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Harnack inequality for stable processes on d-sets
by

KRzYSZTOF BOGDAN, ANDRZEJ STOS and PAWEL SZTONYK (Wroctaw)

Abstract. We investigate properties of functions which are harmonic with respect
to a-stable processes on d-sets such as the Sierpinski gasket or carpet. We prove the
Harnack inequality for such functions. For every process we estimate its transition density
and harmonic measure of the ball. We prove continuity of the density of the harmonic
measure. We also give some results on the decay rate of harmonic functions on regular
subsets of the d-set. In the case of the Sierpinski gasket we even obtain the Boundary
Harnack Principle.

1. Introduction. In the last two decades we observed a rapid develop-
ment of analysis and probability theory on fractals; see [DSV], [Str], [Ba],
[BB], [BP| and the references therein. [Ba], for example, presents proba-
bilistic techniques in potential theory corresponding to the generator of the
so-called fractional diffusion, the fractal analogue of the classical Brownian
motion (see the next section for precise definitions).

Starting from the fractional diffusions, a class of subordinated processes
on d-sets was introduced in [S]. By an analogy with the classical setting, we
call these processes a-stable. The definition is briefly recalled in Section 3.

The present paper addresses several important problems of the potential
theory of a-stable processes on d-sets. One of the results is the Harnack
inequality for nonnegative harmonic functions of the process. The main re-
sults were announced earlier in [BSS]. For related recent developments we
refer the reader to [FJ], [FU], [Kum]|, [HL].

The paper is organized as follows. In Section 3 we give estimates and
some regularity results for the transition densities of the stable process. In
Section 4 we obtain estimates for the expected exit time for subdomains of
the d-set. We generally follow the approach designed in [Bal; in particular
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Lemmas 4.1 and 4.3, and Proposition 4.4 have their analogues in the diffu-
sion case. Here we give new and slightly generalized computations related
to the a-stable process.

In Section 6 we prove the existence and joint continuity of the Poisson
kernel Pp(x,y) for an open ball D in the d-set. Pp(x,y) is given by the
Ikeda—Watanabe Formula [IW] describing a relation between the harmonic
measure and the Lévy measure which is absent in the diffusion case. We
derive optimal estimates for the Poisson kernel when = and y are away from
the boundary (Proposition 6.4). The estimates turn out to be sufficient for
the proof of the Harnack inequality when v € (0,2/d,,)U(ds, 2). The latter is
given in Section 7. In the recurrent case the proof of Lemma 7.3 employs an
interesting formula (56) involving the hitting time for a point and the Green
function. The transient case relies on estimates of the Poisson kernel for balls.
We note here that the Harnack inequality has been recently established for
fractional diffusions ([Ba], [BB1]) and for pure jump processes in RY ([BL]).
In each case, including ours, the methods of proof are completely different.

Section 8 gives an estimate for the exit times of subdomains of the d-set
(Theorem 8.3) which easily yields the decay rate of harmonic functions near
the boundary (Theorem 8.4). The latter has an analogue in the theory of
rotation invariant a-stable processes in R (see [B, Lemma 3]). However,
[B] makes an essential use of the exact formula for the Poisson kernel for a
ball, which is not available in our case. Section 8 also contains a Carleson
type estimate for o € (0,2/d,,) with a proof adapted from [BBy]|. Our main
contribution is in showing that the weak scaling of the process is sufficient
for this proof to work. The restriction on a above is due to the fact that our
proof depends on the polarity of the boundary of a ball. Finally, we give a
proof of the Boundary Harnack Principle in the Sierpinski gasket case for
a € (0,2/dy) U (ds,2). Due to the simple geometry of this set the proof
is an application of the Harnack inequality. We believe that the Boundary
Harnack Principle holds more generally (e.g. for the Sierpiriski carpet) but
more complicated methods must be used to prove it.

2. Preliminaries. In this section we collect some notation and defini-
tions adapted from [Ba] and [P].

Let F be a nonempty closed subset of RV, N > 1. Set d € (0, N]. We say
that a (positive) Borel measure p is a d-measure on F' if for some constants
c1,c2 > 0 it satisfies

(1) ar < p(B(z,r)) <cor?, x€F, 0<r <1,

where rg is the diameter of F and B(z,r) denotes the ball in R with center
x and radius r. We call F' a d-set if F' = supp(u) for some d-measure . It is
known that any d-measure is a regular Borel measure. Any two d-measures
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on the same d-set I are equivalent and the d-dimensional Hausdorff measure
restricted to a d-set F' is a d-measure [JW].

We use ¢ (with subscripts) to denote positive and finite constants which
depend only on the d-measure u, F' (and d), the fractional diffusion on F
and the stability index « (see below). Any additional dependence is indi-
cated explicitly, e.g. ¢4 = ¢4(D, k). Constants are numbered consecutively
within each proof. The value of ¢ (without subscript) may change from place
to place. We write (e.g.) f(z) < g(z), x € F, to indicate that there are con-
stants c¢1, ca > 0 (independent of x) such that ¢; f(z) < g(z) < caf(z) for all
x € F. We denote by |-| the Euclidean distance in RY. From now on B(x,r)
denotes the Fuclidean ball intersected with our d-set F'. For a subset D C F
we always take complements in F, i.e. D¢ = F'\ D. Without losing generality,
in what follows we assume that 0 € F', which often simplifies the notation.

The following lemma is a convenient replacement for integration in polar
coordinates.

LEMMA 2.1. Let F' and u be as introduced above. Then for every xg € F,
r >0 and X\ > 0 there is ¢ = ¢(\) such that

(2) S |z — zo| 4 N dpu(z) < er™?,
|z—z0|>r
(3) S |z — xo| " du(z) < e
lx—zo|<T
Proof. From (1) it follows that
o0
| le—sl P da@) =S | -z du(a)
|z—zo|>r n=02nr<|p—zo|<27+1r

< 20 B 2 )

—d- )‘22 n(d+) 2"ty ) <er

This proves (2). The estimate (3) follows in a similar way. =

From now on we let F' C RY be a connected d-set, d € (0, N], N > 2,
and we let u be its d-measure. We put ty = oo when ry = oo and tg = rg“’
otherwise (see Definition 2.1). We often refer to the general theory of Markov
processes in the setting of [BG] or [ChZ].

DEFINITION 2.1. A Markov process X = (P%, X)zcr, >0 is called a frac-
tional diffusion on F if

(a) X is a diffusion with state space F,
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(b) X has a symmetric transition density ¢(¢,z,y) = q(t,y,x), t > 0,
x,y € F, which is jointly continuous for each ¢ > 0 and satisfies, for some
constants ¢1,...,c4 >0, dy, > 1 and all z,y € F and ¢ € (0, ),

_ ¥
(4) et % exp <—C2 (%) >

<q(t,z )<ct7ds/2ex —c 2= yl)
<q(t,z,y) <cs p\ e\~ :

Here ds = 2d/dy, v = dy/(dw — 1).

It is also known (see [P]) that all fractional diffusions on a fixed d-set F
must have the same value of the constant d,, i.e. d,, depends only on the
underlying geometry. We have d,, = 2 for F = RY and if the heat kernel of
the diffusion satisfies (4) then d,, > 2 (see [G]). We note here that the above
definition differs from that given in [Ba]. Following [P] we use the Euclidean
distance instead of the intrinsic shortest path metric (see [Bal). Since the
well known fractal diffusions were constructed in the shortest path metric
setting (e.g. [Bal), (4) is virtually tantamount to the assumption that the
two metrics are equivalent.

3. Stable process. From now on we fix a € (0,2). We also assume that
F is a connected d-set with d-measure p and rp = oo in (1). In particular
d > 1 and F is necessarily unbounded. We briefly recall the construction of
the a-stable process from [S]. Suppose that there exists a fractional diffusion
on F and let q(u,z,y), u > 0, z,y € F, denote its transition density with
respect to p. Let (Y7)i>0 be the ar/2-stable subordinator given by the Laplace
transform E exp(—uY;) = exp(—tu®/?). Let n:(u), t > 0, u > 0, be its one-
dimensional distribution density (see [Be] or [BG] for more details). For
t >0 and z,y € F we define

[e.e]
p(t, z, y) = S Q(U’ €T, y)nt(u) du.
0
By the general theory p(t, x,y) is the transition density of a Markov process
called the subordinate process (see [BG, p. 18]), which we denote by (X¢)¢>0
and call a-stable.

To simplify the notation, for the rest of the paper we let d,, = d+ ad,, /2.
The main result of this section is the theorem below. It resembles a well
known estimate for the rotation invariant a-stable process on RY and can
be interpreted as weak scaling of our process.

THEOREM 3.1 (Weak scaling). Fort >0, x,y € F, x # y, we have

t
5 p(t, x,y) =< min <7,tds/°‘>,
(5) (t,,y) —
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mn particular

(6) et~ B/ < pt,x, x) < ot/
Proof. By Theorem 37.1 of [D],

(7) Tim m(w)ult? = a/(20(1 — a/2)).

