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Continuation of holomorphic functions with growth
conditions and some of its applications

by

ALEXANDER V. ABANIN (Vladikavkaz and Rostov-na-Donu) and
PuaM TRrRONG TIEN (Rostov-na-Donu)

Abstract. We prove a generalization of the well-known Hérmander theorem on con-
tinuation of holomorphic functions with growth conditions from complex planes in C?
into the whole C?. We apply this result to construct special families of entire functions
playing an important role in convolution equations, interpolation and extension of in-
finitely differentiable functions from closed sets. These families, in their turn, are used
to study optimal or canonical, in a certain sense, weight sequences defining inductive
and projective type spaces of entire functions with O-growth conditions. Finally, we give
a natural and complete description of multipliers for spaces given by canonical weight
sequences.

1. Introduction. Let ¢ be a plurisubharmonic (psh) function in CP
such that, for some Cy > 0,

(1.1) lp(z) —(Q)] < Cp  for all z,¢ € CP with |z — (| < 1.

In this case, it is natural to say that ¢ is stable (or slowly varying) with
respect to the distance function p(¢) = 1. Next, let f be a holomorphic
function on a complex subspace X of dimension & in CP and

Ay = S |f(2)2e7 2@ d), < 0o,  where X is the Lebesgue measure.
b

Then, according to Héormander’s well-known result [7, Theorem 4.4.3], f can
be continued as an entire function F' on CP (i.e., F|x = f) satisfying the
condition

| [F(2)Pe P (1 4 |22) 20 F ax, < C Ay,

cp
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where C' is an absolute constant depending on Cy, p and k and independent
of ¢, X and f. This easily implies a similar statement with uniform estimates
for f and F instead of integral ones.

The Hormander theorem is very useful when we have some fact for p = 1
and need to extend it to the multivariate case. It has been successfully
applied in the theory of entire functions, approximation and interpolation,
duality of function spaces, and convolution equations. On the other hand, for
some problems the condition is too restrictive. To study the problem
of approximation of psh functions by log | f| with an entire function f, Youl-
mukhametov (see [13, Lemma 1]) obtained an analog of the Hormander
theorem under the weaker condition
(12)  Jo(2) —o(C)| < Co  for all 2,¢ € CP with |z — ¢| < (1+1\z|)
where s is a positive constant. Now ¢ is slowly varying with respect to p(t) =
(1 +t)~*°. Later, Musin [I2] used this analog to describe, via the Fourier—
Borel transformation of functionals, the dual space to a certain weighted
space of infinitely differentiable functions in R™ with prescribed growth of
all derivatives at infinity.

In Section 2 of the present paper we prove a general Hormander type the-
orem (see Theorem , where the stability of a psh function ¢ is controlled
by a distance function p satisfying some natural properties.

In Section 3 we use Theorem to construct special families of entire
functions having uniform upper growth bounds and prescribed values, close
to those bounds, at each individual point of CP. Families of such type are
useful in many problems concerning convolution equations, interpolation,
sufficient sets, and extension of infinitely differentiable functions from closed
sets (see, e.g., [1, [3], [6], [8]-[11]). They are closely connected with opti-
mal, in a certain sense, weight sequences used for spaces of entire functions
satisfying O-growth conditions.

In Section 4 we discuss such sequences (called canonical) and give suffi-
cient conditions for a weight sequence to be canonical in two different cases,
inductive and projective. It should be noted that the projective case is more
complicated and has some particularities. Our definitions of canonical weight
sequences is based on the notion of associate weight function introduced in
Bierstedt—Bonet—Taskinen [5] (see also [4]).

Finally, in Section 5 we give, in terms of canonical weight sequences,
a complete description of multipliers for weighted inductive and projective
spaces of entire functions.

2. Continuation of holomorphic functions with growth condi-
tions. In this section we obtain a Hérmander type result concerning the
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continuation of holomorphic functions with growth conditions. Without fur-
ther reference we shall use the standard notation from complex analysis
(see [1]).

A decreasing C''-function p : [0,00) — (0, 1] is called a regular distance
function if

(2.1) Pt)—0 ast— oo,
(2.2) log p(e®) is concave on R.

