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Multiple solutions to a perturbed Neumann problem

by

Giuseppe Cordaro (Messina)

Abstract. We consider the perturbed Neumann problem

{
−∆u + α(x)u = α(x)f(u) + λg(x, u) a.e. in Ω,

∂u/∂ν = 0 on ∂Ω,

where Ω is an open bounded set in R
N with boundary of class C2, α ∈ L∞(Ω) with

ess infΩ α > 0, f : R → R is a continuous function and g : Ω × R → R, besides being
a Carathéodory function, is such that, for some p > N , sup|s|≤t |g(·, s)| ∈ Lp(Ω) and

g(·, t) ∈ L∞(Ω) for all t ∈ R. In this setting, supposing only that the set of global minima

of the function 1
2
ξ2−
Tξ
0
f(t) dt has M ≥ 2 bounded connected components, we prove that,

for all λ ∈ R small enough, the above Neumann problem has at least M + integer part of
M/2 distinct strong solutions in W 2,p(Ω).

1. Introduction. In this paper we consider the Neumann problem

(Pλ)

{
−∆u+ α(x)u = α(x)f(u) + λg(x, u) a.e. in Ω,

∂u/∂ν = 0 on ∂Ω,

where Ω ⊂ R
N is a bounded and connected open set with boundary ∂Ω of

class C2, α ∈ L∞(Ω) with ess infx∈Ω α(x) > 0, f : R → R is a continuous
function, g : Ω×R → R is a Carathéodory function, sup|s|≤t |g(·, t)| ∈ Lp(Ω)
for some p > N , g(·, t) ∈ L∞(Ω) for all t ∈ R, and λ is a real number.

A rather interesting question which arises in connection with a pertur-
bation problem is to find conditions on φ and ψ in order that there exists
λ > 0 such that, for each λ ∈ R with |λ| ≤ λ, the boundary value problem

{
−∆u = φ(x, u) + λψ(x, u) a.e. in Ω,

Bu = 0, on ∂Ω,

where B denotes the Dirichlet or Neumann boundary operator, admits at
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least M distinct solutions whenever so does the unperturbed problem
{
−∆u = φ(x, u) a.e. in Ω,

Bu = 0. on ∂Ω.

Among the papers which treat the case of the Dirichlet problem (i.e.
B = I), we cite the most recent ones [4, 5]. In both papers the unperturbed
term φ is supposed to be odd with respect to the second variable while no
growth conditions are imposed on the perturbation term ψ.

The case of the Neumann problem has been considered only recently,
first in [9] and then in [2]. Also in these papers a feature is the absence of
a growth condition on the perturbation term as in [4, 5], but the different
nature of assumptions on φ is also worth noticing, in particular no symme-
try properties are assumed. In both papers, variational methods are applied
(see [7, 8]). More precisely, the solutions of the problem are found to exist
as local minima of the energy functional associated to problem (Pλ). Our
approach is similar since it is based on Theorem 2.1 of [1], which is a con-
sequence of the general result stated in [7]. We focus on the same classes of
nonlinearities φ (the unperturbed terms) as in [9]. Hence we devote the rest
of this introduction to stating our result and comparing it with those cited
above.

Set

Af =

{
ξ ∈ R :

1

2
ξ2 −

ξ\
0

f(t) dt = inf
t∈R

(
1

2
t2 −

t\
0

f(s) ds

)}
.

Denote by [r] the integer part of the real number r. Our result is as follows:

Theorem 1.1. Suppose that the set Af has at least M ≥ 2 bounded con-

nected components in R. Then there exist a, b ∈ R and λ, σ > 0 such that ,
for all λ ∈ ]−λ, λ[, problem (Pλ) admits at least M+[M/2] distinct strong so-

lutions in W 2,p(Ω), u
(λ)
i for i = 1, . . . ,M + [M/2], satisfying u

(λ)
i (x) ∈ ]a, b[

for a.e. x ∈ Ω, and
T
Ω |∇u

(λ)
i (x)|2 dx ≤ σ.

