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On the trigonometric conjugate to the general
Franklin system

by

GEGHAM G. GEVORKYAN (Yerevan) and ANNA KAMONT (Sopot)

Abstract. We investigate when the trigonometric conjugate to the periodic general
Franklin system is a basis in C(T). For this, we find some necessary and some sufficient
conditions.

1. INTRODUCTION

The current paper is a next step in the study of general Franklin sys-
tems. The classical Franklin system is an orthonormal system consisting of
piecewise linear continuous functions with dyadic knots. It was constructed
by Ph. Franklin [8] in 1928 as an example of a complete orthonormal sys-
tem which is a basis in C]0, 1]. Since then, it has been studied by several
authors from different points of view and it has been used to answer various
questions in functional and harmonic analysis. The crucial property which
allowed the study of the Franklin system are the exponential estimates ob-
tained by Z. Ciesielski [6] in 1966. It is well known that the classical Franklin
system is a basis in C[0,1] and L,[0,1], 1 < p < oo, unconditional when
1 <p < oo (S. V. Bochkarev [2]), a basis in Hy[0,1], 1/2 < p < 1, uncondi-
tional for 1/2 < p <1 (P. Wojtaszczyk [16], P. Sjolin and J. O. Strémberg
[15]). Moreover, it was used by S. V. Bochkarev [1] to construct a basis in
the disc algebra. Later, S. V. Bochkarev [3] also proved that the conjugate
to the periodic Franklin system is a basis in C(T). (See also [4].)

By a general Franklin system we mean an orthonormal system consist-
ing of piecewise linear functions with an arbitrary sequence of knots. A
systematic study of properties of general Franklin systems started with the
papers of Z. Ciesielski and A. Kamont [7] and G. G. Gevorkyan and A. Ka-
mont [9]. The following general problem is considered: how the properties
of a general Franklin system depend on the regularity of the correspond-
ing sequence of knots? It turns out that some properties, like boundedness
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of partial sums in L;[0, 1], maximal inequalities, convergence a.e. or un-
conditionality in L,[0,1], 1 < p < oo, hold without any conditions on the
sequence of knots (cf. Z. Ciesielski [5], Z. Ciesielski and A. Kamont [7], and
G. G. Gevorkyan and A. Kamont [10]). For other properties, being a basis
or unconditional basis in H1[0, 1], we have obtained simple geometric condi-
tions, necessary and sufficient for these properties (cf. G. G. Gevorkyan and
A. Kamont [11]). Analogous results for the periodic general Franklin system
have been obtained by K. Keryan [13] and K. Keryan and M. Pogosyan [14].

In the current paper we address the question when the conjugate sys-
tem to a periodic general Franklin system is a basis in C(T). For this, we
obtain some necessary and some sufficient condition. In contrast to the
cases mentioned above, these conditions do not have a simple geometric
form. A summary of these results, without proofs, has been announced in
G. G. Gevorkyan and A. Kamont [12].

The paper is organized as follows. In Section 2 we recall the definition of
general periodic Franklin systems and formulate the main results, Theorems
2.1 and 2.2. Section 3 is devoted to their proofs. In Section 3.1 we recall
estimates and properties of general periodic Franklin system needed in this
paper. Necessary conditions for the conjugate system to the general Franklin
system to be a basis in C(T) are discussed in Sections 3.2 and 3.4, and
sufficient conditions are discussed in Section 3.3. In particular, we prove
some estimates from above and from below for the Lebesgue functions of
the conjugate to the general periodic Franklin system. These estimates are
the content of Theorems 3.3 and 3.5. Finally, in Section 4 some particular
examples are discussed, and Corollary 4.2 contains a characterization of
quasi-dyadic sequences for which the conjugate to the corresponding general
periodic Franklin system is a basis in C(T).

2. DEFINITIONS AND NOTATION

Set T = [—m, 7). In this paper, we consider the space C(T) of continuous
27-periodic real-valued functions on R.

For z,y € T the periodic distance between x, y is denoted by dist(z,y) =
min(|z — y|, 27 — |z — y|). Moreover, we use the notation a V b = max(a, b),
a A'b = min(a,b). Writing a ~ b means that there are positive constants
(1,03 such that Cia < b < Cha, and we write a ~, b to emphasise that
these constants may depend only on the parameter ~.

2.1. Periodic general Franklin system. Let n € N and o =
{s;,1 < j < n} be a sequence of simple knots from [—m,7), with —7 =
s1 < --- < sp. These knots are 27-periodically extended to R, i.e. we put
Sm = 85 + 2km for m = kn + j with k € Z and 1 < j < n. We denote by
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S, the space of continuous piecewise linear periodic functions with knots o.
For given o, we put I; = [sj,sj+1] and A\j = |Ij| = sj41 — s;; in particular,
we have A\j 1, = A;. We let P, denote the Ly(T)-orthogonal projection onto
Sy, and by K, we denote the Dirichlet kernel of P,.

Analogous definitions make sense when double knots are allowed in o,
ie.o={sj,1 <j<n}with —m=s <---<s,and s; < sj;2. Then S,
consists of the periodic piecewise linear functions, continuous at simple knots
(i.e. at s; such that s;_1 < s; < s;41), and discontinuous, but left continuous
and having limits from the right at double knots (i.e. when s; = s;41).

Next, let 7 = {t,,n > 1} be a sequence of at most double knots in
T = [-m,m), with ¢; = —7, and dense in T. Let

with —m =11 < - <tpp, tnj < tnj+2. By S, Injs Muj, Pn, Ky, we mean
the space Sz, and I;, \;, P, K, coresponding to 7,,.

For each n > 2, there is a unique function f,, € S,, orthogonal to S,_1
in Lo(T), with ||fu]l2 = 1 and f,(¢,) > 0. Put also fi(t) = 1/v/2n. The
collection of functions {f,,n > 1} is called the general general periodic
Franklin system corresponding to the sequence T of knots.

Clearly, K, (t,s) = Z?ﬂ fi(t) fi(s).

2.2. Regularity conditions. Now, we recall two notions of regularity
of a sequence 7 = {t,,n > 1} of knots in T. We say that 7 is admissible if
it consists of at most double knots and is dense in T.

DEFINITION 2.1. Let v > 1 and let 7 = {t,,n > 1} be an admissible
sequence of knots in T. Then 7 is said to satisfy the strong periodic reqularity
condition for pairs with parameter v if for each n > 2 and 1 < j < n,

YT At A
DEFINITION 2.2. Let v > 1 and let 7 = {t,,n > 1} be an admissible
sequence of knots in T. Then 7 is said to satisfy the strong periodic reqularity
condition with parameter ~y if for each n > 2 and 1 < j < n,

L Any

REMARK. The strong periodic regularity condition is the same as the
periodic version of the bounded local mesh ratio condition.

Observe that strong periodic regularity implies that all knots in 7 are
simple.
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Recall that for sequences of knots satisfying these regularity conditions
the corresponding general periodic Franklin system is a basis or an uncon-
ditional basis in Re H1(T) (cf. [14]); a non-periodic version of this result can
be found in [11].

In the current paper, a different type of regularity conditions will be
considered. For a sequence of points o, k € N and ¢t € T, define

n )\ ) k
(®) (1) = A B
700 =3 (5 vamary)
For given 7 and n, we denote by jﬂsk) the function jg(k) corresponding to

T, ie.
(k) - Anj *
70 =2 <>\n,j + dist(t, Im)) '

j=1

Regularity conditions discussed in this paper relate to boundedness or un-

boundedness of the collection of functions {jrgk)(-),n > 2}, for appropri-
ate k.

2.3. The trigonometric conjugate to the periodic general Fran-
klin system. The trigonometric conjugate to a periodic function f is de-
noted by f, i.e.

~ -1 . H U
(2.1) f(t) = — lim S flt+u) cot§du.

- 27 e—0
lul=e

Let {fn,n > 1} be a periodic general Franklin system. By the trigonometric
conjugate to {fn,n > 1} we mean the system {fn,n > 1}, where ]71(75) =
1/v/27, and fvn for n > 2 is defined by (2.1) with f = f,.
For convenience, we introduce the following notation. Let Eg denote the
conjugate to K, with respect to both variables, and set
~ 1

Ko = +he, Lo(t) = qu |Ky(t,s)|ds.

As usual, K, and L, are K, and L, corresponding to 7, i.e.

Kn(t,s) =Y fi0)fi(s),  Ln(t) = ||Ka(t,s)| ds.
j=1

T

2.4. The main results. We are interested in the following question:
when is the trigonometric conjugate to a general periodic Franklin system a
basis in C(T)? Let 7 be a sequence of knots in T. First, note that all knots
in 7 must be simple: if some knots are double, then the corresponding
Franklin functions are piecewise linear, but discontinuous at double knots,
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and then the conjugate functions are not continuous, even not bounded at
the points of discontinuity of the Franklin functions. So we assume that all
knots in 7 are simple. Let lip(T, ) be the space of functions from C(T)
satisfying w(f,d) = 0(d%), where 0 < a < 1 and w(f,d) is the modulus
of smoothness of f (of the first order, in the uniform norm). Then density
of 7 in T implies that the piecewise linear functions with knots 7" are dense
in lip(T, «) in the corresponding Holder norm. Hence the periodic general
Franklin system corresponding to 7 is linearly dense in lip(T, «). As the
trigonometric conjugate operator is an isomorphism of lip(T,«a) (cf. e.g.
A. Zygmund [17, Chapter III, Theorems 13.29 and 13.30]), this implies that
the conjugate system is linearly dense in lip(T, «), and consequently also in
C(T). Thus, the question whether {f,,n > 1} is a basis in C(T) or not is
a question of the boundedness of the corresponding partial sum operators
and Lebesgue functions. The first necessary condition is the following:

THEOREM 2.1. Let T be an admissible sequence of knots such that the
conjugate to the corresponding general Franklin system is a basis in C(T).
Then T satisfies the strong periodic reqularity condition.