The following functions are regular distances:

(1) p(t) =1;

(2) p(t) =1/(1+1)% s >0;
(3) p(t) =e %, a>0,5>0;
(4) p(t) = e~ exp(exp(-(expt)...)

Notice some common properties of such functions. Using (2.1)), we have

Ag = max |p/(t)] < oo
t€[0,00)
and there exists tg > 0 such that p/(t) > —1/2 for all ¢ > ¢;. Finding
£ = &) in (t,t + p(t) with p(t + p(t)) = (1 + p'(§))p(t), we then have
p(t) < 2p(t + p(t)) for all t > tyg. Hence, there always exists By > 1 such
that

p(t) < Bop(t+ p(t)) forall ¢ > 0.
This implies
(2.3)
p(t) < Bop(t') and p(t') < Bop(t)for all t,¢' > 0 with |t — /| < p(t).

Also, put p(z) := p(|z|) for z € CP (p € N). Since p decreases and satisfies
(2.2)), the function —log p(z) is psh in CP.

We say that a function ¢ is p-stable in CP if there exists Cy € [0, 00)
such that
(2.4) lo(z) — ()] < Cy  for all z,¢ € CP with |z — (| < p(2).

The main result of this section is the following theorem.

THEOREM 2.1. Let ¢ be a p-stable psh function in CP? and Cy the con-
stant from . Then for any complex plane X in CP of dimension k and
a holomorphic function f on X with log|f(2)| < ¢(2) (z € X) there exists
an entire function F in CP such that F|s = f and, for all z € CP,

log |[F(2)| < ¢(2)
3p—2k+1

1
+ (2p — k) log + log(1 + |2|%) +
(2~ k)log o5 + L2 log(1-+ )

p—k

5 log(1 + d%) + M,
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where dy; is the distance from the origin to X and M an absolute constant
depending on Ay, By, Co,p and k and independent of o, X, f and p.

To prove this theorem, we need some preparations.
Given 1 <k < p and ¢ := (¢t1,...,6p) € Cr~* fix n € Nwith k < n
< p and denote

2= (21, 0y Zny Zng1) € CVTL 2= (2,0, 2,) € CT,
(Z,C) = (Zl) -y ”ny AntlsCnt 2, - - - 7Cp) € (va
(2, )= (21, 2n, Cnt1, - - -, ¢p) € CP.

We put h(z,c) := h((z,¢)) and h(2', ) := h((2',)) for a function h defined
on CP. Denote by A, and A, the Lebesgue measures in CJ, = R?" and
Crtl = R27+2 | respectively.

LEMMA 2.2. Let g be an entire function on C7, such that

2001 |2
_ 1 PPEDEDE e
I(g) := R e 2 N, < oo
(Cn

for some |,m € Ny := NU{0}. Then there exists an entire function G in
C with G(2/, cpy1) = g(2') on C? and
P2 (2, 0)|G ()

T apyes € T dAs < NEBG (14 feaia )1 (9),

(Cn+1
where No > 0 is an absolute constant depending only on Ag and Cy.

Proof. Take an infinitely differentiable function 1 on [0, co) with n(t) =1
on [0,1/2], 0 < n(t) < 1on [1/2,1], and n(t) = 0 on [1,00). Denote ag :=
max>o |7/ ()| and 7(2) == |2p41 — cns1l/p(2', ), z € C*TL Tt is clear that
the (0,1)-form

V(o) = — 2 )

Zn4+1 — Cn41
is well-defined on C"*! and O-closed (i.e., dV = 0). Let
B() = {w e C: p(s, )2 < = esa] < (&)}, 2 €CP,
E:={z= (¢ 2001) €C" : 2,11 € B(¢)), 2/ € C"}.
Then V(z) = 0 outside E and, for z € E,

V(o) = —9) i) = 91D

Zn+1 — Cn+1 2(zn41 — cny1) p(2,c)

- _ T 1
% < Zn+1 — Cn+41 dzn—i—l . |Zn+1 Cn,+1 |//0 (Z ,C) p— Z Zjd?j) )
‘ZnJrl*CnJrl’ p(Z,C) |(Z’C)‘j:1
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It follows that for any z € F,
9(z")] 5 l9(2)]
(25) V(x| < 0 50 ey V L+ (p'(2/,¢))? < apy/1 + A 2(2.)

