining
inductivelygkJrl = [gk, Qk], there is n such that G" = {0}. It can be shown
that such groups are always of polynomial growth (see for instance [Dul).

1.3. Stratified (Carnot) and H-type groups. Stratified groups are
a particular version of nilpotent groups, which admit a stratified structure
and for which V(p) ~ p@ for some positive @, for all p > 0. One advantage
of this additional structure is that such groups admit dilations. Important
examples of such groups are H-type groups, a particular example being the
Heisenberg group.

More precisely, a stratified (or Carnot) Lie group G is simply connected
and its Lie algebra admits a stratification, i.e. there exist linear subspaces
Vi,...,V,of Gsuchthat G =Vi@®---dV,, [V,Vi] =V fori=1,...,r—1
and [V, V,] = 0. Here [V1, V}] is the subspace of G generated by the elements
[X,Y] where X € V; and Y € V;. We say that G has step r.

Carnot groups are nilpotent. Furthermore, via the exponential map,
G and G can be identified as manifolds. The dilations 5 (0 > 0) are then
defined (on the Lie algebra level) by

Yo(x1 + -+ xp) = 0xy + w0+ -+ 02, ;€ Vi
We define the homogeneous dimension of G to be
Q=dimVi +2dim Vo + -+ rdimV,.

If G is a Carnot group, we have V(p) ~ p? for all p > 0 (see [F9]). For
instance the Heisenberg group H? is a Carnot group and Q = 2d + 2.

The previous abstract definition of Carnot groups is not always very
practical. It is however possible to prove (see [BUJ) that any N-dimensional
Carnot group of step 2 with m generators is isomorphic to (RY, o) with the
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law given by (N = m 4 n, (1) ¢ R™, z(?) ¢ R?)

(1)

(1)
(@D, 22) 0 (yV,y) = ( : N N )

z)erj()Jr (D), U0 ()>’j:1,,,,,n

where UU) are m x m linearly independent skew-symmetric matrices.

With this at hand, one can give the definition of a group of Heisenberg-
type (H-type henceforth). These groups are two-step stratified nilpotent Lie
groups whose Lie algebra carries a suitably compatible inner product (see
[Ka]). One of these groups is the nilpotent Iwasawa subgroup of semisimple
Lie groups of split rank one (see [Kol).

More precisely, an H-type group is a Carnot group of step 2 with the
following property: the Lie algebra G of G is endowed with an inner prod-
uct (-,-) such that if Z is the center of G, then [Z+, Z1] = Z and moreover
for every z € Z, the map J, : Z+ — Z+ defined by (J.(v),w) = (z, [v,w])
for every w € Z+ is an orthogonal map whenever (z, z) = 1.

If m = dim Z+ and n = dim Z, then any H-type group is canonically
isomorphic to Rt with the above group law, where the matrices U\
satisfy the additional condition UMU®) + UGUM) = 0 for every r, s €
{1,...,n} with r # s. Whenever the center of the group is one-dimensional,
the group is canonically isomorphic to the Heisenberg group on R™*!,

We shall always identify Z+ with C’ with 2/ = m and Z to R” thanks
to the discussion above. Note that the homogeneous dimension of an H-type
group so defined is @ = 2¢ + n. On an H-type group G, the vector fields
given by

ZZlel] 875 and + Zzzl lMat

klll kllf

forj=1,...,¢, 2= (z,y) € R* and t € R" are in the algebra G.
In the following we shall denote by X’ any element of the family (X7, ...,
Xo, Y1,...,Y,). The hypoelliptic Kohn Laplacian on an H—type group is

Za 2 7| * Zatﬁzle i (‘%8%

s=114,j=1

1.4. Main results and structure of the paper. In [CRT], the au-
thors investigate the algebra properties of the Bessel space

LE(G) = {f € L"(G) : (-Ag)*/*f € L*(G)}
and its homogeneous counterpart, where G is any unimodular Lie group.
Our first theorem concerns Besov spaces in the general setting of groups

with polynomial growth. The case s € (0, 1) is obtained, for both inhomoge-
neous and homogeneous spaces, by using an equivalent definition in terms of
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differences (see [S]). The general case is only proved in the case of inhomo-
geneous spaces and uses the fact that local Riesz transforms are continuous
in LP for 1 < p < oo (whence the restriction on p below), along with an
interpolation argument to obtain all values of s.

THEOREM 1.1. Let G be a Lie group of polynomial growth. For every s €
(0,1) and 1 < p,q < oo, the spaces B, ,(G) N L>=(G) and B;Q(G) N L>(G)
are algebras under pointwise multiplication. So is the space By ,(G)NL>(G)
fors>1and1 <p < oo.

