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On rough maximal operators and
Marcinkiewicz integrals along submanifolds

by

H. M. AL-QASSEM (Doha) and Y. PAN (Pittsburgh, PA)

Abstract. We investigate the L boundedness for a class of parametric Marcinkiewicz
integral operators associated to submanifolds and a class of related maximal operators
under the L(log L)*(S™™') condition on the kernel functions. Our results improve and
extend some known results.

1. Introduction and statement of results. Let R™ (n > 2) be the
n-dimensional Euclidean space and S*~! be the unit sphere in R" equipped
with the induced Lebesgue measure do = do(:). For x € R"\{0}, let
x' = z/|z|. Let £2 be a function in L'(S"~!) satisfying
(1.1) | 2)do(z)=0.

Sn—1
For 1 <~ < o0, let AW(R+) denote the collection of all measurable functions
h: [0, 00) — C satisfying supp-o(R ™1 Sé% |h(t)[7 dt)*/7 < oo. We note that
LOO(R+) (- AQ(R-F) (- AQ(R+) for « < ﬂ,
L'(Ry,dt/t) c Ay (Ry)  for 1 < < oo,

and all these inclusions are proper. Let L(log L)*(S™~!) (for a > 0) denote
the class of all measurable functions 2 on S*~! which satisfy

1920l Lgog 1yesn-1y = | 12(y)|10g™(2 + |2(y)]) do(y) < oo.
Snfl
In this paper, we are interested in parametric Marcinkiewicz integral
operators of the form
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M?g,(ﬁ’w,hf(x’ Tni1)
B <OSO th> 1/2
= - ,

0

where (z,7,41) € R® x R = R"1 ¢ and ¢ are suitable functions defined
on Ry, 0 =0 +ir (0,7 € R with ¢ > 0) and f € S(R"*!), the space of

Schwartz functions.
When ¢(t) =t and ¢ = 0, we denote M?),qﬁ,w,h by M?Z,h' In the special

case of p = 1 and h = 1, M% ;, 18 essentially the classical Marcinkiewicz
integral operator
2 dt>1/2
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which was introduced by E. M. Stein as a higher dimensional analogue of
2

, dt 1/2
f— ( VIF(0+1t)+F(0—1t)—2F(0)] t3> ,
0
where F(0) = Sg f(s)ds + C. Such operators belong to the broad class of
Littlewood—Paley g-functions, and LP bounds for them are useful in the
study of smoothness properties of functions and behavior of integral trans-
formations, such as Poisson integrals, singular integrals and, more generally,
singular Radon transforms. The readers are referred to [Di], [St1], [Sa], [TW],
[DFP], [SY], [AA], and [AACP] for a survey of past studies as well as some
of the more recent advances on this topic. Below we shall recall a few known
results which are directly relevant to our current study.
We start with the following result obtained in [AACP]:

THEOREM A. If 2 € L(log L)Y/?(S"1), then Mg is bounded on LP(R™)
for 1 < p < oo. Moreover, the exponent 1/2 is the best possible.

We point out that T. Walsh [Wa] proved the result in Theorem A for
p = 2 and also that the exponent 1/2 in L(log L)*/?(S*~1) cannot be replaced
by any smaller number. As for the parametric Marcinkiewicz operator M%, o
Hormander [Ho] proved that if h(r) = 1, ¢ > 0, and £2 € Lip,(S"~!) with
a > 0, then M?Z,h is bounded on LP(R™) for p € (1,00). Sakamoto and
Yabuta [SY] proved that M, ; is bounded on LP for p € (1,00) if h(r) =1,
2 € Lip,(S"1) with a > 0,h(r) = 1 and g is complex with Re(g) > 0. In
[DLY] the authors improved the result in [SY] as described in the following
theorem:

THEOREM B. If h € A,(Ry) for some v > 1 and 2 € L(log L)(S™1),
then M, ,, is bounded on L*(R™).
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If (t) =t, o = 1 and 7 is a suitable function, then M?Z,cb,w,h (denoted
by M. 01,00 ,) is the Marcinkiewicz integral operator along the surface of
revolution Sy = {(,¥(ly])) : y € R"} studied by Ding-Fan-Pan in [DFP].
We point out that the study of the related singular integrals along surfaces
of revolution was initiated by Kim, Wainger, Wright and Ziesler [KWWZ]
and continued by many authors (see, for example, [AP2], [AsP] and the
references therein). In [AA], the authors proved the following result:

THEOREM C. Suppose that 1 : Ry — Ry is a C2, convex, increasing
function with ¢(0) = 0, and h € A,(Ry) for some v > 1. If o = 1 and
2 € L(log L)(S™ 1Y) satisfies (1.1), then M}leh is bounded on LP(R"*1)

for|1/p —1/2| < min{1/2,1/+'}

If Y(t) =0, o =1 and ¢ is a suitable function, then M¢, b (denote it

by M} 0,6.,0, ;) is the Marcinkiewicz integral operator studied by Al-Qassem
[A1] and described in the following:

THEOREM D. Let h € A,(Ry) for some v > 1. Let ¢ be a C*(]0,00)),
convet, increasing function wzth $(0) = 0. If 2 € L(log L)Y/?(S*1) satisfies
(1.1), then M}Q,qb,o,h is bounded on LP(R™) for |1/p—1/2| < min{1/2,1/+'}.