Here and below, ||V (z)|| is the Euclidean norm of the (0,1)-form V(z) in
the corresponding space (now that is C"*1).

Notice that |(z,¢) — (2/,¢)| = |znt1 — cny1| < p(2/,¢') on E. Then, using

*, we obtain

PQHQ(Z,c)HV(Z)HQGng(z,c) Dh — p2l+2(2,C)HV(Z)H2672g0(z,c) I\
(L+ [z>)m T @A :

(Cn+1

21 2
< ag(l+Ag)Bgl+262CO S p (z’,c’)|g(z')| 67250(%,0’) dA;

(1+ [22)m P22, )
201 /12
(2 Ag) _apr e dAz,
< af(1+A5) By e S 1+ 2[2)m e 2D dx, S pz(;/ +CI/)

Cn zZnt1€B(2")

= MZB2H2e*0](g),  where My := (ap/2)1/37(1 + A3).

Since ¢(z,¢) — (I + 1)log p(z,¢) + (m/2)log(1 + |z|?) is psh in C**!, by
Hormander’s well-known result [7, Theorem 4.4.2] we can find a function u
with du =V and

(2.6)  I(u):= il

Cn+1

2
1
ol e e i, < L),

Consider the function

G(2) = g(2)n(7(2)) = (zn41 = nsr)u(z), 2 € C"FL
Since dG = 0, G is entire in C""!. Obviously, G(2',cp,41) = g(2') on C™.
Denote
Bo(?) i ={w e C:|w—rcn1| <p(, )}, eC
Eo:={z=(¢,2031) €C"" : 2,11 € By(?), 2 € C"}
and notice that |(z,¢) — (2, )| = |zn+1—cnt1| < p(2/, ") on Ey. Using (2.3)),
(2.4), and (2.6)), we then have

2042 1202
_ P~ (2 g (1(2) gz
J(g) == 0+ [+ e P dN,

(Cn+l

P25 PP () apie) g
(1 + ‘Z|2)m+3 z

Ey
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2l+2

Z C |g( )|2e—24p(z’,c/)d)\z

<B2l+2 2Co
S ES A+

21
2042 _2C P (2, c)|g(z )| —2p(2' ¢
< Byit2e2 | ERNEITE PN, | dA

Zn+1
Cnrn

< ﬂ_BgH-QeQCO I(g)

zn+1€Bo(2)

Next
204-2 2 2

,_ P (2, 0)[zng1 — enpa[*|ulz) 7 o,

T | W ¢
(Cn+1
20+2 2
P (2 ) u(2)® o
< (1 + |Cn+1’2) S (1 T |Z|2)m+2 e 20(2, )dAz = (1 + ‘Cn—&-l‘Q)I(U).

(Cn+l

Thus, using the last two estimates and ([2.6]), we get

[ PedlGe)
o AR

< 2w By eI (g) + (1 + e [P) Mg B3 2e* 1 (g)
< NEB22(1 + |eny1|?)I(g), where Ny := \/271'(1 +a2)(1+ A2) .

e 29 dx, < 2(J(g) + J(u))

Now we are ready to prove Theorem

Proof of Theorem 2.1. Each complex plane of dimension & can be defined
by a system

en

<ap’ Z> = Cps
where (aj)§:k+1 is part of an orthonormal basis (aj)gzl in C? and ¢; € C
(k+1<j<p). Let @ = (aj1,...,a,). Then A = (ajn)in:l is a unitary
matrix and, using the transformation z — z := Az, we can rewrite as

Zh+1 = Cht1,

Zp = Cp.
Since the transformation z — Az and its inverse z — A~z preserve holo-
morphy and plurisubharmonicity and |Az| = |[A7!2| = |z| for all z € CP, in
what follows we can assume that X' is defined by the system

{ Zk+1 = Ck+41,

Zp = Cp.

