STUDIA MATHEMATICA 205 (3) (2011)

Bilinear operators associated with Schrodinger operators
by

CHIN-CHENG LIN (Chung-Li), YING-CHIEH LIN (Chung-Li),
HePING Liu (Beijing) and YU Liu (Beijing)

Abstract. Let L = —A + V be a Schrédinger operator in R* and Hi(R?) be the
Hardy type space associated to L. We investigate the bilinear operators Tt and 7'~ defined
by

T(f,9)(z) = (T1f)(2)(Tog)(z) + (T2 f)(2)(Tig) (),
where 77 and T are Calderén—Zygmund operators related to L. Under some general
conditions, we prove that either T or T is bounded from L”(R%) x LY(R%) to H}(R%)
for 1 < p,q < oo with 1/p + 1/q = 1. Several examples satisfying these conditions are
given. We also give a counterexample for which the classical Hardy space estimate fails.

1. Introduction. Among other motivations, due to their close relations
to the Cauchy integral along Lipschitz curves, Calderén commutators, and
compensated compactness, bilinear (or multilinear) operators have attracted
much attention. In [I}, 2 [6] and references therein, Hardy space estimates of
bilinear operators are extensively studied. In this article we consider bilinear
operators related to a Schrodinger operator L. We establish an estimate for
them with respect to a Hardy type space associated with the Schrodinger
operator L, under some general conditions. Some examples satisfying these
conditions are given. We also give a counterexample for which the classical
Hardy space estimate fails.

Let L = —A + V be a Schrodinger operator, where A is the Laplacian
on R?, d >3, and V belongs to a certain reverse Holder class RH,. A non-
negative locally L9 integrable function V on R? is said to belong to RH,
(1 < g < 00) if there exists C' > 0 such that the reverse Holder inequality

(1.1) <ulg| | V(x)qdw>1/q < C(é| | V() da:)

B B
holds for every ball B in R%. Obviously, RH,, C RH, if g, > g,. But it
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is important that the RH, class has a property of “self-improvement”: if

V € RH,, then V € RH,y. for some € > 0. Throughout this article, we

always assume that 0 # V € RHy/5. Thus, V € RH, for some ¢, > dj2.
Let {T,}s>0 = {€%2} 450 be the heat semigroup with the kernel H,(z,y)

= Hy(x — y). Because V> 0 and V € Lﬁ)/cz(Rd), the Schrodinger operator
L = —A+V generates a (C) contraction semigroup {T*}ss0 = {e7*F}s50.

Let KZ(z,y) denote the kernel of TL. By the Trotter product formula
(cf. [5]),
(1.2) 0 < Kl(z,y) < Hy(z,y) = (47r3)_d/26_|“_y|2/(48).

It is well-known that the maximal function

M f(z) = sup [Ts f ()]

s>0
characterizes the Hardy space H'(R?), namely, f € H'(R?) if and only
if Mf e LYRY), and |f|z1 ~ [[Mf|:. A Hardy type space H}(R?) as-
sociated with the Schrodinger operator L was introduced by Dziubanski
and Zienkiewicz [4]. The maximal function with respect to the semigroup
{TF} >0 is defined by

M f(x) = sup [T [ ()]

s>0
A function f € L'(R?) is said to be in H} (R?) if M f € L'(R?). The norm
of such a function is defined by HfHHi = ||[MLf| 1. Tt is visible from lj
that H'(R%) c H}(R?), by the atomic decomposition of H}(R?) (see [4]).

Following [7], we define the auxiliary function p(z, V) = p(x) by

1
p(m)—sup{r: — S V(y)dy < 1}, z € R%
r>0 " B(z,r)

The auxiliary function p(x) plays an important role in studying the bound-
edness of singular integral operators related to the Schrédinger operator L
as well as the atomic decomposition of H}(R%) (see [, [7]).