We remark that the study of the LP boundedness of the corresponding
singular integral operator (when ¢ = 0 and ¢ is a suitable function) was
initiated by Fan—Pan in [FP2| and continued by many authors (see, for
example, [AP2]).

We notice that the results in Theorems B and C fall short of what is
known regarding the classical operator Mg, because L(log L)/?(S"1) C
L(log L)(S™ 1), and that the range of p given in both Theorems C and D
is the entire range (1,00) whenever v > 2, whereas this range becomes pro-
gressively smaller as v — 17. For relevant results on Marcinkiewicz integrals
and singular integrals having such limited range of p, we refer the readers
to [FP1], [FP2], [AsP], [AP1], and [AP2]. In light of the results cited above,
the following problems arise naturally:

PROBLEM.

(1) Determine whether the operators M}Z,l,i[),h and M}Q,¢,0,h can be
bounded on LP for p outside the range |1/p —1/2| < min{1/2,1/+'}.

(2) Determine whether the operator M}Z,l,w,h s bounded on LP under
the natural condition 2 € L(log L)'/2(S*~1).

In the current paper we are primarily concerned with a solution to the
above problem. The main results of this paper are stated in the following
theorems:
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THEOREM 1.1. Let h € Ay(Ry) for 1 < v < co. Assume that ¢ and 1
are C?([0,00)), convez, increasing functions with ¢(0) = 1(0) = 0.

(a) If 2 € L(log L)Y/?(S*1), then the operator MG 441 18 bounded on
LP(R™FY) for2 < p < 1/(1/2 — a(7)), where a(y) = min{1/2,1/+'}.

(b) If 2 € L(log L)Y/ (S"1) with 2 < v < oo, then MG 4.4 18 bounded
on LP(R™M1) for v/ < p < <.

(c) If 2 € L(log L)*=D/CGN(SP=1) with 1 < v < 2, then MG gpn 18
bounded on LP(R™*1) for 2v/(2y —1) < p < 2.

(d) If 2 € Llog L)®=2/CN(S"71) with 1 < v < 2, then M$, , ., is
bounded on LP(R™*1) for 2v/(3y —2) < p < 2.

Notice that in (a)-(b), L(logL)Y/Y (S"~1) C L(log L)/?(S"!) if 2 <
v < o0, but the range of p in (b) is better than in (a). Also, in (c¢)—(d),
L(log L)2=1/@v)(sn=1) C L(log L)37=2/7)(S*~1), but the range of p in
(d) is better than in (c). If we impose a more restrictive condition on h we
have the following sharper result with respect to the condition on {2 and the
range of p:

THEOREM 1.2. Suppose that h € L7(Ry,dt/t) with 1 < v < oco. As-
sume that ¢ and 1 are C*(]0,00)), convex, increasing functions with ¢(0) =
$(0) = 0.

(a) If 2 € Llog L)"/7' (S") with 1 < v < 2, then M??,Wﬁ,h is bounded

on LP(R™Y) for o/ < p < .

(b) If 2 € Llog L)/?(S" 1) and 2 < v < o0, then M?Z,¢,w,h is bounded

on LP(R"1) for 2 < p < cc.

(¢) Ify=1and 2 € L'(S*"), then M, , ., ;, is bounded on L (R™*1).

At this point, we remark that our results cannot be proved by application
of existing arguments on Marcinkiewicz integrals and some new maximal
functions must be introduced. One of these maximal functions, which is
related to Marcinkiewicz integrals, is

Myl (0 n0) = DM g (220

where the supremum is taken over all measurable radial functions h with

Pl (ryatey < 1. I ¢(t) =¢, 9 = 0 and ¢ = 1, we denote Mq(ﬂ/))g by Mg).

We remark that the definition of M g) is motivated by the definition of

the maximal operator %g) related to homogeneous singular integrals and

defined by

12 SPf@ = sw | ] -yl dyl.
Al vy ae/t) <1 Rn
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The operator %g) was formally introduced by L. K. Chen and H. Lin in
their work on singular integrals [CL]. We refer the readers to [Le], [A2], [As]
for the importance and applications of this maximal operator. Our result

)

regarding the maximal operator Mq(ﬂw ¢ is the following:

