STUDIA MATHEMATICA 216 (1) (2013)

Multivariate spectral multipliers for
systems of Ornstein—Uhlenbeck operators

by

BrazEs WROBEL (Wroctaw)

Abstract. Multivariate spectral multipliers for systems of Ornstein—Uhlenbeck op-
erators are studied. We prove that LP-uniform, 1 < p < oo, spectral multipliers extend to
holomorphic functions in some subset of a polysector, depending on p. We also character-
ize L'-uniform spectral multipliers and prove a Marcinkiewicz-type multiplier theorem. In
the appendix we obtain analogous results for systems of Laguerre operators.

1. Introduction. In this paper we study multivariate spectral mul-
tipliers mainly associated with the system of one-dimensional Ornstein—
Uhlenbeck operators

1 92 0
Ly=—-— — =1,....,d.
n 9 ax% + In axna n ’ )
More generally one could consider each of the operators £,, n=1,...,d, to

be k,-dimensional; however to avoid unnecessary notational complications,
at first we restrict to the one-dimensional situation. Nevertheless, the results
we prove later on actually admit arbitrary dimension of the operators L,
(see Corollary [3.9).

We consider two problems. The first concerns the holomorphy of joint
spectral multipliers of the system £ = (L4,...,Ly). We start by proving a
fairly general theorem for a system L = (Lj,...,Lg4) of non-negative op-
erators with discrete spectra (Theorem . Namely, we show that, if, for
each L,,n=1,...,d, their LP, p > 1, uniform spectral multipliers have the
holomorphic extension property, then the same is true for the LP, p > 1, uni-
form joint spectral multipliers of the system L. Next we prove an extension
theorem for LP-uniform, p € [1,00) \ {2}, joint spectral multipliers of the
system £ (Theorem [3.8). Item (i) of Theorem is a straightforward con-
sequence of Theorem and [2, Theorem 3.5(i)]. Item (ii) of Theorem
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is proved by enhancing the techniques from [2]. Lemmata used
in that proof are stated in a slightly more general form. We use this later
to prove an extension theorem concerning the holomorphy of multipliers of
some systems built on £, for instance, (L1, L1 + L2) (Theorem . The
material of Section 3 is to some extent a multivariate generalization of the
results from [2]. It is worth mentioning that the methods presented here
are, to a high degree, also applicable to the more general class of elliptic
self-adjoint operators considered in [2), Section 4].

The second topic we study is a Marcinkiewicz-type multiplier theorem
for the system £ (Theorem [4.2). The results we obtain are multivariate
analogues of [7] and also an application of the methods of [I3] for a system
of operators having 0 in their spectra.

Additionally, in the appendix we show how the techniques developed in
the present paper can be utilized to obtain similar results for the system

LY = (L], ..., L") of Laguerre operators of orders ay,, given by
2
L = —xp— 1— —, =1,...,d
o Tn o2 + (ap + xn)axn n
Here we rely on the methods developed in [10].
2. Preliminaries. We say that self-adjoint operators L1, ..., Lg on some

space L2(X,v) commute strongly (or that L = (L1,...,Lq) is a system
of strongly commuting operators on L?(X,v)) if their spectral projections
commute pairwise. This is the case if and only if their resolvents commute
pairwise. If L is a system of strongly commuting operators, and m is a
function defined on the joint spectrum of L, then we can consider joint
spectral multipliers m(L) of L, defined via spectral integration. For details
the reader is referred to [0, Appendix 4].

We use the following notation. The symbol || - [[z»(x ) denotes either
the LP norm of a function on X with respect to a measure v on X or the
LP(X,v) — LP(X,v) norm of an operator. The meaning should be clear
from the context. If X = R%, we write LP(v). In addition, while considering
the Lebesgue measure we write LP for short. Throughout the paper by a
measure we mean a Borel measure and by a measurable function we mean a
Borel measurable function.

The main results of the paper are given in the context of LP(R?, ~), where
v is a Gaussian measure (to be specified later on) on the fixed d-dimensional
Euclidean space. The symbol p always denotes the exponent of the Lebesgue
space LP(X,v); throughout the paper we assume p > 1.

Given a complex measure p on R? we denote by ||| M(Rd) its total vari-
ation. The symbol RZ will denote the set (0, 00)?. We write N¢, N for the
sets Z% N [0,00)¢, Z N RY , respectively.
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If U is an open subset of C¢, we write H>(U) for the vector space
of bounded functions on U, which are holomorphic as functions of several
variables. We equip this space with the supremum norm. For an angle 0 <
a < m, we denote by (S,)? the polysector

(Sa)? = {(21,-..,2a) € C*: Jarg(zn)| < @, m=1,...,d},
and for 1 > 0, we write (X,,)? for the polystrip
(Zp) ={(21,-..,24) € C%: [Im(2,)| <, n =1,...,d}.

If o = (01,...,04) and p = (p1,...,pq) are multi-indices we will write
o < p whenever o, < pn, n =1,...,d. The symbol 1 will denote the vector
(1,...,1). Following [2] we set ¢, = arcsin |2/p—1|. We say that a tempered
distribution k is an LP convolutor if the convolution operator K(f) =k * f
extends to a bounded operator on LP. We denote by ||k||conv,p the LP norm of
the extension of K. If k is an LP convolutor, we say that kis an LP multiplier,
and write H/%HMP for || K| ». Throughout the paper the symbol C (possibly
with a subscript) denotes a constant independent of significant quantities,
whose precise value we do not need.