Therefore, in further considerations we assume the strong periodic reg-
ularity condition. Under this condition we get the following result:

THEOREM 2.2. Let T be an admissible sequence of knots satisfying the
strong periodic reqularity condition with the corresponding periodic Franklin
system { fn,n > 1}. Then:

o If sup,>1 Supger TP (t) < oo, then {fn,n > 1} is a basis in C(T).
e If sup,>; Supser T (t) = oo, then {fn, n > 1} is not a basis in C(T).

For the proof of Theorem 2.2 we estimate the Lebesgue functions L (t)

from above and from below by T (t) and T (t), respectively. These esti-
mates are formulated and proved as Theorems 3.4 and 3.5, respectively.

3. PROOFS OF THE THEOREMS

3.1. Estimates for K, and f,. To prove the main results, we need
some estimates for K, and f,. In the non-periodic case such estimates
can be found in [9] or [10]. The periodic versions have been obtained by
K. Keryan [13].

Note that if 7 contains at least one double knot, then the knot is a
point of discontinuity of all but finitely many functions f, corresponding
to 7, and then the estimates reduce to the non-periodic case. Therefore, in
the periodic case we are interested only in the situation when all knots are
simple.
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We first estimate the kernel K,, where 0 = {s;,1 < j < n} is a sequence
of simple knots in T. Let N;, 1 < j < n, be a B-spline basis in S, i.e. N; is
a piecewise linear periodic function with knots o such that N;(s;) =1 and
Nj(s;) =0 for 1 <i# j <n. Observe that supp N; is the periodic interval
[tj—1,tj+1] containing ¢;, and [supp N;| = A\j_1 + A;j.

Let G = [(N;, N;),1 < i,j < n] be the Gram matrix of the system N,
1<j<n,and A=[a;j,1 <i,j<n]=G L Clearly,

n
(3.1) Kg(t, S) = Z ai,jNi(t)Nj(s) and Kg(Si,Sj) = Q5.
ij=1
We need uniform boundedness of the norms || P,||s proved by Z. Ciesiel-
ski [5]:
(3.2) 1P )loo = sup | | Ko (t,5)| ds < 3.
teT 1

In fact, the proof in [5] concerns the non-periodic case, but the same argu-
ment applies in the periodic case.
We need the following properties of the matrix A (see Property 1 in [13]).

THEOREM 3.1. Let 0 = {s;,1 < j < n} be a sequence of knots in T.
Then
a;; >0, 2.4 <a;;lsupp N;| <4,
4 1
2l=ln |supp N;| V [supp Nj|

|a;

where |i — j|lp, = min(|i — j|,n — |i — j|).

Combination of Theorem 3.1 and formula (3.1) implies pointwise esti-
mates for |K,(t, s)| for t € I;, s € I;; we will need them only when o satisfies
Ak ~~ Ap41. In that case we have

(O 1
Kot o)l < S vy

Now we formulate estimates for periodic general Franklin functions. We
quote them in a simplified version, for sequences of simple knots satisfying
the strong periodic regularity condition for pairs. In [13] these estimates
have been proved for general sequences of points, but for the purpose of this
paper the special case is enough.

Let 7 = {t;,7 > 1} be a sequence of simple knots. Recall that 7,, =
{t;;1 <j<m} ={tj1 < -+ < tjm}. Since 7, is obtained by adding a
single point t,, to 7,,_1, for n > 3 there is a unique index j, 1 < j <n —1,
such that ¢,_1; < t, < t,—1,j+1. For convenience we set t,, = t,_1; and

t = tn—1,j+1. The points ¢, ¢, define two periodic intervals on T; exactly
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one of them contains t,,, and we denote it by Z,,. Let i, 1 <4, < n, be such
that

£ (ti,,)] = min{|fu(tx)| : 1 < k < n}.

Next, let t € T, t ¢ Z,,. Then ¢t and ¢,; define two periodic intervals on T;
exactly one of them contains neither ¢, nor ¢, and we denote it by ,(t).
Analogously, the interval 3, (t) is defined as the periodic interval induced by
t and t;” which does not contain ¢, t,. If t # t; , then exactly one of a,(t),

Bn(t) does not contain t;,, and we denote this interval by A,,(¢). Finally, let

(1) = 0 when t € 7,
U #H ke € Ap(t), 1<k <n} whent¢gTZ,.

In addition, set v, = |Z,|.
The following estimates of general periodic Franklin functions are taken
from Section 4.1 of [13].

THEOREM 3.2. Let T = {t;,j > 1} be a sequence of simple knots satis-
fying the strong periodic reqularity condition for pairs with parameter . Let
{fn,n > 1} be the corresponding general periodic Franklin system. Then for
n > 5,

(3.3) faltn) >0, fu(ty) <0,  fu(t)) <O.

Moreover,

(3.4) Faltn)] oy 1G]~y Lt~y v,
and the equivalence constants depend only on . Moreover,
(3.5) [fa(®)] < C5(1/2)" O fultn)].

An immediate consequence of (3.5) is
n
(3.6) ;ggﬁi [fn ()] < 5l fultn)-

We also need a characterization of sequences 7 for which the correspond-
ing general periodic Franklin system is a basis in Re H;. The following is
Theorem 1 of [14]:

THEOREM 3.3. Let 7 be an admissible sequence of simple knots in T
with the corresponding general periodic Franklin system {f,,n > 1}. Then
{fn,n > 1} is a basis in Re Hy if and only if T satisfies the strong periodic
reqularity condition for pairs with some parameter ~v > 1.

REMARK. The proof in [14] concerns in fact the atomic H; space on
[0, 1]. It should be noted that the atoms considered in [14] are in fact periodic
atoms, i.e. with supports contained in periodic intervals. It is well known that
atomic decomposition with periodic atoms characterizes the space Re Hj.
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3.2. Necessity of strong regularity

Proof of Theorem 2.1. Suppose that {fn, n > 1} is a basis in C(T). First,
note that continuity of all fn’s implies that all knots of 7 must be simple.
Moreover, as {fn,n > 1} is a basis in C(T), it is also a basis in Li(T).
Now, let f € Ly(T) be such that also f € Li(T). Then f € Re Hi(T). As
{fn,n > 1} is a basis in L*(T) we have

F=Y (F I fn  F=D(F Fa)fns
n=1 n=1

with convergence of both series in Ly (T). Since || f||re z, ~ |If|l1+ || f]l1, this
implies that {f,,n > 1} is a basis in Re H;(T). Theorem 3.3 now implies
that 7 satisfies the strong periodic regularity condition for pairs.

Now, suppose that 7 satisfies the strong periodic regularity condition for
pairs, but it does not satisfy the strong periodic regularity condition. Let
v be the pair-regularity parameter for 7. We will show that the Lebesgue
functions of {fn, n > 1} are not bounded; more precisely, for M large enough
there is N such that

(3.7) VI/(tn) fr(u)| du > C; log M,
T
where C, depends only on +.

Fix M > 2~. As 7T does not satisfy the strong regularity condition, there
is a partition 7y containing two neighbouring intervals A; and As such
that |A1| > M|As|; to simplify the writing, assume that |A;| = M|Ay|.
Let Ag be the other neighbour of As in 7. By strong regularity for pairs,
|Ar| 4 |Az| ~ |Az| 4 |A3], and consequently |Aq| ~, |A3z|. Moreover, we
can assume that

N = min{n : both endpoints of Ay are in 7, }.
This means that ¢, is an endpoint of As. To fix ideas, assume that ¢ is the
common endpoint of Ay and Ay, ty is the other endpoint of Ay, and t} is
the other endpoint of As. To prove (3.7), we need to estimate | fn(ty)| and

HfNHl from below. For this, let & be the value of f), on A;. The estimates
for fn from Theorem 3.2 and the fact that |A;] > |Ag| imply that

(3.8) NN ~ony LINCEN)] ~on [N (ER)] ~y 1AL,
(3.9) (1] ~on €3]~y [ALT32, |&a] oy | AL TH2] Ay

Since fy is linear on Ay and [fn(ty)| ~y |fn(tn)|, there is L, > 0, de-
pending only on 7, such that fy(t) > L fx(ty) on [tx — Ly|Aq,tn] C Ay
clearly, we can assume L, < 1/3.
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Now, let k be such that [ty — (k+1)|Ag|,tn —k|As|] C [tn — Ly|A1], tn].
By the choice of Ay and A, this is possible for 0 <k < ML, — 1. Let us
estimate | f ()| from below for t € [ty — (k + 1)|Ag|, tx — k| As]]. Let

k=max{0 >0:[t—0d,t+0] C Ay UAyUAs}.
For M large enough, we have k ~. |A{|, and Ay C [t — k,t + k|. Now, the
integral defining fN(t) is split into three parts:

™

J?N(t) = -1 S (fn(t+u) — fN(t—u))cotgdu

2
0
_q th—t " x
:ﬁ< S + S +S):Q1+Q2+Q3-
O t']’!\‘]_t K

Let us start with the estimate of (3. We have

™

Vrn(t+u) = fa(t = w)) cot g du

K

™

<] (Il + 1=y ).