This, boundedness of 1;(-) and the scaling property

(8) ne(u) =t (), tu >0,

yield the following estimates:

(9) ne(u) < estu™' 72t u >0,

(10) me(u) > et 72 £ >0, u> ugt?®,

where uy depends only on «. Let t > 0, x,y € F, z # y, and d(t,z,y) =
|z — y|'t~2/((dw=1)) By the definition of p(t,z,y), (10) and substitution
v = colr — y[Tu" Vw1 (where ¢y is defined in (4)) we get

o0
(11)  p(t,z,y) > ct S u™ %2 exp(—co|w — y[YuV Gy 1m0/2 gy
wot?/e
csd(t,z,y)
> Ct|.’E _ y|*da S ,U(dSJra)(dwfl)/Qflefv dv
0

csd(t,w,y)
> Ct‘.%' — y’—dae—csd(t,xvy) S v(d5+a)(dw_1)/2—l dv

0
— ctids/aeicf)d(tx»y) .

If t > |z — y|®/2 or |z — y[t=2/(@d) < 1) then d(t,z,y) < 1 and
exp(—csd(t,z,y)) > exp(—cs). Consequently, we then get

(12) p(t7l»’y) > Cﬁt_ds/a,
Thus
. t _d
P(tax,y) > Cg mm(i,t S/Oé>
|z — yl|do

in this case. On the other hand, if t < |z —y|*%/2 then d(t,z,y) > 1 so that
the integral in (11) is bounded away from 0 and p(t, x,y) > crt|z — y| =% >
cymin(t/|z — y|% t=9/*) again. By (4), (9) and the same substitution as
in (11),

oo
(13)  p(t,z,y) < est | um®/27/2 L exp(—cglz — y[Tu= /) du

0

ct

i I((ds + a)(dyw — 1)/2).
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This gives the upper bound of (5) with the first term under the minimum.
To finish the proof of (5) we will verify the estimate
(14) me(u) < ctu™ Y2 exp(—tu=?),  w>0,t>0.
Indeed, from Lemma 1 in [H] (see also the proof therein) we have
m(u) < cula—4/(4=2a) exp(_Cgu—a/(Q—oz))
as u — 0. Since a/(2 — o) > /2, we clearly have

ule—)/(4-2a) —egum/Em) _ O(U_l_o‘ﬂe_uiam) as u — 0.

From this and (9),
m(u) < cu " exp(—u~?),  wuw>0.

(14) follows from this and (8). By (14) and the substitution v = tu~%/2, for
any x,y € F' we obtain

(15) p(t,,y) < ct | bPum 172 exp(—tu=*/?) du
0
= ¢t/ S v/ %Y dy = et~ s/,
0

This completes the proof of (5) and also gives the upper bound in (6).
The lower bound in (6) follows from (5) by continuity; see Proposition 3.2
below. m

REMARK 1. Note that
t
(16) t < |z —y/*®/2 if and only if E—ra < gds/e,
x — y|de
Therefore, Theorem 3.1 can be reformulated in the following way:
pt,z,y) =t (|z — It_Q/ (@du)), t>0,2,y€F,
with o(u) = (1 V |u]) ™% < (1 + |u|)~@

REMARK 2. For later convenience we note that given 8 € (0,1) and
t > Blz — y|*®/2, the inequality (12) still holds true with some cg = cg(/3).

Consider a Markov process with state space being an open set D C F
and transition probability semigroup Pi(z, E), t > 0, z € D, where E is a
Borel subset of D. We say that the semigroup has the strong Feller property
if P(L*(D,u)) € Cy(D), t > 0, where Cy(D) stands for the continuous
bounded functions on D. By Cy(D) we denote the set of continuous bounded
functions on D that tend to zero at the boundary (and also when x — oo
if D is unbounded). The semigroup is said to be strongly continuous on a
function space S if

hm||Bf = f=0, fe5
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where the norm is taken in S. In what follows, S will be equal to Cy(D)
or LP(D), p € [1,00). The semigroup is said to have the Feller property if
P,(Co(D)) C Cp(D) and P; is strongly continuous on Cy(D).

We now return to the study of our stable process on F'.

PROPOSITION 3.2. (i) The transition density p(t,x,y) is jointly contin-
wous in (t,z,y) € (0,00) X F' X F for each t > 0.

(ii) The transition semigroup (P;) generated by our stable process has
both the Feller and strong Feller properties. In particular, (P;) is strongly
continuous on Co(F).

Proof. One applies the same arguments as for the Brownian motion on
RY using properties of the underlying fractional diffusion and the domi-
nated convergence theorem together with the upper bounds from (5), (6)
and (14). =

By virtue of (ii) in the above proposition we may and do assume that
path functions of our stable process are right-continuous with left hand
limits and that the process is quasi-left-continuous (see [BG]).

4. Exit time. Let E be a Borel subset of F. We let Tg = inf{t > 0 :
X; € E} and 7 = Tge.

LEMMA 4.1. Let k > 1. There exist constants ¢1 and co such that for
everyx € F andr > 0,1t > 0,

(17) PP[X, & B(x,7)] > eatr 0%/, 0 < f < podu/2)
and
(18) PUX, & Bla,n)] < ei(s/ (s = 1))°0/2 ool

for ally € B(xz,r/k).

Proof. Leta > 1andlet z,r,t be as in (17). If [y—xz| > r then |y—az|*dw/?
>t, and by (5) and (16) we have

S du(y)

PX, ¢ B(x,r)] > | plt,zy)du(y) > ct T

r<ly—z|<ar r<ly—z|<ar
> ctr~deq=% y(B(x, ar) \ B(z,T))
> ctr—dw/2gda (clad —c2),
where the constants ¢, co come from (1). We can choose a large enough to

make the last factor positive and (17) follows.

Wenow fix k > 1,z € F,t >0, and r > 0. Let 79 = r(k —1)/k. Observe
that if y € B(x,r/k) then B(y,r9) C B(z,r). By Theorem 3.1 and (2) we
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obtain
PY[X; ¢ B(x,r)] < PY[X: & Bly,ro)l = | pl(t,y,2) du(2)
B(y,ro)®
<ct | Jz—yl M du(z) < otrg ™,
B(y,ro)®
and (18) follows. m

The following simple lemma will be used without further mention (see
[ChZ, Proposition 1.20]).

LEMMA 4.2. Let B be a Borel set in F. For eacht > 0 and x € I we
have P*[tg =t] = 0.

LEMMA 4.3. For each k > 1 there exists c1 = ci(k) such that for x € F,
r >0,y € B(z,r/k) we have

Py[TB(x,r) <1 < Cltr_adw/Q'

Proof. Let 1 < k1 < k and A > 1 be such that k1A = k (e.g. K1 = A
= v/k). Define T = 7, \). For y € B(z,7/k1) we have
PY[T <t]=PY[Xy & B(x,r); T <t]+ PY[Xy € B(x,r); T <]
< PY[X; & B(x,r)]+ PY[X; € B(z,r); T <t]=A+ B.
By (18), we obtain A < cotr—w/2 wwith ¢y = ca(k1).
By the strong Markov property we have
(19) B = EY[PXD[X, ., € B(z,r)]|u=r; T < 1.
We now estimate the integrand in (19):
PXDX,_, € B(z,r)]|u=r < Bs(up)\ : P*[X;—y € B(z,7)]|u=r
zeB(z\r)°

<sup sup P?*[X, € B(z,r)]
u<t zeB(z,\r)°

<sup sup P[X,¢& B(z,(A—1)r)]
u<t zeB(xz,Ar)°

< cgtr w2,
where c3 = ¢3(\). Consequently,
(20) PY[T < t] < eqtr=®%/2 y e B(x,r/k1),
where ¢4 = ¢4(k). Apply (20) to /) instead of r and the assertion follows. m
PROPOSITION 4.4. There exists c1 such that for x € F, r > 0,

(21) sup EyTB(z,T) < Clradw/27

yeB(z,r)
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and for each k > 1 there exists a constant ca = ca(k) > 0 such that
(22) EYTR(pr) > cz(m)ro‘d“’/z, x € F,y € B(x,r/k).
Proof. For each y € B(z,r), from (5) we have
PYrpey > t] < PY[X; € B(z,r)] = | p(t,y,2)du(2)
B(z,r)
< et/ u(B(x, 7)) < erdtds/e.
Hence,

V(100 > e5r®0o/?] < crde /% (odul2)=ds/a _ 13

for a suitably chosen value of c3. Let tg = c;;r“dw/ 2. Then, by the Markov
property, for k =1,2,... we have

Py[TB(a:,r) > (k + 1)t0] - Py[TB(z,r) © 9150 > k‘to, TB(z,r) > tO]
= Ey[PX(tO)[TB(IVT) > kto]; TB(z,r) > to]

< Py[TB(x,r) > tO] sup P? [TB(LT) > kto]
z€B(x,r)

(here 6 stands for the standard shift operator on the space of trajectories).
By induction we get

PY[TB () > kto] < (1/2)’“, y € B(z,r), k=0,1,...

