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Sudakov-type minoration for log-concave vectors
by

RAFAL LATALA (Warszawa)

Abstract. We formulate and discuss a conjecture concerning lower bounds for norms
of log-concave vectors, which generalizes the classical Sudakov minoration principle for
Gaussian vectors. We show that the conjecture holds for some special classes of log-concave
measures and some weaker forms of it are satisfied in the general case. We also present
some applications based on chaining techniques.

1. Introduction and formulation of the problem. Innumerous prob-
lems arising in high-dimensional probability one needs to estimate E || X ||,
where X is a random d-dimensional vector and || || is a norm on R¢. Ob-
viously ||z[| = supyy, <1 (¢, ¥), so the question reduces to finding bounds for
Esup,er (¢, X) with T C RY. For symmetric random vectors this quantity is
half of Esup, scr(t — s, X), but in the case of arbitrary (not necessarily cen-
tered) random vectors it is more convienient to work with the latter quantity.

There are numerous powerful methods to estimate suprema of stochastic
processes (cf. the monograph [22]); let us however present only a very easy
upper bound. Namely for any p > 1,

1/p
E sup (t —s,X) =E sup [(t —s,X)| < <IE sup |<t—s,X>\p>

t,s€T t,seT t,s€T
1/p
< (B It —sx00) " < TP sup [t~ 5, X)llp.
tseT t,seT

Here and below, |||, := (E|Y|?)!/? for a real random variable Y and p > 0.
In particular

E sup (t — s, X) < e® sup |[{t — s, X)), if |T| < eP.
t,se€T t,se€T
It is natural to ask when the above estimate can be reversed. Namely,
when is it true that if the set T C R? has large cardinality (say at least eP)
and variables ((t, X))ier are A-separated with respect to the L,-distance
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then Esup,; ;o7 (t, X) is at least of the order of A? The following definition
gives a more precise formulation of that property.

DEFINITION 1.1. Let X be a random d-dimensional vector. We say that
X satisfies the Ly-Sudakov minoration principle with a constant k > 0
(SMP,, (k) for short) if for any set 7 C R? with |T'| > eP such that

d
1/
W) =Xl = (B t-0%)") 24 foralster szt
i=1
we have
d
(2) E sup (t —s,X) =E sup Z(t’ —5))X; > KA.
t,seT t,seT i1

A random vector X satisfies the Sudakov minoration principle with a con-
stant k (SMP (k) for short) if it satisfies SMP, (k) for any p > 1.

REMARK 1.2. One cannot hope to improve the estimate even if X
has a regular product distribution and |T'| is very large with respect to p. To
see this take X uniformly distributed on the cube [—1,1]%; then for p > 1,

and Esup; j<,(X; — X;) < 2.

EXAMPLE 1.3. If X has the canonical d-dimensional Gaussian distribu-
tion then [[(t, X)|l, = 7p[t|, where v, = [N(0,1)||, ~ \/p for p > 1. Hence
condition (1]) is equivalent to |t —s| > A/, for distinct vectors ¢, s € T', and
the classical Sudakov minoration principle for Gaussian processes (cf. [19]
and [16, Theorem 3.18|) then yields

E sup (t —s,X) =2Esup (¢, X) > i\/log\T] > A
t,s€T teT Cvp '
provided that |T| > eP (C and C’" denote universal constants). Therefore
X satisfies the Sudakov minoration principle with a universal constant. In
fact it is not hard to see that for centered Gaussian vectors the Sudakov
minoration principle in the sense of Definition [I.1] is formally equivalent to
the minoration property established by Sudakov.

EXAMPLE 1.4. If X;’s are independent symmetric £1 r.v.’s (equivalently
one may consider the vector X uniformly distributed on the cube [—1,1]%)
then condition (1)) means, by the result of Hitczenko [9], that

A
t—s¢ (B + Vi B3),

and in this case SMP(x) with universal x was proven by Talagrand [20].
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ExaMPLE 1.5. In the more general case when coordinates of X are inde-
pendent and symmetric with log-concave densities (or just log-concave tails)
the Sudakov minoration priciple with a universal constant was proven in [21]
(for random variables with density exp(—|z|?), p > 1) and [12].

The Sudakov minoration principle for vectors X with independent co-
ordinates is investigated in [I4], where it is shown that SMP is essentially
equivalent to the regular growth of moments of coordinates of X. In this
paper we will concentrate on the class of log-concave vectors.

A measure p on R™ is called logarithmically concave (or log-concave for
short) if

WOV + (1= ML) = p(K) (L)

for any nonempty compact sets K, L and A € [0, 1]. By the result of Borell [5]
a measure on R"™ with full-dimensional support is log-concave if and only if
it has a log-concave density, i.e. a density of the form e "(®) where h: R —
(—00, 00] is convex. A random vector is called log-concave if its distribution
is logarithmically concave. A typical example of a log-concave vector is a
vector uniformly distributed on a convex body.

It is quite easy to reduce the investigation of the Sudakov minoration
principle to the case of symmetric vectors (see Lemmabelow). Since SMP
is preserved under linear transformations (Lemma, we may additionally
assume that the vector X is isotropic, i.e. Cov(X;, X;) = §;; for all ¢,7. In
many aspects isotropic log-concave probability measures behave like product
measures (cf. [6]). This motivates the following conjecture.

CONJECTURE 1.6. FEwvery d-dimensional log-concave random vector sat-
isfies the Sudakov minoration principle with a universal constant.