In this article we consider the bilinear operators

T*(f,9)(x) == (T1f)(2)(T29) (x) £ (Tof)(x)(Trg) (),
where f € LP(RY), g € LY(R?) with 1 < p,q < oo and 1/p+ 1/q = 1, and
T; (i = 1,2) are Calderén—Zygmund operators related to the Schrodinger
operator L and satisfying the following two conditions:

(i) There exist parallel Calderén—Zygmund operators T, related to the
Laplacian A and a constant ¢ > 0 such that

- C

(1.3) Ti(z,y) — Ti(z,y)| < W? T # Y,
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where Tj(z,y) and T;(z,y) denote the kernels of T; and T}, respec-
tively.
(ii) One of the parallel bilinear operators

T*(f,9)(2) = (T1 /) (2)(Tog) () £ (Tof)(2)(Trg)(x)
has the vanishing moment; that is, either T+ or T~ satisfies

(1.4) | T*(f.9)(@)dz =0 forall f, g€ C(RY).

R4
We will show that either 7% or T~ is bounded from LP(R?%) x L9(R%) to
H}(RY).

THEOREM 1.1. Suppose that the bilinear operators TT are defined as
above. Let 1 < p,q < oo and 1/p + 1/q = 1. Then either TT or T~ (but
not both), which corresponds to the parallel bilinear operator satisfying ,
maps LP(RY) x LI(R?) into Hi(RY) and there exists a constant C > 0 such
that

||Ti(f,g)”Hi(Rd) < Ol fll Lo ray 191l La (ra)-

The proof of Theorem will be given in the next section. In Section 3,
we give some examples which satisfy the conditions of Theorem and
also a counterexample for which the standard Hardy space estimate fails.

We will use C' to denote a positive constant, which is not necessarily
the same at each occurrence and may depend on the dimension d and the
constant in . By A ~ D, we mean that there exists a constant C' > 1
such that 1/C < A/D < C. For a given ball B, we denote by B* the
concentric ball with twice the radius, and B** = (B*)*.

2. The proof of Theorem Firstly, we recall some useful facts
about the auxiliary function p(z). It is known that 0 < p(x) < oo for any
x € R? (cf. [7]). Therefore,

where
O ={zeR: 271 < p(z) < 27K},

LEMMA 2.1 ([]). There exists a constant N = N(V') and a sequence
{T(ka) € Ok : k,a € Z} of points such that the family {B, o)} of critical
balls defined by B, o) = { € Re: |z — T(a)| < P(T(ra))} satisfies

() Ugh.a) Bikia) = R%
(i) #{(K',d): B an VB o) # 0} < N for every (k,a).

Furthermore, there exists a family {£(.q)}k,acz of C° functions such that
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(iil) supp&r,a) € By )

(iv) 0 <&ra)(x) <1 and 32 o) Eka) (@) =1 for allx € R
(V) [IV€,a)lloo < C/p(T(1,0))

LEMMA 2.2 ([7]). There exists ly > 0 such that

lo
1 \x—y\>_ p(y) ( £ —y\>lo+1 d
— 1+ < === LCl1+ ,  Vx,y e R
o+ () p(w) !

In particular, p(x) ~ p(y) zf |z —y| < Cp(z).

To prove Theorem we need the following estimates for the kernel
Kl (2, y):
s )
Lemma 2.3 ([3,4]). For anyl > 0, there exists C; > 0 such that

(2.1) KE(z,y) < Cps™ 4/2¢= Izl /58)< p\(/aj) * P\(g>)

Also, there exists a constant C > 0 such that
C

22) K )~ Hal )| < e

where 0 =2 —d/q, > 0.

We also need the following classical result about bilinear operators, which
is a special case of [6, Theorem IJ.
LEMMA 2.4. Suppose that {T}'} and {T?}, i =1,...,N (N > 2), are
Calderén—Zygmund operators on RY. Let
N
S(£.9) =D (T (T g).
i=1
If
S S(f,9)(x)dz =0 for all f,g € CZ(RY),
Rd
then, for 1 < p,q < oo with 1/p+1/q = 1, S maps LP(R?) x LI(R?) into
HY(R?) and there exists a constant C' > 0 such that

ISCE Dl ey < Cllf o @eyllgllLagra)-

REMARK 2.5. Although Grafakos [6] proves his results for convolution
operators, Lemma can be proved for (generalized) Calderén—Zygmund
operators by the same argument.