To estimate these integrals, we consider fy(t+-) on its intervals of linearity.
Let [ty ;—t,tn j+1—t] be a (periodic) interval of linearity of fx(t+-) disjoint
from [—k, k]. Then

max [N+ = max |fx(s)].

u€ltn,j—ttn,j+1—] SE[EN,j,EN,j+1]

By strong regularity for pairs (and the fact that k ~, |A{]) we have 1 <
(tnj+1 —t)/(tn; —t) < Cy, which implies

1t 1 Si+1 — ¢
| —du=log™=— <.
U S;— 1t

tn,j—t

Therefore
tNj+1—t 1
(3.10) | v+ )] = du < Cy max |fa(s)].
ty it u SEINJ'

If [ty —t,tnj+1 — t] is a periodic interval not included in but not disjoint
from [—k, k] (there are at most two such intervals), we find by an analogous
argument (and applying (3.5)) that

1
| [fv(t+u)] —du < Gyl fn(En)].
[tN,j —t,tN’j+1—t]ﬂ{uZ |U‘ZH}

Combining (3.10) with (3.6) and the last inequality we obtain

(e 4+l - du < Oyl (o))

K
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By an analogous argument,

T 1
JIfn(t =0l = du < Ol ftn)],
so we get

(3.11) Q3] < C[fn(tn)]-

To estimate ()1 we use the Lipschitz condition for fy on Ay and As, and
estimates (3.9):
th—t

! é (Fn(t+u) — fr(t — u)) ot s du

|Q1’:%

ty—t
<o e+ - fue-wl L au

0
th—t ]
+ S lfn(t+u) — fn(t—u)|— du>
tny—t u
tn—t th—t
1 1
<o § welal Laut | (el b )
0 tn—t
< Oy (|t =t - 1A 72+ A2l (| AL 72 + 41|72 451 7H)
< C’Y‘Alrl/zv
which in combination with (3.8) gives
(3.12) Q1] < G| fn(tn)l.

Now, we turn to estimating ()o. For this, we split the integral defining
@2 into the sum of

Qo =5 | (In(t+u) = fn(t])) cot 5 du.
th—t
I TN t)) cot = d
Qo2 = o | (In(th) = fn(®) co 5
th—t
Q _ ! l§ (fn@)—f (t—u))cotgdu
273_27Tt+,t N N 5 du-

Using the Lipschitz condition for fy on Az and estimate (3.9) for |£3| we
find

t+u—t

K +
Q211 <C | N gs| du < Cyr| A |73% < €A 7V2,

+
th—t
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Combining this with (3.8) we get
(3.13) |Q2,1] < Cy|fn(tn)]-

By a similar argument, using the Lipschitz condition for fy on A; in com-
bination with (3.9), (3.8) we find

(3.14) Q23] < Oyl fn(tn)]-

Finally, we estimate |Qg| from below. Since fy(t) > 3fn(tny) and
sgnfn(ty) = —senfn(tn), we have |fn(t) — fn(ty)| ~ |fn(tn)|- More-
over, . .

1

+§ cot % du ~ +S " du = log k — log(t%, — t).

th—t th—t
Set wy, = log m. Since t € [ty — (k+1)|Az|, tn — k|As2]], these consid-
erations imply
(3.15) Q2,2 = Dywi|fn(tn)]-
Summarizing (3.11)—(3.14) we have
(3.16) Q1] + Q2.1 + Q23] + Q3] < By fn(tn)]-

Now, we need %Dvwk > B,. Let R, A, be constants, depending only on ~,
such that x > (1/A,)|A:| and log R, = 2B,/D~. Observe that if £k + 1 <
M/(R, - Ay) then D~ wy > B,, and consequently

(3.17)  [fv()] > Q22| — (|Q1] + Q21| +|Qa3] +Qs3]) > %Dvwk|fN(tN)|-

We are ready to estimate | |fN(t)\ dt. Setting oy = min(L+,1/(ARy)) we

have
Mo~y—1 tn—k|As| Mo~y—1

fAv@la= S § @iz Y LDyl
k=0

T k=0 tn—(k+1)|Az
For 0 <k < Moy — 1 we have

1 > 7141
WE = 10 O
FT R e )[As] T % Moy A
1 9B
> log >log R, = =X > 0.
Ayoy ’ D,

Putting together these estimates we get
VIfv ()] dt > CyMos | Aol | fn (tn)] = Ol Ar] |fn(tn)].
T

Since |fn(tn)| ~ |A1]71/2, we have obtained

(3.18) Vv (@) dt > A2
T
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Moreover, applying (3.17) to tx (with £ = 0) we find

(3.19) Tt = Gl 2 log M,

Now, (3.18) and (3.19) give (3.7). Define S, (t,s) = > i, fi(t) fi(s). Tt follows
from (3.7) that

J17an) 1/ ()] dt > C, log M.
T

max([|Sn (¢ ), 1Sv-1(tw, ) l1) =

| =

As M is arbitrary, this means that the Lebesgue functions of {fn,n > 1}
are not bounded. Consequently, {f,,n > 1} is not a basis in C(T).

3.3. Estimate of L,(¢) from above by T (t). Now, we turn to the
sufficiency part. By Theorem 2.1, we assume the strong regularity condition.
We prove the following upper estimate for the Lebesgue functions of the
conjugate of the general Franklin system:

THEOREM 3.4. Let v > 1. Let 0 = {s;,1 < i < n} be a sequence of
simple knots in T such that

1/y < Xi/Xig1 <~ forall 1 <i<n.
Then there is a constant C, depending only on vy, such that fort € T,
Lo(t) < .79 (1).
Proof. Following S. V. Bochkarev (cf. the proof of Theorem 3 in [4]), for
fixed € > 0, decompose p(u) = cot(u/2) = @1 (u) + 2. (u), with
{cot(u/Q) for |u| <e,
Prell) =
0 for e < |u| <,
(w) {0 for |u| <e,
u) =
v2e cot(u/2) for e < |u| <,
and extend both 1 ¢, p2 . 2m-periodically to R.

(3.20)

Then we have the following decomposition of the kernel K:
~ 1 1 Tt U v

(3.21) Ky(t,s) = —+ — S S Ay Ko (t,s)cot — cot — dudv
2 A4x? 0 2 2

1
=5 + Vi(t,s) + Va(t, s) + Vs(t, s),

where
Ay oKy (t,s) = Kot +u,s +v) — Kot —u,s +v)
— K,(t+u,s —v) + Ks(t —u,s —v),
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and

)

< S Ay oKy (t,s) cot g du) cot % dv
0

17 v
) S (p2e(s —t+v) —pa(s —t—v))cot 5 dv,
0

Valt, ) = g | ((acls — £+ ) = @ — 1 — 0))pac(v) do,
0

Va(t,5) = gg | (£2e(s — 14 0) — @ac(s — £ = ))pr(v) do.
0

We need to estimate Lq(t) = §1 |K,(t, s)| ds. First, recall that (see the
estimate for |1/27 + I3| in the proof of Theorem 3 in [4])

<omin (3. ity

where C' does not depend on &, which implies

(3.22) | % + Va(t, s)
T

1
% + ‘/Q(ta S)

ds < C.

Next, we turn to the part corresponding to V5(¢, s). The way of estimating
V3 depends on dist(t, s).

First, consider the case dist(¢,s) > 2e. In this case if |v| < e then
dist(s — t,iv) > ¢ and £ dist(t,s) < dist(s — ¢, £v) < 3 dist(¢, s). There-
fore, by the mean value theorem,

|P2.6(s =t £ v) = p2(s — 1)

(5 t+wv (5 t v
= |cot ———— —co —_—
2 (dist(¢, s))
Consequently,
c v
[Va(t, s) S poe(s—t+v)— g0275(s—t))cot§dv
0

1
47r2

O e ()

v
(p2,e(s —t—v) —pac(s—t))cot 3 dv

&€
<c|
0

] 1 €
7 dn< -
(dise(t, )2 o] 20 € (st ) 2
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The last inequality implies that

T e
(3.23) | |Va(t,s)|ds < C' | —dv < C.
{s€T: dist(¢,s)>2¢e} 2e
When e < dist(t, s) < 2¢, we write
dist(t,s)—e v
Vs(t,s) = yrs) S (p2.e(s —t+v) —pac(s—t—wv))cot 5 dv
T o 2

1 g
T | (@2,e(s—t+v)—<p2,g(s—t—v))cot%dv
dist(t,s)—¢

= Vs1(t, s) + Vaa(t, s).
For 0 < v < dist(t, s) — € we have € < dist(s — ¢, £v) < 3¢, so (again by the
mean value theorem)
v
lp2e(s —t+v) —pae(s —t —v)| < C;Q

This implies

dist(t,s)—e .
v 1 dist(t,s) — e
(3.24) Vaa(t,s)| < C §) S <C—5—.

For dist(t,s) —e < v < ¢, we note that |p.(-)| < C/e and so

€
11 1 £
b o) < S ldv=C-log— .
!‘/3,2(75)|_Cd‘t(§ e v=0018 Gl — 2

Using the last inequality and (3.24), and setting x = dist(t, s) — &, we find
| Va(t, )| ds < | Vaa(t, )| ds

{s€T: e<dist(t,s)<2e} {s€T: e<dist(t,s)<2e}

+ | [Va.a(t, s)| ds
{s€T: e<dist(t,s)<2e}

€ 1
§CS<€+1log€>d:z— S(y—i—log >
s\et e x 5

As S(l] (y + log i) dy < 0o, we have obtained
(3.25) | [Va(t,s)|ds < C.
{s€T: e<dist(t,s)<2e}

Finally, let dist(t,s) < e. Note that for |v] < ¢ — dist(¢,s) we have
dist(s — t,4+v) < €, and consequently 2 .(s —t £+ v) = 0. Combining this
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with [p2.(-)] < C/e we get

3

Vat,s) < | Joze(s —t+v) — (s —t —0)| cot% dv
e—dist(t,s)
3
11 1 €
<C -——dv=C-log—————.
- S v L - dist(t, s)
e—dist(¢,s)
This implies (now setting = = dist(¢, s))
1. col
(3.26) S |Va(t,s)|ds < C’Sflog d:U:CSlog—dx:C.
{s€T:dist(t,s)<e} 0 € e 0 z
Putting together (3.23), (3.25) and (3.26) we get
(3.27) | 1Va(t,5)|ds < C.
T

Now, we turn to estimating { [V1(t, s)| ds. Let m = m(t) be such that
t € I,,. Set

(328) Et
Observe that

_ |Imfl| A |Im+1|
—2 .