The purpose of this paper is to discuss the above conjecture. In Section 2
we gather simple facts concerning log-concave vectors and the Sudakov mi-
noration principle. In particular we show how to reduce the problem to the
case of isotropic vectors. In Section 3 we establish several results concerning
arbitrary log-concave distributions. We show that implies ([2) provided
that |T| > e or |T| > eP, but under the additional assumption that the
vectors ((t, X))ier are uncorrelated. The proof is based on the concentra-
tion properties of isotropic log-concave distributions. As a byproduct we get
a comparison of weak and strong moments of ¢ -norms of isotropic log-
concave vectors. In Section 4 we consider unconditional log-concave vectors.
We show that in this case, implies provided that |T| > eP”. In Sec-
tion 5 we show that Conjecture [I.6] holds for a class of invariant log-concave
vectors, which includes rotationally invariant log-concave vectors and vec-
tors uniformly distributed on lg—balls. In the last section we use chaining
arguments to give some consequences of the Sudakov minoration principle.
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In particular, we show that it yields comparison of weak and strong moments
up to a logarithmic factor.

It should be mentioned that the Sudakov minoration principle and Con-
jecture[I.6) were formulated independently and studied by Shahar Mendelson,
Emanuel Milman and Grigoris Paouris [I7]. Their approach is however quite
different: it uses geometrical properties of an index set T, duality of en-
tropy numbers and the idea of dimension reduction, similar in spirit to the
Johnson-Lindenstrauss lemma.

NOTATION. By |- | and (-,-) we denote the canonical Euclidean norm
and the canonical inner product on R%. The canonical basis of R? is denoted
by e1,...,eq. For 1 < p < oo, || - ||, stands for the {, norm on R?, and Bg is

the unit ball in this norm.

For two convex sets K,L in R%, N(K, L) is the covering number, i.e.
the minimal number of translates of L that cover K. By |T| we denote the
cardinality of a set T"and by N (T, d, ¢) the minimal number of balls in metric
d of radius € that cover T

We use the letter C' for universal constants; the value of a constant C' may
differ at each occurrence. Whenever we want to fix the value of an absolute
constant we use Cq,Ch, . ...

2. Basic facts. We start with a lemma showing how to reduce the
problem of proving the Sudakov minoration to the case of symmetric vectors.

LEMMA 2.1. Let p > 1, X be a random vector in R® with finite pth
moment and X' be an independent copy of X. If X — X' satisfies SMP (k)
then X satisfies SMP,(min{1/2, k/4}).

Proof. Let p > 1 and T C R? be such that |T| > e? and holds.
Jensen’s inequality yields

E sup (t —s,X) > sup (t — s,EX) = sup [{t — s,EX)|.
t,s€T t,seT t,seT
Therefore we may assume that |(t —s,E X)| < A/2 for all ¢,s € T'. But then
for t # s,

N

l(t=s, X=XV p 2 (6=, X~EX)lp > | (t—s5, X} lp— [t =5, EX)l}p = 5

Therefore the L,-Sudakov minoration for X — X’ implies

A
k— <Esup(t—5,X —X') <Esup(t—s,X)+Esup(s—t X
2 t,s€T t,s€T t,s€T

=2E sup (t —s,X). =
t,s€T

The next observation states that the Sudakov minoration principle is
preserved under linear transformations.
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LEMMA 2.2. If X is a d-dimensional random wvector that satisfies
SMP, (k) and U: R* — R is linear then UX satisfies SMP,(k).

Proof. It is enough to observe that (t,UX) = (U*t, X). =

Now we recall that moments of log-concave variables grow in a regular
way.

LEMMA 2.3. LetY be a symmetric real log-concave r.v. Then

F(p+1)1/p
WHYHq forp=>q>0.

In particular |Y|l2 < V2|V |l1 and ||V ]|, < EIYllg forp=q=2.

Y]y <

Proof. The main inequality is the result of Barlow, Marshall and Pros-
chan [I] (it can also be extracted from the much earlier work of Berwald [3]).
To show the “in particular" part for p > ¢ > 2 one needs to estimate I
functions as in [15, Proposition 3.8|. =

REMARK 2.4. Suppose |T| > 2 and holds. Then if X is symmetric
log-concave, we may choose distinct ¢!, € T and get, by Lemma

V2

Esup (t—s,X)>E|[* -1, X)| > ————||(t* —t}, X
useT( ) I( ) max{p’2}||< My
V2
~ max{p,2}

Hence every symmetric log-concave vector satisfies SMP,(v/2/max{p,2})
and every log-concave vector satisfies SMP,(v/2/max{4p, 8}).

REMARK 2.5. For p > 1 let us define the distance on R by
dxp(s,t) = [|{s =1, X)[p.
Suppose that is satisfied, but |T| = e? with 1 < ¢ < p. We know

that dx ¢(s,t) > Cipdx,p(s,t), so the Sudakov minoration principle for a

log-concave vector X implies the following formally stronger statement: for
any nonempty 7 C R% and A > 0,

A
E sup (t —s,X) > i supmin{ log N(T', dx p, A), A}.
t,s€T p>1 p

The next result says that it is enough to verify the Sudakov minoration
property only for p < d.

LEMMA 2.6. Let X be a symmetric log-concave random vector in R that
satisfies SMPg(k). Then X satisfies SMPy(k/8) for p > d.
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Proof. Fix p > d and T C R? such that |T| > e and |(s — ¢, X)|, > A
for any distinct points s,t € T'. Let

My(X) :={t e R E|{t, X)|P < 1}.

If d < p < 8d then by Lemma (s — ¢, X)|la > £A, hence SMP(k)
yields Esup; ser(t — s, X) > (k/8)A.
If p > 8d then for v > 1 we have

o< an0) < ¥(raka o) (uan, 0. A )

< N(T, uglMp(X)> (2u+1)7,

where the last inequality follows by the standard volumetric argument. This
shows that N(T,ugM,(X)) > e if u < e?/(49, therefore we may find
Ty C T with |T1| > e such that for all distinct s,t € T7,

d d A
s—t,X)|lg> = |l(s —t, X)), > —e?/UD_ >
I >dep||< >prp 5 >

00|

Thus again SMPy(k) yields
A
Esup(t—s,X)>E sup (t—5,X)>Kk—. =
t,seT t,s€T 8

REMARK 2.7. Lemmas and [2.6] together with Remark [2.4] show that
every log-concave vector satisfies SMP(1/(Cd)).