REMARK 1.2. In Propositions [3.3] and we shall give a generalization
of Theorem [1.1| to the case when L*°(G) is replaced by L"(G) .

One can obtain the full range of indices p, as well as homogeneous Besov
spaces, in the context of H-type groups thanks to the paraproduct algorithm.
Before stating the result let us give an intermediate statement in the case
of nilpotent groups. Its proof requires the continuity of Riesz transforms,
as well as a result which, to our knowledge, is new even for the Heisenberg
group (see Proposition D and which links B;’q(G) and B;j;l(G) in terms
of the action of X; and not only powers of the sublaplacian.

THEOREM 1.3. Let G be a nilpotent Lie group. Then for every 1 < s < d,
the space By, 1(G) is embedded in L>°(G) and is an algebra. Moreover for
every s > 1 and 1 < p < oo, if f,g € B;”(S_I)/S(G) N L>®(G) then fg €

5> 1(G) N L= (G).
~ Finally if 1 < p1,p2 < 00 with 1/p = 1/p1 +1/p2, 1 < g < oo, f €
By, (G) N LPY(G) and g € By, ,(G) N LP*(G) then fg € B, ,(G) N LP(G),

P1,q P2.q
for any s > 0.

REMARK 1.4. Unfortunately we are unable to obtain, in the case of
nilpotent groups, the full algebra property due to the (technical) fact that
Besov spaces do not interpolate well when the integrability indices are dif-
ferent. The second property in Theorem [I.3]is almost an algebra property,
except for a loss in the third (summation) index. As to the last property
this time the integrability index is changed in the product. The reason for
those losses will appear clearly in the proof of the theorem.

Finally, in the context of H-type groups, thanks to paraproduct tech-
niques, one can enlarge the range of admissible spaces and prove the follow-
ing result.

THEOREM 1.5. Let G be an H-type group. For every s > 0 and every p
and g such that 1 < p,q < oo, the spaces B, ,(G) N L>(G) and B, ,(G) N
L>*(G) are algebras under pointwise multiplication.



Besov algebras on Lie groups of polynomial growth 123

Besov spaces are defined in the next section, and Theorems [I.1] and
are proved in Sections [3] and (4] respectively. We present the proof of Theo-
rem [L.5] in Section [Bl

We shall write A < B if there is a universal constant C' such that
A < CB. Similarly we shall write A~ B if A< B and B < A.

2. Littlewood—Paley decomposition on groups of polynomial
growth, and Besov spaces. This section is devoted to a presentation
of the Littlewood—Paley decomposition on groups of polynomial growth,
together with some standard applications. A general approach to the Little-
wood—Paley decomposition on Lie groups of polynomial growth is investi-
gated in [FMV]. We also refer to [BGX] or [BG] for the case of the Heisenberg
group. We recall here the construction of the homogeneous and inhomoge-
neous decompositions. For details and proofs of the results presented in this
section we refer to [C2], [FMV] and [H].

2.1. Littlewood—Paley decomposition. We first review the dyadic
decomposition constructed in [FMV]. Let x € C*°(R) be an even function
such that 0 < xy <1 and x =1 on [0,1/4], x = 0 on [1, 00[. Define ¢(z) =
x(x/4) — x(z), so that the support of ¢ is included in [—4, —1/4] U [1/4,4].
Then

Vr € R*, Z¢(2_2jr) =1 and x(7)+ Zw(2_2j7) =1, VreR.
JEL J20
Introduce the spectral decomposition of the hypoelliptic Laplacian

o0

—Ag = S NdE,.
0
Then we have
X(—Ag) = | x(N)dEy and ¢(-27%Ag) = | (277 ) dE).
0 0

For 5 € N we define
Sof =x(=Ac)f and A;f =¢(-27YAg)f.
The homogeneous Littlewood—Paley decomposition of f € S'(G) is f =
ZjeZ A; f, while the inhomogeneous one is f = Sof + Z;io Ajf.
THEOREM 2.1 ([EMV]). Let G be a Lie group of polynomial growth
and p € (1,00). Then u € LP(G) if and only if Sou, /> 724 |Ajul? € LP(G).
Moreover,

iy ~ ISy + (3 18502) ] o
j=0
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We shall denote by ¥; the kernel of the operator )(—27%/ Ag). One can
show that ¥; is mean free (see Corollary 5.1 of [C1] for Carnot groups, and
Theorem 7.1.2 of [C2] for an extension to groups of polynomial growth). On
Carnot groups, ¥; has the dilation property