Thus,
o0 o0
EY g2y = S PY[1p(gyy > t]dt < Zto PY7p(an) > kto] = 2c57°%/2,
0 k=0

which gives (21).
By Lemma 4.3 there exists c4 = c4(k) such that
Py[TB(m,r) < C4Tadw/2] < 1/27 yE B(CC, T/K’)'

adw/2 e have

It follows that for tg = c4r
EyTB(J?,’I‘) > tOPy[TB(J?,’I‘) > tO] > (1/2)C4radw/27 yE B(:E,’I"/K).
The proof is complete. m
5. Killed process and Green function. Let D C F be an open

set. By (PP) we denote the semigroup generated by the process killed on
exiting D, that is (see [BG]),

PP f(z) = E*[f(X;); t < D],

for, e.g., nonnegative or bounded Borel functions f on F'.
The following proposition summarizes properties of PtD .
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PROPOSITION 5.1. Let D C F be an open bounded set.

i e semigroup as both Feller and strong Feller properties.

i) Th j PP) has both Fell d st Fell ti
(ii) The semigroup is determined by a transition density pP (t,z,y), i.e

for any nonnegative or bounded Borel function f on F we have

PPf(x) =\ f(p"(t, 2, y) dply), = €F.
D
Moreover, for eacht > 0, pP(t,z,y) is continuous in (x,y) € D x D and
PPtz y) =pP(t,y,x), z,ye F\OD,t>0,
(23) pP(t,z,y) = p(t,x,y) —rP(t,z,y), x,y€F t>0,
with rP(t,z,y) = E*[p(t — 7p, X+p, y); t > Tp);
(24)  pP(t,z,y) >0, z,y€ D, t>0;
(25) pD(t,a:,y) = SpD(s,x,z)pD(t —s,z,y)du(z), t>s>0,x,y€F;
F
pD(t,x,y) =0, xe€D"

Proof. The standard arguments that can be found e.g. in [ChZ] (see also
[Bs]) work also in the present setting with the exception of (24). We give a
proof of (24) similar to but more direct than the one in [CS].

Let K C D be a compact set and let z,y € K. Define ¢ = dist(K, D).
By (5) and Lemma 4.3, we have

TD(tjaj,y) [p(t_TD7 Tpvy); t>TD]
< cE”((t = 7D)| Xop =yl %5 ¢ > 7p]
< cto % P*[rp < t] < cto” QPI[TB(JC o <t < ct?p~d-adw,
Also, by Theorem 3.1,
p(ta I’,y)_l < Cmax(tdS/avt_”x - y|da)7
so that
D
t
r(t,z,y) < cmax(£H/% |z — y|da)gd=0du < o) max(2H9/2 ¢
p(t,z,y)
where ¢; = ¢1(D, K). It follows from (23) that for ¢t < ty = to(K) and
x,y € K,
(26) pP(t,z,y) > gp(t, 2, y) > 0.

Fix arbitrary xg, yo € D. Let r > 0 be such that K = B(xo,7) U B(yo,7)
C D. We then use to = to(K) as above, (26) and the semigroup property to
obtain

)

pP(t,x,y) > | pP(t/2,2,2)p" (8/2, 2,y) du(2) > 0
K
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for z,y € K and t < 2tg. Similarly, by induction

pP(t,x,y) >0, z,yeK, t<nty, n=1,2...,

and (24) follows. m

The estimate (27) below is taken from [R] (Lemma 6). For the reader’s
convenience we include a version of the proof.

LEMMA 5.2. We have
(27) PPt y) < a1 d/opedu/2 g e Bt > 0.

Proof. From the semigroup property (25) and the estimate (5) we have

PP (twy) =\ pP(t/2,2,2)p" (4/2, 2, y) dp(2)
D

< jg[p)pD(t/Z z,y) ZSDPD(t/Q#B’ 2) dp(z)
< et~/ Py > 1/2).
Hence, by the elementary inequality
P®tp > t/2] <2E%Ttp/t
and (21) we get the assertion. =

Let D C F be an open set. We define the Green function of D by
o0
(28) Gp(z,y) = | p"(t, 2,y) dt.
0
Proposition 5.1 implies that if D is an open bounded set in F' then
G p(x,y) has the following properties: it is symmetric and strictly positive on
D x Dj it vanishes if x € D or, by the symmetry of p” (¢, z,y), y € int(D°).
Gp is extended continuous on D x D for a < ds as can be verified by an
adaptation of the corresponding proof from [ChZ] (Gp(x,z) = oo by (26)).
To show the continuity for & > ds we note that by (6) and a version of (27),

(29) pP(t,x,y) < cmin(t_ds/o‘,t_l_ds/o‘), t>0,xz,y€F.
Since this is integrable over (0,00), the desired assertion follows from the
bounded convergence theorem. We leave the details to the interested reader.

Here we give an expression for the potential kernel of the stable pro-
cess X;.

LEMMA 5.3. If a < ds then
o0
(30)  Ka(z,y):= | p(t,z,y)dt < |o —y|~ o2 2 yeF.
0
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Proof. By Theorem 3.1 and (16),

|.1’— adqy /2
') ?/‘ o]
31 tox,y)dt < |z — gy| 4 dw/2 tdt + gds/a gy
31) | ptzy) y
0 0 |z —y|adw /2
(32) = | —y|tTode/2

COROLLARY 5.4. The process is transient if and only if a < ds.

LEMMA 5.5. If a < ds then for any open bounded D C F,

(33) GD(CCay) = Ka(x’y) _EmKOé(XTDay)

(unless x =y € D°) and

(34) GD(x7y) < Ka(l',y) = ‘J} - y‘_d+adw/27 T,y € F.

Proof. From (23) by a simple change of variable we obtain
GD(£7 y) = S p(tvxa y) dt — EJI S p(t - TD7XTD7y) dt

0 D
=\ p(t,z,y)dt - E“Sp Xrp,y) dt,
0 0

which is clearly (33).
Now, (34) follows immediately from (33) and Lemma 5.3. =

PROPOSITION 5.6. If o > ds then
G (T, y) < ermdrode/2 g e For > 0.
Proof. Define D = B(x,r). We have

radw/2 pady /2 padu /2
S pP(t, . y) dt < S p(t,z,y)dt <c S t—ds/a gp.
0 0 0

Since a > dg, we get

padu /2
(35) | pPtay)dt <cprmttode/2 gy e
0
From (27) it follows that
o0 oo
(36) S pD (t7 z, y) dt < CTadw/Q S tilids/a dt = crid+adw/2_
rodw/2 radu/2

Now, the assertion follows from (35), (36) and the definition of the Green
function. =
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Let u be a Borel measurable function v on F, which is bounded from
below (above). We say that u is a-harmonic in an open set U C F if

u(x) = E*uw(X (1)), =€ B,

for every bounded open set B with the closure B contained in U. We say
that u is regular a-harmonic in U if

u(x) = E*u(X(1v)), zeUl.

By the strong Markov property of X, regular a-harmonic functions are a-
harmonic. We give an elementary proof of a-harmonicity of Gp(z,y).

PROPOSITION 5.7. Let D be an open bounded set in F' and o # ds. Then
Gp(+,y) is a-harmonic in D\ {y} for any y € D.

Proof. Fix y € D and let U be an arbitrary open set with U C D\ {y}.
(In fact it is enough to assume U C D and dist(U,y) > 0; we will use this
later.) For x € U and a nonnegative Borel measurable function ¢ supported

in U we have
TD TU ™D

(37)  E* | (Xo)dt = E” | w(Xt)dt—l—Ex[ | w(X0)dt; 7 < TD}
0 0 TU
=F* [EXTU §J1/J(Xt) dt; Ty < TD],
0

by the strong Markov property. In terms of the Green function of D this is
(38) [ Gle,2)0(2) dul=) = B[ § Gp(Xny, 2)0(2) du(2)s 70 < 7
D D

= | B*[GD(Xny, 2); 7v < 7p](2) du(2).
D
For almost all z € DN U® (with respect to 1) we obtain
GD(.CE,Z) = E‘T[GD(XTU,Z); TV < TD].