The following easy observation shows that Sudakov minoration holds
with a universal constant if p is large with respect to the dimension d.

LEMMA 2.8. Fvery symmetric d-dimensional log-concave vector X sat-
isfies SMPp(f%p(ep/d — 1)) for p > 2. In particular X satisfies SMP(1/3)

for p > 2dlog(d + e).

Proof. By Lemma [2.2] we may assume that X is isotropic. Assume that
IT| > eP, p>2 and () holds. Then by Lemma [2.3]

2 2
[t = sl = (e =, X)ll2 2 Z{E =, X)llp = A

This implies that the sets (t+ %Bg) teT

volumetric argument shows that there exist t,s € T such that |t — s| >
(A/p)(|T|"¢ - 1). We have

have disjoint interiors. The standard

1 A
Esup(t—s,X)=sup E|(t —s,X)| > —= sup |t —s| > (ep/d —1).
t,se€T t,seT 2 t,se€T \/ip
Finally if p = adlog(d + e) with a > 2 then p > 2 and ePld — 1 >
d(d+e)* 1 >d(a—1)log(d+e) > 1ip. u
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3. Estimates for general log-concave measures. We say that a
random vector X in R? satisfies exponential concentration with a constant
o < oo if for any Borel set B in R?,

1
PXeB)>; = P(X € B4+auBJ)>1—e™ foru>0.

It is an important open problem [I0] whether isotropic log-concave vec-
tors satisfy exponential concentration with a universal constant. E. Mil-
man [I8] showed that this problem has numerous equivalent functional
and isoperimetrical formulations. Klartag [I1] proved that every isotropic
d-dimensional log-concave vector satisfies exponential concentration with a
constant o < CdY/?7¢ with ¢ > 1/30. This bound was improved by Eldan
7] to a < Cd/3log"/?(d + 1).

We start this section by deriving a simple consequence of exponential
concentration, which will be used to estimate £,,-norms of log-concave vec-
tors.

PROPOSITION 3.1. Suppose that a random vector X satisfies exponential
concentration with a constant a.. Then for any V>0, p > 2 and T C R¢ we
have
1/p

(B ) Avy) " <o (306 x) A vP)

teT teT
+ 2Py =2)/P(03(T))?/P,

where /2
B(T) = sup (3o I(t,2)2)

|2|=1 Y

Proof. Let
1/
S = (Z(y<t,X>yAV)p) " and M:=ES.
tel
Define also

B:= {m cR": <Z(|<t, 2)| A V)p)l/p < 2M}.

teT

Then P(X € B) > 1/2. Notice that for x = y + 2z € B+ uB} with v > 0 we
have

(S avy) < (St avy)” + (e avye)”

teT teT teT

< oM+ V(3 z)|2>1/ '

teT
< oM + VAP (yB(T))/P.
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Hence exponential concentration yields

P(S > 2M + V(p_Q)/p(aB(T)u)Q/p) <e™ foru>0.
Integrating by parts this gives
(E(S - 2M);)'/7

uptev” du) v
= oM/ P=2/P(03(T))?/P. u
We also need a simple technical lemma.

LEMMA 3.2. Suppose that Y is a real symmetric log-concave r.v., p > 2
and ||Yl]l, >V >0. Then E([Y|AV)P > (V/12)P.
Proof. By Lemma [2.3 [|[Y|l2p < 2||Y]|,, hence the Paley—Zygmund in-
equality yields
(E[Y]?)? 1
>
TAE|Y|?P T 4.2%

P(Y| > 277V > ]P’<|Y|p >_F \Yp)

and

12

We are now ready to state a lower bound for suprema of coordinates of
isotropic log-concave vectors.

p
E(Y|AV)P > VP]P’(|Y\ > 92" 1/pv>>8ivp> <V> .

ProprOSITION 3.3. Let X be an isotropic log-concave random vector
in R, Suppose that p > 2, d > e — 1 and |laiXillp >V for1 < i < d.
Then

1
Emax{|a1 X1],...,|aqaXql} > HV.

Proof. A symmetrization argument as in Lemma [2.1] shows that we may
additionally assume that X is symmetric. By Lemma @,

V2

2
Emax|aiXi] > max [aiXi]y > Y2 max aXil, > Y2V,
I3 [3 p I3 p

so we may assume that p (and therefore also d) is sufficiently large. Since
e? —1 > eP/? and by Lemma , laiXillap = AllaiXill, > AV for A €
(0,1] and p > 2/X, we may assume (changing p to p/(81n(24)) and V to
V/(81n(24))) that d > 24,

Since it is only a matter of normalization of the coefficients a; and
the number V' we may and will assume that max;|a;| = 1. But then by
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Lemma [2:3]
1
Emax{|la1 X1],...,|aqXq|} > maxE|a; X;| > minE | X;| > —,
so it is enough to consider the case V > 2.

