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A Morita equivalence for Hilbert C*-modules
by

MARIA JoITA (Bucuresti) and MOHAMMAD SAL MOSLEHIAN (Mashhad)

Abstract. We introduce a notion of Morita equivalence for Hilbert C*-modules in
terms of the Morita equivalence of the algebras of compact operators on Hilbert C*-
modules. We investigate the properties of the new Morita equivalence. We apply our
results to study continuous actions of locally compact groups on full Hilbert C*-modules.
We also present an extension of Green’s theorem in the context of Hilbert C*-modules.

1. Introduction. The notion of a Hilbert C*-module is a generalization
of that of a Hilbert space in which the inner product takes values in a C*-
algebra rather than in the field of complex numbers. Hilbert C*-modules are
useful tools in AW™*-algebra theory, theory of operator algebras, operator
K-theory, Morita equivalence of C*-algebras, group representation theory
and theory of operator spaces. The theory of Hilbert C*-modules is very
interesting in its own right. If F is a Hilbert C*-module over a C*-algebra <7,
then we denote by L. (F) and K. (F), respectively, the C*-algebra of all
adjointable maps on E and the C*-algebra of all “compact” operators on E.
The linking algebra associated to a Hilbert C*-module E over a C*-algebra
o/ is denoted by L(E). If 5 is an infinite-dimensional separable Hilbert
space, then K denotes the C'*-algebra of all compact operators on 7.

The notion of (strong) Morita equivalence of C*-algebras was first in-
troduced by Rieffel [I5]. Two C*-algebras o/ and £ are said to be Morita
equivalent if there exists an &/-Z-imprimitivity bimodule, or equivalently,
there exists a full Hilbert %-module F such that & is isomorphic to the
C*-algebra K 4(F). There are other equivalent definitions of Morita equiv-
alence in the literature (see [14]). This concept is weaker than the notion
of C*-isomorphism. It is an interesting problem to study the properties of
C*-algebras preserved under Morita equivalence. It is known that Morita
equivalence preserves K-theory and K-homology and several properties of
C*-algebras such as type I-ness [15], nuclearity [3] and simplicity [14]. Two
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unital C*-algebras are Morita equivalent if and only if they are Morita equiv-
alent as rings (cf. [3]). Also two C*-algebras are Morita equivalent if and only
if their minimal dense ideals are Morita equivalent (cf. [1]). Foundations of
Morita equivalence theory for operator algebras are established in [4]. Muhly
and Solel [12] defined a notion of Morita equivalence for C*-correspondences.

A Hilbert «/-module F and a Hilbert Z-module F' are Morita equivalent
in the sense of Skeide [16] if there exists a Morita equivalence M from ./ to
2 such that EQM = F (or E = F®M*). In [17, Definition 3.4], two Hilbert
C*-module F and F are called stably Morita equivalent if E® ¢ and F Q2
are Morita equivalent, where . denotes any infinite-dimensional separable
Hilbert space. Two full Hilbert C*-modules E and F' are Morita equivalent
in the sense of Skeide if and only if the C*-algebras L (F) and L5(F') are
bistrictly isomorphic, and this occurs if and only if the C*-algebras K./ (F)
and Kg(F') are isomorphic [I7, Corollaries 2.13, 2.14 and 2.16].

If two C*-algebras o/ and % are Morita equivalent as Hilbert C*-mo-
dules, then o/ and # are Morita equivalent as C*-algebras (in fact, 7
and 2 are isomorphic). The converse is not true. So the notion of Morita
equivalence introduced by Skeide is stronger than Rieffel’s.

In this paper we introduce a notion of Morita equivalence for Hilbert
C*-modules. It is defined as Morita equivalence of the algebras of compact
operators on Hilbert C*-modules. This notion is weaker than that of Skeide
but under some countability hypotheses (o-unital C*-algebras and count-
ably generated modules) our definition coincides with Skeide’s definition of
stable Morita equivalence. We investigate some properties of the new ver-
sion of Morita equivalence. We apply our results to study continuous actions
of locally compact groups on full Hilbert C*-modules. We also present an
extension of Green’s theorem in the context of Hilbert C*-modules.

2. Results. We start this section with the following essential definition.

DEFINITION 1. Two Hilbert C*-modules FE and F over C*-algebras </
and A, respectively, are Morita equivalent, denoted by E w3 F, if the
C*-algebras K/ (F) and K4(F') are Morita equivalent.

It is well known that any C*-algebra o7 is a Hilbert 27-module in a nat-
ural way and the C*-algebras &/ and K./ (/) are isomorphic, hence Morita
equivalent. Therefore, two C'*-algebras &/ and # are Morita equivalent as
Hilbert C*-modules if and only if they are Morita equivalent as C*-algebras.