Wy (x) = 2990, (2x).
In the more general context of groups of polynomial growth, this does not
hold but one has nevertheless the following important estimates: Let o € N,
I€Ugendl, - k}P, p € [l,00]. Then (see [FMV])
(2.1) Vi 0, [I(L+]- )X o) S 2P,
where 1/p + 1/p' = 1. Here X! = X, ... X;,
proved in |[C2, Theorem 7.1.2],
(2.2) VieZ, Xl S

Finally, putting together the classical estimates on the heat kernel (see
[CRT] or [VSC] for instance) and the methods of [FMV] yields, for any o > 0,

(2.3) Vi€Z, ||I-1°% g S 2

and |I| = (. Moreover as

2.2. Besov spaces. As a standard application of the Littlewood—Paley
decomposition, one can define (inhomogeneous) Besov spaces on Lie groups
with polynomial growth in the following way: Let s € R, 1 < p < 0o and
0 < g < oco. Then B, (G) is the space

, ~ 1/q
(£ €81©): 173,00 = 150flise) + (14, @) < oo},
7=0

with the obvious modification if ¢ = oco. When p = ¢ = 2 one recovers
the usual Sobolev spaces (see for instance [BG] for the case of the Heisen-
berg group). Note that when s > 0 one sees easily that |Sof| 1) may
be replaced by || f||z»(g). Using the Bernstein inequalities (Proposition 4.2
of [FMV]) one finds 1rnmed1ately that if s > 0 then

+d/p1—d
(2.4) p1 <pp = By Ym—dlzapp oy ps 0 Le

where recall that d is the local dimension of G.
One can also define the homogeneous counterpart of the above norm:

17155, 0 = (@14 Flime)?)

JEZ

but proving that this does provide a (quasi)-Banach space is not an easy
matter, and this is actually not true in general, even in the euclidean case
(see for instance [BCDL Chapter 2] for comments on that subject). To ob-
tain a Banach space in the context of Carnot groups, the homogeneous space
B;yq(G) can be defined as the set of functions in §'(G) modulo polynomials,
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such that the above norm is finite (see [FM]). In the present study however
this will not be an issue, even if the group is not stratified: we define B;’Q(G)
as the completion for the above norm of the set of smooth functions such
that A;f — 0 as j — —o0o, and we shall always be considering the intersec-
tion of B;q(G) with a Banach space (such as L*°).

Note that the Bernstein inequalities imply as in that

5s+d/p1—d/p2 s
pr<p2 = B,y = By, g

Besov spaces are often defined using the heat flow (the advantage being
that this does not require the Littlewood—Paley machinery). In [EMV], the
authors prove that if s € R, then f € B, (G) is equivalent to: for all ¢ > 0,
the function e/“¢ f belongs to LP(G) and

0 2 2 tA dt\ "
(25) (12 -aenm2ee i, § ) <o
0
for m > 0 greater than s. We shall not use this characterization here.

3. Proof of Theorem [1.1]

3.1. The case s € (0,1). In the case s € (0,1), we use an idea of [CRT]
which consists in representing the Besov norm by suitable functionals. More
precisely, writing 7, f(w’) = f(w'w) we introduce the following functional
(note that it differs slightly from that used in [CRT]):

Supitu) =LA@,

ProproOSITION 3.1. Let G be a Lie group of polynomial growth. Then for
any s € (0,1) and p,q € [1, 0], we have

£ 85 46) ~ 1 f o) + 1S5 fllLa(@ .1,y <1dy/v (i)
1 @) ~ ISs.pfllLace.dy/v -

Once Proposition [3.1]is proved, the algebra property follows immediately
in the case when s € (0,1). Indeed, let f,g € B, ,(G)NL*>(G) for s € (0,1).
It is easy to see that

(3.1) Ssp(f9) < | fllzee Sspg + llgllLo Sspf,

which gives the result after using the equivalence of Proposition [3.1] The
same holds in the homogeneous case.

REMARK 3.2. One can extend (3.1]) to the following, with 1/a; + 1/b;
=1/p:
Ssp(f9) < Nfllze1Ssp g + Ml9llLe2Sspr f -
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We now prove Proposition [3.1] Note that this result was already proved
in [S] using the characterization . We present a proof using the Little-
wood—Paley definition here, which is inspired by the proof of the euclidean
case in [BCD] for instance. We need to prove that for s € (0,1),

S A ) ~ Gy + | Lagr SN
: = V(|w|)|w|>
JEZ G

with the obvious modification if ¢ = co. Compared to the euclidean case, we
miss the usual dilation property, which will be replaced by estimate ([2.1)).
The classical proof also uses a Taylor expansion at order one, which we must
adapt to our context in order to use only horizontal vector fields (which alone
appear in ) Let us start by noticing that

118 < 3214570

<0
Next let us bound |7y A; f — A; f| zr. Recalling that A; =37, -4 Aj Ay,
we have