Now, let a > d. The continuity of Gp(z,-) and boundedness over DNU*¢
(see Proposition 5.6) yield

(39) GD(xvy) = EI[GD<XTU7y>§ TU < TD]'

On the set {7y = 7p} we have X, € D¢ and hence Gp(X,,,y) = 0. Hence,
from (39) it follows that

(40) EmGD(XTU)y) = EI[GD(XTua y)7 TU < TD] - GD('T;; y)a

which completes the proof for o > d.
If @ < ds then K, (-, y) is a-harmonic in F'\ {y}. Indeed, by (33) applied
to an open bounded set V' C F'\ {y} with dist(y, V) > 0, we have

E*Ko(Xqy,y) = Ka(,y) — Gv(z,y).
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Since y € int(V°), we get Gy (x,y) = 0 and consequently

EmKa(XTv7 y) = Ka(.%’, y)7
which gives our claim. Now, the assertion for o < d follows from (33) and
the strong Markov property. =

REMARK. It is also possible to derive (39) for a < ds by modifying
the method just applied for the case o > dg. Indeed, we take into account
uniform integrability (see (34)) of the family {Gp(w,y)1pys(w) : ¥ €
B(y, )}, where 6 > 0 is such that B(y,20) C U, and estimates of the
Poisson kernel for U near y similar to those given in Section 6.

LEMMA 5.8. There exist a > 1 and ¢ such that for all x,y € F,

(41) Gp(x,y) > clo —y| et/
where D = B(x,alz — y|).

Proof. Let a > 1. Define r = |z — y|. By the definition of Gp(z,y),
Theorem 3.1 and (16) we obtain

|z —y|dw /2
Gp(z,y) > | (o(t,2,y) = E*[p(t — 7D, Xop,y); 70 < ]) dt
0
|z —y|dw/2
> | (atle -yl = E"[ealt — 70)| Xy, — y| %5 mp < t])
0

where ¢ and cg are defined by the lower and upper bound in (5), respectively.
Observe that |X,, —y| > (a — 1)z — y|. Now, let a > 1 be such that
ca(a —1)7% < ¢y /2. It follows that

|$_y|0¢dw/2
Gp(ey)z | (artle -y —catl(a— Do —y) ™) dt
0 ‘x_y|adw/2
> (e1/2)]x — y| % S tdt = (e1/4)|x — y|~FHodu/?,
0

which gives (41). u

6. Harmonic measure. For z,y € F define

IRT p(t,x,y) _ 1 T Wt(u)
(42) N(z,y) = lim === —%g%(SJQ(u,:c,y) - du.

We claim that the limit exists everywhere and is finite off the diagonal.
Indeed, from (7) and (8) we have

%ii%t_lnt(u) _ %ii%t—l—Q/anl(ut—2/a) _ u—l—a/2 lim 81+a/27’}1(8)

S§—00

=la/2r(1 —a/2)ju" "2 u>o.
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By (4) and (9), for = # v,

—d,)2

£ q(u, 2, y)ne(u) < cou™ /% exp(—calz — y[Tu M) 2w e (0,00).

Since this is integrable our claim follows by the dominated convergence

theorem. For later use we note that
o0

(43) N(z,y) =1 | q(u, 2, y)u™ """ du,
0
with ¢1 = a/(2I'(1 — /2)).
Let E be a Borel subset of F' and x € F. Define
n(x, B) = | N(x,y) du(y),
E
Note that by Proposition 4.4, for a bounded Borel set D C F we have

sup E*1p < oo.
zeF

We have the following formula (see [IW]).

PROPOSITION 6.1. Assume that D C F is an open nonempty bounded
set, E C F is a Borel set and dist(E, D) > 0. Then

(44) P"[X,, € E] = | Gp(z,y)n(y, E) du(y).
D

Proof. We need to check the following assumptions (A1) and (A2) from
[IW]. Let M = (S, P*,z € S) be a Markov process on a locally compact,
separable metric space S which satisfies

(A1)  The semigroup

Tif(v) = | f(y) P(t,, dy)
S

maps Cp(5) into Cy(S) and is strongly continuous in ¢ > 0.

(A2) There exists a positive kernel n(z, E), x € S, E C S a Borel subset,
such that

1° If dist(x, E) > 0 then
n(z, E) < co.
2° For fe Cp(S) and a bounded open set D with dist(D, supp f) >0,
sup ¢t T f(z) < oo

zeD,t>0
and
lim ¢T3 f(x) = lim t' | f(y) P(t,z,dy) = | f(y) n(z, dy)
t—0t t—0+ 5 e

for every z € D.
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Assumption (A1) is satisfied by Proposition 3.2. To establish (A2), fix
D as above. Let f € Cy(D) be such that dist(D,supp f) > d > 0. Then, by
(5) and Lemma 2.1,

sup t_lptf(ﬂﬂ) <c SUPS M

= < || fllood ™% < 00
z€D, t>0 x€D ’517 - y‘ *

and
lim ¢~V P f () = lim ¢~ | F(y)p(t, 2, y) daly) = | (9)n(e. dy),

t—0
by bounded convergence. m

COROLLARY 6.2. Under the assumptions of Proposition 6.1 we have

OO g (2) duty).

(45) P'X., € Bl < | | T

DE
Proof. By a substitution as in (11), from (43) for z,y € F, x # y, it
follows that

[e.o]

N(z,y) < S y~1ma/2—ds/2 exp(—clx — y|7u_7/dw) du
0
= ¢z — y| % S o ([dw=1)(=1-0a/2=ds/2)~dw ,~v 7,
0
This yields
du(y)
46 n(z,B) <\ ———>-, x€F,
(16) N

and (45) follows from (44). =

In particular, the above corollary implies that the distribution of X,
is absolutely continuous with respect to p on int(D€). The corresponding
density (Poisson kernel) is denoted by Pp(x,y).

PROPOSITION 6.3. Let D C F be an open bounded set and o # ds. Then
the Poisson kernel Pp(-,-) admits a version which is jointly continuous on
D x int(D°).

Proof. We claim that N(z,y) is continuous on the set S, = {(x,y) €
F x F: |x —y| > a} for each a > 0. Indeed, let (z,y) € S, and =, — = and
Yyn — y as n — o0o. Then, for sufficiently large n, we have (x,,y,) € S, and

—ds/2—1—a/2

u_l_a/2q(U,fEmyn) < cu eXp(—CzaWu_W/dw)’ u € (0,00).

Consequently, by (43) and dominated convergence we obtain

o0 o
N(@n,yn) = 3 S q(t, Ty Y )u ™ "2 du — e S q(u, ,y)u""? du
0 0

as n — 0o. This shows our claim.
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We let
PD(ZE,y) = SGD(ZE,Z)N(Z,y)d/L(Z), zeD, yeint(DC)'
D

Assume that o < ds. Fix (z,y) € D x int(D°) and let x,, — x, y, — y. We
may and do assume that dist(y,, D) > %dist(y,D), n = 1,2... Then, by
(34) and (46), for € > 0 such that e < (ds/a —1)~! and for R large enough
we have

47)  sup | [Gp(2n, 2)N (2, yn) "= dps(2)
" D

< esup | |z, — 2| TR/ 5y |7de(F) gy (z)
"D

< e(dist(y, D))~2 () sup | [z, — 2|t/ g (2)
" D
< e(dist (9. D)0 sup |y — 2| R0 () < o,
" B(zn,R)
by (3). It follows that (Gp(xyn, )N (-, Yn))nen are uniformly integrable and
consequently

(48) nhﬂngo Pp(zp,yn) = lim SGD(:Un,z)N(z,yn) du(z)

n—oo

= | Gp(a.2)N (z.y) diu(2) = Pp(a.y).
D

This completes the case a < ds. If a > d then the process is point-recurrent
and the Green function for D is bounded (see Proposition 5.6). Therefore,
a similar but simpler argument applies. =

PROPOSITION 6.4. There is a constant ¢ such that for each k>1, xg € F,
r >0 and for ¢y = ((k +1)/(k — 1))%c and ca = ((k — 1)/(k + 1))%c we
have

(49)  Pp(aom)(z,2) < err®du/?|p — 2|7 g e B(xo,r), z € B(xg, kr)°,

(50)  Pp(zgr)(@,2) > cor®/ 2|z — 2| 7%,
x € B(xo,7/K), z € int(B(xg,7)°).

Proof. Let x,y € B = B(x,r). Then, for z € B(xg, kr)°,
ly—=z| >z —xo| = |y —xo| > kr—r=(k—1)r
and consequently
o=zl <ly—z[+]y—z[<|y—z[+2r
Sly—zl+2ly—2l/(s=1) =y —2|(s +1)/(r = 1).
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Thus, from Proposition 4.4 it follows that

(51) Pp(x,2) = | Gp(z,y)ly — 2[~* du(y)
B

< ((k41)/(k—1)% |z — 2| T Erp < ¢z — 2| deradu/2)
with ¢; = ¢1(k). This gives (49). Now, let x € B(zo,7/k), z € int(B(zg,r)).
Then |y — 2| < |z — z|(k +1)/(k — 1), and from (22) we obtain
Pp(x,2) > c((k — 1) /(5 + 1))%|z — 2| % E®rp > cy|lw — 2| darode/2,
with ¢ = ca(k) (cf. (51)). This completes the proof. =
LEMMA 6.5. Let a < dg and D = B(xg,r) where zg € F and r > 0 are

arbitrary. Then for each k > 2 there exists a constant ¢y = c1(k) such that
(52)  Pp(z,y) <cyr—dtade/25(y)=0dw/2 -y c B(xg, kr)N D,z € B(xo,r/2),
where §(y) = dist(y, D).