Since the Morita equivalence of C*-algebras is an equivalence relation,
so is the Morita equivalence «; of Hilbert C*-modules.

EXAMPLE 2. Let 2 be a separable infinite-dimensional Hilbert space.
Then 57 «~p; C «~pr K as Hilbert C*-modules, since the C*-algebras C and
K are Morita equivalent.
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A morphism of Hilbert C*-modules from a Hilbert C*-module E over &7
to a Hilbert C*-module F' over & is a map @ : E — F with the property
that there is a C*-morphism ¢ : & — % such that

(P(61), D(&2)) = ((61,62))

for all £1,& € E. Two Hilbert C*-modules £ and F over C*-algebras &7
and 4, respectively, are isomorphic if there is a bijective map & : £ — F
such that @ and ¢~! are morphisms of Hilbert C*-modules.

PROPOSITION 3. Let E and F be Hilbert C*-modules over C*-algebras
o/ and B, respectively. If E and F are isomorphic, then E « s F'.

Proof. Since the Hilbert C*-modules £ and F are isomorphic, the C*-
algebras Ko (E) and Kg(F) are isomorphic [2, Proposition 2.11], and so
Morita equivalent. Therefore E v~ F'.

Given two Hilbert C*-modules E and F' over C*-algebras &/ and 4,
respectively, recall that their exterior tensor product E ® F is a Hilbert
C*-module over the injective tensor product & @ A (see [L1]).

PROPOSITION 4. Let Ey, Es, Fy, Fo be Hilbert C*-modules over C*-alge-
bras o, oto, B, Ba, respectively. If E1 «~pp F1 and Eo )y Fo, then B Q Es
v L@ Fy.

Proof. From E; v Fy, i = 1,2, we have K (E;) ~nm K, (F) (i =1,2),
and so Kg, (E1)® Koy (E2) wnr K, (F1) ® Kg,(F2). But the C*-algebras
Koy (E1) @ Koy (E2) and Ko g0 (E1 @ Eg) are isomorphic, as also are the
C*-algebras Kg, (F1)® Kg,(F2) and Kz ,e2,(F1 ® F2) (see, for example,
[T, p. 57]). Therefore K gm(E1 @ E2) v p Kgygz,(F1 @ F2). n

COROLLARY 5. Let E be a Hilbert C*-module. Then E «~p EQ I
E®K.

Proof. From Example 2 and Proposition 4, we have E ® C v~y E ®
wu E ® K. Since the Hilbert C*-modules F and F ® C are isomorphic we
have E vy EQC. n

COROLLARY 6. Let E and F be Hilbert C*-modules over C*-algebras
o and B, respectively. If the Hilbert C*-modules E ® 5 and F @ € are

isomorphic for some separable Hilbert space F, then E «~p; F.

Proof. If the Hilbert C*-modules F ® ¢ and F ® 4 are isomorphic,
then, by Proposition 3, F ® 5 « ) F ® 5. By Corollary 5, E v~y E®
and F' vy FF® 7. Hence E «~p; F. m

Let E and F be Hilbert C*-modules over C*-algebras o/ and %, re-
spectively, and let & : &/ — K4(F) be a C*-morphism. Recall that the

inner tensor product F ®¢ F of E and F corresponding to @ is a Hilbert
C*-module over # (see [L1]).



14 M. Joita and M. S. Moslehian

PROPOSITION 7. Let E1, Es, F1, Fy be Hilbert C*-modules over C*-alge-
bras o, oto, B, B2, respectively. If O; : ot — Kg,(F;) (i = 1,2) are C*-
tsomorphisms and Ey «~pr Ea, then By Q@¢, 1wy Eo @, Fo.

Proof. By [11}, Proposition 4.7], we know that the C*-algebras K (E;)
and Ky, (E; ®g¢, F;) are isomorphic for i = 1,2, and so E; « ) E; ®g, F; for
1 =1,2. It follows from E; «~); Eo that F4 Xp, Fi wy Eo Qpy Fy. u

PROPOSITION 8. Let E and F' be full Hilbert C*-modules over C*-algeb-
ras &/ and B, respectively. Then the following assertions are equivalent:

(1) E vy F
(2) L(E) ~um L(F);
(3) o s B.

Proof. (1)<(2). Since E and F are full, K (E) «y L(F) and Kgz(F)
v L(F). Therefore, E «~yy F if and only if L(E) v L(F).
For (2)<(3) see [B, Theorem 1.1]. m

COROLLARY 9. Let E be a full Hilbert of -module. Then E «~y E @ of

Given a Hilbert C*-module E over a C*-algebra <7, the vector space
L. (o, E) of all adjointable module morphisms from &7 into E has a canon-
ical Hilbert C*-module structure over the multiplier algebra M (<) of 7,
which is called the multiplier module of E (see [13]). The vector space
K. (E, ) of all compact operators from E into </ has a natural Hilbert
C*-module structure over K/ (FE), which is denoted by E*.