The key assumption of the above theorem is the existence of distinct
connected components of the set Af in R. This assumption has been used
for the first time in [9]. For the reader’s convenience, we recall that theorem:

Theorem A ([9, Theorem 1]). Let f : R → R be a continuous function

such that

(f) lim
|ξ|→∞

f(ξ)

ξ
= 0.

Assume that the set Af has at least M ≥ 2 connected components. Then,
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for every α ∈ L∞(Ω) with ess infΩ α > 0, for every

̺ > ‖α‖1
L(Ω) inf

ξ∈R

(
ξ2

2
−

ξ\
0

f(t) dt

)

and for every Carathéodory function g : Ω×R → R such that sup|ξ|≤s |g(·, ξ)|

∈ Lp(Ω) for some p > N and all s > 0, there exists λ∗ > 0 such that , for

each λ ∈ ]0, λ∗[, the Neumann problem (Pλ) admits at least M + 1 strong

solutions in W 2,p(Ω), M of which belong to the set

{
u ∈W 2,p(Ω) :

1

2

\
Ω

|∇u(x)|2 dx+
\
Ω

α(x)

(
|u(x)|2

2
−

u(x)\
0

f(t) dt

)
dx < ̺

}
.

The sublinearity assumption (f) on the nonlinear term f motivated some
of our investigations. Here, in particular, we show that the requirement of
sublinear behaviour for f near ∞ can be dropped provided that the con-
nected components of the set Af are bounded. Moreover, exploiting the fact
that, in our setting, g(·, t) ∈ L∞(Ω), we are able to prove the existence of at
leastM+[M/2] strong solutions to (Pλ), for λ small enough, when Af hasM
connected components. So, in our setting, the number of solutions is greater
than what it is ensured by Theorem A. This fact is worthy of being stressed
in view of the result recently proved by Anello which we quote below:

Theorem B ([2, Theorem 2]). Let [a1, b1], . . . , [aM , bM ] be M com-

pact pairwise disjoint real intervals, D a set containing
⋃M
i=1[ai, bi], and

f : D → R a continuous function satisfying

max{F (ai), F (bi)} ≤ max
ξ∈[ai,bi]

F (ξ) (i = 1, . . . ,M),

where F (t) = 1
2 t

2 −
Tt
0 f(s) ds. Then, for every Carathéodory function g :

Ω × R → R satisfying supt∈D |g(·, t)| ∈ Lp(Ω) for some p > N , there exist

λ, σ > 0 such that , for every λ ∈ [−λ, λ], there exist M strong solutions

uλ1 , . . . , u
(λ)
M ∈ W 2,p(Ω) of problem (Pλ) satisfying u

(λ)
i ∈ ]ai, bi[ for a.e.

x ∈ Ω and i = 1, . . . ,M , and

max
i∈{1,...,M}

\
Ω

(|∇u
(λ)
i |2 + |u

(λ)
i |2) dx ≤ σ.

2. Proof of Theorem 1.1. For i = 1, . . . ,M , denote by [ai, bi] the
bounded connected components such that

Af ⊇
M⋃

i=1

[ai, bi]

and a1 ≤ b1 < a2 ≤ b2 < · · · < aM ≤ bM . It is easily seen that, for all 1 ≤ i
≤M , there exist ci, di ∈ R such that [ai, bi] ⊂ [ci, di], [ci, di]∩ [ci+1, di+1] = ∅
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and
ci < f(ci), di > f(di).

First, we prove that there exists λ1 > 0 such that, for each λ ∈ ]−λ1, λ1[,
problem (Pλ) has at least three solutions with values in [c1, d2].

We consider the truncations of f and g to [c1, d2], defined as follows:

f1(t) =





f(t) if c1 ≤ t ≤ d2,

f(c1) if t < c1,

f(d2) if t > d2

g1(x, t) =





g(x, t) if c1 ≤ t ≤ d2,

g(x, c1) if t < c1,

g(x, d2) if t > d2.