Note that dx; = \/|eg+1]? + -+ + ||
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Put 2F:=(z,...,2)€CF, ¢ ( Cht1s cp), and (2%, cF)i=(z1,. .., 2,
Chk+1, - - - » Cp). As before, write h(z ) = ((zk c*)) for a function h defined
on CP. T he entire function g(z*) := f(2*, c¥) satisfies the condition

’g<zk)‘2 —2p(2% ,cF) d)‘zk " 2
e ' ) < - % = .
| ey e < | e = <

Ck

Applying Lemma (p — k) times, we find an entire function F' in CP such
that F(2F,c) = g(2*) = f(2*,¥) and

2(p—k) 2
2 (P ()|F()]° (2)
P = ) e

< ENJPPBIPI (L e ?) . (1 )
< M1+ d%)P%,  where M := eNé’kag*k.

Denote by v, the volume of the unit ball in CP = R?P and apply standard
arguments for integral and uniform estimates of entire functions. Then, using

(2.3) and (2.4]), we get, for every z € CP,

1
FRP< ————— F(O)|?dX
|F ()] < P (2) | [PQPdx
I¢—2]<p(2)
2\3p—2k+1

<L Py max OHOT a0

= upp?(z) (—2l<p(z)  pPPR(C)

< i] (F)23— 2k+lB 2(p—Fk) 200(1+ |2[2)%P 204 e2¢(2)

U p22P=Fk) (2)
_ o am (L d5)PR (1 [2[?)PP 2R 20(2)
p*r=k)(z) ’

where M := log(vp S H/2903— 2k+1)/2 g~k ¢Co £y ). Consequently,
(1 + a2 )(p k) /2(1 + |Z’ )3p 2k+1)/2

PP (z)
which is equivalent to the desired estimate for log |F'(2)|. =

|F(2)] < eM e?)  for all z € CP,

COROLLARY 2.3. Let ¢ be as in Theorem[2.1]. Then for any subspace X
in CP of dimension k and a holomorphic function f on X with log|f(z)| <
o(z) (z € X) there exists an entire function F on CP such that F|sx = f
and, for all z € CP,

1 n 3p—2k+1
p(z) 2
where M is an absolute constant depending on Ay, Bo,Co,p and k and in-
dependent of p, X, f and p.

(2.8) log|F(2)| < ¢(2)+(2p—k)log log(1+[2[*) + M
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3. Families of entire functions with lower and upper bounds.
In this section we prove the existence of special families of entire functions
having uniform upper and local lower bounds of the same type. We start
with functions of one variable and then consider the multivariable case by
using Theorem

PROPOSITION 3.1. Let 9, ¢, be real-valued functions on C such that
0<d(z) <1 forall z € C, v is subharmonic in C, and

(3.1) 3C) >0: ¢(z) < | |i<rgf( )Lb(z +t)+Co, VzeC.
t|<o(z

Then there exists a family G = {ge : £ € C} of entire functions in C
satisfying the following conditions:

(3.2) <> 5(&)e?®,  veec,

(3-3) 9e(2)| <€ == (1+[2})%e% ), vz e e,

(Z)

where Y5 (2) := supjy <) Y(z +t) and A is an absolute constant depending
only on Cy.

Proof. The method and steps of the proof are the same as for Lemmal[2.2]
For this reason we omit the details and calculations.

For fixed & € C, let
— &l 1+ ¢
Ve(2) = ’<‘Z €) e?® . zecC,
=G ) o

where the function 7 is as in the proof of Lemma Then from (3.1)) it
follows that

2
VD g, <4,
14 |z|?

where A; depends only on Cy and oy = maxcr |7 (t)] (for example, 4 =
6made?“0 works).

By [7, Theorem 4.4.2], there exists a function ug with dug/0Z = V¢
and

|U£(Z)|2 —2(z) Ay
—_— < —.
Varpppe P25

Using this and (3.1]), for the function

9e(z) == 5(5)0(’25(5) |> 20 1+é| ue(z), ze€C,
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we have
9¢ ()P o) () 2(2 ’> —2y(2)
Vg =2 e (o .