Twlif = Aif = Y Apfx(rul - ),

' —dl<1
where ¥; is the kernel associated with (272 Ag). It follows by Young’s
inequality that

Irwdif = Aiflle < D 1Ay Flloe e — 1.
7' —jI<1
Now we estimate ||7,%; — ¥j|| 1. We have
1
d

(raty = 0)(&) = | g By (wplo) d

k1
=3 Jeuls) (Xulwp(s)F5) (xo(s)) ds,

10
inking e to w. It follows that

¢
where ¢ is an admissible path
k

7w — ¥l 2 < SZ

G ¢

lce(s)[ |(Xe(zp(s))@;) (wp(s))| ds d

OL’:)—' =

1
< Zg lco(s)| ds || X %] 11
10

by the Fubini theorem and change of variables. Using (2.2 we get
E o1
VieN, |r® — Tl S22 {les)| ds,
(=10
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so by definition of |w| and the Cauchy—Schwarz inequality we find
VieN, ||r? — | S 2wl
This implies that there is a sequence (c¢;) in the unit ball of ¢¢ such that

(3.2) VieN, |rwdif — Aiflee S ¢lwl2?07) fllss .
On the other hand one has of course
(3.3) ITwdjf = A fllze S ;2771 £,

Now let j, € Z be such that 1/|w| < 2/ < 2/|w|. Using (3.2)) for low
frequencies and (3.3 for high frequencies yields

Hwa - fHLP S, Hf”Bh(Z Cij(l_S)‘w] + Z cj2_j5)_
]S]w j>jw
Let us first consider the case ¢ = co. Then one finds directly that

17w f = fllze S WP flB; ...
which proves one side of the equivalence.

The case ¢ < oo is slightly more technical but is very close to the eu-
clidean case. We include it here for the sake of completeness. We have

I7wf — fllee |

|wl*

S 2, (h+ 1)
LG i<t /V ()

where

I = S 1|w|§1< Z ngju_s))q M,

G 3 V(D)
_i\4 w7 dw
B= s ( 3 e27) S
=

Hélder’s inequality with weight 27(1=%) and the definition of j,, imply
1 q 1 _ S

( 3 g2t s)) < | ~A=9a=D § (19i01-9),

J<Jw J<Jw
By Fubini’s theorem, we deduce that

dw ,
L < w|' = 200791 <
jEZNB(O QS—jJ,-l) V(‘U)D J

since [|(¢;)|les < 1. The estimate on I5 is very similar. Note that it is crucial
here that s € (0,1).

The converse inequality is easy to prove and only depends on the fact
that the mean value of ¥; is zero. We write indeed

Ajf(w) =\ 7 f (W) (v) dv = | (7, f(w) — f(w))F;(v) dv
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so that
7o f — fllLe

[v]®

2% A fll v < sup
veG

Then ([2.3) implies that

gzj%ysywj(v)\ dv.

2814, fllp < sup I7ef =Lz
veG |v]5
Since
) — [z
sup LTl <o
v]>1 |v|
we get finally
. ) — [z
sup 2/°||A; f||z» < sup M 2l fllor
Ier v[<1 |v]

and the result follows in the case ¢ = co. The case ¢ < oo is similar though
a little more technical, as above.

The homogeneous case is dealt with in a similar fashion. We leave the
details to the reader. This proves Proposition "

Using Remark the same proof provides the following result, which
will be useful in the next section.

PRroOPOSITION 3.3. Let G be a Lie group of polynomial growth. For every
0<s<1landl<p,q<oo one has, writing1/p=1/a; + 1/b;,
1f9llBs (@) < ”fHLal(G)HgHBqu(G) + HQHLaz(G)||f||BgM(G)
and

||f9”357q(<g) < HfHLal(G)HgHBgI’q(G) + HgHLa?(G)”f”Bngq(G)-

3.2. The case s > 1 (inhomogeneous spaces). We shall first deal
with the case when s is not an integer. We use the well-known fact that the
“local Riesz transforms” X;(Id — Ag)~/? are bounded on LP(G) for 1 < p
< oo (see for instance [Du]). This implies easily (see the next section where
the same result is proved in the more difficult homogeneous case) that

+1 _
feB,, & feB,,and X;f€ B, Vi=1,...,k.
We can then follow the lines of [CRT], by writing [|fg]l g1 ~ Ilfgllz;, +
Zle ||Xi(fg)||35,q and by arguing by induction.