{S eT: diSt(t,S) < 515} Clyp1UL,U Lyt

By strong regularity with parameter v we have g; ~., |I,,|. Define

T

(320)  y(s) = | (Ko(t +u,5) — Kot —u,5)) cot g du — pae,(s — t).

0

Observe that Vi(t,s) = 5—;5,5(5), which implies

1 ~ 1 ~
(330) | |Va(t,s)|ds= o | @:(s)] ds < o U Pells +112ell1) < CllPellme -

T T
Therefore, the next step is to prove that &; € Re H' and
(3.31) IBllge 1 < CL T (8).
Then by (3.31) and (3.30) we get
(3.32) VIVt s) ds < C, T8 (8),
T

To prove (3.31), we find a suitable atomic decomposition of @;. More pre-
cisely, we show that

n
(3.33) Py = ZditNi,
=1

after a suitable normalization, yields such a decomposition.
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Define

T
O4(s) = S (Ko(t+u,s) — Ky(t —u,s)) cot % du.
0
This is well defined, because K, (-, s) is a Lipschitz function. We show that

(3.34) 104(5)| < C /ey

Indeed, Kq(v,s) = >0 a;;Ni(v)Nj(s). If 0 < u < e then t u €
Im—1 U Iy U Ijyq1. Therefore, applying the estimates for |a;;| from Theo-
rem 3.1 and strong regularity with parameter v, we have, for s € I,

|Ks(t+u,s) — Ko(t—u,s)| < Z |N; (t+u) — N;(t— u|’2a” ‘

fi—ml<1

k+1
<C

il 2 | 22009

li—m|<1 j=k
U 1 1

<C .
= 7 | Ly| 2im=kln A\ VAR
Applying this estimate, we find, for s € I,

et
(3.35) | |Ks(t+u,s) — Kot —u,s)]

0

1 1
< .
©t ‘ T < Oy St AV
If &, <wu <, then |cot(u/2)| < C/et, and consequently, using (3.2), we get
™
V1Ko (t+u,5) — Kot —u,s)|

€t

cot —

du<—S|K (v, s)|dv<9
Et
T

Combining the last two inequalities we get (3.34). In fact, we have proved
that

™

(3.36) |

0
This allows us to use Fubini’s theorem, which implies

du<g
&t

(Ko(t+u,s) — Ky(t —u,s)) cot 5

S O(s)ds = S S (Ko(t+u,s) — Ky(t —u,s)) cot g ds du = 0.
T 0T
In particular, the last equality and the definition of 9. (cf. (3.20)) imply
(3.37) | @(s)ds = 0.
T
The definition of ; guarantees that for i #m — 1,m,m + 1,

(3.38) {s € T : dist(s,supp V;) < e} N{s € T : dist(¢t,s) < e} = 0.
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Let Aj=N;- &, fori #m—1,mm+1,and A =P, — )
that by strong regularity with parameter ~,
(3.39) |supp 4;| < CyAi,  [supp A| < Cy\,.

Now, using again Fubini’s theorem (which is allowed because of (3.36)), the
fact that P, is the orthogonal projection onto S, the definition of 9 ., and
(3.38) we find
™
[ Ai(s)ds = § { (o (t +u,8) — Ko (t — u, 5))Nis) cot g ds du
T 0T

A;. Note

i:|m—i|>1

— S w26, (s —t)Ni(s)ds
T

= S (N;(t 4+ u) — Ni(t — u)) cot g du — S 026, (s —t)N;i(s)ds = 0.
0 T
Clearly, from these equalities and (3.37) we also have {1 A(s)ds = 0.
Put a = ||A”oo . )\m, B = (1/0[)14, a; = ”AzHoo : )\i, Bz = (1/0{2)Az NOW,
by (3.39), to complete the proof of (3.31), it is enough to show that

(3.40) at Y < I,
i:|m—i|>1

First, (3.34) and the definition of ¢y, yield |®| < (/e Since
€t ~~ 1/Ap,, this implies that o < C.

Now, we turn to estimating o;. Let A be a piecewise linear function
interpolating o2 ., (- —t) at the knots o’ = o\ {sm, Sm+1}. First, we estimate
|A(s) — p2,e,(s —t)| for s € I;. For this, we use the simple and well-known
estimate

max |f(z) —I(z)| < (b—a)? max [f"(z)],
x€[a,b] z€[a,b]

where [(z) = =2 f(b) + Z:—zf(a) and f € C?[a,b]. Using this inequality,
strong regularity and the definition of &; we find, for j #m — 1,m,m + 1,
2
J
(dist(t, I;) + A;)3
We need to estimate |@:(s)| = |O¢(s) — 2., (s —t)|. It follows from (3.35)
that for s € I;,

©:(s) — P20, (s — 1)

1 1
<C .
= T 2m=gln N, VA +

(3.41) |A(s) = gae,(s — 1) < C, for s € I;.

| Kolt+u,s)cot 5 du— o (s —1)

et<[ul<m

1 1
=C

g s, B2 = 0)(6) — pacls ~



220 G. G. Gevorkyan and A. Kamont

A interpolates 2, (- — t) at the knots o’ C 0, so A € Sy and P,A = A. As
P,(...) is linear on I, for s € I; we have

t; 1— S
|Po (2.0 (- = 1))(5) = 20 (5 = )] < [Po(ip2e, (- — 1) = A)(t)] —
tjt1 — 1
s—t; 1
+ |Po (02,6, (- =) — A)(tj41)] 7]_+
ti+1—1;
+[A(s) — 2, (s = 1)
Moreover, the definition of A and the bound for ¢y ., imply |A— a2, (- — 1)
< C, /M. Together with strong regularity this shows that (3.41) holds also

for j = m — 1,m,m + 1. Therefore, by (3.41), estimates for the kernel from
Theorem 3.1 and strong regularity we get

[P (2,0, (- = 1) = A)(t5)] < [ 1Ko (usty)] |A(w) = ooz, (u—t)] du

>

=1

CZ 1 1 N 3
T Laoli=jln N\ v N \dist(t, ) + N )

=

[ Ko (s t5)| [A(u) = pae, (u = t)| du

z:‘L’ﬁ

IN

|Py(p2,e(- —t) — A)(tj41)] is estlmated analogously. Summarizing, for s €
supp IV; with j # m — 1, m,m + 1 we have obtained

¢ e <C, ! ! )\2
2e()] = 164(s) = @25 ~ 1) Sl Ay (@t 1)+ )

1
+Z oll J|n )\l\/)\ (dlSttIl +)\l> >

a; < C ;—Fi ! A ’
P 2l ol \ dist (¢, L) + N ) )

and summing over [j —m| > 1, we get (3.40) (recall that o« < Cy). This
completes the proof of (3.31).

We have already seen that (3.31) implies (3.32). Putting together (3.21),
(3.22), (3.27) and (3.32) we get the inequality stated in Theorem 3.4. u

Consequently,

COMMENT. It is possible to show that ||®:||; > C. j(3)( ) This implies
that [|P¢|lge 1 ~y A (t), but to get a lower bound for L,(t) in terms
of ¥ (t) we would need an estimate of the form ||®,|; > CVJCS?’) (t). We
do not know how to achieve this. However, we are able to get a weaker

estimate from below for L, (t), in terms of A (t) instead of A (t). This
is the subject of Section 3.4.
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3.4. Necessity of J§4) (t) < oo. Now, we consider necessary conditions
for { fn,n > 1} to be a basis in C(T). Theorem 2.1 already shows that strong
regularity is such a condition. We strengthen this result and get a condition

similar to the sufficient condition from Theorem 3.4, but with Jg(4) (). As
previously, because of Theorem 2.1, we consider only the case when the
sequence of partitions involved satisfies the strong regularity condition.

THEOREM 3.5. Let v > 1. Let 0 = {s;,1 < i < n} be a sequence of
simple knots in T such that

1/y < Xi/Xiz1 <~ forall1<i<n.
Then there is a constant C, depending only on 7y such that fort € T,
TD(t) < Cy Ly ().
For the proof, we need several technical lemmas. We start with

LEMMA 3.6. Let o be a sequence of simple knots in T containing at
least 10 points and satisfying the strong periodic regqularity condition with
parameter v. Let t € T. Then there is kmax € N and a subsequence
{Jk, 1 <k < kmax} such that

(3.42) 2 < A /A

Jk—17
(3.43) dist(t, Ijk) > 2dist(t, Ijk—1)7
kmax )\ . 3 (4)
(3.44) ( . = ) > CJ,7(1),
’; dlSt(t, I]k) + )‘jk v
(3.45) dist(t, I;,) + Nj, < vydist(¢, ;).

Moreover, let £21 = [t,t + 7], 2o = [t — 7, t] be two periodic intervals on T
with endpoints t,t+m. The subsequence {ji,1 < k < kmax} can be chosen to
be either increasing with I;, C (21 for all 1 < k < knax, or decreasing with
I, C (2 for all 1 <k < kpax.

Proof. Let my, ma be indices such that ¢t € I,,, and t + 7 € I,,.