The operators L,,n = 1,...,d, are known to be essentially self-adjoint on
L3(R,v,), where v, is the Gaussian measure v, (z,) = = 1/2g—en, Moreover,
their closures, which by a slight abuse of notation are denoted by the same
symbols, have the spectral resolution

Lnf(zn) = ZTU, I:IT>L2(R,%)I~{T(xn)7 fe LQ(Rv’Yn)a
reN
defined on the usual domain

Dom(£,) = {f € LR, A): 3 r2(f, Hr) g2 2 < oo}
reN

Here H, = \]HTHZQI(R%)HT, with H, being the one-dimensional Hermite
polynomial of degree r in the z,, variable (see [12]). To define the operators
L, on the space L?(v) we use tensor products. Instead of £, itself we con-
sider the tensor product of £, with d — 1 identity operators on the spaces
L3R, vy), n' # n, n' = 1,...,d. To simplify notation we continue writing
L, for these tensor product operators. Observe that £,, thus defined admits
the spectral resolution

(2.1) Lof =Y k(f Hp)ro)He,  f€L2(y).
keNd

where I:Ik = jf[kl R ® ﬁkd, while v is the Gaussian measure on R?, i.e.
v =1 ® -+ ®74. The operator given by (2.1)) is self-adjoint on the domain

Dom(L,) = { € L2(3): Y K2 Hy) )P < o0}
keNd
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It is also easy to see that £ = (Lq,..., L) is a system of strongly commuting

self-adjoint operators on L?(v). For a bounded function m : [0,00)¢ — C

define the joint spectral multiplier operator by

(2.2)

m(L)f =m(Ly,....La)f =Y mlkr,....ka)(f, Hp)payHy,  f € L*(9).

keNd

In Section 3 we also need to consider joint spectral multipliers of systems in

which some of the operators £,, are replaced by 0. These are defined similarly

as in ([2.2)) with 0’s in appropriate places as the arguments of m, for instance

m(L1,0,...,0)f =3 pene m(k1,0,. .., 0){(f, Hg) 2 Hy, f € L*(7), etc.
The following is our analogue of the definition of an LP uniform spectral

multiplier from |2 p. 104].

DEFINITION 2.3. Let d’ € Ny and ¢ = (¢, .. .,¢d/) [0,00)% = [0, 00)%".
For t € RY set &;(z) = (t1x1,...,tawa), x € RY. Given p € [1,00) \ {2},
we say that m: [0, oo)d/ — C is a p-uniform joint spectral multiplier of the
(strongly commuting) system ¢(L) = (¢1(L), ..., ¢a (L)) if

(2.4) Ag(ﬁ) = sup |lmodod(L)|rr(y) < 00,
11,5ty >0

where the operator m o §; o (b(ﬁ) is defined via joint functional calculus as

modop(L)f =Y mtigi(k), ... tada (k) (f. H)Hy,  f € L(y).
keNd
In the case when d’ = d and ¢ is the identity function, condition ([2.4)
becomes
sup |Im(t1La, .., tala) |l Lr(y) < 00.
t1,...,tg>0
In that case we say briefly that m is a p-uniform joint spectral multiplier and

write A, instead of Ag(ﬁ).

3. Holomorphic extension theorems. The main goal of this paper
can be stated as follows. We want to obtain some holomorphic extension
properties of multiplier functions resulting in p-uniform multipliers of sys-
tems of operators built on £. However, the first theorem we prove is more
general. We give a relation between separate uniform spectral multipliers
of some discrete, non-negative operators L,, n = 1,...,d, and the uniform
spectral multipliers of the system L.

Let {ek}rend, ek = 611:1 ®:- '®egd, be an orthonormal basis of some space
L?(X,v), which is linearly dense in all the LP(X,v), 1 < p < oo, spaces.
Here X = X1 X -+ X Xg, v =11 ® - -- Q vg, while k = (kq,...,kq) is a mul-
tiindex. Assume that for each n = 1,...,d, {€e]'},=0,1,.. is an eigenfunction
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decomposition of some self-adjoint, non-negative, non-zero, operator L, in
L%(Xp, vy) with eigenvalues 0 < A < AT < -+ | ie.

Lnf = Y X e pa(x el
r=0

on the domain
o

Dom(Ly) = {1 € L*(Xu, vm) = 3 D2(f s, ? < 0.
r=0
For a function m,, : [0,00) — C the spectral multipliers of the operators L,
are

mn(Ln) = Z mn()\:})<f7 e?>L2(Xn,I/n)e;}7 f € LQ(Xnvyn)a n=1,...,d.
reNd

For a function m : [0,00)¢ — C define the joint spectral multipliers of the
system L by

m(L) =m(L1,...,La) = > m(Nys- - M e raemen,  f €L
keNd
THEOREM 3.1. Fizp > 1. Assume that for eachn =1,...,d, there is an
open set B, C C such that every function my, : [0,00) — C which is bounded
on [0,00), continuous on Ry, and satisfies supy <o |mn(tnLn)|lr(x, 0m)
< 00, extends to a bounded holomorphic function in Eh, and
(3-2) Il oo () < sUp ([0 (En L) Lo (X ) -

n>
Then every function m : [0,00)? — C which is bounded on [0,00)%, continu-
ous on Ri, and such that
(3.3) A£ = sup |[[m(t1la, ..., taLla)llLe(x,) < 00,

t1,...,tqg>0
extends to a bounded holomorphic function of several variables in EP =
E7 % --- x EY; moreover
(34) HmHHoo(Ep) < sup Hm(tlLl,. . .’tde)HLp(X7V).

t1yesta>

Proof. Recall, that by Hartogs’ theorem (see [4]) a function f: U — C,
where U is an open subset of C?, is holomorphic as a function of several
variables if and only if it is holomorphic in each variable z,, n = 1,...,d,
while the other variables are held constant. The key ingredient of the proof
here is the bound . The reasoning we present has been indicated to us
by Prof. Fulvio Ricci. We use induction on d. When d = 1, there is nothing
to do. Assume that we have proved the theorem for some d — 1 and let
m : [0,00)% — C be a bounded, continuous function on [0,00)?% such that

(3.3)) holds.
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Fix t1) = (to,...,tq) € RS and
f,gESpan{ei2®--~®ezd:knEN,n:2,...,d}.