Let us detail the case s = 1+ s’ with 0 < s’ < 1. On the one hand we
know that for all 1 < p,q < oo, if 1/a; + 1/b; = 1/p,

19l 5y, S M leesllglpy =+ llgllzeallFllgy -
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Then we write, by the Leibniz rule,
1X:( Dl sy, < 17 Xiglgy + 9Xifl 5y
and we have, by Proposition |3.3

(3.4) 1fXigllgy S fllelXigllge +1fllgy 1 Xigllzes-
D,q b1,q a2,q

The estimate on gX; f in B;:q is similar so we shall not write out the details
for that term.

The first term on the right-hand side of (3.4) is very easy to estimate
since

1Xigll g < llglls;
b1,q

by.q”

So let us turn to the second term. Let us first estimate f in Bg;’q. We have
clearly, since s’ < s,

< s
1£llsy . < 17153
Now we estimate X;g in L, choosing 1 < by < co. We use the fact that
1Xiglpe S 1Xi(1d = 2)72(1d = A)2g][ s,
S 110d = 2)2g]| 1

by the continuity of the local Riesz transforms. Since [A;, Ag] = 0, Bern-
stein’s lemma (see Proposition 4.3 of [FMV]) implies

14;(1d = 2)2g]l 1y < 2714591135

~

2,q"

This implies that

1(1d = 2)" gl < [1So(1d = 2)2g]l o + >~ 2[4 e
Jj=0
< lgllges + D 2714590270 S Nyl ,
Jj=0
since s > 1. This gives the required estimate for the second term in
and allows us to conclude the proof of Theorem when s € RT \ N.

The general case s > 0 is then obtained by interpolation: we recall indeed
that the following complex interpolation is true (see [BL, Theorem 6.4.5],
whose proof only relies on the dyadic decomposition and may be easily
adapted to our situation):

(3.5) [Bya"s Bhalj2 = By

The multilinear interpolation result of [BLL Theorem 4.4.1] provides the
case s = 1 and the other integer cases are obtained similarly. =

Note that the above proof actually gives the following result.
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PROPOSITION 3.4. Let G be a Lie group of polynomial growth. For every
s>1,1<qg<o0andl < p < oo one has, writing 1/p = 1/a; + 1/b; and
choosing 1 < a;, b; < o0,

1f9llB; ) < HfHLal(G)HgHB;l’q(G) +lgllza2 @) 1 fllBs. (@)

bo,q

4. Proof of Theorem As in the previous case, the idea is to argue
by induction for noninteger values of s, and then by interpolation. To do so,
we need the following result, which is new to our knowledge, even for the
Heisenberg group.

PROPOSITION 4.1. Let G be a nilpotent Lie group and let s >0 and p €
(1,0;)) be lgjiven. Then [ € B;:Zl((G) if and only if X;f € B, ,(G) for all
i=1,...,k.

Proof. On the one hand we need to prove that for all ¢ = 1,...,k and
jeN, |
12 X5 fllze S 27145 f | r-

Using Bernstein’s inequalities and by density of polynomials in the space of
continuous functions it is then actually enough to prove that for all inte-
gers m,

(4.1) I(=2e)™(=A6) Xk fller S I1(=A6)™ fll1r.
Indeed, if holds, then one also has, multiplying both sides by 2/,
1(=2% Ag)™? (= Ae) 2 Xi flloe S (=2 A6)™ 2 f| o,
so for smooth compactly supported function ¢, we get by functional calculus
(4.2) lp(—=2% Ae)(—=Ac) 2 Xif||e S llp(=2% Ac) fl| -
But recalling that A; = ¢(—2% Ag) we have
14 Xk fllre = [[0(=2% Ag) Xi f| 1o
= [[(—2% Ag)(—A¢) V(= Ac) T * X fl| -
Then we can write
1 (=2% Ag) (= A6)* (= A6) ™ X f| v
S Y0(-2% Ag)(~Ae) VP Xif e S 2N A |11

~

due to Bernstein’s inequality
14;(=A6) " fllee S 2[4 flo

along with (4.2]).
So let us prove (4.1). Actually according to [LV] the operator LF =
(—Ag)™D/2X,(—Ag)~"/? is bounded on LP(G) for 1 < p < co. That is
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false if the group is not nilpotent (see for instance [A]) so it is here that the
assumption that G is nilpotent is used. Now writing

(—Ag)™?(~Ag) V2 Xy f
= (—Ae)"*(~Ac) P Xi(~Ag) A (~Ae)"2f
= L3 (= Ac)"™,
the result follows.