Consider the set T \ (I, —1 U Iy, U Iy +1 U Iy, ); it consists of at most
two periodic intervals (2] C 2y and 25 C (2. Let C; = {j : I; C (2},
i = 1, 2. Clearly, all intervals with indices in C; are included in {2;. By strong
regularity, the intervals with indices in both collections C; satisfy (3.45), and

moreover
\j !
(D (4) ~ A B
T~ D <dist(t,1j)+/\j>'

JEC1UC2

Let C be the one of C1, Co for which Zjeci (WM)ZL is greater. Clearly,
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then

Aj 4
4 (¢ N
I ’Yz(dlst(tI)JrA)'

To simplify notation further, assume that —7 <t < t+n7 < wand C = Cq,
soC={j:m+2<j<mg— 1}. First, we choose a subsequence satisfying
(3.42) and (3.44). Let j; be the element of C with dist(¢, I;;) minimal, i.e.
j1 = mq + 2. Having chosen ji,...,jx_1, take jr to be the first element of
C such that ji > jr—1 and )\]k > 2)j,_,. If this is not possible, stop the
procedure; the last ji chosen is jg, . . Thus, (3.42) is satisfied. Moreover,
the definition of jj implies that A\;, _1 < 2);, |, hence by strong regularity

(3.46) N S ANj—1 < 29
Now, we check (3.44). If jx > jx_1 + 1, then the collection of indices ji_1 <
J < jr—1is split into intervals ; < j < (41 —1 so that ZQ“ ! Aj ~y A

We start with {1 = jp_1. If Z;’“ ji _Aj < 2)j,_,, then it is enough to put
(3 = ji and to stop the procedure—the desired lower estimate follows by

strong regularity. If Z] J; Aj > 2Xj,, and (g, | > 1, is already defined

: -1
with Z]k 1)\- > 2\j,_,, then (j41 is chosen so that 2); |, < Zj”gl Aj
<4\ s thls is possible, since by the definition of jj, we have \; < 2);
for jr—1 < § < jr- I 100N < 2X,
by putting (; = j; and stop the procedure of choosing (;’s. Note that in this
last case we have 2)\;, | < Zgl:_g} Aj < 6Aj -

For the sequence (; so chosen, note that
dist(t, I,) > dist(t, I;, ) + C,(I = 1)\

Jk—1"

Jk—1"

Jk—1
then we change the definition of (;

Jk—1"
Therefore
Jr—1 )\ 4 max(k Cl+1_1 4
R R
2 (wat) ~ % X (@wten)
—Jk—1

lmax C 1
< Z (Z]H@}l ])
- dist(¢, Ir,)*

=1
lmax(k) )\4
< C Jk—1
- ; (dlSt( Jk— 1) + CW(Z - 1))‘]%71)4

C < )\]k 1 )3
dist(t, I Jh— 1)+)\]k 1

By a similar argument we find that

Aj 4 Aj 3
Z J < C ]kmdx i
o~ dist(t, 1;) +A; ) = O\ dist(¢, Ly, )+ N,

JEC, 5> Jrmmax Themax
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Thus, we have obtained a subsequence jj satisfying (3.42) and (3.44).
Now, we choose a further subsequence so that (3.42) and (3.44) are still sat-
isfied and (3.43) holds as well. Again, this is done inductively. Take jx, = j1.
Then, with ji, , already defined, let ji, be the last index from the subse-
quence ji such that dist(, Ijk,) < 2dist(¢, L, ); however, in case ji, = Jjk,_,
we put ji, = jk,_,+1 to guarantee jr, > jr,_,. This choice of ji, guarantees
that

(3.47) dist(t, ;) > 2dist(t, I;,, ) for k> k.

This implies that both sequences {j,, } and {jx,,_,} satisfy (3.43); clearly,
they also satisfy (3.42). It remains to show that at least one of them also

satisfies (3.44). For this, we need to estimate Z’Zl,k,l 41 (W)S
= Ik Ik
Assume first that k; > k1 + 1. Then dist(¢, I, ) < 2dist(¢, I;, ), which

implies, for k1 +1 < k < ki,
dist(t, Ijkl) + /\jkl ~ny diSt(t, Ijkl) <2 diSt(t, Ijsz1) < 2(dist(t, Ijk) + )\jk).
Moreover, by (3.42),

Ky 3
3 3
Z )\jk = 7 /\jkl'
k=k;_1+1
Therefore,
k 3 ) 3
Zl: < A > §07<. i )
hhy 1 dist(t, Ijk) + )‘jk dist(t, Ijkl) + )\jkz
Clearly, the same estimate holds when k; = k;_1 + 1. Altogether we get

Imax )\]k 3 kmax )\ . 3 (4)
. l >C ( - > > C,T,7(1).
; (dlSt(t7 I,) + /\jkl > ! 1 dist(z, Ijk) + Aji !

This implies that at least one of the sequences {jo;}, {joi—1} satisfies (3.44)
in addition to (3.42), (3.43). =

LEMMA 3.7. Fixn > 1. Let 0 < a1 < ag < nay. Let w(z) = 1/x. Then
there is a constant oy, depending only on n, such that the following holds:
Let 1 be a function linear on [a1,az] and such that
(3.48) Hz € [a1,a2] : l(z) —w(x) > 0} < ay(ag — a1).

Then, for i = 1,2, there is h; > 0 such that for

hiz)=1(z)+Gx—a), @) =Iz)+ 1),
with 0 < {; < h;, we have
| (w@) - 1(2)?dz > | (w(z) - Li(x))* da.

al ai
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REMARK. The constant «;, in Lemma 3.7 depends only on 7, but hi, hs
may depend on aq,as and .

Proof. For lq, the statement is equivalent to

G S(l‘ —a1)’dr <2 S(a: —a1)(w(z) —Il(x))dx for 0 < (5 < hy.

To prove the above inequality, it is enough to show that
a2
(3.49) | (@ = a1)(w(x) = U(2)) da > 0,
ay
and then take hy = 282? (x —ar)(w(z) —I(x))dz/ SZ? (x —ay)?dx.
Since z(w(z) — l(x)) is a polynomial of degree 2, there are at most two
points in [ag, ag] for which z(I(x) — w(x)) = 0. Now, consider the following
cases:

(i) z(w(x)—1I(x)) either has no zeros in (a1, az), or has one double zero
in (a1, az).
(ii) z(w(z) —I(x)) has one zero in (a1, az2), and l(a1) < w(ay).
(iii) z(w(x) —I(x)) has one zero in (a1,as2), and I(a1) > w(ay).
(iv) z(w(z) — l(x)) has two distinct zeros in (ag,ag).

CASE (i). Assumption (3.48) implies that in this case w(x) —{(z) > 0 on
(a1, a2) (except of the possible double zero of z(w(x) —I(x))). Consequently,
(3.49) holds.

CasE (ii). We show that there is o, > 0 such that if [ satisfies (ii) and
(3.48) with a;, then (3.49) holds.

Let u € (a1, a2) be such that I(u) = w(u). Note that in this case [(az) >
w(az). Moreover, I(z) > w(z) for x € (u,a2) and I(x) < w(z) for z € (a1, u).
Thus, we can write u = ag — a(ag —ay), and 0 < a < 047, because of (3.48).
Further, for fixed u, we calculate the integral in (3.49) as a function of I(a2),
and we find that the term depending on [(a2) is

as)(as — a1)2<1 a2 a1 _ ;) — Ias)(as — a1)2<61a _ ;)

6 as —u

Assume a;, < 1/3. Then for a < o, the integral in question is an increasing
function of I(az). Therefore, it is enough to consider I(az) = w(az). Then

l(z) = %28 + L, and
ag 3 2
as (ag — al) ((12 - al)
_ —_ g — — 1 - - - :
S (z — a1)(w(z) = I(z)) dx = (ag — a1) — a1 log ay Gasu 2az

ai
Write ag — a1 = eay. In this notation, az = (1 +€)a;, u = (1 + £ — ea)ay.
The assumption a; < ae < na; means that 0 < € < n — 1. The integral in
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question is equal to a1U(«, €), where

g3 g2

U(a,s)ze—log(leS)*6(1+5)(1+5—a5) B 2(1+¢)

Hence
ou e3(2 — 4a + 2¢ — Bae + 3a%e)

Bz () = 6(1+¢)2(1+¢e— ae)?

Oe

It follows that there is a; > 0 such that %—g(a,s) >0forall0<e<n-—1
and 0 < a < ay. Since U(a,0) = 0, this implies that U(a,¢) > 0 for the
same range of parameters. Consequently, for [ as in (ii) and satisfying (3.48)
with o, we have §*(z — a1)(w(z) — I(z)) dz > 0.

CAsE (iii). We show that there is a; > 0 such that if [ satisfies (iii) and
(3.48) then both SZ? (x—a1)(w(z)—1(z))dx > 0 and SZ? (w(z) —U(z))dz > 0.

Let v € [a1,az2] be such that w(v) = [(v). Then we can write v = a; +
a(az — ay). Since w(x) —I(x) < 0 on (ay,v) and w(x) —I(x) > 0 on (v,asz),
it follows from (3.48) that a < ;.

First, for fixed v, we calculate the integral SZ? (x—a1)(w(z) —Il(x)) dx as
a function of I(a1), and we find that the part depending on I(a) is

lay)(as — a1)2(1 e 1> — I{a1)(as — a1)2(1 - 1).

3 v—a 2 3ac 2

Without loss of generality we can assume «; < 2/3. Then for a < oy the

integral is an increasing function of I(a;), and it is enough to consider the

case when [(a1) = w(ay). Then l(x) = L;;f + i’ and

az a as? — a 3 az —a 2
§1<m—a1><w<x>—z<x>>dx= (a2—a1) —ar logcﬁ*( 23a1v1> - 22@11) '

Write ag — a1 = eaj; note again that 0 < ¢ < n—1, ap = (1 + €)ay,
v = (14 ae)ay, and the integral in question equals a1V (a, €), where
3 2
V(a,e) zs—log(l—i—e)—i—gi .
’ 31+ea) 2
Then
8V( 6 e3(3 — 4a + 2ae — 3a%)
Vo e) =
de 3(1+e)(1+ ae)?