Note that by our assumptions the latter set is dense in every Lq(X(l), 1/(1)),
1 < ¢ < oo, where XM = X9 x -+ x Xy, v() = Vs ® -+ ® vg. Indeed, it
can be easily verified that {e} ©-- ® e%d} satisfies the condition from [3]
Corollary 2.5]. Set

(3:5) 1y 4(t1) = (m(tr, taLla, ... tala) f, ) r2(x py, 1 € [0,00).

Then it is not hard to see that for fi,g; € LP(11) N L¥ (v1) we have

(Mg f.g(t1L1) f1,91) L2 (X1 00) = (Mt L1, oo taLla) (f1 @ [ 91 ® g) p2(x,0)-

Consequently, from the assumption that m satisfies , we obtain
72500, L) Loy 00) < AFNF Lo w1911 Lo ) -

Clearly, mya) g g(‘) is a bounded continuous function on [0, c0), hence from

(3.2) it follows that 1, ; ,(t1) extends to H*°(EY) and (denoting this ex-
tension by the same symbol)

= L
36) g g ()l oo (mry < AGILFll e wplgll e (x p)y-
Since in particular m(tzAz(/\%)*1,...,td>\d(>\‘f)*1),e§1>,egl) (t1)=m(t1,tara, ..., taNd),
where egl) = e2 ® - ® e}, we have the bounded holomorphic extension

m(z1,taNa, ..., tgAg). Moreover, for f,g € span{e%2 Q- ® eﬁd: k, € N,
n=2,...,d} we see that
210y g (1) and z e (m(21, bl tala) fr9) p2(x ), )

are two holomorphic functions which agree on the positive real half-line. By
uniqueness of analytic continuation,

My f.g(21) = (m(21,t2La, ... taLa) f, 9) 2 (x 1) )y,

i.e. (3.5)) still holds for the extension of mya) s - Hence, from (3.6]) we infer
that

(3.7) sup [lm(z1,t2La, .., tala) || pox ) 0y < Ay,
t2,...,tq>0

uniformly in 21 € EY.
Now, from the inductive hypothesis applied separately for each z; €

EY, we obtain the holomorphic function E§ X --- x Ef 3 (2,...,2q) —
m(z1, 22, - ., Za), which satisfies [[m(z1, )| goo (g2 x..x£7) < AL uniformly in
z1 € EY. In summary, for each 21 € EY, m(21,22,...,24) is a holomorphic

function in B x -+ x Eg , satisfying the desired bound (3.4). We also know
that for each t() = (t5,...,ty) € Riﬁl, m(z1,tM) is holomorphic. We shall
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now verify that for each 2 = (29,...,24) € B} x -+ x B}, m(z1,21) is a
holomorphic function in EY. For an arc I" in EY define

h(za,...,2q4) = S m(z1, 22, ..., 24) dz1.
r
Then it is not hard to check that h is holomorphic in E% x - - - x Eg . Moreover,
h(t) = 0 for t) e Riﬁl. Hence, by analytic continuation, h = 0. By Morera’s
theorem (see e.g. [4]), for each z(V) € EDx---x EY, m(-, 21)) is a holomorphic
function in EY. Thus, by Hartogs’ theorem, we are done. =
Our next theorem is a holomorphic extension theorem for joint spectral

multipliers of the system £, which is a multi-dimensional generalization of
[2, Theorem 3.5].

THEOREM 3.8. Assume that m : [0,00)¢ — C is bounded on [0,00)* and
continuous on ]Rfli_. The following statements hold:
(i) ifp € (1,00)\{2} and m is a p-uniform joint spectral multiplier, then
m extends to a bounded holomorphic function in the polysector (S¢;)d
and
Il oo (s,5)0) < Aps

(ii) m is a 1-uniform joint spectral multiplier if and only if m extends to
a bounded holomorphic function in (Sw/g)d and m(—2i-,...,—2i-)
is the Fourier transform of a finite measure p on R supported in
[0, 00)¢; moreover, [l pr(ray = As-
We postpone for a moment the proof of Theorem [3.§] in order to state
and prove some corollaries.

COROLLARY 3.9. Assume d €N, p € [1,00)\ {2}, and m : [0,00)% — C
is bounded on [0, 00)% and continuous on Ril. The following statements hold:

i) ifl<n < - <ng,d= Zflzl ny, and m is a p-uniform joint
spectral multiplier of the system

£n1,...,nd/ — (El + -+ Enla sy £n1+---+nd/_1+1 +---+ ‘Cd)v

then m extends to a bounded holomorphic function on (S¢;)d/; more-
over,
Lngyeng
”mHHoo((sd);)d’) < Ap ;
(i) if d =2, d =3, and m is a p-uniform joint spectral multiplier of the
system (L1 + Lo, Lo+ L3), then m extends to a bounded holomorphic
function in the 2-sector (S¢Z)2; moreover,

Hm|’H°0((s¢*)2) < Aéﬁ1+£2,£2+£3)‘
P
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Proof. First we show (ii). Let f(z1, 22, 23) = h(x1,2z3)Ho(z2) = h ® H,
where Hy = 1 is the Hermite polynomial of degree 0 in za, while A is some
function from a dense set in LP(y; ® =3), for instance, a linear combination
of tensor products of Hermite polynomials in x1, x3. Then a short reasoning
shows that

m(t1(L1 + La),ta(L2 + L3))(f) (21, 72, 73)
= m(tlﬁl, t2£3)(h) (xl, xg)I:I()(:L'Q) = [m(tlﬁl, tzﬁg)(h) (= fNI()] (.731, 9, 373).

Hence,

(1L, t2L3) (P) Lo (yy 093 | HO o ()
= [lm(t1 (L1 + L2), t2(L2 + L3))(h @ Ho)l 1o (v) < Apllhll Lo (1 @4s) [ Holl Lo () -

Consequently, m is a p-uniform joint spectral multiplier of the operators
L1, L3, with constant A,. The desired conclusion follows from Theorem|3.§[i).

