STUDIA MATHEMATICA 157 (1) (2003)

Geometric characterization for affine
mappings and Teichmiiller mappings

by

Zu1Guo CHEN (Hangzhou)

Abstract. We characterize affine mappings on the unit disk and on rectangles by
module conditions. The main result generalizes the classic Schwarz lemma. As an applica-
tion, we give a sufficient condition for a K-quasiconformal mapping on a Riemann surface
to be a Teichmiiller mapping.

1. Preliminaries. Let I" be a family of curves in the plane. Each v € I
is a countable union of open arcs, closed arcs or closed curves, and every
closed subarc is rectifiable. We shall define the extremal length A(I") of I'.

A function p, defined on the whole plane, is called admissible if the
following conditions are satisfied:

(i) o is a non-negative Borel function,
(i) A(o) = {§¢ 0® dz dy # 0, c0.
If such a p is measurable as a function of arc length on ~, set

(1.1) L, (o) = | old|.

Otherwise, set L. (0) = co. Define

(1.2) L(e) = inf L,(o),
e L0
(1.3) NI = TR

where the supremum is taken over all admissible p. We write I'7 < Iy if
for every o € I there is a 3 € Iy which is a subarc of I's. By the above
definitions, the extremal length is monotonic:
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PROPOSITION 1.1. If Iy < Iy, then M\(17) < A(I%).
Let Iy, I'; be two families of curves. Set
N+ h={n+|mn €l el

The extremal length of curve families has the following subadditivity prop-
erty:

PRrROPOSITION 1.2. If I and Iy lie in mutually disjoint sets, then

For details about the properties of extremal length we refer to [1].

A quadrilateral consists of a Jordan domain @) and a sequence 21, 22, 23, 24
of boundary points of . The points z; are called the vertices of the quadri-
lateral, and divide its boundary into four Jordan arcs, called the sides of the
quadrilateral. The arcs z1zo and z3z4 are called the a-sides and the other
two the b-sides of ). Let I, be the family of curves that connect the a-sides
in @, and I}, the family of curves that connect the b-sides in (). Define the
module of the quadrilateral Q(z1, 22, 23, 24) to be A(I',), the extremal length
of I,. That is,

(infer, L+ (0))?
mod Q(z1, 22, 23, 24) = sup y
o A(o)
For example, for a rectangle with width a and height b, its module is a/b.
If o =1in (1.1), then L,(p) is the euclidean length of -, simply denoted
by |y]. We call

a = Sa = inf
Sa = 54(Q) = inf ||

the distance between the a-sides of (. The distance s, between the b-sides
is defined analogously. Let m(Q) be the euclidean area of Q). The following
Rengel inequality plays an important role in this paper.

PROPOSITION 1.3 ([7]). The module of a quadrilateral Q) satisfies the
double inequality

(s5(@))°
m(Q)

REMARK 1.4. This inequality is usually called Rengel’s inequality in the
literature. However, it was first given by H. Grotzsch (see [6]).

(1.4) <mod@ <

The theory of quasiconformal mappings is closely related with the study
of extremal length. In fact, the geometric definition of a quasiconformal
mapping is based on moduli of quadrilaterals, which are represented by ex-
tremal length. Precisely, a function f(z), which is a sense-preserving homeo-
morphism of {2 onto (2, is K-quasiconformal if for every quadrilateral
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Q = Q(21, 22, 23, 21) C {2,
(1.5) %mod@ <mod f(Q) < Kmod Q.

Denote the unit disk by A. It follows from the Riemann mapping theorem
that every quadrilateral Q(z1, 22, 23, 24) can be mapped onto a quadrilateral
A((y, o, (3, ¢q) with domain A and vertices (3, (2, (3, (4 on OA. By Schwarz—
Christoffel,

¢
2(() = | e
(€= )¢ = G)C = )¢ —C)
conformally maps A((1, (2, (3, 4) onto a rectangle. By combining the above
mappings, we can map an arbitrary quadrilateral conformally onto a rect-
angle. Therefore, from conformal invariance of extremal length, the module
of any quadrilateral can always be represented by that of its conformally
equivalent rectangle.
Define the module of an annulus

(1.6) A(ri,me) ={z|rm < |z| < ro}

to be the extremal length of the family I" of curves that connect {z | |z| = r1}
and {z | |z] =72} in A(ry,rs). Since A\(I) is conformally invariant and every
ring domain can be mapped conformally onto an annulus, the number

1
(1.7) mod A(ry,r2) = — log 2

27 1
represents the moduli of all ring domains which are conformally equivalent
to A.