This shows that there is ag > 0 such that %—‘E/(a,e) >0forall0 < a< a;;
and 0 < ¢ < n — 1. Since V(e,0) = 0, this implies that V(a,e) > 0 for
the same range of parameters. Consequently, for [ as in (iii) and satisfying
(3.48) with oy we have §*(z — a1)(w(z) — I(z)) dz > 0.

It remains to treat SZ? (w(xz) — l(x)) dz. We proceed analogously. First,
for fixed v we consider the integral as a function of I(a;), and find that
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if a; < 1/2 then the integral is an increasing function of I(a;) for each

0<a<a. So again it is enough to consider the case l(a1) = w(a;) and
l(x) =24=t : + L. In this case

ajv
aQ 2

S(w(m) —l(x))dx = logZ—j e e (a2 — a1) .

al 2a1v

al
Put as — a1 = eay; agam 0 < e <n—1, and the integral equals V;(«a,e) =
log(1+¢)—e+ 2(1+Ol€) Then

oy £2(2 — 3a + ae — 2a’%e)

E(Q’E) T 21+ o) (1 +ae)?
Again, there is a; > 0 such that %(a,e) > 0 for all 0 < o < oy and
0 < e <n—1. Since Vi(a,0) = 0, this implies that Vj(a,e) > 0 for the same
range of parameters, and so SZ? (x —a1)(w(z) — l(x)) dz > 0 for [ as in (iii)
and satisfying (3.48) with aj.

CASE (iv). Let b1, b € [a1,az], b1 < bz, be zeros of w(x) — I(z). Clearly,
w(z)—1(z) > 0 on [a1,b1) and (ba, as], and w(z) —I(z) < 0 on (b1, bs). Con-
sequently, Sgll (z—a1)(w(z)=I(z)) dz > 0 and §;%(z—a1)(w(z) ~I(x)) dz > 0.
Moreover, max(by — aj,as — b1) > (a2 —al)/2 It should be clear that
ap < by < map and by < az < nby. Now, fix o, = min(a%/Q,agﬁ),
where a;, oy are taken from (ii), (iii), respectively. It follows that either
| satisfies condition (ii) on [a1,bp] and (3.48) with a;, or it satisfies
condition (iii) on [b1,asg] and (3.48) with aj. In the first case, condition
(ii) yields SZQ (r — a1)(w(x) — l(x))dx > 0. In the second case, (iii) gives
Sbl (x — b1)(w(z) — I(x))dz > 0 and ng (w(z) — l(x)) dx > 0, which implies

az az

| (@ - a)(w@) = 1(z) dz = | (z — by)(w(z) — I(z)) dz
b1 b1 as
+ (b — a1) S (w(z) —Il(x))dz > 0.

b1
This completes the proof of SZ? (x —a1)(w(z) — (x)) dx > 0 in case (iv).
The case of Is is treated analogously. »

LEMMA 3.8. Fizxn > 1. Let 0 < a1 < ag < nay. Let w(z) = 1/x. Then
there is a constant o), depending only on n, such that the following holds:
Let 1 be a function linear on [a1,as] and such that

(3.50) Hz € [a1,a2] : l(z) —w(x) < 0} < ay(ag — a1).
Then, for i = 1,2, there is h; > 0 such that for
hz) =1(z) - Gz —a1), @) =Ix)- - 1),
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with 0 < §; < h;, we have

| (w@) - 1(2)?dz > | (w(z) - Li(x))* da.

REMARK. The constant «;, in Lemma 3.8 depends only on 7, but hy, ha
may depend on a, as and I.

Proof. The statement for Iy is equivalent to

G V(a2 —2)?dr <2 | (a2 — 2)(I(z) —w(x))dz  for 0 < 3 < ha.

To prove the above inequality, it is enough to show that
az
(3.51) | (a2 — 2)(I(z) — w(=)) dz > 0,
al
and then take hy = 2§7% (a2 — )(I(z) — w(x)) dz/ |’ (ag — x)* dz.

As z(I(z) — w(x)) is a polynomial of degree 2, there are at most two
points in [a1,ag] for which z(I(z) — w(x)) = 0. Note that (3.50) implies
that z(I(z) — w(x)) cannot have a double zero in (aj, az). Now, consider the
following cases:

(i) z(I(x) — w(z)) has no zeros in (a1, asz).
(ii) z(l(x) — w(z)) has one zero in (a1, a2), and I(a1) < w(ay).
(iii) z(I(z) — w(x)) has one zero in (a1,as2), and I(a1) > w(ay).
(iv) z(l(x) — w(x)) has two distinct zeros in (ai, ag).
CASE (i). Assumption (3.50) implies that in this case {(z) —w(z) > 0

n (ap,az). Consequently, (3.51) holds.

CasE (ii). We show that in this case there is a; > 0 such that if
satisfies (3.50) with aj, then both X (az — z)(I(x) — w(z))dez > 0 and
ng(l(:v) —w(z))de > O

Let u € (a1, a2) be such that I(u) = w(u). Note that in this case [(a2) >
w(az). Moreover, I(z) > w(z) for x € (u,a2) and I(x) < w(z) for z € (a1, u).
Thus, we can write u = a1 + a(az —ay), and 0 < o < a%, because of (3.50).

For fixed u, we first calculate the integral SZi(ag —z)(l(z) — w(z)) dz as
a function of I(az2), and we find that the term depending on I(a2) is equal to

las)(as — ar)’ (; - m> — Ias)(a — ar)? (; - 3(11—a)>

Assume 047 < 1/3. Then for a < a% the integral is an increasing function
of l(ag). Therefore, it is enough to consider l(a2) = w(ag). Then [(z) =
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—“j;f + é, and so
a2 3 2
(CLQ — al) (CLQ — CL1) a9
. - - —a1) —alog 2.
S (a2 —x)(l(x) — w(x)) dx St 2y + (a2 — a1) —azlog p

ai

Put as — a; = €az. In this notation, a1 = (1 — ¢€)az and u = (1 — £ + ae)as.
The condition a; < ag < naj is equivalent to 0 < ¢ < 1 — 1/n. The integral
in question equals a2U (v, ), where

3 2

5 £
Ulae)=— " 15 1 .
(a,¢) 3(1—<€—i-<)a€)—|_2+6 61 ¢
Hence
ou e3(1 — & — 4a + 4ea — 3a2e)

9 (0 €)=
By this formula there is a; > 0 such that %—g(a, g)>0forall0 <e<1-1/n
and 0 < a < ay. Since U(a,0) = 0, this implies that U(a,e) > 0 for the
same range of parameters. Consequently, for [ as in (ii) and satisfying (3.50)
with «;, we have SZi(ag —z)(l(z) — w(z))dxr > 0.
For SZf(l(x) — w(x))dz, the argument is similar. First, for fixed u we
consider the integral as a function of I(az), and find that if a; < 1/2 then
the integral is an increasing function of [(ag) for each 0 < a < 047. So again

3(1—e)(1—¢+ ae)?

it is enough to consider the case I(as) = w(az) and I(z) = =2 + L and

th asu ag’
en
N (az — a1)2 az —ai az
I(x) - dx = —log —.
| (U(2) — w(x)) da tag T o sy

al
Put ag —a; = eag; again 0 < ¢ < 1—1/n, and the integral equals U;(a, ¢) =
2 1
m 4+ — log T_ze* Hence
Uy

g(a,a) =

e2(1 — & — 3a + 3ae — 2a%)
21 —¢e)(1—e+ae)?

Again, there is a; > 0 such that %(a,s) > 0 for all 0 < a < a; and
0 <e<1-1/n. Since Uy(e,0) = 0, this implies that Uj(a,e) > 0 for the
same range of parameters, and so SZ? (I(z) —w(x))dz > 0 for [ as in (ii) and

satisfying (3.50) with a,.

CasE (iii). We show that there is a; > 0 such that if [ satisfies (iii) and
(3.50) then SZ? (ag — z)(I(z) — w(x)) dz > 0.

Let v € [a1,a2] be such that w(v) = I(v). Write v = ag — a(az — a1).
Since I(x) —w(xz) > 0 on (a1,v) and () —w(x) < 0 on (v, az), it follows by
(3.50) that a < a;. Now, for fixed v, the part of SZj(ag —z)(l(z) —w(z)) dx
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depending on I(ay) is

I(a1)(ag — a1)? (; - é ?_;11> = l(a1)(a2 — a1)? (; - 6(11a)>

We can assume a;; < 2/3. Then for a < 047' the integral in question is
an increasing function of /(ay), and it is enough to consider the case when
l(a1) = w(ay). Then I(z) = “=2 + i, and so

aiv

a 3

S(az—x)(l(a:)—w(x))dm = —(aga;](h) + (a22_af1) + (ag—ay1) —azlog Z—i.

2

ai
Set ag —a; =eag; then 0 < e <1—1/n, a1 = (1 —¢)ag, v = (1 — ae)ag, and
the integral equals asV (a, €), where

3 2

V) =500 a0 T20 )

+ | !
e—lo .
gl—s

Then

ov e3(2 — 4a — ae + 3a%¢)

7(057 5) =

Oe 6(1 —¢)%(1 — ae)?
Again there is oz;; > 0 such that %—‘E/(a,s) >0forall 0 < a < oz;; and
0 <e<1-—1/n. Since V(e,0) = 0, this implies that V(«,e) > 0 for the
same range of parameters. Consequently, for [ as in (iii) and satisfying (3.50)
with oy we have §7?(az — ) (w(z) — I(z)) dz > 0.