Proof. By (45) and (34) we obtain

PD(‘T7y) = S GD(CE,Z)’Z - yyida dﬂ(z)
D
(53) <e( § o+ T a2y dp(z).
B(z,r/4) DNB(z,r/4)c
If |x — z| < r/4 then |z — y| > r/4, so that the first integral in (53) is not
greater than
er/a) e | fa = 2ol g (z)
B(z,r/4)
< C(T‘/4)_da(7“/4)adw/2 _ Cr—d+adw/2r—adw/2 < CQT_d+adw/25(y)_adw/2,

by Lemma 2.1 and the fact that §(y) < (k—1)r. Here ca = c2(k). The second
integral in (53) does not exceed

C’r‘_d+adw/2 S |Z o y|—d—adw/2 d,u(z)
D\B(z,r/4)
< op—dtadu/? S |2 — |4 odu/? —dtady /25 () \—ady /2
< Yl dp(z) < cr 5(y) :
B(y,6(y))°

by Lemma 2.1. This completes the proof. =
7. Harnack inequality. Recall that ' C R™. The main result of this
section can be stated as follows.

THEOREM 7.1 (Harnack inequality). Let o € (0,2/dy) U (ds,2). Then
there exist c1,cy such that for any xog € F, r > 0 and any function h > 0
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(regular) a-harmonic in B(xg,c1r), we have
(54) h(z) = eoh(y), @,y € B(zo, 7).

Since we can always take a smaller ball as the region of a-harmonicity
of our function, we may and do assume regular a-harmonicity above. The
method of proof depends on whether the process is point-recurrent or tran-
sient. Theorem 7.1 will be strengthened in Corollary 7.7 below.

7.1. Recurrent case. In this subsection we assume that a > d;, so that
the process is point-recurrent (see Lemma 7.2 and Remark 3 below).
For A > 0 define the A-potential

o0
GMa,y) = \ e Mp(t,x,y)dt, x,y€F.
0
LEMMA 7.2. There exist ¢1 such that
(55) G’\(as,y) < cl)\ds/o‘_l, x,y € F.

Proof. This follows immediately from the definition of G*(x,y) and our

basic estimate p(t, z,y) < ct—ds/o.
o
May) < e | MMt = el (1= dyfa)N"/07.
0

REMARK 3. Since the A-potential is bounded on F' x F, it follows that
points have positive capacity and the process is point-recurrent (see e.g. [PS,
Theorem 7.1]). In particular, P*[Ty,, < oo] = 1, 2,y € F' (in fact, points
are regular for themselves, see [BG, Ch. 6, Proposition 4.11]).

For simplicity we write T, := TY,.

LEMMA 7.3. There exist constants a > 1 and py such that

Px[Ty < 7_B(:z:,a|:r;—y|)] > Do, T,y € F.
Proof. First, we prove a general fact:
(56) P, < 7o) = Gpla.9)/G(y.).
Let 6 > 0 be such that B(y,d) C D. From (39) with U = D \ B(y, ) and
x € U we obtain
Gp(z,y) = E*[Gp(X(Tp\B(y,6))s ¥); TB(y.6) < TD)-
Letting 6 — 0, by the continuity and boundedness of Gp(-,y), we get (56).

Now, let a and r = |x — y| be as in Lemma 5.8. Then, from (56) with
D = B(z,a|z —y|), (41) and Proposition 5.6, it follows that
|$ o y|—d+adw/2

P*ITy <7p] = ¢ (ar)—TFadu /2

> Do,

which completes the proof. =
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Proof of Theorem 7.1 for ds < a < 2. Let a, py be the constants of
Lemma 7.3 and ¢; be such that B(x,2ar) C B(xg,c1r), © € B(zg,r). Then
B(z,alz —y|) C B(xo,c1r) for any x,y € B(zo,r). It follows that

h(‘/L‘) = Emh(XTB(z,a\zfy\)) Z Em[h(XTB(a:,aniy\)); Ty < TB(x,a|x—y\)]
= E* BT WXy, 010 y) Ty < TB(@alo—y)]
= h(y)Px[Ty < TB(x,a\xfyD] > pOh(y)'
This proves Theorem 7.1 for o > ds. =

7.2. Transient case. Throughout this subsection we consider the tran-
sient case av < d (see Corollary 5.4). However, due to our restricted knowl-
edge on the Poisson kernel and some geometrical reasons, in the proof of the
remaining part of Theorem 7.1 we also assume the more restrictive condition
a < 2/dy. We say that E is polar if P*[Tg < oo] =0 for all z € F. For a
Borel set E let dimy(F) denote its Hausdorff dimension.

LEMMA 7.4. Let E be a Borel set in F C RN, If a < 2(d—dimy(E))/dy
then E is polar.

Proof. The proof is an application of some general facts from potential
theory. For t > 0 and a Borel measure m with compact support in RV, such
that 0 < m(RY) < oo, let ¢y i() be its t-potential:

dm
bmae) = 20

For a compact set K C RY define the t-capacity of E by

Ci(K) = sup { (Sd)mt(aj) daz) _1},
where the supremum is taken over Borel measures m such that suppm C K
and m(K) =1 (see [Fal]). Equivalently (see [L]),

Cy(K) = sup{m(K) : ¢ps < 1}.
For an arbitrary E C RY define

Cy(E) = sup{C(K) : K is compact, K C E}.
By Corollary 6.5 from [Fal],
dimy(F) = inf{t : C4(E) = 0)} = sup{t : Cx(F) > 0}.

When ad,/2 < d (i.e. @ < ds), by [BG, Ch. 6, Section 4], E is polar if and
only if Cy_a4,,/2(E) = 0.

Now, by our assumption, dimy (E) < d—ad, /2 so that Cy_nq,, /2(E) = 0.
It follows that E is polar, which is the assertion of the lemma. =




Harnack inequality 183

For z € B(0,r/2) and s € (r,2r) let K(z,s) = B(z(s—1)/r, (s +1)/2).

Observe that B(0,7) C K(z,s) C B(0,s). Indeed, if y € B(0,r) then
ly—z(s=r)/rl < |yl +|z[(s =r)/r <r+ (s =7)/2 = (s +7)/2,
so B(0,r) C K(z,s); in particular F' N K(z,s) is not empty (0 € F, but
z(s —r)/r may belong to RY \ F). Also, if y € K(z,s) then
I <lzl(s=r)/r+(s+r)/2<(s—71)/2+ (s +71)/2=3s,

and consequently K(z,s) C B(0,s). Note also that if |z| < r/2 and s1 < s9
then K(z,s1) C K(z,s2). Indeed, if z € K(z,s1) then
S9 —T

S1—7T S1—7T SS9 —T

IN

x—z + |#|

r r

So — 81 So+ 1

s1+r r
-2 2 r 27
which means that = € K(z, s2).

LEMMA 7.5. Let v > 0. There exists zg € B(0,7/12) (not necessarily
in F) such that for almost all s € (r,2r) the stable process does not hit the
boundary of K(zo,s) in F.

Proof. Let s € (r,2r) and 0K (z,s) = 0B(z(s —r)/r,(s+1)/2) N F (on
the right hand side of this equality we consider the boundary of the ball in
RM). From Theorem 8.1 and the Product Formula 7.3 in [Fa2] it follows that
for almost all (with respect to the Lebesgue measure) z € B(0,7/2) C RV
we have dimpg (0K (z,s)) < (N —1+d)— N = d— 1. Therefore, o < 2/d,, <
2(d — dimp (0K (2,5)))/dw, and so 0K (z,s) is polar by Lemma 7.4. For
x € F and a Borel set A the mapping (z,s) — P*[X € A] is jointly
measurable. We thus we obtain

2r
)} P
T ze€B(0,r/2)

TK(z,s)

) € 0K (2, )] dzds = 0.