Define the module of a sector
(1.8) A(ry,12;01,02) ={z|r < |z| <19, 0 <argz <6y}
to be the extremal length of the family I" of curves that connect {z | |z| = r1}
and {z | |z| = ro} in A(r1,72;01,02). Then

1
0 — 60,

T2
log —.
™

(1.9) mod A(r1,72;01,02) =

2. Affine mappings on the unit disk A. Quasiconformality of a
domain is characterized not only by the module of a quadrilateral @ as
in inequality (1.5), but also by that of horizontal rectangles. A horizontal
rectangle is a quadrilateral whose a-sides are parallel to the z-axis and b-sides
are parallel to the y-axis. For the relevant results, we refer to [3] and [4]. In
this section, we shall prove

THEOREM 2.1. Let f(z) be a sense-preserving homeomorphism of the
unit disk A onto itself, with normalization f(0) = 0. If
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(a) % mod A < mod f(A),

where A stands for all A(ry,r2) and A(ry,rq;01,02) as in (1.6) and (1.8),
and

- f(2)
(b) tim e =1

then
flz) = Azl VKT (A =1).

In view of Theorem 2.1, we immediately generalize the Schwarz lemma
to sense-preserving homeomorphisms.

COROLLARY 2.2. Assume that f(z) is a sense-preserving homeomor-
phism of the unit disk A onto itself, with normalization f(0) = 0. If f
satisfies conditions (a) and (b), where K =1 in (a), then

fZ)=xz (]Al=1).
For the proof of the theorem, we need three lemmas.

LEMMA 2.3. If f satisfies condition (a) of Theorem 2.1, then it is abso-
lutely continuous on {|z| = r}.

Proof. Let A = {z =7re? | r; <7 < 173,0 <6 < 27} be an annulus
in A. Set

q(t) = m(f(Ar)),

where 4y = {z = re?® | 7y <7 < t,0 < 0 < 27} and m(f(A;)) is the
euclidean area of f(A:). Obviously, ¢(¢) is an increasing function of ¢t and
thus has a finite derivative ¢'(t) for all ¢, 1 < t < ry, except for a set of
zero linear measure. Assume that ¢’(to) exists and is finite. We shall prove
that f(toe') is absolutely continuous on [0, 27].

We first choose a positive ¢ such that to+0 < rs. Let (05, 65), k=1,...,n,
be an arbitrary system of non-intersecting open subintervals of [0, 27]. Define
a sector (a special quadrilateral) by

Gi:{z:rew ’t0<7"<750+5, 9k<9<91t}'
Then by (1.9),

1 to+0
log .

2.1 s —

For the module of the image of G, from the right hand side of Rengel’s
inequality we have

(2.2) mod f(G?) <
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where d denotes the euclidean distance between the a-sides of f(G$). These
sides converge to the points f(tge'?*) and f(toe’s) as 6 — 0, and so

(2.3) lim A = | f(toe'") — f(toe™")).
According to condition (a), we have

1
(2.4) 7 mod G? < mod f(G2).
From (2.2), (2.4) and (2.1), we get

@) _ K- 6)
m(f(G})) ~ log(1 +6/to)’
Noticing that log(1l + §/tg) > §/(2tg) for 6 < tp and adding the above
inequalities over k£ we have

—~  (dp)? — 0 — O
2. — K 9K -

2 n(f(

k=1,...,n.

By the Schwarz inequality,

(o) <3 00 > it
Observing that

m(f(Gy)) < qlto + 6) — qlto),

i
I

we obtain
(2.6) (Zdi)Q < 2Ktg a(to + 5 a(to) Z |05 — O]
k=1

Letting 6 — 0, from (2.3) and (2.6) we obtain

(Z |f (toe™) — f(toeia'“)DQ < 2Ktoq'(to) Y |05 — Oxl.
k=1 k=1

This completes the proof of the lemma. =
Define
R(r) ={z|r <[z| <1}.
There exists a conformal maping @, such that

P o f(R(r)) ={C | o(r) < |¢] < 1}
Set g, = @, o f. We shall give the properties of ¢(r), which was first consid-
ered by H. Grotzsch for f K-quasiconformal (see [5] and [2]). However, it is
not obvious from conditions (a) and (b) that the sense-preserving mapping
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f in Theorem 2.1 is K-quasiconformal. Following Grotzsch’s idea, we prove
Lemma 2.4 directly by extremal length methods.