On the other hand, using again the fact that polynomials are dense in
the space of continuous functions, we also need to check that for all f,

I(=26) ™ D2 f||e S Sup 1(=26)™ 2 Xk f| -

To prove that, we simply use again the fact that £F is bounded on LP(G)
for every 1 < p < co. Indeed, we can write

I(=A¢) ™2 || < Z I(=A¢) ™ D2XE f|| o
= ZH &) "X (— Ag) T (— Ag) P X f || v

= Z L5, (= Ae) ™ Xk f v,

whence the result. Prop031t10n is proved. =

Proposition [4.1| allows us to obtain Theorem rather easily when s €
R* \ N, using also Proposition E 3.3, Let us give the details.

The fact that B3 /s, 1(G) is embedded in L>(G) follows from easy calcu-
lations: '

Ifllzee <D 1A fllee S D 275145 Fll s
JEZ JEZ

by the Bernstein inequalities (Proposition 4.2 of [FMV]).

Now let us prove that B} /s 1(G) is an algebra, and then that for every
s>land 1 <p<oo,if f,g€ B;’(Sil)/s N L>®(G) then fg € B;l NL>®(G).
We follow the lines of the inhomogeneous case treated above, but we need to

be careful because the norms are now homogeneous. Let us define s = 1+ s
with s’ € (0,1). As in the inhomogeneous case, by the Leibniz rule, we have

1X:(F0) gy < 17Xl sy + 9% f N5

and we study in more detail the first term on the right-hand side, which
satisfies due to Proposition for 1/a; + 1/b; = 1/p (and choosing from
now on 1 < a;,b; < 00),

(4.3) 1fXigll gy S fllelXagllger +1flge 1 XigllLes-
p,q b1,q a2,q9



132 I. Gallagher and Y. Sire

On the one hand
all., < ..
HXZQHB;M ~ HgHBbl,q’
so it suffices to estimate || f|| 5o || Xigll zb2-
az,q
In the case when ¢ = 1 and p = d/s we choose ag = d/(s — 1) = d/s

and bz = d and use Bernstein’s inequality which states that

1£lge S 115,

d/s,1

Then according to [CRT] we have

s 1/s 1-1/s
1Xigll e < I1(—2Ae)*2glls gl =

and moreover
1(=Ag)* gl pars <> 1A (—Ag)* gl are
JEZ

< DAl S lolls,
JEZ

s,1

by Bernstein’s inequalities, so we infer that

1 1—-1
u&mm<mwsuu /s

and the result follows in the case 1 < s < 2. The other noninteger cases are
obtained by induction.

To prove the result in the integer case we use a nonlinear interpolation
argument as in the inhomogeneous case above. Let us detail the case s =1
for instance. We have indeed (as pointed out in [BL], the interpolation results
hold in the homogeneous case)

[Bclz/(i €),17 317(€1+5),1]1/2 = Bcll,l’
so the result follows. The other cases are obtained similarly.
In the case when f,g € B;,(s—l)/s’ we use as above the fact that

e 1Xagll gy S A zeallglls; s
1-9 1:9

and in particular we can take a; = oo and by = p, and we choose ay =
ps/(s — 1) and by = ps. Then Holder’s inequality gives

25| A fll poescomn) S 22 A5 IS0 A IS
s S— s 1/s
< (2945 Fll o) 0 £8s
Since as above

1 1—-1 1 1—1
|wmmsmﬁmmm“mr“<wWww /e

the result follows when s > 1 is noninteger.
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Let us detail for instance how to deduce the case s = 2. We write for
instance

59/4 . 159/5 _ N2
[Bp75/9a Bp74/9]5/9 - Bp,1/27

so the result follows by bilinear interpolation. The other cases are obtained
similarly.

Finally, let us turn to the last statement of the theorem, namely that
if 1 <pp,pr<oowithl/p=1/p1+1/ps, 1 <qg<oo,and f € B;LqﬂLpl(G)
and g € B;’M NLP2(G) then fg € B;q N LP(G). We recall the real interpola-
tion result [BLL Theorem 6.4.5] (which holds also in the homogeneous case
as indicated in [BL)

(4.4) [Bsli B2 lor = Bs,,  s=0s14 (1—0)sy, s1# 83

so in particular

S/
az,q°

[ng,oo; ng,q](s—l)/s,l = ng,l — B

We infer that f belongs to Bg;q as soon as f belongs to L* N Bgz,q —
B NB:

a2,00 az,q"

Similarly

[Bgmoo; 352,11]1/371 = Bl}z,l’
so using the fact that
1Xigllsn < | Xgllzg . S lgllsy
2 2

we infer that X;g belongs to L as soon as g € L? N B,‘fz q C BI?Q o N BgQ .

The result follows for 1 < s < 2, and the theorem is proved by an easy
induction and interpolation, as in the inhomogeneous case. u

5. Paradifferential calculus on H-type groups. In this section, we
consider several topics related to harmonic analysis on H-type groups, which
we recall are particular cases of Carnot groups, where it turns out that an
explicit Fourier transform is available.