2= &> Jug(2)]? o 20(2)
2 d\, < A
Y2 R =

where Ay is some constant depending only Cy (for example, we can take
Ay = (27/3)e*° 4+ A;). Since dge/0Z = 0 in C, g¢ is entire. Obviously,
ge(§) = 5(€)e¥®) that is, g satisfies (3.2). In addition, applying the last

inequality and a standard argument for uniform and integral estimates of
the subharmonic function |ge|?, we get

2 1 2
|g¢(2)] < ) | lge(OPdX
[C—2]<5(2)
As
max
m02(2) |¢—2I<6(2)

This yields (3.3) with A =4,/As/7. =

COROLLARY 3.2. Let § be as in Proposition and ¢ a subharmonic
function in C such that

ACH>0: |p(z) —@(Q)]| < Cy forall z,¢ € C with |z — (| < d(z).
Then there exists a family G = {g¢ : € € C} of entire functions in C satisfy-
ing (3.2) and

A

(3.4) |9¢(2)] < @(1 +2[%)%efB), vz e e,

where A is an absolute constant depending only on Cjy.

A

16 A,
w62(z)

N

(14 [P0 < 02 (14 |2f2)te2ilo).

PROPOSITION 3.3. Let p be a regular distance function and ¢ a p-stable
psh function in CP satisfying (2.4). Then there exists a family G = {ge :
¢ € CP} of entire functions in CP such that the following conditions hold:

(3.5) ge(§) = p(&)e?®,  veerr,
3O o) € s BT foratz e

where M is an absolute constant depending only on Ag, By and Cy.

Proof. For any € # 0 in CP the linear transformation

w = ze(w) := wé w e C,

€1’

maps the complex plane onto a one-dimensional complex plane in CP. Denote
the latter plane by X. Obviously, ¢¢(w) := ¢(2z¢(w)) is subharmonic in C.
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Since |z¢(w)| = |w| and z¢(+) is linear, from ({2.4)) it follows that
lpe(w) — pe(u)] < Co  for all w,u € C with |w —u| < p(w).

Then, by Corollary with p in place of §, there exist an absolute constant
A > 0, depending only on Cj, and an entire function f¢ in C such that

(3.7) fe(l€l) = p(&])eeleD
and
(3.8) | fe(w)] < p(‘?ﬂ)u +[w]?)2efe@ vy e C.

Let wg : X' — C,, be the inverse transformation to z¢. Clearly, |we(z)| =
|z| for every z € . Then the function F¢(z) := fe(we(2)) is holomorphic on
X and, by (3.8)), for all z € X,

[Fe(2)| = |fe(we(2))] € ————%

From (2.3) and ([2.4)) it follows that the psh function

- b 2
»(z) = p(2) + log ) +2log(1 +|2]%), =ze€CP,

satisfies the condition
1 2
log p(z2) + 2]

1h(2) = (O] < le(2) — (O] + o0) 1+|C2

< Co+logBy+6 forall z,{ € CP with |z — (| < p(2).

Therefore, applying Corollary [2.3] to ¢ and Fg in place of ¢ and f, respec-
tively, we can find an entire function g¢ in CP such that g¢|x = F¢ and

+ 2|1

0g

M
|9¢(2)] < W(l + |2|?)3P+1e??)  for all z € CP,

where M is an absolute constant depending only on Ay, By and Cp, that is,
(3.6) holds. In addition, (3.7) and the equality we (&) = |£] yield

96(6) = Fe(&) = fe(we(€)) = fe(l€l) = p(i&Des< D = p(e)e=©.

Thus, g satisfies (3.5).
In the case £ = 0 the same arguments can be applied to pg(w) :=
o(w,0,...,0) and ¥ = {2 = (w,0,...,0) e CP:w e C}. u

4. Canonical weights and weight sequences. Given ¢, a continuous
real-valued function on CP, let

1l = sup L ¢ ¢ pren),

su
ol )
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and
E(p) :={f € H(C") : || flly < o0},

which is a Banach space with respect to the norm || - ||,. Denote by V' the
set of all ¢ such that the corresponding space E() is nonvanishing on CP.
Recall that a class £ C H(CP) is called nonvanishing at zp € CP if there is
f € E with f(z9) # 0; and FE is said to be nonvanishing on G C CP if it is
nonvanishing at each z € G. Elements of V' are called weights.