CASE (iv). Let by,bs € [a1,a2], b1 < b2, be zeros of w(z) — (). Set b =
(a14az)/2. Clearly, l(z)—w(x) < 0on [a1,b1) and (be, as], and I(z) —w(z) >0
on (b1, b2). Note that by < b < bo: if b < by, then I(z) —w(z) < 0 on [ay,b);
as a; < 1/2, this contradicts (3.50). By an analogous argument we exclude
the possibility of bo < b. Note that a1 < b < nay and b < as < nb. Take
ay = min(a /2, a;/2), where oy, oy are taken from (ii), (iii), respectively.
It follows that [ satisfies condition (ii) on [ay, b] and (3.50) with a;,, and also
satisfies condition (iii) on [b, az] and (3.50) with a.

Applying (ii) to [ on [a1,b] we get Szl (b—z)(l(r) — w(x))dx > 0 and
le(l(x) —w(x))dx > 0. It follows that

b b
{ (a2 —2)(U(2) —w(2)) do = | (b — 2)(U(z) — w()) da
al ai b
+ (ag —b) S (I(z) —w(z))dx > 0.

Moreover, applying (iii) to I on [b, ag] we find §;* (a2 —2)(I(z) —w(x)) dz > 0.
This completes the proof of SZj(ag —z)(l(z) — w(z)) dr > 0 in case (iv).
The case of [; is treated analogously. =
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To formulate Proposition 3.9 we need to introduce some notation. Let
YP(u) = 2/u for |u| < m. For e > 0, let 91 = ¥(u) for 0 < |u| < € and
Y1 =0fore < |uf <7, o, =0for 0 < |ul < e and o, = P(u) for
e < |u| <, ie ¢ =11+ 2. The functions ¢, 1y, 92 are regarded as
defined on R and 27-periodic. Next, for a given sequence of points ¢ and
t € T, let & be given by formula (3.28) and g; = o, (- — 1).

PROPOSITION 3.9. Let o be a sequence of simple knots in T containing
at least 10 points and satisfying the strong regularity condition with parame-
tery. Fort € T, let g; be as defined above. Then there are constants B, D,
depending only on vy, such that for each t € T there is Fy € C(T) such that

1Bllo =1 [l < By, |](Progulu) = gu(w) Fiw) du| > D89 1)
T
Proof. We keep the notation from Lemma 3.6. Let {ji, 1 < k < kpax} be
the subsequence obtained in Lemma 3.6. To fix ideas, assume that I;, C (2;.
In this case, {ji} is increasing, and we can assume that jx + 1 < jg41. For
fixed jp, consider A;, = I, UIj, +1. Note that the intervals A;, are parwise
disjoint. We show that there are intervals A Ajk C A, such that

Ik’
22
3.52) P, - > C = AT AT~y A
( ) gt(u) gt(u) = ¥ (dlSt(t, I]k)+)\]k)3 on Ik ‘ Jk‘ Y ko
A
3.53)  P,gi(u) — <_C k AT AT [~ A
( ) gt(u) gt(u) = Y (dlSt(t,Ijk)—FA]k)?’ on A, ., ‘ ik Y Nk

Let us show (3.52). Condition (3.45) and strong regularity imply
dist(t, I, +1) + Ajo+1 = dist(¢, I;,) + Njp + Ajo+1
< (v + D)(dist(t, Ij, ) + Aji)
<v(y+1)dist(t, I, ) < (v + 1) dist(t, Ij,41)-
Hence both intervals I;, —t, I, 41 —t satisfy the assumptions of Lemma 3.7

with common parameter 7, = y(y+1). P,gi(s —t) is linear on both I;, —t,
I, +1 —t. If we had both

(3.54) Hs € I, : Prgi(s) — g1(s) > 0} <y, Ny
(3.55) {s € Ij,11: Pogi(s) — gi(s) > 0} < ay, Ajy 41,
then by Lemma 3.7 there would be ¢ > 0 such that

s) — gi(s))% ds s L T s i s
St -afas> | R ) K2
[ (Pras) — )P ds> | (P + 525 ) s

L, +1 L, +1
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But this implies that

V (Pogi(s) = 9u(5))* ds > | (Pogu(s) + CNjr1(s) — gu(s))* ds.
T T

Since g; € L%(T), this contradicts the definition of P,g;(s). So at least one
of (3.54), (3.55) does not hold. Assume that (3.54) does not hold; the other
case is analogous. As (s —1t)(Py,g:(s) — g¢(s)) is a polynomial in s of degree 2
on I, it follows that there is an interval I} C I, such that |I} | ~y Aj
and

P,gi(s) — gi(s) >0 for s eI} .
Further, we have

dist(t, Ij ) + |}, | < dist(t, I;,) + |L;, | < ny dist(t, I;,) < n, dist(t, I},).

? Ik ? Ik
Let I; be a linear function interpolating g; at the endpoints of I J/k Since
Iy — gt”Loo([; y < 2infy ||l — gtHLoo([; ), where the infimum is taken over all
k k

functions [ linear on I ;k, we obtain
2
)\jk
diSt(t, Ijk) + )\jk)g '

ue ik I

1
max |Pogi(u) — gi(u)| = 5 max [ly(u) — gi(u)| = C;
I 2 uer’ (

Using again the argument with a quadratic polynomial, we find an interval
A;; C I}, with \AJU ~~ |1}, | such that

1
Pogi(s) — gi(s) = 5 max |Prge(u) — gi(u)]  for s € A
u .
Ik
Summarizing, we get (3.52).

Inequality (3.53) is proved analogously, with the use of Lemma 3.8.

Let A;.;, Aj_k satisfy (3.52), (3.53), respectively. Let hj, h;; be piecewise
linear functions with supports Aj;, A;;, respectively, with values 0 at the
endpoints of the supports and —1, 1, respectively, at their midpoints. Ob-
serve that
(3.56) | lge(w)hE () du < C ﬂ <C,.

i ax = Tdist(t, AT) T 7
Ajk Jk

Since supp h}: = A}:, we have

V (Poge(u) = gi(u)hj; (w) du= | (Prge(u) = giu))h (u) du.
T A;;c

As h;-: > 0, it follows by (3.52) that (P,g:(u) —gt(u))h}; (u) > 0. Combining
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the above with the estimates (3.52) we find that

A3
(3.57) qST(Pagt(U) — ge(u)h (u) du > Cy (dist(t, IjZ) + A7

Since supp hj_k = Aj_k and h_ < 0, an analogous argument combined with

(3.53) gives (Pyrgi(u) — ge(u ))h (u) >0 and

23
. P, - h (u)du > Ik -
Let hj, be one of h] ,hj, where the choice of signs + is done so that
(3.59) ’ Z gt(u )du’ <2C, foreachm >1,
k= 1A

where Aj, = supp hjk‘ This choice is possible because of (3.56). Inequality
(3.59) implies in particular

mo

(3.60) ‘ Z S ge(u)hj, (u) du‘ <4C, for each mg > mq > 1.
k:m1 Ajk

Now, put

(3.61) Z hj, -

Observe that F; € C(T) and ||Ft||eo = 1. Moreover, by (3.57), (3.58) (note
the positive signs)

S (Pogt(u) — gi(u)) Fi(u) du =

T k=1

This inequality and (3.44) give

|§ (Pogi(w) = gu(w) Fi(w) du| > D, T (0).
T

It remains to show || Fi[lee < B,. To simplify the calculations, let

Fa) = o ;grg)€<|§< f(@ + u)y(u) du.

Note that for ¢(u) = cot(u/2) we have |p(u) — ¥(u)| < Clul for |u| < ,
and so || f — f*|loc < C|flloo- Therefore, it is enough to show ||F*| s < B,.
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Fix z € T, and consider I} = [x,z + 7] and I3 = [z — 7, z], two periodic
intervals with endpoints z,z + 7. We have F/(x) = kaa" b3, .
There are two simple estimates for b7 (x). Each hj, is a Llpschitz func-

tion with Lipschitz constant ~. )\;gl. Define
Aji (@) ={u: |u| <, hy, (z +u) # 0},
and observe that |4, (z)| < 2|4;,| < C,\,,. Therefore

™

N 1
(362 @) = |5 | (il — ) = iy lo+ w)(u) du
0
1
<o, | |55 c|awse,
A]'k(w) gk

Ifx ¢ Aj, and u € Aj, (x) then |u| > dist(z, I;, ). Therefore for x ¢ A;

Jk >

(3.63) z)| = ’ —u)du

1 2 s
7 Zdu < Ik
| ] G dist(z, I;,)
. Jk
AJ]C(I)

Take & such that « € Ic. Now, the sequence of indices {ji,1 < k < kmax}
is split as follows:

My=A{k:|jr—¢& <2o0rz+mel},
My ={k: I, C I},
My ={k: I, C I}}.
Note that if & ¢ My then I;, C I or I;, C I3, s0 {ji,1 < k < kmax} =

My U M7 U Ms. Let
= > ki (x), i=012

keM;
Since #My < 8, it follows by (3.62) that
(3.64) Uo()| < €,

To estimate Uy (z) and Us(x), consider first the case when = € (2;. Let us
begin with Us(x). Let

p=max{k: k€ My}.
Then, by the definition of My, I;,+1 C 21N I%. Therefore, because of strong
regularity we have, for k € My = {1,...,p},

diSt(.%',Ijk) Z diSt(.%',ij> Z )\jp+1 Z )\jp/’y.
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Moreover, it follows from (3.42) that Y-} _; Aj, < 2);,. Using these two facts
and (3.63) we obtain

p
(3.65) |Us(z)| < C kz xl

z 1)‘jk
<C = < C,.
Jk) ! !

Aj
It remains to estimate Uy(x). Let » = min{k : k € M;}; note that M; =
{r,r+1,..., kmax}. It follows from (3.43) that for k > r,

dist (¢, I;,) > 2dist(t, I;,_,) > 2dist(t, I;,),

P

which implies
(3.66) dist(t, I, ) — dist(t, I;,) > dist(¢, I;,)/2  for k > r.
For k > r we write
* P(u —x
() = [ — )by () du = | 2T

T 4, 9:(w)

ge(u)hjy (u) du.