By the result of Eldan [7], X satisfies exponential concentration with
constant at most d'/271/8 (recall that we assume that d is sufficiently large).
Let T := {a;e; : i < d} C R% Then

d
2 2 2
B(T)* = sup Z la;z;| = maxa; = 1,

lz|=1%_1

hence Proposition [3.1] yields (recall that V' > 2)

d d
(]E Z(|G1Xl’ AN V)p) 1/p < 2E<Z(|a1X1| A V)p) 1/p 4 le/p—l/(4p)'
i=1 i=1
We have

d
1
E (anlx@-y AVY) "< a7 E masx [a; ;|

i=1
By Lemma [3.2) we know that E (|a; X;| A V)P > (V/12)P, therefore

d
p 1
(B (x| A VYY) "> SV,
=1
Thus
Lyar < 20/ E max |a; X;| + Vat/p=1/Up),
12 1<i<d

However d/(4P) > 24 and we get

1
E Xi| > —V.
jax leiXil 2 ggV- =
As a corollary we show that Conjecture holds for sets T' such that
r.v.’s ((t, X))ter are uncorrelated.

COROLLARY 3.4. Suppose that X is a d-dimensional log-concave random
vector, p > 2, T C R satisfies and Cov((t,X),(s,X)) =0 fors,t €T
with s # t. Then holds with a universal constant k provided that |T'| > €P.

Proof. Using a symmetrization argument as in the proof of Lemma [2.1
we may assume that X is symmetric.

Since ||(t—s, X) ||, < [|t, X)|[p+|[(s, X)||p, there exist t1,...,t, C T with
n > |T| —1 > e’ — 1 such that [|(¢;, X)||, > A/2 for all i. Proposition
applied with V' = A/2, a; := ||(t;, X)||2 and n-dimensional isotropic vector
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Y = (<ti,X>/ai)Z-§n giVGS

1
]EI?E%E(W&’XH > Em?X|<ti7X>| = Em?X|aiYi| > EA-

Notice that for any ¢ty € T" we have

E t—s5,X)>E t—1 >E t, X)| — E|{to, X)|.
max(t — s, X) > Emax (¢ — to, X)| > Emax| (£, X)| ~ E|(t0, X)

If E|{to, X)| < A/(4C}) then we are done, otherwise we may assume that
T >ty # tp and get, by Lemma

1 1
E t— s X)>E|(t —to, X)| > —= |t — to, X2 > —=||(to, X
?ié¥< 5, X) > E|(t1 —to >|_\/§H<1 0, X)l2 2H<o M2

1
> Sl X)] 2 1A,

where the third inequality follows since Cov((tg, X), (t1,X)) =0. =

Before we formulate the next consequence of Proposition [3.3] we show a
simple decomposition lemma.

LEMMA 3.5. Letr >0, ¢ € [0,1) and T C rBY satisfy |T| > (2/ + 1)".

Then we can find vectors ty, s, € T and v, u, € R, k=1,...,n, such that
0 # t — s = uk + vg, |vk| < er for all k and the vectors uq,...,u, are
orthogonal.

Proof. We proceed by induction. We choose for ¢1,s; any two distinct
vectors in T and set uq := ¢t;1 — 81 and v := 0. Suppose that 1 < [ <
n — 1 and vectors t;, S, Uk, Vx have been chosen for 1 < k < [. Define E :=
Lin(ug,...,u;),so dim E <[ < n—1. Since in the ball in F of radius r there
are at most (2/¢ + 1)4™F < |T| points with mutual distances at least er,
there exist distinct vectors t;41, 5741 in 1" such that |Pg(t;41 — si41)| < er,
where Pg denotes the orthogonal projection onto E. We set

vip1 = Pt — si41)  and wpq =441 — Si41 — Vi1 m
The next theorem is a weaker form of Conjecture

THEOREM 3.6. Let X be a log-concave vector, p > 1 and T C R? be such
that |T| > e and ||(t — s, X)||, > A for all distinct t,s € T. Then

E sup (t — s, X) > lA.
t,s€T C
Proof. Arguments as in the proofs of Lemmas [2.1] and [2.2] show that it
is enough to consider only symmetric and 1sotroplc vectors X. Since the
statement is translation invariant, we can assume that 0 € T'.
Let C7 be as in Proposition we may obviously assume that C7 > 1. By
Remark it is enough to consider the case p > 16eCy. Set p' := p/(8eCt)
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and A’ := A/(8eC). Lemma [2.3| yields ||(t — s, X)||,y > A’ for any distinct
vectors s,t € T. Moreover
(14 4eCip))® < (P2 < e < |T).
Since 0 € T', we have (using again Lemma

1 1
E sup (t — s, X) > supE (¢, X)| > —sup||<t X))o = sup |¢|.
t,s€T teT 2 V2 ter

Thus we may assume that T C A’BS. Let n := ¢? and e := 1/(2eC1p’).
Then |T'| > (2/e + 1)". Therefore we may apply Lemma to the set T
with 7 = A’ and €, n as above and get points t;, si, ux and v,. We have

E sup (t — s, X>>Emax|<tk—sk, X)| = Emax |(u, + vg, X)|
t,s€T k<n
>E —E X)|.
> Emax |{uy, X)| — Emax (v, X))|
Notice that

/ 1/p/ ’
E X <<IE X p) < nl/p X\
max | (v, X)| < > o, X)) < n /P max||(vg, X)llp

k<n
/ /
p €p ep / /
<e— X2 = — < —eA' = —A
where the third inequality follows by Lemma Moreover for any k,
/ /
P A
ks Xl = (1t = s X llpr = [ ogs Xl = A" = e A" > =
Since uy are orthogonal and X is isotropic, Proposition (applied with
p=1p,V =A/2 a; := |ug| and the n-dimensional isotropic vector Y =

((uk, X)/ag)k<n) yields
1

Esup [{(uy, X)| > —A’.
kgg [, X)) 2 2C,
Hence ) )
Esup(t—s,X)>—A — —A = —A/
t,sepT< B TR T T

REMARK 3.7. As in Remark we can reformulate the above result

in terms of covering numbers: for any log-concave vector X, any nonempty
T c R% and A > 0, we have

1 A
E sup (t —s,X) > — supmin{ log (1 + log N(T', dxp, A)),A}.
t,seT p>1 b

It is an open problem (cf. [13]) whether weak and strong moments of
log-concave vectors are comparable, i.e. whether for p > 1, log-concave
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d-dimensional vectors X and any norm || || on R?,

EIXIP)” < C(EIX] + sup (B[ X)P)').

