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The numerical radius of Lipschitz operators
on Banach spaces

by

RuiboONG WANG (Tianjin)

Abstract. We study the numerical radius of Lipschitz operators on Banach spaces.
We give its basic properties. Our main result is a characterization of finite-dimensional real
Banach spaces with Lipschitz numerical index 1. We also explicitly compute the Lipschitz
numerical index of some classical Banach spaces.

1. Introduction. O. Toeplitz [T] introduced the concept of numerical
range for matrices, and his definition applies equally well to operators on
infinite-dimensional Hilbert spaces. In the sixties, the concept of numerical
range for operators on general Banach spaces was independently introduced
by G. Lumer [L] and F. Bauer [B]. We will use the definition given by
F. Bauer.

Let X be a real or complex Banach space. We will denote by S(X) the
unit sphere of X, by X* the Banach space of continuous linear functionals
on X, and by L(X) the algebra of bounded linear operators on X. The
numerical range of an operator T' € L(X) is the subset V(T') of the scalar
field defined by

V(T)={z"Tx):z € S(X), ¥ € S(X"), z*(x) = 1}.
The numerical radius is the seminorm defined on L(X) by
v(T) =sup{|A| : A € V(T)}.
The numerical index of a Banach space X is the constant n(X) defined by
n(X) =inf{v(T): T € L(X), |T|| =1}

A complete survey on this subject can be found in the books of F. Bonsall
and J. Duncan [BD1,BD2], and we refer the reader to these books for general
information and background.

Recently, the numerical index of Banach spaces has been widely dis-
cussed, and the reader is referred to [E, M, IMP| for recent developments.
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In [Z], Zarantonello introduced the concept of numerical range of nonlin-
ear Hilbert space operators, and proved that the numerical range contains
the spectrum. Verma [V] generalized the results of Zarantonello to the case
of nonlinear operators on semi-inner product spaces.

In this paper, we generalize these notions to Lipschitz operators on Ba-
nach spaces. First, we give some definitions and notation:

An operator T : X — Y is called Lipschitz if

[Te =Tyl < K|z -y

for some constant K > 0, and all z,y € X.
Let Lipy(X) denote the set of all Lipschitz operators on X which map
0 to 0. The Lipschitz norm of T' € Lipy(X), denoted by ||T'||z, is given by

Tex—-T
|7l = sup T2 =0l
" Tl

Then (Lipy(X), | - ||z) is a Banach space, To simplify the writing, we will
write Lipy(X) for (Lipy(X), || - [|z)-
Obviously, L(X) is a subspace of Lipy(X).
For each z € X with = # 6, we define
D(x) = {z* € X" :a*(x) = [l«*| - =] = [l«]*}

The numerical range of a Lipschitz operator T' € Lipy(X) is the subset
W (T) of the scalar field defined by

oTr + (z —y)" (Tz — Ty)
2]+ |z = yll?

cx,y € X, 2" € D(x),

W(T) = {
(=)' € Dla =)},

From the above definition, we can easily see that W (7') is the union of all
the numerical ranges of the Lipschitz operator T' in the sense of Verma [V],
corresponding to all choices of semi-inner product.

The numerical radius of a Lipschitz operator T is defined on Lipy(X) by

w(T) =sup{|A| : A € W(T)}.
The Lipschitz numerical indez of the Banach space X is the constant m(X)
defined by
m(X) =inf{w(T) : T € Lipy(X), ||T||z = 1}.
The organization of the paper is the following: In Section 2, we give some
basic properties of the numerical radius of Lipschitz operators on Banach

spaces. In Section 3, we give our main result which gives a characterization
of finite-dimensional real Banach spaces with Lipschitz numerical index 1.
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In Section 4, we explicitly compute the Lipschitz numerical index of some
classical Banach spaces. Finally, we list some open problems in Section 5.

2. Some basic properties. First, let us give some properties of the
numerical radius of Lipschitz operators on the Banach space X.

ProrosiTioN 2.1.

(i) For any T € Lipg(X), w(T) < ||z
(ii) w(aT) = |a|w(T') for T € Lipy(X) and o € R.
(iii) OJ(Tl + Tg) < OJ(Tl) + UJ(TQ) for Ty, T € LipO(X).