THEOREM 10. Let E and F be Hilbert C*-modules over C*-algebras <f
and B, respectively.

(1) If the Hilbert C*-modules E ® K and F ® K are isomorphic, then
E .y F.

(2) If E and F are full and countably generated, E* and F* are countably
generated in their corresponding multiplier modules and E —~y; F,
then the Hilbert C*-modules E @ K and F' ® K are isomorphic

Proof. (1) This follows from Proposition 3 and Corollary 5.

(2) If E v~y F, then Koy(E) vy Kz(F). Since E and F' are countably
generated, the C*-algebras K (F) and Kg(F') are o-unital, i.e. have count-
able approximate units (see [L1, Proposition 6.7]), and by [5, Theorem 1.2],
the C*-algebras K (F) @ K and K4(F) ® K are isomorphic.

On the other hand, since £ and E* are countably generated in their
corresponding multiplier modules, the Hilbert C*-modules &/ ® K and F®K
are unitarily equivalent (see [9, Proposition 3.1]) and hence the C*-algebras
o/ @ K and K (F) ® K are isomorphic. In the same manner, we deduce
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that the C*-algebras Z® K and K4 (F') ® K are isomorphic. Therefore, the
C*-algebras & ®@ K and £ ® K are isomorphic and so they are isomorphic
as Hilbert C*-modules. From these facts, we conclude that the Hilbert C*-
modules £ ® K and F' ® K are isomorphic. =

REMARK 11. If & is a o-unital C*-algebra, then & is a full countably
generated Hilbert C*-module over 7, and since K./ (47, .</) is isomorphic
to &7, &/* is countably generated in its multiplier module. Therefore, The-
orem 10 extends [0, Theorem 1.2].

The next result is another extension of [5, Theorem 1.2].

COROLLARY 12. Let E and F be countably generated full Hilbert C*-mod-
ules over commutative C*-algebras of and B, respectively. Then E «~p; F
if and only if the Hilbert C*-modules E @ K and F ® K are isomorphic.

Proof. This follows from Theorem 10 and [9, Corollary 3.7]. =

COROLLARY 13. Let & and # be C*-algebras. Then of —~y P if and
only if there are countably generated full Hilbert C*-modules E and F over
o and B, respectively, such that E*and F™* are countably generated in their
corresponding multiplier modules and the Hilbert C*-modules £ ® K and
F ® K are isomorphic.

THEOREM 14. Let E and F be countably generated full Hilbert C*-
modules over o-unital C*-algebras & and B, respectively. Then the following
statements are equivalent:

(1) E and F are Morita equivalent;

(2) E®K and F @ K are isomorphic;

(3) Ko(E) and Kz(F) are stably isomorphic;
(4) Ko7(E) and Kg(F) are Morita equivalent;
(5) o and B are Morita equivalent;

(6) o/ and A are stably isomorphic.

Proof. Since E and F are full Hilbert C*-modules over o-unital C*-
algebras, the Hilbert C*-modules E* and F™* are countably generated and
so they are countably generated in their corresponding multiplier modules.
Therefore the equivalence of (1) and (2) is nothing other than Theorem 10.
The equivalence of (5) and (6) is [5, Theorem 1.2], and the equivalence of
(1) and (5) is Proposition 8. Since E and F' are countably generated, the
C*-algebras K (E) and K4(F) are o-unital, and hence the equivalence of
(3) and (4) is [B, Theorem 1.2]. The equivalence of (1) and (4) is directly
deduced from Definition 1. =

REMARK 15. By [17, Theorem 3.5], two countably generated full Hilbert
C*-modules F and F over o-unital C*-algebras are stably Morita equivalent
in the sense of Skeide if and only if they are modules over Morita equivalent
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C*-algebras. So, in this case, the notion of Morita equivalence introduced in
this note coincides with the notion of stable Morita equivalence introduced
by Skeide [16].

COROLLARY 16. Let E and F be countably generated full Hilbert C*-
modules over o-unital C*-algebras o7 and A, respectively. Then E and F
are stably Morita equivalent in the sense of Skeide [17] if and only if the
Hilbert C*-modules E ® K and F ® K are isomorphic.