The next result shows that this is the case for weighted 1% -norms of isotropic
vectors.

COROLLARY 3.8. Let X be an isotropic d-dimensional random vector.
Then for any numbers ay,...,aq and any p > 1,

1/
(]Emax |aiXi]p) : < C(Emax la; X;| + max (E \aiX,-]p)l/p).
i<d i<d i<d

Proof. Let M := Emax;<4|a;X;|. Define
I, ={i <d: ||a; Xi||lg > C1 M}, ¢q>1,

and
Io=J I, = {i <d: |a:Xi[|oo > C1M}.
g1
Then by Proposition |I; <e?—1for2<qg<oo.
We have

1/p 1/p
(Emax|aiXi\p) < (E Z \aiXi|p> < \Igp\l/p max ||a; X; ||
ZGIQp i ZGIQp
Z€I2p
< ¢? Xl
> e I?gj(”az illp
Chebyshev’s inequality implies, for u > 0,
P(|(I¢X¢| Z U) § u_q||aiXng S (ClM/’LL)q for ¢ ¢ Iq.
Hence for u > 2,

P(yg?x\aiXi] > ueQClM> < Z P(|a; X;| > ue’C1 M)
R iEIoo\Igp

S i Z ]P’(|aiXi] Z ueQClM)

k=1 i612k+1p\12kp

oM N\,
S |I2k+1p’ (’[M) S Zqu p S 2U72p.

Integration by parts yields

1/
<EmaxlaiXi|p> 3 <CM = CIEméagc\aiXi]. .

i¢lap
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4. Unconditional case. In thissection we study the Sudakov minoration
principle for unconditional log-concave vectors X. A random d-dimensional
vector X = (X71,. .., Xy)iscalled unconditional if the vector (n1 X1, ..., n4Xq)
has the same distribution as X for any choice of signs ny,...,nq € {—1,1}.

Since this is only a matter of normalization, we will also assume that X
is isotropic, which in this case means that EX? =1 fori=1,...,d.

We will denote by ¢; a Bernoulli sequence, i.e. a sequence of i.i.d. sym-
metric £1 r.v.’s; we will also assume that the variables (g;); are independent
of X. Let (&;) denote a sequence of independent symmetric exponential r.v.’s
with variance 1 (i.e. with density % exp(—v/2|z|)).

The next lemma shows that the vectors (¢;);<q and (&;)i<q are in a sense
extremal in the class of d-dimensional unconditional isotropic log-concave
vectors.

LEMMA 4.1. Let X be an isotropic unconditional log-concave vector.

(i) For anyt € R? and p > 1,

d d
1
; LS he] <3 6x
() ﬂ;zlp ;zz

(ii) For any nonempty bounded set T C R we have

(4) IEsupthsZ <V2E supZtl

d
<2\/6H tE;
p ;2217

teT teT 4
Moreover for any 0 # I C {1,...,d},
(5) Esup t;:& < Cylog(|I] + 1 Esup t: X

Proof. (i) By Lemma Jensen’s inequality and unconditionality of X,

L d d
ﬂ“;t'ﬁ:z ) < H;tﬂz ) < H;tz ;

On the other hand, the result of Bobkov—Nazarov [4] and integration by
parts give
d
D3g
i=1

and the upper bound in follows by Lemma
(ii) Inequality can be proven in a similar way to the lower bound
n . To finish the proof observe that

fork=1,2,...,




264 R. Latala

ESupZtigi = ESUPZU&’@H < Emax ‘gz| EsupZtisi
teT 27 teT 27 il teT o7
< Clog(|I] + 1)Esup2tiei,
€T Ger

thus follows by . "

The next result easily follows by comparing unconditional vectors with
the exponential random vector £ = (&;);<q-

PROPOSITION 4.2. Suppose that X is a d-dimensional log-concave un-
conditional vector. Then X satisfies SMP(1/(C'log(d + 1))).

Proof. Recall that we may assume that X is isotropic. Let p > 1 and T
be a set in R? with cardinality at least e? such that holds. Then by ,
for distinct ¢, s € T, we have ||(t —s, &), > A/(2V/6), where € = (&;)i<a. We
know (see Example that £ satisfies the Sudakov minoration principle
with a universal constant, thus by we have

A
— <Esup(t—s,&) <Czlog(d+1)E sup (t —s5,X). m
C ts€T t.seT
We are now ready to present the main result of this section. Its proof is
also based on comparison ideas, but in a less straightforward way.

THEOREM 4.3. Let X be a log-concave unconditional vector in R%, p > 1
2
and T C R? be such that |T| > eP” and ||(t — s, X)||p, > A for distinct points
t,s €T. Then

1
E sup (t — s, X) = 2Esup (t, X) >

—A.
t,seT teT C

Proof. Again we assume that X is isotropic. By Remark we may
assume that p > 2. Observe also that if 0 € T' then Esup, s (t — 5, X) >
E sup,cr |(t, X)|, so for such T' it is enough to show that

(6) Esup |(t, X)| > = A.
teT C

We divide the proof into three steps. In the first two steps we show that
we may add additional assumptions on the set 7' (slightly decreasing its
cardinality and rescaling A by a universal constant).

STEP 1. We may assume that 0 € T, |T'| > e”’ =P and

d
(7) Hz_:tzsz

where 0 > 0 is a positive universal constant (to be chosen later).