W 1,2(Ω) is endowed with the norm

‖ · ‖α,W 1,2(Ω) =
( \
Ω

|∇(·)|2 +
\
Ω

α(x)| · |2
)1/2

which is equivalent to the usual one. Then we define the functionals Ψ and
Φ on W 1,2(Ω) by

Ψ(u) =
1

2
‖u‖2

α,W 1,2(Ω) −
\
Ω

( u(x)\
0

α(x)f1(t) dt
)
dx,

Φ(x) = −
\
Ω

( u(x)\
0

g1(x, t) dt
)
dx.

It is well known that Ψ and Φ are well defined, weakly sequentially lower
semicontinuous and continuously differentiable on W 1,2(Ω). Moreover, a
critical point of Ψ + λΦ is a weak solution in W 1,2(Ω) of the Neumann
problem

(P1,λ)

{
−∆u+ α(x)u = α(x)f1(u) + λg1(x, u) a.e. in Ω,

∂u/∂ν = 0 on ∂Ω.

Suppose that w is a weak solution of (P1,λ). The function w : Ω → R defined
by

w(x) =





w(x) if c1 ≤ w(x) ≤ d2,

c1 if w(x) < c1,

d2 if w(x) > d2,

belongs to W 1,2(Ω). So, by exploiting the fact that w is a weak solution of
(P1,λ), one obtains

(2.1)
\
Ω

∇w(x)∇(w(x) − w(x)) dx+
\
Ω

α(x)w(x)(w(x) − w(x)) dx

=
\
Ω

α(x)f1(w(x))(w(x) − w(x)) dx

+ λ
\
Ω

g1(x,w(x))(w(x) − w(x)) dx.
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Taking into account that\
Ω

∇w(x)∇(w(x) − w(x)) dx = 0,

from (2.1) it follows that

(2.2)
\
Ω

|∇(w(x) − w(x))|2 dx+
\
Ω

α(x)(w(x) − w(x))2 dx

=
\
Ω

α(x)(f1(w(x)) − w(x))(w(x) − w(x)) dx

+ λ
\
Ω

g1(x,w(x))(w(x) − w(x)) dx

≤
\

{w<c1}

[(ess sup
Ω

α)(f(c1) − c1) + λg(x, c1)](w(x) − c1) dx

+
\

{w>d2}

[(ess inf
Ω

α)(f(d2) − d2) + λg(x, d2)](w(x) − d2) dx.

There exists λ∗ > 0 such that, for all λ ∈ ]−λ∗, λ∗[,

(ess sup
Ω

α)(f(c1) − c1) + λg(x, c1) > 0

and

(ess inf
Ω

α)(f(d2) − d2) + λg(x, d2) < 0,

for a.e. x ∈ Ω. Hence, from (2.2), it follows that w(x) = w(x) for a.e. x ∈ Ω.
So every weak solution of (P1,λ) is a weak solution of (Pλ) provided that
λ ∈ ]−λ∗, λ∗[.

Now, we note that the function F1 : R → R defined by

F1(t) =
1

2
t2 −

t\
0

f1(s) ds

reaches its global minimum at every point of the set [a1, b1] ∪ [a2, b2]. Con-
sequently, the constant functions

wi(x) =
ai + bi

2
(x ∈ Ω and i = 1, 2)

turn out to be two distinct points of global minimum for the functional Ψ .
Fix r1, r2 ∈ R such that, for i = 1, 2,

(2.3)
bi − ai

2

( \
Ω

α(x) dx
)1/2

< ri

≤

[
min{(di − bi), (ai − ci)} +

bi − ai
2

]( \
Ω

α(x) dx
)1/2

.
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It follows that

r1 + r2 < ‖w1 − w2‖α,W 1,2(Ω).(2.4)

At this point, in order to apply Theorem 2.1 of [1], it remains to show that,
for i = 1, 2,

Ψ(wi) < inf
‖v‖

α,W1,2(Ω)=ri
Ψ(wi + v).(2.5)

Arguing by contradiction, suppose that

Ψ(wi) = inf
‖v‖

α,W1,2(Ω)=ri
Ψ(wi + v).