We say that a weight ¢ is dominated by a weight 1 (¢ < ) if there is
C > 0 such that ¢(2) < 9(z) 4+ C for all z € CP. If ¢ < ¢ and 9 < ¢, then
o and 1 are called equivalent (p ~ 1)). Obviously, E(yp) — E(1)) whenever
¢ <1, and E(p) = E(1) whenever ¢ ~ 1.

For ¢ € V define the holomorphically reqularized (or simply regularized)
weight © by the rule

?(2) == supflog|f(2)] : f € B(p)}, 2€C,

where B(¢p) is the unit ball in E(y). Note that g = log (e®)™, where (e¥)"~
is the associated function of e¥ in the sense of [5]. As is well known, for each
p € V the following conditions hold:

(a) ¥ is a continuous psh function in CP?;

(b) ® < ¢ on CP;

(©) [lfllz = l[fllo for all f e H(CP);

(d) E(®) = E(p).
A weight ¢ is called canonical if ¢ ~ @, or equivalently, ¢ < @. Denote by
W the set of all canonical weights. Note that for every ¢ € V, B(p) is a
closed bounded subset in H(CP) and B(y) is nonvanishing on CP. On the
other hand, if B is an arbitrary subset in H(CP) with the same properties,
then the function

vp(z) :==sup{log|f(z)|: f € B}, z€CP,

is a weight and Py = pp (see, e.g., [B, Example 1.4]). In this notation,
asubset B C B(¢p) closed in H(CP) and nonvanishing on CP? is called defining
for ¢ if pp =7.

Denote by VT the family of all sequences ® = (¢,)3%, with ¢, € V
(n € N)and @1 < g < ---. For each & € V1, define the locally convex space
I(?) :=U,~, E(¢n) endowed with the natural inductive limit topology. The
elements of V1 are called inductive weight sequences.

We say that @ € VI is dominated by ¥ = ()32, € VI (& < @) if
for each n € N there exists m € N such that ¢, < ¥,. If ® < ¥ and
U < @, then @ and ¥ are called equivalent, @ ~ W¥. It is clear that I(®) —
I(¥) for & < ¥. Consequently, if & ~ ¥, then I(®) and I(¥) coincide as

sets and topologically. Since a weight sequence is equivalent to each of its
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subsequences, we may assume that the condition of domination or other
conditions of such type hold for m =n + 1.

By the above, to define the space I(®), we can replace the weight se-
quence @ with @ := (,,)°° ;. As is known, always & < &. Moreover, p,, < ¢y,
for every n € N. A sequence & € V1 is called canonical if @ ~ @. Denote by
W7 the family of all canonical inductive weight sequences. It is easy to see
that a weight sequence @ € V1 is canonical if and only if it is equivalent to
some ¥ € W consisting of canonical weights.

From Proposition we have the following conditions for an inductive
weight sequence to be canonical.

THEOREM 4.1. Let p be a regular distance function and ® = ()02,
an inductive weight sequence consisting of psh p-stable functions. If for each
n € N there exist m € N and D,, > 0 such that
1+ |22

p(z)

(4.1) on(z) + log < om(2)+ Dy forall z € CP,

then @ is canonical.

Proof. Fix any n € N and find m € N and D,, so that (4.1)) holds. By
Proposition there exists a family {ge : £ € CP} of entire functions in C?
such that

(42) Ge(€) = p(€)e”™©  for every € € C7,
M

4.3 <

43) o)l < s

where M does not depend on z,£ € CP. Applying (4.1) (3p + 1) times, we

find k£ € N and L,, > 0 such that

1+ |z)?
p(2)
From this and it follows that the functions f¢ := (e=Lm /M)ge satisfy
the estimate
1+ |22

Hence, f¢ € B(ypy) for every £ € CP. On the other hand, (4.1) and (4.2)
imply that, for any £ € CP,
log | f¢(&)] = 1og |g¢(&)| — L —log M = (&) — Mp,

where My, := Ly, + Dy, +1og M. Consequently, ¢, (2) < @y (2) + My, for all
z€CP. Thus, ?<PorP~o. u

In the “dual” projective case, when ¢; > @2 > ---, we consider the
Fréchet space P(®) := (\._; E(¢yn); the topology in P(®P) is given by the
norm system (||-||,,, )22 ;. Clearly, this space may be vanishing at some points

(14 |2|?)%P+ten(®) for all z,¢ € CP,

em(2) + (Bp+1)log < pr(2)+ L,, forall z € CP.