5.1. Fourier transforms. In order to construct paradifferential and
pseudodifferential calculus on H-type groups, one needs to introduce a suit-
able Fourier transform. This is classically done through infinite-dimensio-
nal unitary irreducible representations on a suitable Hilbert space since
H-type groups are noncommutative. T'wo representations are available: the
Bargmann representation (see [KR] for instance) and the Schrodinger rep-
resentation (see [CG] for instance).

5.1.1. General definitions. Let us define generally what a Fourier trans-
form is on noncommutative groups. The irreducible unitary representations
of G (over K = R or C) are parametrized by A € R" \ {0} where n is the
dimension of the center of the group. Each such representation 7y acts on a
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Hilbert space H(K¢) of functions defined on K¢. We then have the following
definition.

DEFINITION 5.1. Let f € L'(G). Then the Fourier transform of f is the
operator on H,(K*) parametrized by A € R™\ {0} defined by

FHN) = | fw)ma(w) dw.
G

Note that F(fxg)(A) = F(f)(X)oF(g)(N\). Let F, x, e € A, be a Hilbert
basis of H(K’). We recall that an operator A(\) on Hy such that

Z |(A()‘)Foc,)\a Fa,A)H,\| < o0
ac/d

is said to be of trace class. One then sets
tr(AN) = (AN Far, Fap)n,
aeA
and the following inversion theorem holds.

THEOREM 5.2. If a function f on G satisfies
Y VIFE O Fanlls A dA < oo
acA R”

then for almost every w € G,

2@*1 3
flw) = 7 | te(ma(w™HF(HN)) A .
R'n
By [Y], the representation 7y of G determines a representation 73 of its
Lie algebra G on the space of € vectors. The representation 7y is defined
by

SO0 = (Gmle)yr)|

for every X in G. We can extend 7} to the universal enveloping algebra of
left-invariant differential operators on G. Let K be a left-invariant operator
on G. Then

K(maf,9) = (mmx(K)f, g)
where (-, ) stands for the H, inner product.

5.1.2. Bargmann representations on H-type groups. For A € R™ \ {0},
consider the Hilbert space (called the Fock space) Hx(C*) of all entire holo-
morphic functions F' on C¢ such that

¢
171, = (221) § Ir@pe Pk de

Ct
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The corresponding irreducible unitary representation my of the group G is
realized on H,(C’) by (recall that ¢ € R” and z, & € C; see [Dd])

(ma(2, ) F)(€) = F(€ — 2)eMO=I(P+(=8).

It is well known that the Fock space admits an orthonormal basis given by

the monomials o
_ (V2]A[9) ¢
Fa,/\(f)—ﬁ ;,  aeN.
The following classical diagonalization result (see [KR], or [BFG] and the
references therein) is important for us:

ProproSITION 5.3. Let Fp be the Fourier transform associated to the
Bargmann representation w. The following diagonalization property holds:

for every f € S(G),
Fe(Acf)(AN)Fax = =4 2lal + O)Fp(f)(A) Fax.
This allows us to define, for every p € R,
Fp((=A4¢)”f) (N Fax = (4[A12lal + 0))° Fp(f)(A) Fax.
5.1.3. The L? representation on H-type groups. Another useful repre-
sentation is the so-called Schrédinger, or L? representation. In this case,

the unitary irreducible representations are given on L?(R) by setting, for
A € R” (and writing z = (x,y)),

(Fa(z, ) F)(€) = MO+ (o ©i€i+3259)) F(&+y).

The intertwining operator between the Bargmann and the L? representa-
tions is the Hermite-Weber transform K : Hy — LQ(RZ) given by

1 0 2
K CyIN 4N IER /2 —IALIER
(Kr8)(€) = CulA o~ 56 )¢
which is unitary and satisfies K my(z,t) = 7a(z,t) K. Following [Y] and

the previous description, we have 7} (X;) = z])\|£j and 7}(Y;) = 0/0¢; for
j=1,...,¢, and similarly 7}(0,) =i\, for k=1,...,n. Therefore

. — &
T(=A) = =D 5a + APIEP.
j=1"2J

Notice that this is a Hermite operator and the eigenfunctions of 7} (—Ag)
are DN(€) = | AV 1Do (/N €), o = (a1, ..., o), where @y (&) is the product
Yoy (1) - - Yo, (€) and Yq,;(€;) is the eigenfunction of —82/0¢F + & with
eigenvalue 2a; + 1. This leads to the following formula, where |o| = aq +
o+ ay:
T3(=A6)2a = (2lal + )| A2