<J6A forallteT,
P
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Let dy(t,s) = || Zz_ (ti—si)ei||p- By the result of Talagrand (see Example

) we know that 1f N(T dp, ) > € then Esup; ser Zl (ti — si)eq >

1 C')a. Thus using (4) we may assume that N (7', d,, 5A/2) < eP; this means
that there exists t° € T such that

[{t € T :dy(t,t°) < 5A}| > |T|/eP.
So we may consider the new set 7" = {t — % : d,,(¢,t") < §A}.

STEP 2. We may assume (changing A to A/2) that 0 € T, |T| > e?" P,
holds and

(8) |supp(t)| <p forallteT.

By Step 1 we may assume that 0 € T and holds. The result of
Hitczenko [9] gives

o el A (S

where ¢! denotes the nonincreasing rearrangement of (|¢;|).

Let us define p(z) := sgn(x)(|z| — C36A4/p)+ for x € R and let p(t) :=
(¢(t;)) for t € RY. Then and (9) imply that [supp(p(t))| < p for t € T
The upper bound in and the Gluskin—Kwapieni estimate [§] yield

(10) 1Kt X) lp < 2V6 [[{t,E)lp < Calplltlloo + v/ [IEl]2)-
Thus if § < 1/(12C3C4) we get, for t € T,

It = @(t), X)llp < Capllt = 2(t) oo + VB It = 2(8)2)
1/2
< Ca(2pllt = p(t)loo + vB (D 112) )

i>p
d A
< CyCy (204 + HZ_; tie: ) < 3C3C0A < .
Hence for any t,s € T', t # s, we have
A_ A
I0) = (), X)llp 2 It = 5, X)p — 25 2 5.

Moreover the contraction principle for Rademacher processes (see [16, The-
orem 4.12]) and the unconditionality of X yield

Ejgg!@ X =5 ESUPI( (®), X},

so it is enough to prove estimate (6]) for the set ¢(T) = (¢(t))ter. Note that
condition (7)) holds for ¢(7') since it holds for T" and |p(t;)| < |t;| for all 4.
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STEP 3. We consider a finite set 7 such that 0 € T, |T| > eP*~P > ¢P*/2,
[t — s, X)||p > A for distinct ¢, s € T, and conditions (7)—(8) hold. To finish
the proof it is enough to show @

To this end we construct inductively points ¢1,...,ty. For t; we take any
point in 7. Suppose that ¢, ...,%, have been constructed. We set

L= | supp(t),  Jn:={1,...,d}\ I,
k<n
and

Tp:={teT:|(ts, X)|l, > A/4},

where for I C {1,...,d} we write t; := (t;1{;¢ry). If T;, is nonempty, we pick
for t,,41 any point in this set, otherwise we finish the construction and set
n=N,I=1y,J=Jy.

We distinguish two possibilities.

Case I: N <eP. Then |I| < Zfil |supp(tx)| < Np < e?. Observe that
then for any distinct t,s € T,

[<tr — 51, X)|lp = [t = 5, X)llp — Ea, XD lp — {50, XD lp >
Thus by , @ and ,
A
= <|Itr = s, X)|lp < Ca(plltr — stlloe + v/ lltr — s1l|2)

2
< Cy (QPHtI = s1lloo + CsHth’&z’ p) < C3Cu(2plltr — s1l|oo + 0 A),
i€l

4
.

therefore if § < 1/(4C5C4) then ||t7 — s7|loc = A/(8C3C4p). By the Gluskin—
Kwapien estimate [8] we get
pA
C Y
where £ = (&;)i<q. Since € satisfies the Sudakov minoration principle with
a uniform constant (see Example and |T| > eP”/2, we obtain
A

2Esup|(tr,&)| > Esup (t; — s1,E) > P

teT teT ¢

Thus by we have

A
P <Esup|(t7,£)] < Colog(1] + 1) Esup|{t7, X)| < CpEsup |{t, X)].
t teT

C teT eT

2
p
I(tr — s1,E)llp2/2 = 5\\751 = 81llo0 =

CAseE II: N > ¢P. Let Iy = 0, Ay := I \ Iy—1 and si := ta, for
k=1,...,N. Then by our construction the vectors s; have disjoint supports
and ||(sg, X)|l, > A/4 for k = 1,...,N. Thus by Proposition (applied
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with V' = A/4, a; = |s;| and isotropic vector ((s;, X)/|si|)i<n) we get

A
> —.
Eglga]>V<|<8k,X>| =Te
Since the sets Ay are disjoint and the vector X is unconditional, we get
1 1 A
Ertneajg(Kt,XH > iErtn&g(m]?x\(tAk,Xﬂ > §Einga§|<sk,X>| > sC, "

REMARK 4.4. Following Remark we may restate Theorem in
terms of covering numbers—for any log-concave unconditional vector X,
any nonempty 7 C R% and A > 0,

1 A
E sup (t — s, X) =2Esup (¢, X) > supmin{\/logN(T,dXJ,,A),A}.
t,s€T teT C p>1 P

5. Invariant log-concave vectors. In this section we investigate the
class of invariant log-concave vectors. The first result shows that pth mo-
ments of norms of such vectors are almost constant for p < d.