3p+1
> e < o2k for all 2, € € CP.
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(moreover, it may be trivial), although each E(p,) is nonvanishing on CP.
In this connection, note that I(®) is nonvanishing on CP for any @ € V1.
Taking this into account, denote by V! the set of weight sequences @ such
that ¢; = @9 = --- and P(®) is nonvanishing on CP. The elements of V'
are called projective weight sequences. We say that & € V' is dominated by
U c V5 (& < W) if for each n € N there exists m € N such that ¢, < 1.
As in the inductive case, ® and ¥ from V! are called equivalent (¥ ~ W)
if ® < ¥ and ¥ < &. Clearly, P(®) — P(¥) for ® < ¥ and P(®) = P(¥)
for @ ~ w. Although P(®), just as I(P), can be given by the corresponding
sequence @, it is more natural to define it by another sequence of regularized
weights.
Indeed, let

fn(z) :=sup{log|f(2)|: f € P(®)NB(en)} (neN).

Note that ¢ (2) < §,(2) < ¢n(z) for all z € CP (n € N) and P(®) =
P(®) = P(®), where @ := (¢, )nz1- From the open mapping theorem it also
follows that the topologies of P(®) and P(®) coincide. A projective weight
sequence @ is called canonical if @ ~ @. Evidently, ® ~ & for a canonical
weight sequence & € V. It is useful to know that a converse statement
holds. To obtain some sufficient conditions for this, we need the following
notions. A projective weight sequence @ is called reduced if the corresponding
projective sequence (E(py))2%; of Banach spaces is reduced, that is, P(®)
is dense in each E(py) (n € N). We say that @ is weakly reduced if for each
k € N there exists n € N such that P(®) is dense in E(p,) with respect to
the norm | - ||, . Obviously, every reduced sequence is weakly reduced. The
following result is only a slight revision of [2, Proposition 2].

PROPOSITION 4.2. Suppose that & € V! is weakly reduced and & ~ &.
Then @ is canonical.

Proof. Fix any k € N and find n € N so that P(®) is dense in E(py)
with respect to the norm | - ||, . Since @ ~ @, there exist m € N and C > 0
such that
(4.4) em(2) <P,(2) +C forall z € CP.

It can be assumed that £ < n < m. From (4.4) it follows that for each
zp € CP there is g € B(py) with
(4.5) log |g(20)| = ¢m(20) — 2C.

Take o := min{1, 3 exp(—2C+pn,(20)—¢x(20))} and D > 0 so that ¢, (z) <
vr(z) +log D for all z € CP. The density of P(®) in E(yp,) with respect to
the norm || - ||, implies that there exists h € P(®) with ||g — hll,, < eo.
Therefore,

|h(2)| < e0e?"®) 4 |g(2)] < (D4 1)) for all z € CP,
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and consequently hg := %Hh € P(®) N B(¢k)- On the other hand, using
(4.5), we have

|h(20)| > |g(20)| — £0e?k(20) > o=20+em(z0) _ %6—2C+<pm(zo) _ %€—2C+<pm(zo).

Hence,

#,.(20) = log |ho(z0)| = log |h(z0)| —log(D+1) = ¢m(20) —2C —log2(D +1),

where the constant —2C — log2(D + 1) does not depend on zg € CP. =
COROLLARY 4.3. A reduced ® € V' is canonical if and only if & ~ .
Now we are ready to get an analog of Theorem in the projective case.

THEOREM 4.4. Let p be a regular distance function and @ = (p,)0, a
weakly reduced weight sequence consisting of psh p-stable functions. If for
each n € N there exist m € N and D,, > 0 such that
|22

(4.6) om(z) + log 1 :(5

< n(2)+ D, forall z € CP,

then @ is canonical.