Proof. This follows from Theorem 14 and [I7, Theorem 3.5(2)]. =

3. Applications. Let E be a full Hilbert «/-module and let G be a
locally compact group. A continuous action of G on E is a group homo-
morphism 7 from G to Aut(FE), the group of all isomorphisms of Hilbert
C*-modules from E on FE, such that the map ¢ — n(x) from G to E is
continuous for each x € E. Any continuous action n of G on E induces a
continuous action a7 of G on & by ag ((z,y)) = (ng(z),ne(y)) forallz,y € E
and g € G. The linear space C.(G, E) of all continuous functions from G to
FE with compact support has a pre-Hilbert G X 4n &7-module structure with
the action of G xon &7 on C.(G, E) given by

@)(s) = | Z(O)a (f(t"s)) dt

G
for all ¥ € C.(G,X) and all f € C.(G, &) and the inner product given by

@5)(5) = | L (3 (1), 3(ts))) dt.
G
The crossed product of E by n, denoted by G x,, I, is the Hilbert G x 4n &7~
module obtained by the completion of the pre-Hilbert G X, &/-module
C.(G, E) (see, for example, [10]).

A continuous action 7 of G on F induces a continuous action 87 of G on
K. (E) given by B¢ (0s,) = Oy (2).me(y) and a continuous action 47 of G on
the linking algebra L(E) given by v (Quea pay) = Ol (@)@ng (2),0l (B)@ng (y)-

Recall that two continuous actions « and ( of a locally compact group
G on the C*-algebras o/ and %, respectively, are Morita equivalent if there
is a full Hilbert C*-module E over & and a continuous action 1 of G on
E such that the C*-algebras K./(E) and £ are isomorphic, « = o and
po 3= ["0p, where ¢ is an isomorphism from % onto K./ (F).

DEFINITION 17. Two continuous actions 1 and p of a locally compact
group G on full Hilbert C*-modules F and F over C*-algebras &/ and 4,
respectively, are Morita equivalent if the actions 57 and S of G on K/ (F)
and Kg»(F'), respectively, are Morita equivalent.
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The following proposition extends [7, Theorem 1] and [6] Theorem,
p. 299] in the context of Hilbert C*-modules.

PROPOSITION 18. Let n and u be continuous actions of a locally compact
group G on full Hilbert C*-modules E and F, respectively. If n and p are
Morita equivalent, then the Hilbert C*-modules G x, E and G x, F are
Morita equivalent.

Proof. If the actions n and u are Morita equivalent, then the actions
~T and v* are Morita equivalent, since the actions " and " are Morita
equivalent, the actions * and +* are Morita equivalent (see [0, p. 297]),
and Morita equivalence of actions of groups on C*-algebras is an equivalence
relation. Then, by [6l Theorem, p. 299], the C*-algebras G x,» L(E) and
G X u L(F) are Morita equivalent. On the other hand, the C*-algebras
G Xyn L(E) and L(G x, E) are isomorphic, as also are the C*-algebras
G Xyu L(F) and L(G x, F) (see the proof of [8, Theorem 4.1]). Hence the
C*-algebras L(G x, E) and L(G x,, F) are Morita equivalent. From these
facts and Proposition 8, we conclude that the Hilbert C*-modules G' x,, E
and G x, F' are Morita equivalent. m

The vector space Cy(G, E) of all continuous functions from G to E
vanishing at infinity has a canonical Hilbert C*-module structure over the
C*-algebra Cy(G, <), which can be identified with Cy(G) ® </. Moreover,
Co(G, E) is full and can be identified with Cy(G) ® E.

The following theorem extends Green’s theorem to the context of Hilbert
C*-modules.

THEOREM 19. Let G be a locally compact group, Go a closed subgroup
of G, E a full Hilbert o/ -module, n a continuous action of G on E, and o
a continuous action of G on the Hilbert Co(G /Gy, o)-module Co(G/Go, E)
defined by

o (f)(sGo) = ne(f(t"sGy)).

Then the Hilbert C*-modules G X on Co(G /Gy, E) and G x
equivalent.

E are Morita

T]‘GO

Proof. Because the linking algebra of Co(G/Gop, E) can be identified
with Cy(G/Go, L(E)), the action of G on L(Cy(G/Gy, E)) induced by o”
can be identified with the action 07" of G on Co(G/Go, L(E)) given by
o3 (/)(sGo) =71 (f (g~ sGo)). Hence the C*-algebras L£(G x 4nCo(G/Gy, E))
and G X Co(G/Go, L(E)) are isomorphic (see the proof of [§, Theo-
rem 4.1]).

Clearly 77|, =7"I%, so by [14, Theorem 4.21], the C*-algebra Gy Xyla,
L(E) is Morita equivalent to the C*-algebra G X  n Co(G/Go, L(E)) and is
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isomorphic to £L(Gg Xnlay E) (see the proof of [8, Theorem 4.1]). Hence the
C*-algebras G x . Co(G/Go, L(E)) and L(Gp Xnlcy E) are Morita equiva-
lent.

We have therefore showed that the C*-algebras L(G X1 Co(G/Go, E))
and L(Go x S E) are Morita equivalent, whence, by Proposition 8, we have

G Xan C()(G/GQ,E) AN GO XT7| 0 E. u

G
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