Proof. For any x,y € X and z* € D(x), (x —y)* € D(z —y), we have

a*(Tx) + (x — y)*(Te — Ty)
)1+l — yl?

[ e e A PAE
= 212 + |z — g2 '

This proves (i).
Assertion (ii) being obvious, only (iii) needs proof. For any x,y € X and
z* € D(x), (x —y)* € D(z — y), we have
(T + To)(2)) + (2 — y)" (11 + 1) (x) — (T1 + T2)(y)) ‘
2] + [l — y||?
z*(Thz) + (z — y)* (The — Thy) ‘
]| + |z — y|?

< w(Ty) + w(Ty).

So w(T1 + Tz) < w(Tl) + w(Tg). u

IN

¥ (Thx) + (v — y)* (Tox — Tay) '
]2 + ||z — y||?

REMARK. From the above proposition, we see that w is a seminorm on
Lipy(X).

PROPOSITION 2.2. For any Banach space X, if T € L(X), then w(T) =
v(T).
Proof. From the definition of w(7), fixing y = 0, we have

| @)+ ) (e =Ty
W)= p{ 2l + o — o

‘:x,yEX,
¥ € D), (-1 € D)}

L*(Tx) [T z* T)p =V
zsup{ T e X, z"eD( )} (T).
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For the converse, since T is linear, it follows that for any £ > 0, there
exist zo,y0 € X and zfy € D(x¢), (zo — yo)* € D(zo — yo) such that

xz§(Txo) + (zo — yo)* (Txo — Tyo)
[[zol[* + llzo — wol|?

z5(Txo) + (20 — y0)*(T'(xo — yo)) ’
[zoll? + [l — yoll? '

w(T)—e<

Without loss of generality, we may assume that
x5 (Txo) | _ | (w0 = yo)* (Txo — T'yo)
[0 — yol[?

Then
zf(Txo) + (xo — yo)*(T(z0 — yo)) ’
|2zol1? + [lzo — yoll?
lz6(Txo)| + (o — yo)* (T (z0 — yo))|
lzoll? + [lzo — yoll?

:):U (Tzo)

T
on” ‘ l[zo[2 ‘—FH:UO Yo || (mo= yfxo(yffﬁ% yo))’
[zol[* + llzo — ol
*
T
Zo m,f) <u(T). u
ol

Because for any Banach space X, L(X) is a subspace of Lipy(X), using
Proposition 2.2, we can easily get the following:

PROPOSITION 2.3. For any Banach space X, we have m(X) < n(X).

3. Lipschitz numerical index on finite-dimensional Banach
spaces. In [MG], C. McGregor gave the following theorem which charac-
terizes finite-dimensional Banach spaces with numerical index 1:

THEOREM 3.1. Let X be a finite-dimensional normed linear space over
R or C. Then the following are equivalent:

(i) n(X) =1,
(ii) for all x € ext(B(X)) and all x* € ext(B(X™)), |z*(z)| =1,
(iii) for allx € ext(B(X)) and ally € S(X), there exists a scalar A with
|IA| = 1 such that D(A\x) N D(y) # 0.

Here B(X) is the closed unit ball of X, and ext(A) is the set of extreme
points of a convex set A C X.

More concretely, a finite-dimensional normed space X has numerical
index 1 if and only if

|z*(z)| =1, Vo €ext(B(X)) and Vz* € ext(B(X™)).
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Moreover, if a finite-dimensional real normed space X has numerical
index 1, then for any zj,z2 € ext(B(X)), z1 # x2, there exists z* €
ext(B(X™)) such that z*(z1) - *(x2) = —1 and ||z*(x1)]| = [|[z*(z2)] = 1.
So

1 — zo| = |27 (21 — 22)| = 2.
Since S(X) is compact, it follows that ext(B(X)) is finite.

The aim of this section is to give a characterization of finite-dimensional
real Banach spaces with Lipschitz numerical index 1.

The following lemma is immediate from Theorem 3.1, so we omit the
proof.

LEMMA 3.2. Let X be a finite-dimensional Banach space. If n(X) =1,
then for any x € X and any xg € ext(B(X)),

sup |zp(x)| = [|l].
xz{€D(x0)

For any Banach space X, we define Bs(X) = {z € X : ||z] < d}.