LEMMA 2.4. If f satisfies condition (a), then ¢(r)/r'/% is an increasing
function on (0,1], and ¢(r)/r'/K < 1.

Proof. Assume that 0 <7y <ry <1. Then g, (z) maps {z | <|z| <1}
onto {¢ | ¢(r1) < [¢] < 1}. The definition of moduli of ring domains together
with Proposition 1.2 yields

(27)  modgy, {z |1 < |2] < ra} + modgr, {z | r2 < |2| < 1)

1 1
< mod g, <|z| <1} = —log ——.
=~ o gl{z|7ﬂ1—”z‘— } o qub(rl)
From conformal invariance of extremal length, it follows that
(2.8)  modgr,{z|ry<|z[ <1} =mod f{z | ry <|z[ <1}
1 1
= mod <|z| <1} = —log ——.
mo grQ{z | T2 > ’Z‘ — } T og ¢(T2)
Substituting (2.8) into (2.7), we have
1. ¢(rs)
2.9 d <zl < < —1 .
( ) mo grl{z | > |Z’ — TQ} = 9 0og QZ)('I"]_)
On the other hand, from condition (a) it follows that
(210)  modgy, {z | r1 < 2| <ra} =mod f{z | r1 <|2| Sro} 2 o log :—f

Combining (2.9) with (2.10), we obtain

" _ glra) o o(r) _ 6(r2)
(1) <Gy e ey

1
Ty Ta

So, the monotonicity of ¢(r)/r'/¥ is proved. From the above inequality, by

letting ro = 1, we get ¢(r)/r'/% <1 for r € (0,1]. This completes the proof

of the lemma. m

LEMMA 2.5. If f satisfies condition (b), then
o 9(r)
L SR

Proof. For any ¢ > 0, there exists 6 > 0 such that whenever r < §,

i
1—€<Lfgﬂ%)|<l+e.

=1.

Therefore,

{fw] (1+e)r'/E < |w| <1} c fF(R(r)) c {w| (1 —e)r/E < |w| <1}
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By Proposition 1.1,
1 1 1 1

o log G <mod f(R(r)) < oy log A= )i/K
Therefore,
L PN S S PO L I PN
2 T (1+e)rV/K —2x 2 p(r) T~ 2 T (1 —¢g)r/KE
That is,
1—e< ;,1)1(/2 <l+e.

This shows lim, o ¢(r)/r'/K =1. u
Proof of Theorem 2.1. From Lemmas 2.4 and 2.5, we obtain
qb(r):rl/K, 0<r<l.
This means
lg-(2)] = 2]V 5 (r <12 < ).
Taking r = 1/n, we write
(2.11) gn(2) = [o|/Ket O (1/n < |2 < 1),

where 6 = arg z and h,, is a homeomorphism from [0, 27] onto [0,,, 0, + 27]
(0 < 60, < 2m). According to Lemma 2.3, f is absolutely continuous on
{|z| = r}, and so is g,. Therefore, h} (0) exists almost everywhere and is
integrable on [0, 27], and

(2.12) Sﬂh;(@) do = 2r.
0

Direct computation on generalized derivatives of g,(z) in (2.11) shows

__Z —in o) (L
azgn(’Z) - 2‘Z|2+1/K e (K + hn(9)>7
(2.13)

0:0,() = v 0 (5 - m0)).

Since g, is sense-preserving,

(2.14) 9290 ()] > 9290 ().

Therefore, from (2.13) and (2.14) we infer that h/,(6) > 0. Set
P={z|r<|z|<r+dr 0 <argz<0+db}.

Then

gn(P) = {C[ 75 < IC) < (r 4 dr)Y, ha(0) < arg ¢ < ha(0) + b7, (6)d0}.
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By conformal invariance of extremal length and condition (a), we have
1
mod g, (P) > 74 mod P.

From the above inequality, it follows that A/ () < 1. Thus,
(2.15) 0<h,(0)<1.

From (2.12) and (2.15), we obtain h] () = 1 a.e. on [0,27). Therefore,
hn(0) = 0,, + 0, and we can rewrite (2.11) as follows:

(2.16) gu(2) = 2o/ E e (10 < |2 < 1).

Since 0, € [0,27), there exists a subsequence {6,, } such that limy_. 0,
= . Therefore,

klim Iy (2) = g(2) = z|z|YE~1e®  (locally uniformly in A — {0}).
So,

klim b, (W) = klim Gny, o [ H(w)

=go f Y (w):=®(w) (locally uniformly in A — {0}).