We are ready to show Theorem

Proof of Theorem . We give the proof for the bilinear operator 1T~
only; the proof for T+ is similar. Let f € LP(R?) and g € LI(R%). Assume
that the parallel Calderén—Zygmund operators T; (i = 1,2) and the parallel
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bilinear operator T~ satisfy (1.3) and (1.4). We split T~ (f,g) into three
parts,

(23) T (f,9)@) =T (f.9)(@) + T; (£.9)(x) + T (f,9)(x).
where B B

Ty (f,9) = (I f = Ta f)(Tag) — (Taf — T2 f)(Thg),

Ty (f,9) = (T1f)(Tog — Tag) — (T2f)(Trg — Trg).
It follows from Lemma that T~ (f,g) € H'(R%) and

1T~ (£.9) 1 ze) < Cll oy 191l pagea)-
Since H'(R?) ¢ H}(R%), we have T~ (f,g) € H.(R?) and
(2.4) 1T~ (f, )l 2 vy < Cll oy llgllogeay-
It suffices to show T} (f, 9) + Ty (f,g) € Hi(R?), that is,

MM(Ty (f,9) + Ty (f,9))(x) = igg\TsL(Tf(ﬁ 9)+ Ty (f,9)(@)| € L'(RY).

For simplicity we write F(f,g)(z) = Ty (f,9)(x) + Ty (f,g)(z). Choose a
sequence {x(k’a)} of points and a family {§(k’a)} of functions as in Lemma

Bl Then
25) T (f,9) + T5 (£.9) ) oy
< § 1 )i Eun (o))l da

(k) (Bia)®  Blia

= Y ko) + O Tk

(k,a) (k)
By (2.1),

Ipey= | sup| | Kl (@,9)00 @) F(f.9)(y)dy| do

s e 50
(B(k’a)) R4

< | sup § p(y)'s @RI GNNg (9P, ) ()] dy da
(B(*I:,a))c s>0 Rd

l
<a | xmm,a)(y)nﬁg)(mdydx.

(B o))" RO

For =z ¢ BE“;’&) and y € supp{(r,a) C Bfk’a), Lemma yields p(y) ~
(T (k,q)) and

|z =yl > 2 — 20| — [Tha) — ¥l > 3|z — 2@
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Thus,
P(Z (o a))!
Iika) < Clllér,a) F(f, 9 L1 ey S mdx
(B** )c (kva)
(ky)
< Cilléh,a) F'(f ) L1 ety
and hence
(2.6) > Iha) S C D ) P Dl way = CIF(f, 9) £1 ey

(k,o) (k,o)
< Clfll ey llgll aray-
To estimate Z(ha) J(k,a), We write

(2.7) Z Jka) < Z S sup | TF (o F(f,9))(2)| dx

(ko) (k) B ) 2P )

+y 0 sup T (€ F(f2 9))(@)] da
(k‘,oc) BEk]:,a) 0<s<p(x(k7a>)2

=:J1 + Jo.
For Jy, we apply (2.1) and Lemma to obtain

| sup [T (€ F(f,9) ()] d

B(*I: o) SZP(m(k,a))z

<C | sup | p(y)s @2l G 1g () F(f,9)(y) dy da
BZFI: o) SZP(x(k,a))Q Rd

<C sup | 5T 2o o)) €y W) (f, 9)(v)| dy dac

2
Bfﬁ,a) SZP(x(k,a)) Rd

< Cill§k,a) F(f5 9) | 1 (e S P2 (1e0)) " dx < Clllé .0y F(f, 9| L1 ey
B**
(ky)
and hence
(2.8) J1<C Z 1€,y F'(fs Dl L1 (ray < Cllf Lo meyllgll aray-
(k,0)