LEMMA 3.3. Let X be a finite-dimensional real Banach space with n(X)
= 1. If there exists 6x > 0 such that for any x € S(X) there exists & €
ext(Bs, (X)) satisfying ||x — Z|| = 1 — 0, where 6, > dx, then m(X) = 1.

Proof. Fix T € Lipy(X) with || 7|z, = 1. Then for any € > 0, there exist
x,y € X such that

[Tz =Tyl > (1 = ¢)llz -yl
By hypothesis, there exists 2 € ext(B|,—y|5,_,(X)) such that
[+ 2 —yll = llz = yll(1 = 02—y)
where 0, > 0x.

Because || T'(x 4+ 2) = Ty|| < ||z + 2z —y|| = [z — y||(1 — dp—y) and 2z €
ext(B|z—y|s,_, (X)), using Lemma 3.2, we obtain

(z+z—-a)"T(x+2)—Tz)| |T(x+2)—Tz|

sup

(z+z—z)*€D(z+2—x) ”ZHQ ”ZH
[Tz =Tyl = |T(z+2) =Tyl _ A =e)lz —yl - [lz = yll(T = dzy)
(el - 12 = yl[62—y
9 9
=1- >1—-—.
(5x—y o (5X

Since ¢ is arbitrary, it follows that m(X) =1. =

MAIN THEOREM 3.4. Let X be a finite-dimensional real Banach space.
Then m(X) =1 if and only if n(X) = 1.

Proof. If m(X) = 1, by Proposition 2.3 we obtain 1 = m(X) < n(X)
<1. Son(X)=1.
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For the converse, if n(X) =1 and X is a finite-dimensional real Banach
space, then ext(B(X)) is finite, say card ext(B(X)) = ng. We claim that X
satisfies the condition of Lemma 3.3 with dx = 1/ny.

For any =z € S(X), since X is finite-dimensional real Banach space,
we have = Y 1% a;x;, where > "% a; = 1, o > 0 and ext(B(X)) =
{z1,...,%ny}. So there exists 1 < ig < ng such that a;, > 1/ng.

Let xg = ajy,xi, € ext(Bq, (X)). Then

0

|z — xol| = H Zaixi <1— .
iio
Because
1= =] < [l = 2ol + [lzoll < (1 — vg) + g = 1,
we have ||z — zg]| = 1 — a;, as claimed. So m(X) =1 by Lemma 3.3. »

4. Lipschitz numerical index on some classical Banach spaces.
J. Duncan, C. McGregor, J. Pryce and A. White [DMPA] proved that M-
spaces, L-spaces and their isometric preduals have numerical index 1. By
Proposition 2.3, we know that for any Banach space X, m(X) <n(X) < 1.
In this section, for the real Banach spaces cg, I! and (>, we will show that
m(I1*°) = m(I') = m(co) = 1, which is also another proof that n(I*) =
n(l') = n(cy) = 1.

First, we give an important lemma, whose proof is obvious.

LEMMA 4.1. For any xg € ext(B(I*°)) and any = € [*°, we have

sup |zp(x)| = [|l].
z{€D(xo)

THEOREM 4.2. For the real Banach space 1°°, we have m(I*°) = 1.

Proof. Fix T € Lipy(1*°) with ||T'||z = 1. Then for any ¢ > 0 there exist
x,y € [*° such that

[Tz — Tyl > (1 —¢)[lz — yl|-
We can find z € [*° such that
|z —z|| = ||z — yll = llz —yll/2
and
z=z+ ||z —yl|l(e1/2,€e2/2,...) €™

where ¢; = +1 for any ¢ € N.
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Because z — x is an extreme point of Bjj,_y/2(I°°), by Lemma 4.1 we
have
—x)*(Tz—-T Tz—-T
wp |G @ T Ts T
(z—z)*€D(z—x) ||Z - l’” HZ - .TCH
o Tz =Tyl = [Tz =Tyl _ (A —e)llz —yll —llz—yll/2 _

1— 2e.

Iz — | Iz = =]

Since ¢ is arbitrary, it follows that m(I*°) =1.
For I!, we have the following lemma similar to Lemma 4.1:
LEMMA 4.3. For any x¢ € ext(B(I')) and any x € I*, we have

sup |zg(z)| = ||lz].
xz{€D(z0)

THEOREM 4.4. For the real Banach space I', we have m(I') = 1.