As a consequence, one has the following lemma.
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LEMMA 5.4. Let Fg be the Fourier transform associated to the Schrodin-
ger representation 7. The following diagonalization property holds: for every

f in S(G),
Fs((=A6) )@, = (2lal + O\ Fs ()P
Proof. We have by definition
Fs((—=Ae) N®y = [(=Ac) (2, )7x(2, )8 = | f(2,1)(=Ag) a2, 1))
G G
Using the definition of the dual representation, we have
Fs((=26) /)23 = | [z )m (2, )73 (~Ac) 25,
G

and by the properties of the Hermite operator, this gives the result. m

5.2. A localization lemma. As in [BG], one can prove a localization
lemma (also called the Bernstein lemma), which we state here in the context
of the Bargmann representation. The proof is omitted as it is identical to the
Heisenberg situation treated in [BG]. Note that using Proposition the
last statement of the lemma could be extended to iterated vector fields X 7.
We denote by Cy the annulus {7 € R : 1/2 < |7| < 4} and by By the ball
{reR:|7] <2}

LEMMA 5.5. Let p,q € [1,00] with p < q, and let u € S(G) satisfy
Fp(u)(N) Fax = Lgja|+0)-1228,(A) FB(1)(A) Fax
for all & € N¢. Then

VkeN, sup [|XPul|paq) < Cr2N VPV ORIy 1 6.
|B|=Fk

On the other hand, if
FB(uW)(AN) Fax = Ligja|+0-122i¢, (A
then for all p € R,
CEIQ_jPH(*AG)’)/QUHLP(G) < ull ey < Co279°||(—Ag)*ul| 1o (c)-
5.3. Paraproduct on H-type groups. In order to develop a para-
product on H-type groups, one has to prove that the product of two functions
is localized in frequencies whenever the functions are localized. This is the

object of the next lemma, whose proof is the same as that of Proposition 4.2
of [BG].

LEMMA 5.6. There is a constant My € N such that the following holds.
Let f,g € S(G) be such that
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FB(F) AN Fax = Lajaj+022mce (NFB(F)(A) Far,
FB (g)()‘)Fa,A = 1(2|a\+€)22m’60 ()‘)]:B (9)()‘)Fa,>\,

for some integers m and m'. If m" —m > My, then there exists an annulus
C such that

}—B(fg)(/\)Fa,A = 1(2|a|+£)22m’c( )FB(fa)(A)F. a,\s
while if |m’ —m| < My, then there exists a ball B such that
-FB(fg)( ) a,\ — 1(2|a‘+g)22m/g()\)-7:3(f9)()\)Fa A

DEFINITION 5.7. We define the paraproduct of v by u, denoted by T,v
to be the bilinear operator

Tu’U = Z Sj_luAjv.
J
We define the remainder of v and v, denoted by R(u,v), to be
Z Ajuljv.
l7—3'1<1
REMARK 5.8. It is clear that formally
uwv = Tyv + Tyu + R(u,v).

One of the classical consequences of Lemma is the following result,
which is obtained using the previous decomposition as well as localization
properties of the paraproduct and remainder terms.

COROLLARY 5.9. Let p >0 and (p,r) € [1,00]%. Then
1f9llBz, @) < CUlfllze@l9lls. @) + 19l @)l B2, (@)
If p1+p2 > 0 and if py is such that p1 < Q/p1, then for all (pa,r2) € [1,0]?,
writing p = p1 + p2 — Q/p1, we have
£llsg, @ < CU s ol + lgllag ol lam . )

P2 7'2
Moreover, if p1 + p2 >0, p1 < Q/p1 and 1/r1 + 1/ro =1, then
1790550 < CULIsgr - @ lallzge o +lgllsgr @ Ifllagz o)

p2, ’"2

Finally if p1 + p2 > 0, pj < Q/pj and p > max(p1, p2), then for all (r1,72),

Ifallzpe ) < Cllflgs, @ l9llsg,. @)
with
1 1 1
pz=p1+p2—Q| —+———) and r=max(r,r),
b1 p2 P

and if p1 + p2 > 0, pj < Q/pj and 1/r1 + 1/ro = 1, then for all p >

max(phpQ);
I £gllpi o) < Cllfll s

oL ( HQHB? 1o (G)*
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The same results hold in the case of homogeneous Besov spaces. Once
the paraproduct algorithm is in place, one can obtain (refined) Sobolev
and Hardy inequalities (see [CX] and [BG| for Sobolev embeddings in the
euclidean case and for the Heisenberg group, and [BCG] for the Hardy in-
equalities; see also [C1] for recent extensions). One can also construct, in the
context of H-type groups, an algebra of pseudo-differential operators exactly
as on the Heisenberg group. We refer to [BEG] for details.
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