To estimate Js, we decompose

(29) L<> | sup (T = To) (o F(f, 9)) ()] da
(k,) Ba:’a) 0<s<p(m(k’a))2
+>° sup  |To(€ray Ty (f29) + oy Lo (f,9))(2)| dae

(k@) BE7, ) O

=: Jo1 + Jog.
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For z € Bz‘ga) and y € supp§(x,a) C By}, o)’ by Lemmawe have |z —y| <
6p((j,0)) ~ p(7). Then the estimate (2.2) gives

sup |(T5L _TS)(g(k,a)F(fag))(x)‘d'x
B?’:G) 0<s<p(T(k,a))?

1
<€V Ve i S WF (. 9) )l dydo

B oy R
e dx
< C\ [€mayF(f.9) p(@(10) | i )
R4 |x|<6p(z(k,o¢))

< Clléh,a) F'(f Dl L1 ety
which yields

(2.10) I £C Y €y E(F, )@y < ClL Lo e 19l o ray.
(k)

We still have to estimate Jag. For s > 0, let Iy = {y € R? : |z —y| < \/5}
and I}, = {y e R?: 2" 1\ /s < |z — y| < 2"/s}, n € N. Then

Ts(g(k,a)Tn_z(f,g))(x) = ZTs(é(k,a)Tn;(fa Q)Xrn)($)7 m=1,2,

n=0

where X . denotes the characteristic function of the set I',. Let n € C§° (R?)
with 0 < n < 1 satisfy n(y) = 1 for |y| < 2 and n(y) = 0 for |y| > 4. Set
ne(y) = n(;n_ys) and n'(y) =1 —ni(y), n € NU{0}. We split the operator
T..(f,g) into four parts:

T,.(f9)
=T, (f,n'g) + T, f,9) — T, fini'g) + T,(ng fomog),  m=1,2.

We first consider

sup  |Ts(Ek,a) T (fr 01 9)xp, ) ()] di.
BF’: ) 0<S<p(:ﬂ(k7a))2

Write
Ty (f,ni9) = (UL F) Ui (it g) — (U3 f) UZ (07 ),
where
Ul=T\-T1, Ul=To-Tp, U2=Ty, UZ=T.
Then
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< S Hy(z = )|U} f ) UF (179)(y) — U (0 g) ()| dy

+> | Ho(w —)|U f )] [UE (i g) ()] dy
I

=11y
2
n _92n—4 ]. n n
<O i ) U@ ) =UP (iig) (@) dy
=1 lz—y|<27y/s
2
n _92n—4 1 n
TOTTY ) U@ @) dy,
I=1 lz—y|<2ny/5

where we have used 1) in the last inequality. Because Ulj (4,0 = 1,2)
are Calderén—Zygmund operators, their kernels satisfy the standard kernel
estimate for some 6 > 0. For |z — y| < 2™/s,

n n r—Yy
W) -t < § e
lz—z|>2+1 /s
< CM(ny'g)(x),
where M is the Hardy—Littlewood maximal operator. Thus,

Ts(§ e,y Ty (fs 1 9)X 1, ) ()]

2

< e > (MU} £)(x) M (nfg) (@) + MU f)(@)|UF (n}g)()])
=1
and hence

sup | Ts(Ek,a)Ty (fsn19)Xy, ) ()| dx
(ko) BY o) 0<s<p((k,))?