Proof. Fix T € Lipy(I') with ||T||, = 1. For any € > 0 there exist
x,y € ! such that

[Tz =Tyl = (1 —¢)llz —yl|-
We assume that = = (£1,&2,...) and y = (91, 7m2,...). Let g = x and

‘Tl:(n17€27§37"’)7 $2:(7]17772,§3,...),
Then

o
lz =yl = llzi — ziall.
i=1

We claim that there exists ng € N such that ||z, — zn,—1]| > 0 and
HTxno - Txno—IH > (1- ‘S)Hxno - xno—lu'

If not, we have ||[Tx; — Tx;—1]| < (1 — €)||lz; — x;—1]| for any i € N. Since
Ty—Tx =772 (Tx; — Tx;i1), it follows that

‘ i(TmZ — Tﬂ?z‘—l)H

(I=e)llz -yl < Tz - Tyl =

i=1
[e.9] oo
S T — T || <Y (1= o)llwi — ziall = (1 —&)lJz -y,
i=1 i=1
a contradiction.
Since Ty — Tng—1 = (0,0, ..., Mg —&ng, 0, - . .), it follows that x,, — Tny—1

is an extreme point of B, —xnoqll(ll)v and by Lemma 4.3 we have
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sup (xno — xno—l)*(Txno — Txno—l)

(Tng—Zng—1)*€D(Tng—Tng—1) Hxno - $n071”2

_ ||T37n0 - Txno—lu
”37710 - xno—l”

Since ¢ is arbitrary, it follows that m(I') = 1. =

>1—e.

THEOREM 4.5. For the real Banach space cy, we have m(co) = 1.

Proof. Fix T € Lipy(co) with ||T||r = 1. Then for any € > 0 there exist

x,y € co such that
[Tz =Tyl = (1 —¢)llz —yl.
Let
x:(§1’§2a"')a y:(nlyn%-”)a
and
TJI:(Oél,O(Q,...), Ty:(fylfy%”')'

Since x,y, Tz, Ty € cy, there exists ng € N such that for any n > ng, we
have |1, — &l < 3llz — yll and |y, — an| < min(3| Tz — Tyll, 5]z - yl).

We can find z € ¢q satisfying ||z — z|| = ||z — y|| = ||z — y||/2 and

m_
Z:l‘+|2y||(€1,...,€n0,0,...)

where ¢, = +1 for any i € Nand 1 <i < ng. So

D(z —z) = {eillz — z[leT, ..., enollz — xlleny }
where o 1 ifi— )
R T
and

[Tz =Tzl = [Tz — Ty| — | Tz — Ty
z (=)l -yl - llz —yll/2 = ||z — =[] - 2¢]|z — =[],
Let Tz = (A1, A2,...). Then
Tz—Tr= (N —aj, Ao —ao,...),
Ty—Tz= (71— A1,72 = Azs-- )
Since for any n > ng, we have |y, — ay| < ||Tz — Ty||, it follows that there
exists 1 < iy < mg such that |y,, — an,| = [Tz — Ty||. So
[Aig = gl = laig = viol = [7ig — Xiol 2 [Tz — Ty|| — [Tz — Ty||
> (1 =e)llz—yll = llz —yll/2 = Iz — = — 2]z — z]|.

@) (Tz—T Nig — i
wp|EZ T —ay
(z—z)*€D(z—x) ”Z - .%'H HZ - .%'H

Since ¢ is arbitrary, it follows that m(cp) = 1. =



Numerical radius of Lipschitz operators on Banach spaces 51

5. Open problems

PROBLEM 5.1. In Section 2, we have shown that m(X) < n(X) for any

Banach space X. We do not know if there is a Banach space X such that
m(X) < n(X).
PROBLEM 5.2. M. Martin and R. Paya [MP] proved some stability prop-

erties of the numerical index for operations like cg-, I1- and lo,-sums, namely
for a family {X) : A € A} of Banach spaces, we have

([ @],) = ([@],) = D)],.) = proo.

We do not know whether this holds for the Lipschitz numerical index, i.e.
whether

([ @] ) (| @], =m(|@],.) = pimey.
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