The proof of (i) is almost the same. More precisely, we apply the preceding
reasoning to functions of the form f = h ® H, where h is a function of the
variables (2, , ny, Tn,, ), While H is a tensor product of Hermite polynomials
of degree zero in the other variables (i.e. H is a tensor product of constant
functions 1). Actually the proof of (ii) also shows that as far as LP, p €
(1,00) \ {2}, multipliers are concerned, even in [2, Theorem 3.5 without
loss of generality it is enough to consider a single one-dimensional Ornstein—
Uhlenbeck operator. m

Proof of Theorem (z) This part of the theorem is an immediate con-
sequence of |2, Theorem 3.5(i)] (in the case d = 1) and Theorem [3.1] (with
Xn = Rv Vn = Yn, Ln = Ena Eg = Sqﬁ;‘,)- L]

To prove Theorem (ii) we need several d-dimensional analogues of
lemmata from [2]. Since most of their proofs are not hard to carry over
to our setting, we omit them. Strictly speaking, to prove (ii) it is enough
to take p = 1 in the auxiliary lemmata below. However, since we also use
these lemmata to prove Theorem we allow general p € [1,00) \ {2}
and (if necessary) write down some slightly more general properties. For
a=(a,...,aq) € RY let

eq (x) — M1 T1t Faz®2

and let 7o, be the Borel measure given by dyso = e—2.. _2(z)dz. Then we
consider the Dirichlet forms
2

0
G = |2 . m=1...a
Ra '

Similarly to [2, p. 106], from general theory (see for instance [I, Theorem
1.2.5]) it follows that QS° are forms of self-adjoint operators £, on L?(7so),
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which on C°(R?) are given by

0*f ., 0f
LXf=—F5+2-"— =1,...,d
n f 8:1;% + axn7 n J Y
The operators £°,n = 1, ..., d, commute on C2°(R%) which is their common

core. As a matter of fact, they commute strongly (see Lemma for the
proof), hence we can consider joint spectral multipliers of the system £ =
(L5, LP). Let ®(21,...,24) = (23 +1,...,22+ 1) and for ¢ > 0 let
(Pw)d = Pw X oo X Pi/“ with

2
(3.10) P¢:{z:x+iy:az>4y—w2+l—¢2}
(i-e., for fixed ¥ > 0, (Py)? is the image of (£)? under ®). First we prove
the following key lemma, which is an analogue of [2, Theorem 2.1].

LEMMA 3.11. Let £ = (£5°,...,LF) and m: RL — C be a bounded
measurable function. Then, for p € [1,00)\ {2}, the following are equivalent:

(i) m is an LP(vs) joint spectral multiplier of L£°°;
(ii) m extends to a bounded holomorphic function on the polyparabolic
region (P|2/p,1|)d and the functions
mo®(-+¢e1|2/p—1li,..., - +¢e4|2/p — 1]7)
for e = (e1,...,eq) € { — 1,1} are LP multipliers of the d-dimen-
sional Euclidean Fourier transform on R®. Moreover
By = [m(L7)|| e (yae) = lmoe@(-+i2/p—=1],..., -+i|2/p=1) || m, ()

Proof. The reasoning is based on that of [2 Theorem 2.1], so we only
point out the differences. The isometry U, : LP — LP(7) is defined by
Upf = ea)p..2/pf Easy calculations show that

82
ox2’

n

Uy ' LUy = — A, +1, A, =

Consequently, by the spectral theorem,
Uy 'O — L) Uy = (N — (A, +1)7H N, €C\R,n=1,...,d.

Since —A, +1,n=1,...,d, commute strongly, it follows that the same is
true for £2°, n =1,...,d. Hence, the expression m(£>) makes sense and by
the (multivariate) spectral theorem we have

U ' m(LUy = m(—=A1 +1,..., Ag + 1).

Clearly, the operators —A,, + 1 commute with one-dimensional translations
(and among themselves), so that m(—A; +1,...,—Az+ 1) commutes with
d-dimensional translations. Consequently, there is a tempered distribution k
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such that
m(—Ar+1,...,—Ag+ 1) f=kxf, feSRY.
The proof that m(L£>) is LP(7s) bounded if and only if e;_9/,  1-9/k

convolves LP into itself and that

(3.12) ler—2/p.,...1-2/pkllconv,p = 1M (L) Lp (7o)

easily carries over from |2, p. 108] to our situation. Since k(€) = m(&2 + 1,
..,53 + 1), arguing as in [2, p. 108] we also show that ej_g/y  1_1/pk

convolves LP into itself and

(3.13) Hel*?/p/,...,le/p’kHCOHV,p = H6172/;0,...,172/}7]{:”COnv,p-

Now we iteratively apply Stein’s complex interpolation theorem to the holo-
morphic family of operators

T.f =ekxf, |Re(z,)| <|2/p—=1], n=1,...,d

From ( F, (3-13) and the fact that 1 — 2/p’ = 2/p — 1, we see that for
each t (ta,...,tq) € R“1 and ) = (eg,...,64) € {~1,1}%" the

holomorphic family of operators {Rs(l), ) 1= given by

1
R5(1)7t(1> (Zl) = TZ1762|2/p71|+it2,...,€d|2/p71|+itd
satisfies
|’Ri(1),t<1>(€1’2/p — 1| + itl)”L;D S Bp, g1 = :tl, tl € R.
Hence, from the first application of Stein’s complex interpolation theorem,

we get
HRiu),t(l)(al)HLP < By

for a; € [~|2/p—1|,|2/p—1|], uniformly in €M) and ¢, The second applica-
tion, separately to each of the operators Ril @ 42 (22) = VT, 29 entits,... cqtitas

ar € [-2/p—1],12/p—1]], €@ = (es,...,eq) € {-1,1}972
t@ = (ts, ..., tq) € RT2,

gives the bound
2
IR, e 42 (a2) || zr < By,

valid for as € [—|2/p — 1|,|2/p — 1]] and uniform in ay, € and t(?). Pro-
ceeding as indicated, in the last dth step we apply Stein’s complex inter-
polation theorem to the holomorphic family of operators chzll,...,a o (za) =