From compactness of the family of analytic functions, @ is analytic in
A —{0}. Observing that lim,,_.o®(w) = 0, we conclude that the origin is a
removable singular point and hence @ is analytic in the unit disk. Since
P & 1/K
fi [P _ PO f(2) [
w0 w20 f(z) 0 2=0 [f(2)]
by the Schwarz lemma we have &(w) = Aw. Thus, f(z) = \z|z|"/5~1 where
Al=1m

=1,

COROLLARY 2.6. If f is K-quasiconformal mapping of A onto itself
which satisfies f(0) =0 and

L L)

50 2K

=1,

then f(z) = Az|z|% L.

PROBLEM 2.7. If we replace conditions (a) and (b) by

(a¥) mod f(A) < Kmod A forall AC A,
. )]

is it true that f(z) = \z|z|E~1?
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3. Affine mappings on rectangles

LEMMA 3.1 ([1]). Let R={2]0<2<a,0<y<1}. Let C be a curve
in R that connects the a-sides of R and hence divides R into two parts Ry
and Ro. Then Ry and Ro are rectangles if and only if

mod R; + mod Ry = mod R = a.
LEMMA 3.2. Let f be a sense-preserving homeomorphism which maps
{z|ro < |z| <1} onto {w | rl/K <|w| <1} If
1
(3.0) 74 mod A < mod f(A)

forall A C {z|ro < |z| <1} appearing in (1.6) and (1.8), then
F(z) = xzlz[VETE (A =),
Proof. Extend f by setting
F@) =" /z), gt < el < n=12,

Then the extended f is a sense-preserving homeomorphism of A onto itself
with f(0) = 0. Furthermore, it is not difficult to prove that the extended f
satisfies (a) and (b). Hence, by Theorem 2.1,

f(2) = Az|z|V/ KL u

THEOREM 3.3. Assume that f is a sense-preserving homeomorphism
which maps the rectangle R = {z | 0 < x < a,0 <y < 1} onto f(R) =
{w]0<u<d,0<v<1}. If for every horizontal subrectangle Ry, (C R),

1
(3.1) 7 mod R, < mod f(Ry),
then
1
(32) f(2) = wa+iy

where K = mod R/mod f(R) = a/d’.

Proof. Set Ry = {2 |0 <2 <a;,0<y <1}, Ro={z]a; <z <a,
0 <y <1}. By (3.1), we have

1 1
% mod R; < mod f(Ry), e mod Ry < mod f(R3).
Therefore,
1 1
(3.3) —modR=—

K K (
On the other hand, by Proposition 1.2,

mod R; + mod Ry) < mod f(R;1) + mod f(Rs).

(3.4) mod f(R;) + mod f(R2) < mod f(R) = %mod R.
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Combining (3.3) with (3.4), we have
mod f(R;) + mod f(Rz) = mod f(R).
By Lemma 3.1, f(R;) and f(R2) are rectangles. That is,
(3.5) flz)=f(x+1i), 0<z<a.
It follows from (3.5) that f can be extended to the strip
S={z]0<z<a}

By the extremal length method, it is not difficult to prove that for the
extended function f, which maps S onto another strip

S'={w|0<u<ad},
inequality (3.1) still holds for any Rj, C S. Set
G={Cle <<t} G'={nle” <pul<1}

Then {S,e~%"*}, {S’ e~ *+} are universal covering surfaces of G and G’
respectively.
The projective mapping of the function f,

(3.6) 9(¢) = e—a’—I—f(a—i-logC)’

is a sense-preserving homeomorphism and satisfies inequality (3.0). In view
of Lemma 3.2, we have

(3.7) g(Q) = AR (A =1).
Combining (3.6) with (3.7) and observing that f(0) = 0, we obtain
f(z)= % x +1y.

This ends the proof of the theorem. m
The above theorem yields immediately

COROLLARY 3.4. Let f be a sense-preserving homeomorphism which
maps a rectangle R onto a quadrilateral QQ and satisfies the following two
conditions:

(¢) K 'modRy, <mod f(Ry) for every horizontal subrectangle Ry, C R,
(d) K 'modR = modQ.
Then f is K-quasiconformal and is a Teichmailler mapping.

REMARK 3.5. It might seem that Corollary 3.4 should have a symmetric
form, with (c) and (d) replaced respectively by
(c*) mod Ry, < Kmod f(Ry),
(d*) mod R = K mod f(Rp,).
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But unfortunately, this is not the case. In fact, we can find a counterexample
in [3], where f is (K + v K? — 1)-quasiconformal.