Proof. As in the inductive case (see the proof of Theorem , we find
that @ ~ &. Since @ is weakly reduced, it remains to apply Proposition "

5. Multipliers of weighted spaces. In this section we apply the above
results to the description of multipliers acting in weighted spaces of inductive
or projective type. To do this, we recall some definitions and results.

Let E,F be locally convex spaces of entire functions in CP such that
E,F — H(CP); H(CP) is endowed with its natural topology of uniform
convergence on compact subsets of CP. An entire function p is called a
multiplier from FE into F if uf € F for every f € E. Denote by M(E, F)
the set of all multipliers from E into F. Obviously, M(E, F') is a linear
subspace of H(CP) and each p € M(E,F) generates the corresponding
multiplication operator A, : f € E — uf € F. Clearly, 4, is linear and
from the uniqueness theorem for holomorphic functions it follows that 4,
is injective whenever p is nontrivial. Since E, F' — H(CP), this operator
always has a closed graph.

Returning to weighted spaces of inductive and projective type, we see
that I(®) is an (LB)-space, while P(®) is a Fréchet space. Consequently,
spaces of these two types are ultrabornological and for them the Banach
(for P(2)) and Grothendieck (for (I(2))) closed graph theorems are valid.
Thus, the operator A, : I(®) — I(¥) (or A, : P(®) — P(¥)) is continuous
for any p € M(I(®),I(¥)) (resp., u € M(P(P), P(¥))).
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THEOREM 5.1. Let @ and ¥ be inductive or projective weight sequences.
If @ is canonical, then

(5.1) MI(@), 1)) = () [ EWm — ¢n)

n=1m=1

or, respectively,

(5.2) M(P@),PW)) = () | EWm —¢n)-

m=1n=1

Proof. We prove (j5.2)); the proof for (5.1)) is similar. It is easy to see that

) U E@Wn —¢n) © M(P(®), P(P))

m=1n=1
without any restrictions on @.

On the other hand, let u € M(P(®),P(¥)). Since the operator A, :
P(®) — P(¥) is continuous, for each m there exist k¥ € N and A > 0 such
that

[ f g < Alfllos VF € P().
Then, for each z € CP,

u(2)[|f(2)] < Aexpihm(z), Vf € P(®)N Blgk).
This yields
[u(z)expp, (2) < Aexpin(z), VzeCPh.
Using the fact that @ is canonical, we can find n € N and B > 0 so that
on(2) < (2) + B, VzeCP
Therefore,
1(2)] < Ae® exp(m(z) — ga(2)), V2 € CP.
Hence, p € (o _; Unr | E(¢m — ¢n), and consequently

M(P@), P@)) C () | E@Wm —¢n)- =
m=1n=1
As an immediate consequence of Theorems 4.4 and we have the
following result.

COROLLARY 5.2. Let p be a regular distance function and @ an inductive
(weakly reduced projective) weight sequence consisting of psh p-stable func-
tions satisfying condition (resp., [&.6))). Then for any ¥ € V1 (resp.,
W ¢ V1) the description (resp., (5.2])) holds.
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In its turn, this corollary implies the next, more concrete, result.

COROLLARY 5.3. Let @ be an inductive (weakly reduced projective) weight
sequence consisting of psh functions and satisfying the following conditions:

(i) for some s >0 and each n € N,
sup{[pn(z +¢) —en(2)] : [¢(] < 1/(1 + [2])%, 2 € CP} < oo
(ii) for every n € N there exist m € N and D,, > 0 such that, for all
z € CP,
en(2) +log(1+2]) < om(z) + Dn(resp., om(2)+1og(1+|z]) < ¢n(z) + Dn).

Then the description (5.1) (resp., (5.2)) holds for any weight sequence ¥ of
inductive (resp., projective) type.

REMARK 5.4. In [8], for the inductive case, and in [2], for the projec-
tive case, results similar to Corollary were established under the condi-
tion

sup{|on(z +¢) —pn(2)] : [{| <1, 2 € CP} < o0 for every n € N,

which is more restrictive than (i).
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