Then there would exist a sequence {vn} with ‖vn‖α,W 1,2(Ω) = ri for n ∈ N

such that

Ψ(wi) = lim
n→∞

Ψ(wi + vn)(2.6)

= lim
n→∞

1

2
(‖wi‖

2
α,W 1,2(Ω) + ‖vn‖

2
α,W 1,2(Ω))

+
\
Ω

α(x)wi(x)vn(x) dx−
\
Ω

( wi(x)+vn(x)\
0

α(x)f(t) dt
)
dx.

Consequently, up to a subsequence, vn → vi weakly in W 1,2(Ω) as
n → ∞, for some vi ∈ W 1,2(Ω) with ‖vi‖α,W 1,2(Ω) ≤ ri. Owing to the

Rellich–Kondrashov compact embedding theorem for W 1,2(Ω), by (2.7), one
has

Ψ(wi) =
1

2
‖wi‖

2
α,W 1,2(Ω) +

1

2
r2i +

\
Ω

α(x)wi(x)vi(x) dx(2.7)

−
\
Ω

( wi(x)+vi(x)\
0

α(x)f(t) dt
)
dx

≥
1

2

\
Ω

|∇vi(x)|
2 dx+

1

2

\
Ω

α(x)(wi(x) + vi(x))
2 dx

−
\
Ω

( wi(x)+vi(x)\
0

α(x)f(t) dt
)
dx.

Taking into account that Ψ(wi) is a global minimum for Ψ , from (2.8) it
follows that

|∇vi(x)| = 0 for a.e. x ∈ Ω(2.8)

and \
Ω

α(x)v2
i (x) dx = r2i .(2.9)

By (2.8), vi is constant, Ω being connected.
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Moreover, (2.8) also implies that

wi(x) + vi(x) ∈ [a1, b1] ∪ [a2, b2]

for a.e. x ∈ Ω and i = 1, 2. This leads to a contradiction in view of (2.9)
and (2.3). So, (2.5) is proved.

By Theorem 2.1 of [1], there exists λ̃ > 0 such that, for each λ ∈ ]−λ̃, λ̃[,

Ψ + λΦ has at least two local minima u
(1)
λ , u

(2)
λ with ‖u

(i)
λ − wi‖α,W 1,2(Ω) ≤

ri (i = 1, 2). Moreover, Ψ + λΦ satisfies the Palais–Smale condition (see
Example 38.25 in [12]), so Theorem 1 of [6] implies the existence of a third

critical point u
(3)
λ distinct from u

(1)
λ and u

(2)
λ . Set λ1 = min{λ∗, λ̃}. For each

λ ∈ ]−λ1, λ1[, u
(1)
λ , u

(2)
λ , u

(3)
λ are weak solutions to (Pλ). Furthermore, for

|λ| < λ1 and i = 1, 2, one has\
Ω

|∇u
(λ)
i (x)|2 dx ≤ ‖u

(λ)
i ‖2

α,W 1,2(Ω)(2.10)

≤ ‖wi‖
2
α,W 1,2(Ω) + ‖u

(λ)
i − wi‖

2
α,W 1,2(Ω) ≤ σ2

i

where σi does not depend on λ. Put σ = max{σ1, σ2}. Note that u
(λ)
3 satisfies

Ψ(u
(λ)
3 ) + λΦ(u

(λ)
3 ) = c(λ),

where

c(λ) = inf
ψ∈Γλ

sup
t∈[0,1]

(Ψ(ψ(t)) + λΦ(ψ(t)))

and

Γλ = {ψ ∈ C([0, 1], H) : ψ(0) = u
(λ)
1 and ψ(1) = u

(λ)
2 }.

For every λ ∈ ]−λ1, λ1[, the function ψλ : t ∈ [0, 1] 7→ u
(λ)
1 + (1 − t)u

(λ)
2

belongs to Γλ. Moreover, by (2.10),

sup
|λ|<λ1

sup
t∈[0,1]

‖ψλ(t)‖ ≤ 2σ.