T

a1,..,Ad—15%d "

a€[—|2/p—1],12/p — 1|]%. Consequently, k = m o & extends to a holomor-

Thus, we deduce that T, is an L”, hence also L>-multiplier for

phic function of d variables in (E‘Q/I,_H)d satisfying the bound |k(z)| < By,
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z € (X /p,l‘)d, and it is not hard to conclude that m itself is continuous on

[1,00)% Since k = mo®, we see that k(-+iay, ..., +iag) is an LP multiplier
for all @ € [—|2/p — 1], |2/p — 1], and, restating (3.12), ,
[m(L5) | Lr(ye) = llm 0 @(- +4[2/p = 1], ..., - +[2/p = 1) a1y, -

It remains to verify that m itself has a holomorphic extension to (P, /p_l‘)d.
From the local invertibility of the mapping (z1,...,24) = (23 +1,...,22+1)
away from the (complex) coordinate axes we conclude that m has a bounded

holomorphic extension to (Pg/,—1 \ {1})%. Now take 20 = (20,...,20) €
(Pp/p_l‘)d such that for some n = 1,...,d, 20 = 1, and let ~, be a con-
tour in P/, 1)\f1) enclosing the point 29 n = 1,...,d. Then, because

m is bounded on (Pg/,—1| \ {1})? and continuous on [1,00)¢, the func-
tion

wi .. .dwg

1 m(wi, ..., wq)
(-0 2a) = (2m’)d§1m Sd (21—w1)~--(2d—wd)d

is holomorphic at 2% and extends m. m
The next step is to develop an analogue of |2 Theorem 2.2]. For m :
[0,00)% — C, denote

AP = sup  [mo 8o $(L)]|Lr(ra)-
t1yetgr >0

If d' = d and ¢ is the identity, we write Ap° for short. Using Lemma we
obtain the following.

LEMMA 3.14. Let m : [0,00)% — C be a bounded measurable function.
The following statements hold:

(i) ifp € (1,00)\ {2} and AZ® < oo, then m extends to a bounded holo-

morphic function in the polysector (S(b;)d, and ||mHHoo((S¢;)d) <A

(ii) A$® < oo if and only if m extends to a bounded holomorphic function

in (Sﬂ/g)d and m(—2i-,...,—2i-) is the Fourier transform of a finite

measure ji on R? supported in [0, 00)%; furthermore, [ ell nr(ray = AT

(iii) if p € [1,00) \ {2}, ¢ is the function from Definition and

Ag’oo < 00, then for each t € Ri’, mo §; o ¢ extends to a bounded
holomorphic function in the polyparabolic region (P‘Q/p_l‘)d, and

1m0 80 6l oo (P 0y < A

Proof (sketch). The proof is similar to the proof of |2, Theorem 2.2].
However, (iii) will be utilized in the proof of Theorem [3.21} hence we give
some details. First, we establish the inequality

(3.15) ML) Lr(v0) 2= Il o (B, 1)
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Arguing as in |2, p. 109], we recall that an LP multiplier of the Euclidean
Fourier transform is also an L? multiplier and that the injection from the
Banach space of LP multipliers to the Banach space of L? multipliers is a
non-expansive map. Therefore, from Lemma it follows that

ML) Lp(roe) = [Im o @(- +4[2/p = 1], - +14|2/p — 1])|| pp,, (re)

2 [mo®(-+il2/p—1l,...,- +il2/p — 1]) || pmy(ray

o+ i12/p— 1y, + 312/ — Wlloo = Imllgrm(cp, 1)
On the one hand, taking in m(ty - ,...,tq-) in place of m, we arrive
at

(3.16) [Im(t:1£5°, ... :tdﬁgo)HLP('yoo) > HmHHOO((t;lP‘Q/FH)><...><(t51P|2/p71|))~

Under the assumption A2° < oo, the conclusion of (i) follows as in [2]. On
the other hand, taking in (3.15]) m o §; o ¢ in place of m we also obtain

B.17)  [Im(t1g1(L%), .. s tarda (L) Lr(ya) = MOS0l g ((py,, )

thus proving (iii).

The proof of (ii) is analogous to that of [2, Theorem 2.2(ii)]. In order to
see that y is supported in [0, 00)?, we use a multi-dimensional extension of an
appropriate Paley—Wiener theorem for the distributional Fourier transform
(see for instance 5], Section 3]). m

For b € Rt define the measures

Let Q% be the Dirichlet form

of |2
b = —_ —
QS —Rﬂd‘axn dv, n=1,...,d.

From general theory (see [T, Theorem 1.2.5]), it follows that Q% are forms of
self-adjoint operators £%, on L2(v;), which on C2°(R%) are given by
0% f of Ty Of

b
== 42— 42— — =1,...,d.
Enf ox2 + oz, + b2 Oz,’ " B

As in the case of £, the operators £2, n = 1,...,d, commute strongly
(see Lemma for the proof), hence we can consider their joint spectral
multipliers. In order to pass to systems £ and ¢(L£) we need the following

analogue of [2, Lemma 3.3].
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LEMMA 3.18. Assume p € [1,00) \ {2}. The following statements hold:

(i) if m : [0,00) — C is bounded and measurable, then for every
beRy and (ty,...,t3) € RY,

Im (LY, tal) | Le(y) = Im((E1/26%) L1, - -, (8a/26%) La)l Lo ()
(i) if m : [0,00)¢ — C is bounded on [0,00)% and continuous on R%,
then AP < Ap;
(iti) if m : [0,00) — C is continuous on ¢(RL), where ¢ is the function
from Deﬁm’tion and such that each ¢y, is continuous on Ri and
homogeneous of some degree l,, n=1,...,d, then A]f’oo < Ag(ﬁ).