Hence, by Fubini’s theorem
2r
(57) | Prlx

TK(z,s)

€ 0K(z,s)]ds =0

;
for almost all z € B(0,7/2) and the assertion follows. =

REMARK 4. When the process does not hit the boundary of a region D,
for every Borel u > 0,

E*uw(Xry,) = | Pp(@,y)u(y) du(y).
DC
This fact will be exploited in what follows.
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Proof of Theorem 7.1 for a € (0,2/d,,). Without losing generality we as-
sume that xg = 0. Let h be a positive function that is regular a-harmonic in
B(0,2r). We will show that h(z) < ch(z), z,z € B(0,7/2). Let

hi(z) = E*[W(Xrp.0,)); Xrpo2n € B(0,31)],

ho(z) = E*[M(Xrp0.0)); Xrp.2 € B(0,37r)].
Then h = h1+ho on F and, by definition, the functions h1 and ho are regular
a-harmonic in B(0, 2r). Moreover, since supp he N B(0,2r)¢ C B(0, 3r)¢, for
x,z € B(0,7/2) we have, by Proposition 6.4,

ha(w) = | ha(y)Ppo2n(@,y) duly)

B(0,3r)¢c
<er®®2 o\ ho(y)le =y~ du(y)
B(0,3r)¢°
<cro®2 | hy(y)|F -yl 7 duly)
B(0,3r)c
<c | ha(y)Ppo2n (@, y) du(y) = chy(T).
B(0,3r)¢c

Consequently, it is enough to show an analogous inequality for hj. Since
we do not know whether the process hits the boundary of B(0,3r/4), we
have the inequality

(58) (@) =E"M(Xrpa,0) =\ Poosen(@ y)ha(y) du(y).
B(0,3r/4)°

Define R = B(0,3r) \ B(0,r). Note that supph; C B(0,3r), and also, for

z € B(0,r/2) and y € R we have |z —y| < 4r. From (58) and Proposition 6.4

it follows that

h(Z) > | Ppogr/a (@ y)ha(y) du(y) > er®®/2 | 7 — y| =% ha(y) du(y)
R R

> er™® | ha(y) du(y).
R

Set
2r

P(.CC,y): S PK(zo,s)(xay)dS7 xGB(O,r/Q),yGR,

with zp of Lemma 7.5 and the usual convention: Pp(z,y) = 0ify € D. Then
hi(x) ="\ ha(y)P(z,y) du(y), =« € B(0,r/2).
R
Indeed, by the fact that supp hy C B(0,3r), B(0,7) C K(z9,s) C B(0,2r),
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a-harmonicity of h; on B(0,2r), Lemma 7.5 and Remark 4 we obtain

2r
{ ni(y)P(x,y) duly) = §ha(y) § Prcgag.s) (@, y) ds du(y)
R R r
2r
= | | m@) i (@) duly) ds
r yeR
2r

= S hi(x)ds = rhy(zx),

. . T
which gives our claim.

Next we prove that
(59) P(z,y) <cr'™ 1z € B(0,7/2),y € R.

Define 65(y) = dist(y, K(z0,)). Let so(y) = inf{s > 0 : y € K(z0,$)} so
that y € K(z9, s) if s > so(y). Recall that |z9| < r/12 < r/4. Hence,
— 1
B(0,r/2) C B<ZO(S r 5 3;”), s € (r,2r).
r

By Lemma 6.5 and the substitution s = r(u + 1), for x € B(0,7/2) and
Yy € R we get

2rAso(y)
(60) P(z,y) < cr~drodu/2 [ g (y)mode/? s
2rAso(y)

< cr—dtadu/2 S (ly —z0(s—7)/7r| — (s + 7“)/2)_0‘dw/2 ds
T
1Auo(y)
= crlmtedu/2 [y —uzg] — (u+ 2)r/2) /2 du,
0
where ug = uo(y) = —1 + so(y)/r > 0. Moreover,
ly — uzo)? — (u+2)%r2/4 _1
ly —uzol + (u+2)r/2 " r
where ¢ is the numerator of the last fraction:
g(u) = gy,zo,r(u) = u2(|20’2 - 7’2/4) - u(2<207y> + T2) + |y‘2 - T2‘
Observe that g(0) > 0 and |z0|> — 72/4 < 0 and so u = wug is the unique
nonnegative solution of g(u) = 0. Hence

_ 2(z0,9) + 2 —\/(2(z0,y) +172)2 + (r2 — 4]z?) (Jy]> — 1)
2(|z0[? —12/4)
_ 2(Jy|* —r?)
V20, y) + )2 + (12 = 4[20?) (Jy[> — 1) + 2(z0, ) + 2

(61) |y —wuz|—(u+2)r/2= g(u),
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Since |zg| < /12, we have 2|(z0, y)| < 2|20 - ly| < 72/2 and 72 — 4| z|? =< 2.
Consequently, ug < (Jy| — r)/r and g(0)/ug < r%. By concavity of g(u) we
have g(u) > ¢(0)(1 — u/up). From (60), (61) and the fact that uy < 2 it
follows that

1Aug

P(a:,y) < CTl_d+adw/2Tadw/2 S g(u)—adw/2 du
0
1Aug
< ertmdtadu (g(0) fug) ~odw/2 S (uo — u) ™™/ du
0

< CT’l_d[—(uO _u)l—adw/2](1)/\uo < crl—d

Y

which gives our claim. It follows that

Y ha(y) Pl y) dp(y) < ert | ha(y)r' ™ du(y)
R R

hl(x) =

= e\ hi(y) duly) < cha(3).
R

Thus, for functions a-harmonic in B(0, 2r) we showed (54) except that z,y €
B(xg, ) is replaced by z,y € B(xg,r/2). Hence, substituting 2r for r we get
the assertion of Theorem 7.1 with ¢; = 4. The proof is complete. n

The following lemma is motivated by [BBy]. It is a useful tool in the
proof of the Boundary Harnack Principle and extends Theorem 7.1 slightly.
For the reader’s convenience we give the proof, as the general context is
much different than the one in [BBy]. We point out that the situation is
completely different as compared to the diffusion case. This is due to the
fact that the definition of a-harmonic functions is a global one. In general, a
ball in F' may be disconnected. These circumstances make the classical chain
argument unavailable in our setting (compare also with Proposition 3.37 and
Corollary 3.38 in [Ba]). A desired extension of (54) in the diffusion case is not
even true, since on each component of a (disconnected) ball the harmonic
function can be defined separately.

LEMMA 7.6. Let x1, x2 € F, r >0 and M € R satisfy |x1 — x2| < Mr.
Let w > 0 be a function which is a-harmonic in B(xz1,r) U B(x2,r). Then
a-harmonic

My () < ulzy) < eMu(xy).

Proof. Without any loss of generality we assume z1 = 0 and |z2| > 3r/2,
because otherwise we can consider smaller r. By Theorem 7.1 we obtain

u(z) > cu(ze), € B(xa,r/4).
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By (50), for € B(xa,7r/4) we have
PB(D7r/2)(07 x) > cro‘dw/2\$\_da > cro‘d“’/Q(Mr)_d“ = M~ ap—a,
It follows that

w(©0)> | Ppos2)(0,2)u(x) du(z) > ep(B(xz,r/4) M~ ru(xs),
B(z2,r/4)

and, by (1) and symmetry, the assertion follows. =

COROLLARY 7.7. Let a € (0,2/dy,) U (ds,2). For each k > 1 there exists
c1 = c1(k) such that for any xo € F, r > 0 and any function h > 0 regular
a-harmonic in B(xzg,r), we have

(62) h([lﬁ') > Clh(y)7 T,y € B(woﬂ"/’f)-
Proof. As previously we assume zy = 0. It is enough to show
(63) c2h(0) < h(z) < c3h(0), =z € B(0,7/kK),

with ¢2,c3 = ¢(k). Let 7 = (k—1)r/k. Clearly, B(x,r) C B(0,r), so that h is
a-harmonic in B(z,7)UB(0, 7). From Lemma 7.6, with 7 and M = 1/(k—1),
we obtain (63), and the assertion follows. m

8. Estimates near boundary. Let D be an open nonempty bounded
subset of F'. We will be interested in the decay rate of the exit time and
a-harmonic functions near the boundary of D. The main results of this
section are Theorems 8.3 and 8.4.

To measure the regularity of a set we make the following definition.
We say that D C F' has the outer fatness property if there are constants
c1 = c1(D) and Ry = Ry(D) such that

(64) w(D°N B(z,r)) > cr?,  x€dD, r e (0,Ry).

It is clear that this holds for the interior of the natural cells and their finite
unions in the Sierpinski gasket (see below for the definition). For the rest of
this section we assume that D satisfies (64).

In Lemma 8.1 through Theorem 8.4 for simplicity we assume that
diam(D) = 1. We set D,, = {x € D : §(z) < k~"}, n = 0,1,..., where
0(x) = dist(xz, D¢) < 1 and k is a natural number whose value will be spec-
ified later. Observe that Dy = D. Let P, = Dy, \ Dy11, n =0,1,...

LEMMA 8.1. There exists ¢1 such that for each a > 2, r >0 and x € F,
Px[XTB(“) ¢ B(x,ar)] < cra—w/?,

Proof. Since a > 2 we can apply Proposition 6.4 with x = 2 and get the
constant independent of a. Thus
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p* [XTB@,T) ¢ B(z,ar)] < crodu/? S |z — ylfd‘” du(y)
B(z,ar)c

= crade/2y ! & =y~ dp(y)

m=0 qr2m<|y—z|<ar2m+1

o
< crodw/2 Z w(B(z, ar2m+1))(ar2m)_d_adw/2
m=0

0o
< C’l“ad“’/2(a’r‘)_adw/2 Z Q—moadw/Q

m=0

and the assertion follows. m

REMARK. That the constant c¢; does not depend on r and a > 2 may
be viewed as an instance of weak scaling for our process.