2
<02 N MU (@) (M () (@) + |UR (7 9) (2)]) da
Rd =1

2
n _92n—4
< C2Me? Z ||M(Ullf)||Lp(Rd)(HM(9)HLq(Rd) + HUIQQHLq(Rd))
=1

< 2™ fl oy 9 corey.
A similar argument shows
Z S sup ‘TS (é(k,a)Tl_ (n?fa g)XFn )(.Z')’ dx
(k) B o) OSSP ) -
< C2%¢*" | fll o ey 9l agray
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and
sup  |Ts(§r,a) Ty (01 Fo00 9)X 1, ) ()| do
(k,a) BZ}: a) O<S<p(x(k,a))

n _92n—4
< C2%™ " f | Loy 19 Laray -

Finally we consider the term T} (3 f, 1% g). Using (1.2) and (1.3)), we obtain

sup ‘Ts(g(k,a)Tl_(ngfv ﬂgg)Xpn)(@\
0<5<p(:c(kya))2

2
<> suw | H@ =)l 06 H W) Ewa @) UE 059 ()| dy

=1 0<5<p(®(k,a))? I,

< s [ §Ime) - el G )

0<s<p(z(k,a))® 1, R

< ITo () (w)| dy
s s (e ] 1B - Bl 6] )

0<s<p(2(k,a))? I, Rd

x | T1(ngg)(y)| dy
< Ce 2" sup s~ /2

0<s<p(T (k,a))?
X{ S (
I

n Pl 1/p}
| Wsd2> dy} ,
) Pl
where 1/p) + 1/p1 = 1. For z € suppny = {y € R? : |z — y| < 27F2,/5},
(S B(; a)’ and s < p(x(k,a)) we have |z —x (k,a) | <2m +3P( Z(k,a )) It follows

from Lemmathat p(z)70 < C'Q”‘SZOp(:v(k’a))_‘S for a fixed constant Iy > 0.
Hence, a well-known result for fractional integrals gives

sup T, Ty (0 f5m09)X 5, ) ()]
0<s<p($(k1a))2

||ﬁ89”LP1(Rd)

<O s () e
0<s<p(T(k,a))? | | "1 (RY)
X ||7789”LP1(R¢1)
n d+96
< Ogndlo =22 sup (2"/s) 1

176 Il ar (re
0<s<plaga)? VIp(a(oa)® (21V/E)HHTT Lo (R)

X g gl e (R4)
< O T 2y (| )1 ()M (g) P (2,
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where 1/p} =1/¢q1 —d/d. Since 1/p1 +1/q1 =1+6/d > 1/p+ 1/q, we are
always able to choose p; and g1 such that 1 < p; < ¢ and 1 < ¢; < p. Then

sup T,y Ty (0 fom09)X 1, ) (2)| dz
(ko) BY o) 0<s<p((k,))?
< M LN (| 1)1 () M (Jgf) 7 ()
R4
< C2n(d+5+6l0)6—22”_4

< ((§ arirmyn o o) Up( | M(lgi) () o )

R4 R4
< CQn(d+5+6lo)e—22"*4

1/q

||f||LP(Rd)||g||Lq(Rd).
Therefore,

211 > | sup  |Tu(€o Ty (f,9))(2)| dos
(ko) Bif o 0<s<p(2(r,a))?

<Z S sup ZIT & TT (F 9)X1, ) (@) da

= n _92n—4
< CHfHLp(Rd)HgHLQ(Rd) 22 (d+5+5l0)€ 2
n=0

< Ol fll o mayllgll Larey-

Similarly,

212) > | sup  |Ts(§ay Ty (f,9))(@)| da

(k,0) B o 0<s<p((r,e))?

< Clflleweyllgll aray-

Both (2.11)) and (2.12)) imply
(2.13) Joo2 < C|fll e @ay 19| La(rey-

Combining (2.3)-(2.10) and (2.13)), we complete the proof for the bilinear
operator T~ . m

3. Examples. In this section we give some examples to illustrate our
result.

EXAMPLE 3.1. Let T} = L', Ty = L2, ~,79 € R. Then T}, T are
Calderén-Zygmund operators (cf. [7, Theorem 0.4]) and the parallel opera-
tors T = (—A)M | Ty = (—A)"2 satisfy the condition (1.3) with § = 2—d/q,
(cf. [T, (4.11)]). It is easy to verify that T~ (f, g) = (T f)(TQg) (Tof)(T1g)
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has the vanishing moment. Therefore, the bilinear operator T~ (f,g) =
(T7 f)(Tag) — (Tof )(Thg) satisfies the assumptions of Theorem