Proof (sketch). First observe that the operators £2, n = 1,...,d, com-
mute strongly. The proof is similar to the proof of strong commutativity
of L. We use the multi-dimensional version of the isometry %, from
[2, p. 113] and the fact that the operators £,,, n =1, ..., d, commute strongly.
Then the proof of Lemma proceeds as the proof of [2] Lemma 3.3|. We
need to generalize [9, Theorems VIII.20(b), VIII.25(a)| to the d-dimensional
setting. It is here that we need the continuity of m and ¢ (see |2, p. 117]).
As a matter of fact these assumptions can be weakened slightly. Namely, it
is enough to take ¢ continuous only on the joint spectrum of £ (which is
contained in [1,00)?). While proving items (ii) and (iii), we arrive at (cf. [Z,
p. 115])

(3.19)

(LT L), 6) 12| < Timing om((1/28%) L1, (1/20)La) v
for f,g € C*(RY). Replacing in (3.19) m(:) by m(ti-,...,ts"), taking the
supremum over t € ]Rff_ and b > 0 of the right hand side and using a density

argument we obtain (ii). Moreover, replacing in (3.19)) m by m o d; o ¢ (see
the proof of Lemma [3.14)), we also have

(0 600 ) (LX) f, )12
< timinf m(t161(1/20°L), ... tabar (1/2620)) | 1o o

Now, if each of the functions ¢,, n = 1,...,d’, is homogeneous of some
degree l,,, then a density argument gives

(3:20)  [[(m o dr 0 @) (LX) Lr(yo0)
< liminf [m(t (2627 G1(C), .., tar(26) 7 60 (L) oo < AGE),
— 00
which implies (iii). m
Proof of Theorem [3.§(ii). We use the techniques from [2]. The proof is

much more laborious than that of (i). Below we only collect the fruits of

Lemmata [3.18 and B.141
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Note that we can now also give an alternative proof of Theorem [3.8(1),
following the just developed analogues of the techniques from [2]. Briefly, it
is not hard to see that from Lemmata and for p € [1,00) \ {2}, we
have

”mHHoo((s%)d) < AP <Ay,

yielding (i) of Theorem

To prove Theorem [3.8(ii) assume first that A; < oo. Then, by Lem-
ma i), A%® < oo. Consequently, Lemma[3.14(ii) shows that m extends to
a holomorphic function in (SW/Q)d, m(—2i-,...,—2i-)is the Fourier transform
of a finite measure p on R, supported in [0, 00)¢, and [l pr(ray = AT < Az
Thus one implication of Theorem (ii) is proved.

To prove the converse, assume that m extends to a holomorphic function
in (SW/Q)d, and m(—2i-, ..., —2i-) is the Fourier transform of a finite measure
1 on R? supported in [0,00)?. Then by spectral theory,

MLy, tala) = | eTEmETE LD gy (),

[0,00]¢

where the integral is a convergent Bochner integral in L*() (cf. [2, p. 110]).
Now, using the fact that e~(f1if1+++tala) is a contraction on L'(y), and
Minkowski’s integral inequality, we finish the proof.

It seems reasonable to ask about the extension properties of the multi-
plier function if we build the multiplier operators on some functions of the
system L, instead of building on L itself. The next theorem answers this
question to some extent and also includes Theorem [3.§[(i) as a special case.

THEOREM 3.21. Assume that m : [0,00)% — C is bounded on [0, 00)
and continuous on Rﬁlr/. Assume p € [1,00) \ {2}. Let ¢ = (¢p1,...,¢a) :
[0,00)% = [0,00)% be a vector valued function such that each ¢y, is continuous
on R‘j_ and homogeneous of some degree l,, n =1,...,d". If m is a p-uniform
joint spectral multiplier of the system ¢(L) = (p1(L), ..., par (L)), then each
of the functions m o §; o ¢ extends to a bounded holomorphic function in
(P|2/p_1|)d. Moreover,

(L
1061 0 Bl oo (P, ) < A5
REMARK 3.22. The assumption that ¢ takes values in [0, 00)% is only
added for the sake of clarity of exposition. It is possible to allow more general
¢, taking values in some other subset of C%. Then Theorem is still true
if m is a continuous function defined on J, par (¢( [0,00)%), and is a p-
+

uniform joint spectral multiplier of the system ¢(£). A simple example with
d =d = 2is to take ¢(x1,22) = (1 — z2,22) (which corresponds to joint
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spectral multipliers of the system (£1— L2, £2)). Then m needs to be defined
on R x [0, 00).

REMARK 3.23. Observe that if d; o ¢ can be ‘holomorphically inverted’
in C%, then Theorem does say something about the holomorphic exten-
sion of the function m itself. That is indeed the case if d = d and ¢ is the
identity, allowing us to give a different proof of Theorem (1) We postpone
for a moment the proof of Theorem [3.21]to see two different examples of such
a situation.

Define U = UteRi U; with

Uy ={(z1,22) € C: 21 = twy, 22 = to(wy + we), wy, € .P|2p_1|, n=1,2},

where P, 1 is the parabolic region defined by (3.10). Observe that
UcC (S%)Q. As an almost immediate corollary of Theorem we obtain
for instance the following.