For the rest of this section let B, = B(x,k™").
PROPOSITION 8.2. There exists p = p(D) > 0 such that
P®lrp <71p,]>p, x€ D,.
Proof. We only need to prove the inequality for n > 1. Fix x € D,, and

let zyp € D¢ be such that |z — z9| < k™. Define r, = 1/k™ and A, =
B(zg,ry) N D°. Then we have

P[rp < 7p,] > P*[X(r8,) € D] > | Ppyy,)(2.y) du(y).
An

We choose k large enough so that 1/k < Rp in (64). Observe that if (64)
holds for all points in 9D then, by (1), it holds for =y as well. Also, we have
|z —y| < |z —xo| + |xo —y| < 267", y € Ay,. Therefore, by (50), for n > 1
we have

Plrp < 7p,] = ¢ | 0% Pl — y| " du(y) > k™ pu(A,) > cer,
Ap

where the constant ¢; comes from (64). This completes the proof. m
THEOREM 8.3. There exist § = (D) € (0,1) and co = co(D) such that
E*rp < cod(x)?, x€D.

Proof. Fix x € D. Let r,, be as in the proof of the preceding proposition.
Define
up = sup{E*mp : x € D, }.

Clearly, it is enough to show

up, <egcy, n=0,1,...,
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with c3 = ¢3(D), ¢4 = c4(D) € (0,1). By the strong Markov property we
have

E*rp = E*[tp; 7B, > Tp| + E*[7D; 7B, < TD]
< E*rp, + Ex[EX(TBn)TD; T8, < TD|.
By Proposition 4.4, the first term is not greater than C'r’,ffdw/2 = ck—nadw/2,
The second one is equal to

n—2
> ET[EXTE)rp; X (7,) € P+ E°[EX"P)1p; X (7,) € Dpa] = A+B.
§=0
By Proposition 8.2,
B < wup1P*[tp, < 1p] < (1 —p)up—1.

Suppose that n > 2, for otherwise the term A is absent. Then
n—2 n
A<D P [X(78,) € Pj) =) un;P°[X(7,) € Pujl.
§=0 j=2

Let 29 € D° be a point closest to 2. Note that |y — x| < 1/(2k"771) yields
3(y) < |y —xo| < |y — @[ + & — x| < 1/(2K" I+ + 1/k" < 1/k"77H,
provided k > 2 and j > 2. In other words, P,,_; C B(x,r,k’~1/2)¢. Conse-

quently,
P*[X(7p,) € Pu—j] < P*[X(75,) & B(z,rak’ "' /2)]
< ck—U—Dadw/2 < Ck—(j—l)adw/Q’

by Lemma 8.1. We conclude that
n
(65) Up < crky " 4+ (1 = plup—1 +ngun_jk0_('j_l), n=23,...,
j=2

where ko = k®®/2, Let ¢4 = c4(D) be such that 1 — p < ¢4 < 1. Fix any
ng > 3. We now choose the value of k large enough to satisfy the following:

(a) ké/404 > 1,

(b) ¢z < kg,

() (koca)™™ + (1 —p)/ea + (ki = 1)1 < 1.
Moreover, we may and do choose c3 > ¢ such that for m =0,1,...,ng,
(66) Um < c3cy’.

We now extend (66) to all m by induction. Assume that (66) holds for
m=20,1,...,n— 1. From (65) it follows that
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n
- 1 —j—j+1
up < kg™ + (1 —p)esc) ™ + e g cscy ko’
j=2
n

—~1/4,5/4 —5,—7/4, —37/4
< escf(1/(cako)" + (1= p)/ea) + cacshy kY e kg g
j=2
e .
< s (1/(cako)™ + (1 —p)/ca) + c;»,cZkSM Zk()_3]/4 < escyf,
j=2
by our assumptions on kg. This ends the proof. =
The above method also applies to harmonic functions. Analogous results

are used in [B], [JK] in proofs of the Boundary Harnack Principle. In what
follows we will assume the following inner fatness property of D.

There exist constants @ = 6(D) € (0,1) and Ry = Ro(D) such that for
every r € (0, Ry) and Q € 0D there is a point A = A(Q,r) € DN B(Q,r)
such that
(67) B(A,0r) C DN B(Q,r).

Since we can always take a smaller localization radius Ry, it is convenient
to use the same symbol as in (64). It is clear that the interiors of a natural
cell (or a finite sum of cells) in the Sierpinski gasket satisfy this condition
(see below).

THEOREM 8.4. There ezist constants 3 = B(D), ro = ro(D) and ¢y =
co(D) such that for all Q € 0D and r € (0,7¢), and functions u > 0 regular
a-harmonic in D N B(Q,r) and satisfying uw(zx) = 0 on DN B(Q,r), we

have
u(x) < co(lz = Ql/r)’c(u), e DNB(Q,r),

where c(u) = sup{u(y): y € DN B(Q,r)}.

Proof. Let D, = DNB(Q,r/k"),n=0,1,..., with k£ > 2 to be specified
later. Define u, = sup,cp u(x). We fix n > 1 and = € D,. Define r, =
r/(4k™) and B, = B(x,r,). We have

u(z) = E*u(X (mp,))
= E*u(X(1py)); ™8, > Tpo] + E¥[w(X (TDy)); TB,, < TDy-
On the set {7p, > Tp,} we have
X(tp,) € DgN B, C DN B(Q,r) = DN B(Q, ),
so that u(X(7p,)) = 0. Hence, by the strong Markov property
u(z) = E*[EX80)u(X (1p,)); T8, < 7Dy
< E*u(X(7B,))
= E*[u(X(78,)); X(7B,) ¢ B(Q, )|+ E*[u(X(75,)); X (78,) € B(Q,7)].
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By our assumption, there is a ball B(A,0r) C D N B(Q,r). Let By =
B(A,0r/2). Then

(68)  E*[u(X(7g,)); X(78,) & B(Q,7)]
Pg, (x,z)

R T k)
pQne  LPald)

For x € D,, and z € B(Q,r)¢ we have |z — z| > r —r/(4k"™) > r/2 > 2r,.
Also |A — z| > 0r = 2ry, where 74 = 0r/2. It follows that we can apply
Proposition 6.4, which gives

Pp,(A,2) du(2).

Py, (z,2) _ ro% /g y|-da ¢ ot

Py, (A,2) = 02 g da — knadul2 [A = [0

(69)

If |z — Q| > r then
o=z > 2= Q= Q=] > |2 — Q| —r/k" > |2 = Q|1 - 1/k") > L 2= Q|
and

A=z <[z =QI+ Q@ - A[ <[z = Q|+ 7 <2[z-Q|.
Combining this with (68) and (69) we obtain

E*[u(X(78,)); X(78,) € B(@Q,r)] < ck™"®/2 | u(2)Pp,(4,2)du(z)
B(Q,r)°
< ck*"adwﬂu(A) < ckodw /2y,
We need to estimate E*[u(X(7p,)); X(7B,) € B(Q,r)]. This can be done

exactly as in the proof of Theorem 8.3. Consequently, we arrive at (65) and
the same argument as before completes the proof. m

Proposition 8.5 below is an analogue of the Carleson estimate. We adapt
the proof from [BBy] (see also [B]). Our contribution is the control of the
scale parameters in the computations. Since the process does not prefer any
particular scale, the result cannot depend on it, and the weak scaling suffices
to prove that independence.

PROPOSITION 8.5. Let o« < 2/dy,. There exists a constant ¢1 = c¢1(0)
such that for all Q@ € 9D and r € (0,Ry/2), and functions u > 0 regular
a-harmonic in D N B(Q,2r) and satisfying u(x) = 0 on DN B(Q,2r), we
have

u(z) < cu(4), xe€DNBQ,r),
where A is as in (67).

Proof. We assume @) = 0. Let K(zp,s) be as in Lemma 7.5 and for
o € (r,2r) define

ug(2) = E*u(X (Tk(z9,0))), 2 € F.
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Then
(70) u(z) <wug(z), z€F.
Indeed,
u(z) = EZU(X(TDHK(ZO,U))) =F* [u(X(TDﬂK(Zo,O'))); X(TDmK(zo,a)) ¢ K (z0,0)]

= B [u(Xrx .y 0))i X(TDAK(20,0)) & K (20,0))]

< EZU(XTK<ZO,U)) = uy(2).