EXAMPLE 3.2. Suppose V € RHy for some g, > d. Let T} =L"120/0x;,
Ty = L*1/28/axk, 1 < j,k <d. Then T1,T5 are Calderén—Zygmund opera-
tors (cf. [7, Theorem 0.8]) and the parallel operators 7} = (=A)"120/0x; =
R;, Ty = (—A)"Y/29/dx}, = Ry, are the classical Riesz transforms, which sat-
isty the condition with § =2 —d/q, (cf. [T, (5.9)]). Because T (f,9) =
(T1f)(Tag) — (Tof)(T1g) has the vanishing moment, the bilinear opera-
tor T=(f,9) = (T1f)(Tog) — (Tof)(T1g) satisfies the assumptions of The-
orem [[11

EXAMPLE 3.3. Suppose V' € RH, for some g, > d. Let Ty = (9/0z;)
o L719/0xy, Ty = (0/0x))L=0/0xm, 1 < j,k,I,m < d. Then Ty, Ty are
Calderéanygmund operators (cf. [7, Theorem 0.8]). The parallel operators
T = R;Ry, Ty = RyR,, also satisfy the condition with § =2 — d/qo.
ThlS Wﬂl be proved in Lemma [3.7) below. As in Examples 1] and B

T=(f,9) = (T1f)(Tag) — (Tof)(T1g) has the vanishing moment Thus the
bilinear operator T~ (f, g) = (11 f)(T2g9) — (Taf)(T1g) satisfies the assump-
tions of Theorem [L.1]

EXAMPLE 3.4. Suppose V € RHy for some g, > d. Let Ty = L71Y20/0x;,
= (0/0xy)L 18/8xl, 1 <4,k < d. Then the parallel bilinear operator

T+(f 9) = (T1f)(Tag) + (To.f)(T1g) has the vanishing moment. It follows
that the bilinear operator T (f,g) = (T1f)(Tag) + (Tof)(T1g) satisfies the
assumptions of Theorem

EXAMPLE 3.5. Suppose V' € RHy for some g, > d. Let T1 = LY, v eR,
T = L™ 1/28/896] 1 < j < d. As in Example the parallel operator

TH(f,g) = (T1f)(Tag) + (Tof)(T1g) has the Vanlshlng moment. It follows
that the bilinear operator T (f,g) = (T1.f)(Tog) + (Tof)(T1g) satisfies the
assumptions of Theorem

We also give a counterexample for which the classical Hardy space esti-
mate fails.

EXAMPLE 3.6. Consider the Hermite operator H = —A + |z]? on R3.
We have

3
ZAA*+A* )

.
—_

where

0 0
Aj:_il_ij, A*:f—i‘%‘y j=1,2,3.
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Let

Ty = VL SR - ),

and f,g € L*(R?). In view of Example the bilinear operator T~ (f, g) =
(T1f)(Tag) — (T f)(T1g) belongs to the Hardy type space H L (R?) associated
with the Hermite operator H.

The 3-dimensional Hermite functions @, (x) are the eigenfunctions of H
and form an orthonormal basis for L?(R?). Moreover,

AjPu = (205 + 2)1/2¢N+5j7 APy, = (2/‘1‘)1/2@#—%7
where e; = (1,0,0),e2 = (0,1,0),e3 = (0,0, 1) (cf. [8 pp. 5-6]), and
H Y20, = (2|u| + 3)"V%0,.
Let f(x) = @, (z) and g(z) = Pe,(x). We have

17(0) = 3H (41— 4080, 0) = 3 (Y0000 — S-200 (@)
Tof(0) = 3205 420, () = 5 (0- o)
Tigle) = 317781 = 400, 0) = 3 (0- La00).
Tagle) = 3177785 = 4200 0) = 3 (2 0000() — 0020(@))

It follows from the orthogonality of {®,} that

| T (f.9)(@) dz = | (T1f(2)Tog(x) — Tof (2)Trg(x)) dx

]R3 ]RIS
112
6 14 21

Thus T~ (f, g) has a nonzero integral, which implies T~ (f, g) ¢ H'(R3).