COROLLARY 3.24. Assume p € [1,00) \ {2} and m : [0,00)% — C is
bounded on [0, oo)d/ and continuous on ]R‘_‘f_/. The following statements hold:

(i) if d = d = 2, and m is a p-uniform joint spectral multiplier of
the system (L1, L1 + L2), then m extends to a bounded holomorphic
function in U; moreover,

”mHHOO(U) < A}(7£1,£1+£2);

(i) if d =2, d =1, and m is a p-uniform joint spectral multiplier of the
system (L1,L1), then each of the functions my, (A1) = m(A1,t1 A1),
A1 € [0,00), t1 > 0, extends to a bounded holomorphic function
on S¢;; moreover,

Loc
Hmt1||Hoo(s¢;) < AErL),

Proof. Both items (i) and (ii) are easily derived from Theorem In
the case of (i) we take ¢(21,22) = (21,21 + 22), and in the case of (ii),
¢(z1) = (21,21). m

Proof of Theorem[3.21 All the hard work has already been done in Lem-
mata [3.18[iii) and [3.14[iii), hence we can be very brief here. The proof
shares many ingredients with the just presented proof of Theorem (ii).
From Lemma 3.18(iii) we know that |[m 0 d; 0 ¢(L?)| 1) < AZ)(E). Hence,
Lemma (iii shows that m o §; o ¢ extends to a bounded holomorphic
function in (P|2/p,1|)d with the desired bound. =

4. A Marcinkiewicz type multiplier theorem. A question that
naturally arises is: how can we find p-uniform joint spectral multipliers
(in the sense of Definition [2.3) of the system L£? Fortunately, we have a
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Marcinkiewicz type multiplier theorem at our disposal. We say that a func-
tion m: Ri — C satisfies the d-dimensional Marcinkiewicz condition of order

p=(p1,...,pq)if mis bounded and for all multi-indices o = (o1, ...,04) < p,
dA
(4.1) sup S e S AN D m(\)|? = < oo,
Ri,...;Rg>0 A

Ri<\<2R; Rg<Ag<2Rg4

where A7 = A" -+~ AJ? and & = % . d)‘d . For a function m: (S¢;)d —C
and a vector § = (01,...,04) € [— ;‘,,@3] set mo(A) = m(eP Ay, ..., e \y),

A€ ]R‘i. We have the following.

THEOREM 4.2. Assume that m: (Sg:)? — C and m € HOO((S(z);)d)
for some p € (1,00) \ {2}. Assume also that the boundary value functions
Me1gs,....eadsy € = (51, .., eq) € {—1,1}%, satisfy the d-dimensional Marcin-
kiewicz conditions ( of some orders p. > 1, and that all the lower di-
mensional opemtors m(elﬁl, oA Ly) with °L, =0, 'L, = Ly, n=1,...,d,
€= (e1,...,€4) € {0,1}4, €1 + -+ + €4 < d, are bounded on LP(v). Then
m(L) extends to a bounded operator on LP(7).

REMARK 4.3. There are several ways to ensure the LP boundedness of
the lower dimensional operators. One is to assume that m is continuous on
[0, oo)d. Another is to assume that it satisfies appropriate lower dimensional
Marcinkiewicz conditions of some orders greater than 1. In both cases, since
the Marcinkiewicz condition is dilation invariant, the resulting multiplier
operators are p-uniform.

REMARK 4.4. The proof presented here also works, with the same assum-
ptions, for multiplier operators built on sums of one-dimensional Ornstein—
Uhlenbeck operators.

Proof of Theorem [{.3 For the sake of clarity of presentation we prove
the theorem for d = 2. The proof of the general case is completely analogous.
For the meaning of the symbols appearing in the present proof the reader
is referred to [13]. First we apply [I3, Theorem 2.2]| to the operators L, . =
L,+el,n=1,2,¢>0. From the bound

(4.5) (€02 Loy < Cpe™, v ER

(see [7]) and the fact that arcsinz < 7x/2, 0 < z < 1, we see that the
assumption (ii) of [13, Theorem 2.2| is satisﬁed It remains to verify the
assumption (i) of that theorem. In view of (4.5) it is enough to establish the
bound

(4.6) sup [M(myr)(u)] < Cne” D 4 fug) 771 (L + ua]) 77

T€(0,00)2

We show this only for uy,us < 0, since the reasoning for other values of u
is analogous. Changing the path of integration twice in the integral defining
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M(mn 1) we see that

M(mayr) () = i+ (i o)
X S S (tl)q)N(tQ/\Q)N exp(—ei‘z’; (tiA + tg)\g))md,;@; ()\)/\Ziul )\;uQ
00
Let ¢ be a non-negative C* function supported in [1/2,2] such that

> 9 =1, £>0,

j=—o00
where 1;(€) = ¥(27¢). Then, obviously,
> W& =1, (A\n) eR,
75l
where ;1(&,m7) = ¥;(AN)(n). After the change of variable t1A\ = 1,
todo = 19 we get

ax
e

o0 0
BN O My ) () = 3§ | T e

il 00
. dn
x exp(—e'% (m + 12)) M g (M1/t1,m2//t2) 150 (111, m2) e

The rest of the proof of is an easy modification of the proof of [8]
Theorem 4] in the spirit of the proof of [I3, Theorem 4.1|. From [I3, The-
orem 2.2| it now follows that m(L; ., L2.) extends to a bounded operator
on LP(7y) with the bound ||m (L1, L2¢)||1r(y) < Cpm, independent of € > 0.
Let PJ f(x) = (f, ﬁ0>L2(RW($n))ﬁ0((L’n) (that is, P§ is the projection onto the
subspace spanned by H applied to f as a function of xp). Let P* =1—-"PF

(that is, P™ is the projection onto the subspace spanned by {Hy, }1.>0). Since
Py are bounded on LP(vy), P1P? is also bounded on LP(vy). Consequently,

(4.7) Im(L1e, Loe) PP 1oy < Cope
Observe now that
m(ﬁl,sa [«2,5)7)1732f = Z m(kl te, kz + €)<f’ ﬁk>L2(7)ﬁk’

2
keN?

m(Ly, L2)P P2 f = > mlke, ko) {f, Hi) r2 Hy.
keN3.
Since m is continuous and bounded on (0, 00)?2, the spectral theorem implies
that
lim, m(Lye, Log)P'P?f = m(Ly, Lo)P'P?f, [ e L*(v).
e—

From (4.7) we conclude that
[m (L, L2)P P2 fl Loy < Cop
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From the decomposition I = P1P? 4 P} + P2 — PIPE, we see that

m(L1, La) f
=m(Ly, Lo)P P2 +m(0, Lo)PLf +m(Ly,0)P2f —m(0,0)PLP2.