PROPOSITION 5.1. Let K be a symmetric convex body in R* and X be
a random d-dimensional vector with a density of the form e~?UZIx) where
@: [0,00) = (—00,00] is a nondecreasing convex function. Then

(B[IX[1%)"* < Cs Med (|| X |1x).
Proof. Let p denote the law of X and m := Med(||X||x). Then

% = u(mK) = S e—PUlzlx) g < S e~ 20) dp — efga(O)mdvol(K)
mK mK
and
1> u(2emK) = S e~ ?Ulelx) g > S o—(2em) .
2emK 2emK
= %) (2em)? vol(K).
Therefore ,
690(26”1)*90(0) > 5(26)d > ed

Convexity of ¢ implies that

(11) p(r) = (m) = 5——(r—m) forr > 2em.
Integrating in polar-type coordinates we get
1 " m
i u(mK) = cx S e ¢(M)pd=1 gy > ci S e~ ¢(m)pd=1 g,
0 0

— %ﬂnde—w(m)7
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where ¢ = dvol(K). Hence for s > 0,

o0

P(|| X ||x > sm) = p(R?\ smK) = ck S e ?)pd=1 gy
sm

d [e.e]

< —md S eP(m)—p(r) d=1 g,
2 sm

Using we get
d _q a T d—1
P(|| X ||k > sm) < gm ez S e zemr® dr  for s > 2e.
sm

d—

The function 7 — e~ em 741 is decreasing for r > 4d em, thus

¢~ 2em i1 <e~ (4em)d le=itm  for r > 4em.

Hence for s > 4e,

o0

P(|X|[x > sm) < g(em)_d(élem)d_lege S e~ dem dr = %62%4d6_‘%:.
sm
Integrating by parts we get
oo
E|X|% < (dem)? +dm® | s P(|X | > sm) ds

4e

d d T

< (4em)? + 565(4m)d S d-1o—% ds
0

and it easily follows that (E || X[|%)Y4 < Csm. =

It turns out that the Sudakov minoration property holds with almost
the same constant for all vectors in the same class of invariant log-concave

vectors.

THEOREM 5.2. Let X?, i = 1,2, be d-dimensional random vectors with
densities of the form e~?iZllx) where K is a symmetric conver body in
R? and @;: [0,00) — (—o0,00] are nondecreasing conver functions. If X!

satisfies SMP (k) then X? satisfies SMP(/C).

Proof. Observe that X* has the same distribution as R;Y, where Y is
uniformly distributed on K and R; are nonnegative r.v’s independent Qf Y.
We have || X'||x < R;, in particular ER; > Med(R;) > 1 Med(]|X?||x).

Moreover

—_

E X))V = @ RHVUENY %)V = S (E RV

\V)

Therefore Proposition [5.1] implies
ER; <|Rill, < ||Rilla <AC5ER;  for 1 <p<d.
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We need to show that X? satisfies SMP,(x/C) for p > 1. By Lemma
it is enough to consider only p < d. Since it is a matter of scaling, we may

assume that ER; = 1 for i = 1,2. For any T C R? we then have

E sup (t — s, X") =ER;E sup (t —s,Y) = E sup (t — 5,Y).
t,seT t,seT t,seT

Moreover for p > 1,
I, XY = I Rillpll(, Y], for any w € R”,

Fix 1 < p < d and take T C R? with |T'| > eP such that ||(t—s, X?)||, > A
forallt,s € T, t # s. Then ||{t—s, X )||, > ﬁA for distinct points t,s € T,
and SMP for X! yields

E sup (t — s, X?) = Esup (t — s, X!) > A
t,s€T teT 4C5

As a corollary we show that a large class of invariant log-concave vectors
satisfy SMP with a universal constant.

COROLLARY 5.3. All d-dimensional random vectors with densities of the
form exp(—¢(||z]p)), where 1 < p < 0o and ¢: [0,00) = (—00, 0] is nonde-
creasing and convex, satisfy the Sudakov minoration principle with a univer-
sal constant. In particular all rotation invariant log-concave random vectors
satisfy the Sudakov minoration principle with a universal constant.

Proof. We apply Theorem with X2 = X and X! having a density
of the form cgexp(—@p(H:EHp)), where ¢,(r) = rP for p < 0o and s =

00l[1 o). Note that X 1 is log-concave with a product density so it satisfies
SMP with a universal constant (see Example [1.5]). m

6. Applications. In the last section we apply chaining techniques to es-
tablish properties of vectors satisfying SMP. Before we formulate our results
we state a simple general estimate for moments of suprema of stochastic
processes based on chaining.

PROPOSITION 6.1. Let (X¢)ier be a stochastic process and (T)o<k<k,
be a sequence of subsets of T such that |Ti| < 2 for 0 < k < k1 and
Ty, = T. Moreover suppose that wp : T — T}, for 0 < k < k; and m, (t) =1
forallt € T. Then for any 1 < kg < k1 —1 and 2ko—1 < 4y < 9ko,

k1
HSHP !Xt!H < 363(8111) > X)) = Xy () llox + sup HXth)-
teTy p teT k=ko+1 tETkO

Proof. Define

k1
m(l) := sup Z Hka(t) - erk_l(t)HQk'
teT 14
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Then for u > 2e3,

(12)  B(sup| X0 = X ] > um(ko))

teT
k1
<P(sup Y Xy — Xnp, !>Um(k0))
LT p—kot1

< P(3k0+1<k<k1 Frer [ Xnyw) — Xro o] = ull X0y — X0y llor)

Z SN P(X - Xyl > ull X~ Xy llor)

k=ko+1s€Ty s'€T)_1

k1 . k1 3 2k
< D Tl [Tealu™ < ) (u>

k=ko+1 k=ko+1

3 2Fo+! 3\ 2P
f€) f2)”
u u

Hence integrating by parts we get

Esup [ Xy — X7 )" < (e3m(ko)) (2p —|—pogoup_12u_2p du)
teT 2
= (2e3)P(1 + 2'72PYm(ko)P < (3e3m(ko))P.
Moreover
Baup Kool S 37 I < [Ty sup 1560 < sup 1,1

tETkO
Hence

Hsup\Xt\H < HSUP|Xt - kao(t)’H + HSUP\X%@)!H
teT p teT p teT p

< 3¢* (mlko) + sup [ Xi]l,).
tGTkO

REMARK 6.2. If 200—1 < p < 2k0 but kg > ky, then p > 21 and
Hsup ]Xt]H < |T|MPsup || Xy ||, < e*sup || X,
teT P teT teT
Now we show that if weak moments of a random vector X with the SMP

property dominate weak moments of another random vector Y then strong
moments of X dominate strong moments of ¥ up to a logarithmic factor.