Finally, we prove that the parallel operators in Example satisfy the
condition 1} Let Rﬁk(x, y) and R; i (x,y) denote the kernels of the oper-
ators (0/0z;)L~10/0z) and RjRy, for 1 < j,k < d, respectively.

LEMMA 3.7. Suppose V. € RHy , q, > d, and 6 = 2 — d/q,. Then, for
1<4,k<d,

c
(3.1) |RE(2,y) — Rjg(z,y)| < p z # .

()| —y|¢=*
To prove Lemma we need the following three lemmas (see [7]).
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LEMMA 3.8. Suppose V € RHy , q, > d/2. For 0 <r < R < o0,

1 r\2 0 1
a § Varsc() g | Vo
B(z,r) B(z,R)

LEMMA 3.9. Suppose V € RHy , q, > d/2. Then

1 . .
= S V(y)dy ~1 if and only if r ~ p(z).

B(z,r)

LeEMMA 3.10. Suppose V € RH, , q, > d. There exist C' >0 and lp >0
such that

R \"

and

| V) dy.
B(z,R)

V(y) c
S z — y|d1 dy < 5T
B(z,R)

Proof of Lemma[3.7 1f |x — y| > p(y), the estimate (3.1) is trivial. Sup-
pose |z — y| < p(y). Let I'“(x,5) and I'(z,y) be the fundamental solutions
for L and —A, respectively. Note that

— A (I (,y) = I'(z,y)) = V() (2, ),
where A, denotes the Laplacian in the variable 2. We have
FL(xvy) - F(.T,y) = - S F(ZE,Z)V(Z)FL(Z,y) dz.
R4
Thus,
o 0 o 0

Let R = |x — y|/4. By [7, (6.1)], for any [ > 0, there exists Cj such that

o 0 o 0
o () - ,F(w,y)‘

C V(z)dz
< | o — 2|7 (L + [y — 2l p(h) ")y — 2|* T
= o+ ) |
osl<Rj2 ly—2l<R/2  |o—zl>R/2|y—=|>R/2
=L+ 1L+ 1.
Using Lemmas and we obtain
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C, V(z)dz C C
hs 5 | z — 2|41 < Rad 2 | Vi()de< (y)° RA—9
B(z,R/2) B(z,R/2)
Similarly,
G
L < ——F—.
7 p(y) R
Note that |x —z| ~ |y —z| when |z —z| > R/2 and |y — z| > R/2. This yields
V(z)dz
I3 < C
S 1+ ly = 2l p(y) =)y — 2242

ly—z|=R/2
V(z)dz ! V(z)dz
< Cl( S ly — 2[24-2 +(y) S ly — 2242+ )
p(y)>ly—z=R/2 ly—2|2p(y)
By Holder’s inequality, the RH,  condition, and Lemma

Viz)dz
S (2)

ly — 2?2
p(y)>ly—2|>R/2

1/q, ,PW) ) 1/q)
gc( | vz dz) (gt—<2d—2>qo+d—1dt>

B(y,p(y)) R/2

/ C

<C d/qu—2p—(2d=2)+d/qy _ __ ~

< Cp(y) "= PR

where d — (2d — 2)q(, < 0 is valid for d > 3. Using Lemma and taking !

sufficiently large, we obtain

V(z)dz
l
pw) | Ty epre
ly—2|>p(y -
< Cyp(y)! Z —2d+2-l S V(z)dz
m=1 B(y,2mp(y))
— o (tyrdym __C < G
" p(y)d = ply) RIS

where we have used R < p(y) and d > ¢ in the last inequality. Thus we
obtain

0 0 o 0
L .y A AT
’Rj,k(x7y) Rj,k(x7y)’ aJIj 8yk (a:,y) 837j ayk (Qf,y)
___Cc
=) le =yl

and Lemma 3.7 follows. m
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