4. Geometric characterization for Teichmiiller mappings. Let
S1 and S be two Riemann surfaces. Let w be a holomorphic quadratic
differential on S;. A quasiconformal mapping f from S; onto Ss is called
a Teichmiiller mapping if its Beltrami differential prdz/dz equals kw/w.
In this section, we want to characterize Teichmiiller mappings by a local
property.

Let Dy and D5 be simply connected domains of hyperbolic type. From
the Riemann mapping theorem, there exist conformal mappings @, and @,
which map D7 and Ds respectively onto A.

THEOREM 4.1. Suppose that f is a K-quasiconformal mapping from D4
onto Ds. To zy € Dy, there correspond conformal mappings ©1 and P2 as
above with ®1(z0) =0 and P2(f(z0)) = 0. If either

) = FGo)l 1)V
(4.1) Jim 2 — 2| /K D5(f(20))]”

or

. |f(2) = f(z0)| _ |Pi(20)[F
4.2 lim = ,
2 e PN A [E)]
then f is a Teichmdller mapping.

Proof. Let w = f(2), ¢ = @1(2), n = Pa(w). Set g(¢) = P o fod*(C).
From (4.1) and (4.2), it is not difficult to prove that

9l _ i 9]

either lim = or lim —% =1.
¢—0 ¢/ K ¢—0 |C|®

Therefore, by Theorem 2.1 and Corollary 2.6, ¢g(¢) is an affine mapping.
Thus, f is a Teichmiiller mapping. =

The above theorem yields immediately

COROLLARY 4.2. Suppose that f is a K-quasiconformal mapping of A
onto itself. If either

f(2) = f(z0)l _ 1= 1f(=0)?

(4.3) i ST UK T (1 [P UK
or
(4.4) lim 1f(z) = f(20)] _1- |f(z0)]?

i=z0 |z — 2] (1 —Jz0[?)""
then f is a Teichmailler mapping.

THEOREM 4.3. Let (A,m1) and (A,7m2) be universal covering surfaces
of S1 and Ss respectively. Let f: A — A be a lift of a K-quasiconformal



82 7. G. Chen

mapping f of Sy onto Sy. If for a neighbourhood V' of a lift of f(po), either
|(m2]v) "' o f(p) — (m2|v) " o f(po)|
/K
_ L= |(mlv) "t o f(po)?
L= (1l ) (o) VR

lim
pP—po ‘(m’fﬁl(v))fl(p) - (”l‘ffl(v))fl(po)

or

i V)" o f(p) = (malv) "o flpo)] _ 1—|(malv) "o f(po)l?
p=po [(T1] o1 () THP) = (Ml oa ) TH RO (L= [(ma] o)) 1 (RO)[P) ™

then f is a Teichmailler mapping.

Proof. By hypothesis, fis a K-quasiconformal mapping of A onto itself
and satisfies (4.3) or (4.4). In view of Corollary 4.2, f is a Teichmiiller
mapping. Hence so is f. =

References

[1] L. V. Ahlfors, Lectures on Quasiconformal Mappings, Van Nostrand, Princeton, 1966.

[2] P.P. Belinskii, General Properties of Quasiconformal Mappings, Nauka, Novosibirsk,
1974 (in Russian).

[3] A. C. Cabiria, On the geometric definition of quasiconformality, Ann. Polon. Math.
39 (1981), 31-36.

[4] F. W. Gehring and J. Viiséld, On the geometric definition for quasiconformal map-
pings, Comment. Math. Helv. 36 (1962), 19-32.

[6] H. Grotzsch, Uber die Verzerrung bei schlichten nichtkonformen Abbildungen und
tber eine damit zusammenhdngende Erweiterung des Picardschen Satzes, Sitzungs-
ber. Sachs. Akad. Wiss. Phys. Kl. Leipzig, 1928.

[6] R.Kiihnau, Herbert Grotzsch zum Geddchtnis, Jahresber. Deutsch. Math.-Verein. 99
(1997), 122-145.

[7] O. Lehto and K. I. Virtanen, Quasiconformal Mappings in the Plane, Springer,
Berlin, 1973.

[8] H.Zhu, Z. Zhou and C. He, The characterization of Grétzsch’s problem in a domain,
J. Fudan Univ. 38 (1999), 205-207 (in Chinese).

Department of Mathematics
XiXi campus

Zhejiang University
Hangzhou, Zhejiang, 310028
P.R. China

E-mail: zgchen@zju.edu.cn

Received April 18, 2002
Revised version October 18, 2002 (4931)