On A;, both ¥(u —x)/g:i(u) and g;(u)h;, (u) are of constant sign, hence by
the mean value theorem there is u, € A;, such that

* w(uk — .CC)
() = ———— uw)hj, (u) du.

o) = Hot? Lt )
Because uy, € Aj, C 1 NI for k € M, we have ¥(up —x) > 0 and
gt(ug) > 0, and moreover ugyq1 > ug. Therefore, zp = Y(ur — x)/ge(ug) =
(ug —t)/(ux — x) for k € M is a decreasing sequence of positive numbers.
Moreover, using (3.45) and (3.66) we obtain, for k > r,
dist (¢, ug) < dist(t, Ijk) + A < ~y dist(t, Ijk) _
dist (z, up) — dist(t, I;,) — dist(t, I;,) — Ldist(, I,

|2k | =

Combining boundedness and monotonicity of {zx} with (3.60) we find

kmax
‘ Z 2 S gi(u)hj, (u) du‘ <dC,.
k=r+1 T

This inequality and (3.62) imply
U1 ()] < |1, (@) + | Z zk whj, (u) du < C,.
k=r+1

Since Fy'(z) = Up(x) + Ui(z) + Uz(x), we obtain |Fj(x)| < B, for x € £2;.

When z € (29, estimating U;(x) is analogous to the argument for Us(x)
in case © € {21, and estimating Us(x) is analogous to the argument for
Ui(x) in case = € 21 (but the signs and type of monotonicity of zx’s may
be different).

This completes the proof of Proposition 3.9. =
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Proof of Theorem 3.5. First, suppose that o contains at least 10 points.
Let t € T. We keep the notation from the proof of Theorem 3.4 and intro-
duced before Proposition 3.9. In particular, m is such that t € I,;, and &; is
defined by (3.28), and n is the number of points in o.

By (3.22) and (3.27) we have

(3.67) |
T

Now, we estimate ||V (¢,+)|1 from below. Recall that Vi(¢,-) = 5—;@, where
&, is given by (3.29). Let ¥ be defined by a formula analogous to (3.29),
but with 1 (u) = 2/u replacing p(u) = cot(u/2), and let F; be as in Propo-
sition 3.9. Then

@]l = sup H@t(s)F(s)ds’ = sup H%(s)ﬁ(s)ds
[Flloo<1 " [Flloo<1 ' 1

1
7 + Va(t,s) + Vs(t,s)| ds < C.

1
> —‘ S%(S)Ft(s) ds‘.
B, T
Observe that ¥ (s) = qi(s) + Prgi(s) — gi(s), where

q(s) =\ (Kot +u,s) — Ks(t —u, 5))t1¢,(u) du

O t— 3

€t

(Ko (t+ 1, ) — Ko (t —u, s))% du.

O —

Calculations analogous to those leading to (3.35) give
1 1
< .
lge(s)] < Cy = WEVEW for s € I,

Since ||Ft||loo = 1, we find

‘ Sqt(s)Ft(s) ds’ < Z S lge(s)]ds < CWZ W;_k'n <.
T k=11I} k=1

By Proposition 3.9,
|| (Pogil(s) = 9u(s) Fu(s) ds| = D, T o).
T

Combining these estimates we find

D73 (1) - C,

B, '
Note that |¢(u) — ¥ (u)| < Clu| for |u] < . This observation and estimate
(3.2) imply that ||&; — ¥|loc < C. Now the boundedness of the conjugate

1%y >
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operator on L?(T) yields
1D — Wlly < (2m)'2| By — Bila < (2m) 12|y — Wl < 27| r — Wil oo < C.
Thus we get
~ D
[Del1 > Bf: TN - .

Combining the above inequality with (3.21) and (3.67) we find
Lo(t) > C,TM(t) - C.
On the other hand, ST ka(t, s)ds = 1, which implies that
Lo(t) > 1.
Combination of the last two inequalities completes the proof of Theorem 3.5
in the case when o contains at least 10 points.

Finally, if o contains fewer than 10 points, then TN (t) ~4 1. Also in
this case we have L,(t) > 1, which gives the desired estimate. =

4. EXAMPLES AND FINAL REMARKS

For completeness, let us discuss some examples of sequences 7 with
3 4
Supn,t j7§ )(t) < o0 or Supn,t jrg )(t) = 0.
EXAMPLE 1 (Sequences with given bounds for the mesh ratio). Let

{Vk,k > 1} be a sequence of positive numbers. Define g = 1 + 25;11 1/7;.
Let 7 be a sequence of points such that the partitions 7,,n > 2, satisfy

(4.1) # An7k1 < )\n,kg < ’y\k1*k2|n>‘n,k1 for all n > 2, 1 < k1,k2 <n.
Yk —k2|n
Recall that |k1 — ko|, = min(|k; — ka|,m — |k1 — k2|). Then 7 satisfies the
strong periodic regularity condition with parameter ;. Observe that
|k1—k2|n—1
dist(Ly gy Inky) + Ak = Anky (1 + Z ) = An,k1 Olky —ka|n—1-
j=1 J

If 32 ,1/0¢ < oo, then the last inequality implies sup,, ; TP (1) < oo.
Therefore, by Theorem 2.2, the conjugate to the corresponding general pe-
riodic Franklin system is a basis in C(T).

The condition Y32, 1/0} < oo is satisfied e.g. when v, = M, where M
is a fixed constant. Condition (4.1) then means that the partitions 7,,,n > 1,
generated by 7 have uniformly bounded global mesh ratio. Another example
is v = k° with 0 < e < 2/3.

4.1. More on the strong regularity condition. Theorem 2.1 states
that the strong regularity condition is necessary for the conjugate Franklin
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system to be a basis in C(T). The following example shows that it is not
sufficient. However, in the class of quasi-dyadic partitions it is a sufficient
condition.

EXAMPLE 2 (Sequence satisfying the strong periodic regularity condition
with sup,, ; .7,54)(t) =00). Set o = 0, 1 = 1, % = 1/2, and 751 =
1/2 —1/2% 75 = 1/2 4+ 1/25 for s > 2. This sequence satisfies the strong
periodic regularity condition with parameter v = 2. For u > 2, let G, =

{75,0 < s <2u}. Then
W) (L) _ o, 2u—2)
g, <2> =2+ ST

Further, we can pass from G, to a uniform partition with step 1/2* by
dividing each time one of the longest intervals in half.

A dense sequence satisfying the strong regularity condition with v = 2
and sup,, ; AR (t) = oo can be constructed as follows:

(i) Fix a sequence p; € N with lim sup;_, . p; = o0o.

(ii) Take G,, and rescale it to [—m, 7], and then pass to a uniform par-
tition with step 27 /2" by halving longest intervals.

(iii) Fix one of the intervals in the uniform partition of [—m, 7[; call it A;.
Take a partition G,, A, of Ay obtained by rescaling G, from [0, 1]
to A;. Then pass to a uniform partition of [—m, 7] with step 27 /22,
vy = i1 + pe, by halving each time one of the longest intervals.

(iv) For i > 2, repeat step (iii): choose 4;, rescale G, , to A;, and then
pass to a uniform partition of [—m, 7| with step 27/2"+1 v =
Vi + Wit

Quasi-dyadic partitions. By a quasi-dyadic sequence we mean a sequence
of points T = {t;,7 > 1} with the following structure: 7y = {t1,t2} C T;
these two points define two arcs in T; call them Iy1,/o2. Then take
T = {t3,ta} C T so that t3 € Ip; and t4 € Ipo. Assume 7y and 7, =
{t1,2° +1 <1 < 2S+1}, 1 < s < pu, have been defined. The collection
of points {t;,1 <1 < 2#1} defines 2#1! disjoint arcs in T; call them I,,,
1 <1 <201 Now, take T, 41 = {t;,2°T! +1 < < 2#2} such that ¢; € I,,.
Finally, set 7 = {U;5 7;-

PROPOSITION 4.1. Let T be a quasi-dyadic sequence satisfying the strong
periodic reqularity condition. Then

sup J 3 (t) < oo.
n,t
Proof. To simplify notation, consider n = 2¢t1 ie. the case when all
dyadic levels 7y, ..., 7, are present. For given ¢t € T, let A, be the unique
interval from Ig,..., I 9s+1 such that ¢ € A, Let A7, AF be the left
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and right neighbours of Ay, and A, = A7 U Ag U A, By strong regu-
larity, B
|AS ]~y [As] ~y |A;’—| ~y [Asl.

Observe that A~8 C A~S,1, and each ANS is a union of some arcs 1, ;.
Let B B
Ag={l:1,; C Asand I,; ¢ Asi1}.

Note that for I € As, s > p — 1 we have dist(t,1,;) ~, |As|. Moreover,
strong regularity implies that |, ;| < (v/(y + 1))#~*|As| when I € A,. Now,

11,1 3 maxje, |1l 2
< J I
Z<| Trdsenn) SO jap 2

leAs
H—=s 2
o (215) " 1A (3 1)

I€As
n—s
c, <7 > .
v+1
This implies

"2 2 (‘Iul|+dlst(t 1) ) <C Z(wrl)u_sgcv. .

s<pleAs s<p

IN

IN

Combining Theorems 2.1 and 2.2 with Proposition 4.1 we get

COROLLARY 4.2. Let T be a quasi-dyadic sequence of points with the
corresponding general periodic Franklin system {f,,n > 1}. Then the con-
Jugate system {fn,n > 1} is a basis in C(T) if and only if T satisfies the
strong periodic regularity condition.
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