So, exploiting the fact that Ψ is the sum of the norm squared and a se-
quentially weakly continuous functional and that Φ is sequentially weakly
continuous, one has

sup
|λ|<λ1

φ(λ) ≤ sup
|λ|<λ1

sup
t∈[0,1]

(Ψ(ψλ(t)) + λΦ(ψλ(t)))(2.11)

≤ sup
‖v‖≤2σ

Ψ(v) + λ sup
‖v‖≤2σ

Φ(v) <∞.

If

sup
|λ|<λ1

‖u
(λ)
3 ‖ = ∞,
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there would exist a bounded sequence {λn} ⊂ ]−λ1, λ1[ such that ‖u
(λn)
3 ‖

→ ∞ as n→ ∞. Consequently, we would have

lim
n→∞

φ(λn) = lim
n→∞

(Ψ(u
(λn)
3 ) + λnΦ(u

(λn)
3 ))

≥ lim
n→∞

(Ψ(u
(λn)
3 ) + λ1 min{0, Φ(u

(λn)
3 )}) = ∞,

contrary to (2.11). In order to complete the proof, we can repeat the argu-
ments used above for any distinct couple of intervals [ai, bi] and [ai+1, bi+1].
Hence, for i = 1, . . . , [M/2], there exists λi > 0 such that, for each λ ∈
]−λi, λi[, (Pλ) has three distinct solutions with values in [c2i−1, d2i]. If M
is odd, it is easy to prove that there exists λ[M/2]+1 > 0 such that, for

λ ∈ ]−λ[M/2]+1, λ[M/2]+1[, (Pλ) has a weak solution with values in [cM , dM ].

Put λ = min{λ1, . . . , λM/2} if M is even, and λ = min{λ1, . . . , λ[M/2]+1} if
M is odd. The conclusion follows by taking into account that a weak solu-

tion u
(λ)
i is a strong solution which belongs to W 2,p(Ω) because the right

hand side α(·)f(uλi (·)) + λg(·, u
(λ)
i (·)) belongs to Lp(Ω) (see [11, 3, 10]).

3. A typical application. We now give an application of Theorem 1.1
to the problem considered in Proposition 1 of [9].

Let ψ : [0,∞[ → R be a C1 periodic function such that a = inf [0∞[ ψ
< ψ(0), and consider the Neumann problem




−∆u =
α(x)u

2(ψ(0) − a)

(
γ

|u|γ
ψ′

(
1

|u|γ

)
− 2

(
ψ

(
1

|u|γ

)
− a

))
+ λg(x, u)

a.e. in Ω,

∂u/∂ν = 0 on ∂Ω,

where Ω,α, g are as in the introduction and γ ∈ ]0, 1[.

So, the function f : R → R is as follows:

f(t) =

{
t+

t

2(ψ(0) − a)

(
γ

|t|γ
ψ′

(
1

|t|γ

)
− 2

(
ψ

(
1

|t|γ

)
− a

))
if t 6= 0,

0 if t = 0.

Since γ ∈ ]0, 1[, f is continuous. Moreover,

ξ2

2
−

ξ\
0

f(t) dt =





ξ2

2(ψ(0) − a)

(
ψ

(
1

|ξ|γ

)
− a

)
if ξ 6= 0,

0 if ξ = 0.

Hence,

Af =

{
ξ ∈ R : ψ

(
1

|ξ|γ

)
= a

}
∪ {0}.

Owing to the periodicity of ψ, Af has infinitely many bounded connected
components. So, by Theorem 1.1, for every M ≥ 2, there exists λM > 0 such
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that, for each λ ∈ ]−λM , λM [, the above problem has at least M + [M/2]

distinct solutions, u
(λ)
i for i = 1, . . . ,M + [M/2]. Each solution u

(λ)
i takes

values in a bounded interval which does not depend on λ ∈ ]−λM , λM [. The
same stability property holds for their norms in W 1,2(Ω).
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