PROPOSITION 6.3. Suppose a random vector X in RY satisfies SMP (k).
Let Y be a random d-dimensional vector such that ||(t,Y )|, < [[(t, X)|l, for
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allp>1 and t € RL. Then for any norm || || on R? and p > 1,

13 @y <o op (S EIXI+ sw @l y)P))

[t <1
1 ed Py1/p.
<C logJr » +1)(E|X|P)

Proof. Let T be a 1/2-net in B ||, := {t € R ||t||l« < 1} of cardinality
at most 5%. Then ||z|| < 2maxer(t,z) for any 2 € R For ¢ > 1 choose
a maximal set S; C T such that [|(t — s, X)|l; > 2E||X|| for all distinct
t,s € S;. Since X satisfies SMP(x) and

E max (t —s,X) <E sup (u,X)=2E|X],
t,s€Sq llull<2
we get |Sy| < ef.
Let k1 be the smallest integer such that 2111 > dlog 5. Set Tk, :=T and
Ty := Sor+1 for 0 < k < k. Let 10 T — 52k+1 be such that for any t € T,

It = 7k (), X llowsr < = EHXH

Define maps m;: T' — T} by m, (t) =t and for 0 < k < ky by 7 =
Tl O Tg+1 © -+ 0 Tk, —1. Let kg be the smallest positive integer such that
2ko > p.

If kg < k1 — 1, we may apply Proposition to Xy := (t,Y). Hence

E|Y|)? < 2Hmax [ Y>|H

6c* (sup 57 relt) — me a0, ¥)lle + sup Y)lp)-

T f—kot1 t€Tk,

To show the first inequality in it is enough to notice that k1 — ky <
C'log(ed/p) and for any 1 < k < k:1 we have

Sup [ (me(8) = -1 (8), ¥)llow < supfl{mi(t) = me-1(£), X7l

<sup [|(t = -1 (8), X) [l < — EHXH
teT

If kg > k1, we use Remark instead of Proposition
The second inequality in follows since
sup [[(t,Y)[l, < sup [[{t, X)[l, < (B[ X|P)'/7. u
€Tk, lltll«<1

The next corollary states that weak and strong moments of random vec-
tors with the SMP property are comparable up to a logarithmic factor.
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COROLLARY 6.4. Suppose that X is a d-dimensional random vector which
satisfies SMP (k). Then for any norm || || on RY and any p > 1,

1 ed
@ 1x1P7 < 0 o () BIXI + sup (€[00 X)) ).
p flell<1

Proof. We apply Proposition withY =X. n

The last result shows that for a class of invariant vectors we may eliminate
logarithmic factors.

PROPOSITION 6.5. Let X be a d-dimensional random vector with a den-
sity of the form e~ ?U*lr) where 1 < r < 0o and ¢: [0,00) = (—00, ]
is nondecreasing and convex. Let Y be a random vector in R such that
1Y) < |t X)|lp for p > 1. Then for any norm || || on R? and p > 1,

E[Y]P)'? < C(r)EIX|| +C sup (E[(t,Y)P)/P < O'(r)(E | X|7)/7,
l[tl]s<
where C(r) and C'(r) depend only on r. In particular for any norm || || on

R? and any p > 1,

E[IX[P)/P < Cr)E|X] +C sup (E[(t,X)[P)"?.
llell«<1

Proof. Let X have a density of the form cp exp(f |z||5). Then X has inde-
pendent coordinates. We have X = RZ and X RZ, where Z is uniformly
distributed on Bg and R, R are nonnegative random variables independent of

Z. Since it is only a matter of normalization, we may assume that ER = E R.
Then E | X||=ERE|Z|| = ERE|Z| = E|X||. Moreover, Proposition
easily implies (see the proof of Theorem [5.2] . ) that for 1 < p < d, we have
|R|l, < |R|la < 4C5||R||1 = 4C5||R||; < 4C5]|R||p- Thus for any t € R? and
1<p<d,

1Kt X1l = IRIpIE Z2)llp < 4C5 [ RIpl K, 2) ]l = 4Cs5 ]t X) -
For t € R and d < p < dlog5, by Lemmawe get
1t X1, < (log 5)|(t, X)lla < 2C5(log 5)| (¢, X)[la < 2C5(log 5) | {t, X) -
Therefore we have
(14) 1LY < 14t Xl < 2Cs5(log 5)I1(E X)
for 1 <p<dlogh, te RY.

Let T' be a 1/2-net in B, of cardinality at most 5% Let k1 be the

smallest integer such that e2*"" > 57, By the result of Talagrand [21] we
may find sets Ty, C T, 0 < k < ky, and maps 7 : T' — T}, such that Ty, =T,
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|Tx| < 2" T, (t) =t for t € T and

k1
> Hmk(t) = o1 (), X lae < %C(T) Eiug (t, X)
k=1 €

<C(ME|X| =C(r)E|X].

We may now proceed as in the proof of Proposition observing that

by we have

[k () = m-1(8), Y) llg# < 2C5(log 5)[[{me (t) — m—1(£), Xl

for0<k<k. m

REMARK 6.6. Using the two-sided bound for the expected value of

suprema of Bernoulli processes [2] one may show that Proposition is
also satisfied in the case r = co.
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