We claim that there is og in (7r/4,2r) such that
(71) oo (0) < er®®/2 | u(y) |y~ dpu(y).
ly[>r

Indeed, by Lemma 7.5 and Remark 4, the process does not hit the boundary
of K(zp,0) for almost all o € (7r/4,2r). Thus, we have

2r 2r
(72)  § uo()do= | | Prpoo)(0,9)uly) duly)do
/4 /4 lyl>r
2r
=(§ + § )u) § Pre(0y) doduty)
lyle(rdr)  |y|>4r r/4
= A+ B.
We estimate the integral A. Since |y| < r, similarly to (59) we obtain
2r
| Prag.o)(0,y) do < er' = s pltode/2]y ~do,
r/4

It follows that
A< erttode2 1 u(y) |y du(y).
ly|€(r,dr)
To estimate the integral B in (72), observe that for |y| > 4r we have
ly — z0(s —r)/r| > 3r > 2(0 4+ r)/2 and by Proposition 6.4 we get
2r 2r
| Priooy(0,9)do <c | ((0+7)/2)2% 2y~ do < ertodu/2y|~de.
r/4 r/4

It follows that
B < erttodel2 {u(y)ly| =% dp(y).

ly|>4r
Consequently, we can estimate the mean value of u,(0) over o € (7r/4,2r),

2r
@A/r) | up(0)do < er®®/? § u(y)ly|~"du(y),
Tr/4 ly|>r

which gives our claim (71).
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By the assumption (67), we fix a point A such that B(A,0r) C DN
B(Q,r). Since u is regular a-harmonic in B(A, 0r) by (50) we obtain

w(d) > | Ppuaen (A y)uly) duly)

ly—A|>60r

> c(0r)* ™2\ y = A% u(y) duly)
ly—A|>6r

> cor®® 2\ ly — A" u(y) duy),
ly[>r

where ¢y = c2(8). If |y| > r then |A| < r < |y|, and consequently |y — A| <
ly| + | A| < 2|y|. Hence, by the above inequality and (71),

(73) u(A) > ceor®® /2 |y~ u(y) du(y) > csun,(0),
[y|>r

with ¢z = ¢3(0). From (70), Corollary 7.7 for the ball B(0,00) and z €
B(0,r), and (73) it follows that

(74) U(2) < tigy () < gy (0) < cau(A), = € BO,1),
where ¢4 = ¢4(0). This ends the proof. =

8.1. Boundary Harnack Principle. Below we present a proof of the
Boundary Harnack Principle for the Sierpiniski gasket. For the sake of con-
venience, we recall here briefly the construction of the set (we introduce an
unbounded version). Let Fy be the closed convex triangle with vertices at
(0,0), (1,0) and (1/2,v/3/2). Let A be the interior of the triangle whose
vertices are the midpoints of the edges of Fy. Let F; = Fy \ A. Then F;
consists of three closed triangles of sides 1/2. To obtain F we apply the
above procedure to the triangles in F}, and so on. Set

[o.¢] o
Fo=()Fn F=|J2F.
n=0 n=0

We call F' the (unbounded) Sierpiriski gasket. The collection of those
triangles in (3o 28 F, 1k (of sides 27™) is denoted by S,, n = 0,1,... Note
that F lies between the z-axis and the line y = v/3z.

By a natural cell (or simply cell) we mean the intersection of F' with a
triangle from S, for some n =10,1,...

We assume that our region D is the interior of the sum of a finite number
of natural cells (possibly of different sizes). In other words, there exist ng €
Nu{0}, n;, e NU{0},i=1,...,n9, and S; € S, such that

D =int(Fn @S)

i=1
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Note that the interior is taken with respect to the topology of F' (inherited
from RY) and since S; are closed, any two adjacent cells always make a
connected set. It is clear that (64) and (67) hold for our D (with some
Ry = Ry(D)). Moreover, observe that the distance between any two disjoint
cellsin D is at least Ry = R1(D) > 0. We may and do assume that Ry < Rj.
Since in the proof of the Boundary Harnack Principle we consider local
neighborhoods of a boundary point, it is enough to deal with a single cell.
The result can be stated as follows.

THEOREM 8.6 (Boundary Harnack Principle). Let 0 < o < 2/d,, or
ds < a < 2. There exists a constant ¢; = c1(D) such that for all Q € 0D,
r € (0, Rp), and functions u,v > 0 regular a-harmonic in DNB(Q, 2r) which
vanish on D°NB(Q, 2r) and satisfy u(A1) = v(A1), where Ay satisfying (67)
is defined below, we have

(75) cito(z) <u(z) < cu(z), =z € DNBQ,r/4).

Before the proof we make some clarifying remarks. Without losing gen-
erality we assume that our d-measure p is the d-dimensional Hausdorff
measure. As usual, we assume @ = 0 and let 2 = DN B(Q,r). For ar-
bitrary r € (0, Rp) we can always find ¥ = 27", for some n € N, such that
r/2 <7 < r. Thus, it is enough to prove (75) for z € DN B(Q,7/2). There-
fore, we may and do assume that r itself is of the form r = 27" with n
fixed. This implies that a ball with center at any vertex of any triangle from
S,, and of radius 27, i € N, consists of triangles from Sp+i (intersected
with F). In particular, {2 is the intersection of D with a triangle from S,
whose one vertex is at 0 (see Figure 1).

T
R
T, 2 \g,
N
Tl A 9
T R, (9] N
S1 Aq 0

Fig. 1
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Let (4 = 302 = DN B(0,r/2) and set {41, 4>} = 9 \ {0} and
{51,52} = 80\{0}, so that S; = 24;, 1 = 1,2. Define R; = B(SZ',T/Q)QQC,
i=1,2,and R = R;URy. Moreover, let T; = B(S;,3r/4)\ (R2UR;),i=1,2,
and T =T, UT5.

Proof of the Boundary Harnack Principle. Let uq, uo be functions such
that
wi= {10 TSR - {10 VTR
0, y € 2°\ R, 0, y € R,

and u; and wue are regular a-harmonic in §2. Note that wy,us > 0 and
u1 + uo = u. We define v; and vy analogously. By the Harnack inequality
for B(S;,r), i = 1,2, we have
u(y) <u(4;), yeRUT,i=12 u(A2)=<u(Ar).
Consequently,
(76) u(y) < u(A1), ye€RUT.
Fix x € £2. From (76) it follows that
ui(z) = E*[w(X4,); Xrp, € R < u(A1)P*[X,, € R].
From the analogous relation for v; and our assumption u(A4;) = v(A;) we
get
(77) ui(z) < v (z) <o(z), z€.
Since v9 = 0 on R we have
(78) va(Ar) = BNy (X))
= EMu(X,,); Xrpp €T
+ EMu(X,,); Xrp € (RURUT).
By the relation for v analogous to (76) we obtain

inf > inf =v(A]) <
infv(z) 2 _Inf v(z) < v(A1) 2383”(2)’

which yields

(79) EN0(Xr0): Xep € T) > ¢ sup v(2)PM[X,, € T
z€TUR

On the other hand,
v(A1) = BYu(Xry,); Xry € RUT) + BN [0(Xy,); Xr,y € (URUT)]

< sup v(2)PM[X,, € RUT|+ EM[w(X,,); Xro € (RURUT)Y.
z€TUR

Observe that
PYM[X,, € RUT] < qoPM[X,, € T).
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Indeed, for y € T} we have |A; — y| < 2r and by (50) we obtain
PAl[X‘rQ S T] > ph [X € Tl] > crodw/? S |Al - y|_da d:u(y)

TB(A1,r/2)
T

> cradw/2(27‘)*d“,u(T1) > cal.
Hence, we get

(80) v(A1) < ¢ sup v(z)PM[X,, €T]
z€TUR

BN [o(X0): Xy € (2URUTY]
Combining (78), (79) and (80) we get
(81) va2(Ar) > cv(Ay).
Let K = 2URU (DN B(0,2r)). Observe that for z € 2 and y € K¢

we have |y — z| < |y|. Therefore, for x € 2 we obtain

us(x) = | Po(z,y)uly) du(y)

2
= § ([ Gole,2)le — | du(2) ) uly) du(y)
Ke
=< § () Gala.2) du(=) Julw)ly| =" duu(y)
Ke 2
= B | uly)ly|~* du(y)
i

and the analogous relation for ve. It follows that
(82) ug () /uz(Ay) < E*1o/EN 1o =< vy(x) Jva(A1).

Denote the last quotient by go. Then, by (82), the definition of ug, the
assumption u(A;) = v(A4;) and (81),

uz(z) < eqouza(Ar) < cqou(Ar) = cqov(Ar) < eqova(Ar) = cva(z), x € 12
Together with (77) and symmetry this completes the proof. m

REMARK 5. We want to emphasize that in the particular case of the
Sierpinski gasket, the Boundary Harnack Principle is a consequence of the
Harnack inequality alone. It seems that a similar approach works for nested
fractals. On the other hand the Boundary Harnack Principle for the
Sierpinski carpet should be available by other, more complicated methods
used in [B] for Lipschitz domains in RY,
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Note added in proof. After the paper was submitted we learned that Z.-Q. Chen
and T. Kumagai [CK] studied general stable-like processes on fractals defined by means of
appropriate Dirichlet forms. Their paper contains very interesting results, which partially
overlap ours; however, their methods of proof are completely different, based on tightness
results and the parabolic Harnack inequality.
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