It follows that m(Lq,L2) is indeed bounded under the assumptions of the
theorem. m

5. Appendix: the system of Laguerre operators. Here we provide
a multivariate counterpart of [10], by sketching the proofs of results analo-
gous to those presented in our paper, this time for the system of Laguerre

operators
2

o 0

These operators are essentially self-adjoint on L2?(R,,u%"), where, for
a, > —1,

n=1,...,d.

an _apre”
dpn” () = I'la, +1)

Moreover, their closures are given by an orthogonal expansion in terms of
Laguerre polynomials of type ay,, explicitly,

Lo f(zn) = Z (f.L r)L2(Ry, ,ﬂ“)L (zn), e LRy, ppm),

reN

Tn

drn,, x, >0, n=1,...,d.

defined on the domain

Dom(Ly") = {f € L*(Ry, pgm): ZTQKJC? LT>L2(R+,;L%")’2 < OO}~
reN

Here La" = ||Ly HLQ
dlmensmnal Laguerre polynomial Lz‘; of degree k, and order «a,, in the z,
variable (see [12]). A tensor product reasoning, similar to the one presented
for the system of Ornstein-Uhlenbeck operators £,, on p. 8] suggests defin-
ing the joint spectral multipliers m (L) of the system £* = (L{',...,L5?)
as
(5.1)

m(LS . LgDf =Y miky, e k) (f L) o oy Lty f € LP(RY, pa),
keNd

an)LZ‘: denotes the L?(Ry, u%") normalized one-

where m: N? — C is bounded and i = p{'®- - -®@pu5?, L, = Eg11®- . -®I~/gj.

Concerning the holomorphy of uniform joint spectral multipliers of the
form we have the following analogue of Theorem Theorem is
also a multivariate extension of [I0, Theorem 2].
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THEOREM 5.2. Let a = (aq,...,aq) € (—1,00)? and assume that m :
[0,00)¢ — C is bounded on [0,00)¢ and continuous on Ri. The following
statements hold:

(i) if p € (1,00) \ {2} and sup;, ¢, ~o lm(t1 L], ... 7tdﬁgd)HLP(Ri,M)
< 00, then m extends to a bounded holomorphic function in the pol-
ysector (Sd,;)d and

o0 < P cd ;
L LI Y= -] P
(i) supy, . ¢,>0 ||m(t1£?17~-vtdﬁgd)HLl(Ri,ua) < oo if and only if m

extends to a bounded holomorphic function in the polysector (S,T/g)d
and m(—=2i-,...,—2i-) is the Fourier transform of a finite measure
p on RY supported in [0,00)%; moreover,
_ ai ag
Il l] nr ey S (L7 - talg L @e o)

Proof (outline). Item (i) is a straightforward consequence of |10, The-
orem 2(i)] (in the case d = 1) and Theorem [.1] (with X,, = Ry, vy, = pgn,
L, =L EL= S¢;).

To prove (ii) we proceed as in the proof of [10, Theorem 2| (with p = 1).
First, observe that by following the arguments used to prove Theorem [3.§|
with minor modifications cf. [2, Lemmata 4.1 and 4.2|, we obtain a multivari-
ate analogue of [2, Theorem 4.3, which deals with joint spectral multipliers
of self-adjoint extensions of the operators

5.3 Lo =2 0 C(R?

() n#?n*_aix%"i‘@naixna fe c( )

Here, ¢, is an admissible weight in the sense of |2 (4.1), p. 118|, depending
only on x,. The Laguerre operators Lo" are not of the form . However,
by using an argument analogous to the one in [10, Section 7] we can finish
the proof. The key trick is to conjugate the Laguerre operators £ with the
isometry

LP(RY, j10) 3 f() > W f (@) = F(@.. ., 02) € Loeu(RA {0}, i#0),
where p#e is the push-forward measure ¥ ! 1o, while Liven((R\ {0})4, pu®e)
denotes the set of Z¢ symmetric functions from LP((R\ {0})%, u®=). This
operation allows the passage to operators of the form , with ¢, = &,
n = 1,...,d, being admissible weights. We also need to have in mind that
every function f: RY — C may be written as the sum of 2¢ functions f-,
e € {—1,1}%, which are even in some of their variables and odd in others.
We omit the details. m

We also have a Marcinkiewicz type multiplier theorem in this setting,
which is to some extent a multivariate analogue of [10, Theorem 1].
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THEOREM 5.4. Fiz a parameter o € [0, 00)% Assume that m : (Sgz)?—C,
d

m € H*((S¢;)?), for some p € (1,00) \ {2}. Assume also that the bound-
ary value functions Me,gs . cqp5, € = (e1,...,eq) € {—1,1}4, satisfy the
d-dimensional Marcinkiewicz conditions (4.1) of some orders p. > 3, and
that all the lower dimensional operators m(“ LY, ... < L57) with °Lom =0,
Igon = Lon = 1,....d, e = (e1,...,6q) € {0,1}%, €1 +--- + €4 < d, are
bounded on LP(RY, po). Then m(L®) extends to a bounded operator on
Lp(le_, Ha)-

Proof. The proof is almost identical to the proof of Theorem [£.2] The
only difference is that instead of (4.5) we use the bound (see [10, Proposi-
tion 2|)

(L5 + D)™ | oy, pgn )y < Co(L+[0)> 2%, v e R. =
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