THEOREM 1.3. Assume that ¢ and ¢ are C*(]0,00)), convex, increasing
functions with ¢(0) = 1(0) = 0.
(a) If 2 € L(log L)/ (S"~1) satisfies (1.1), then M;Z/)jﬂ is bounded on
LP(R™1Y) foro <p<ooandl <~y <2,
(b) If 2 € L(log L)'/2(S* 1) satisfies (1.1), then M(;(SQQ is bounded on
LP(R™L) for 2 < p < oo and 2 < v < oo.
(c) Md(yzzg is bounded on L>®(R"1) if y =1 and 2 € L'(S*1).
(d) There exists an 2 which lies in L(log L)Y/?>=¢(S"~1) for all ¢ > 0
and satisfies (1.1) such that Mg) is not bounded on L*(R™).
REMARKS. (1) To clarify the above results, we remark that, for any
q > 1, the following proper inclusions hold:
(1.3) LYS" Y ¢ L(log L)(S™™ ') ¢ HY(S"™1) c LY(S"7h),
(1.4)  L(ogL)?(S"™ ') ¢ Log L)*(S"Y) if0<a<f,
(1.5)  L(log L)*(S™ Y c H'(S"™1) forall a > 1,
while
(1.6)  L(log L)*(S™ 1) ¢ HY(S"')  L(log L)*(S™™') forall 0 < a < 1.

Here H'(S"!) is the Hardy space on the unit sphere.
(2) For the case h € L>®(R), the authors of [AAFJ] showed that there
is a function f € LP such that the maximal operator related to singular

integrals acting on f (i.e. %(50)( f)) yields an identically infinite function. It

is still unknown whether %8) is bounded on 2 < v < co. It is worth noting
that the maximal operator related to the Marcinkiewicz integrals M?), bk
is bounded on LP even if 2 < v < o0.

(3) We notice that the Marcinkiewicz operator M}Z’h is bounded on LP
if 2 € Llog L)Y/ (S"') ¢ L(log L)"/?(S" ') and h € LY(Ry,dt/t) (1 <
v < 2), while the classical Marcinkiewicz operator My, is bounded on L? if
2 € L(log L)Y/?(S"1). Since the condition 2 € L(log L)/2(S*~1) is known
to be the best possible for the L? boundedness of Mg, to hold, this reveals
that the Marcinkiewicz integral operators M}z,h (with h € LY(Ry,dt/t)
and 1 < v < 0o) have weaker singularities than the classical Marcinkiewicz
integral operator My, due to the presence of the strong condition on h. Also,
this is evidenced by the fact Mg, is not bounded on L*°(R"™), while ./\/llg’h
is bounded on L™ (R") if h € LY(R,,dt/t).
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(4) Theorems 1.1 and 1.2 improve and extend Theorems A-D.

(5) If h € A,(R4) (v > 2), then Theorem 1.1(a) implies that M?Z,dw,h
is bounded on L? for 2 < p < oo under the condition £2 € L(log L)'/?(S*~1).
Also, if v = 2, then Theorem 1.1(c) and (d) respectively imply that M?Z,qﬁ,w,h

is bounded on L? for 4/3 < p < 2 and 2 € L(log L)*>*(S"1), and for
1 <p< 2and 2 € L(logL)(S*!). These results improve and extend
Theorem C and a result in [As].

(6) The main tools used in this paper come from [Al], [A2], [Le], [DR]
and [FP1].

Throughout the paper the letter C' will stand for a positive constant
which is independent of the main parameters and not necessarily the same
at each occurrence.

The authors wish to thank the referee for his helpful comments.

2. Proof of Theorem 1.3(d). Let x4 denote the characteristic func-

tion of a set A. By definition of M g ) f(z) and switching to polar coordinates
we have

2 00 00 2 dt 1/2
MY f@)=  sup (h(s)xpo () As.of (x)ds| = )
t
HhHLQ(R+,dt/t)S1 0 0

Asof@) = | flz—sy)2(y)do(y).

S§n—1

By duality and a change of variable we have

M f(x) = (Oso(ﬁ\ | fa— sty)2y) do(y)| sds) Cff)/

0 0 §n—1

It is clear that M, g ) is bounded on L2 (R™) if and only if the function

mie) = (1] § e enapm antf *42) "

00 Ssn—1

is an L function. It is easy to see that

LN - di
(m(€))* = lim S Q(z) 2(y) S S e~ 2mite" (2 —y) 5 dsdo(x)do(y).

N—oo
e—0 SnTixsn—t 0 e[¢]
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Notice that
N
e dt
S (672#1%6 (e—y) _ cos(27t)) -
el¢] . . )
=i D sen(€ (57— sy)
as N — oo and € — 0, and the integral is bounded, uniformly in € and N, by
C(1+4log &' (sx—sy)||). Therefore, using (1.1) and the Lebesgue dominated

convergence theorem we obtain

mE©)?= | Q@20

Sn—1yx§n—1

— log [¢ - (s — sy)

1
x (S (log J¢' - (sy — sa)| " =i 5 sen(€’ - (sy — s2)))s ds) do (@) do(y).
0

If (2 is a real-valued function, we have

m©P= | e@ew)({togle (sy—s)|)sds) do(z) do(y).

S§n—1x§n—1 0

Now, for a nonzero real number a, it is easy to see that

1
S log |sa| tsds = 5 log|a|™' +1/4.
[0,1]
Therefore, by the cancellation condition on {2, we immediately get

1 _
(m@)? =7 | 2@)20)ogl¢ (y —2)[7") do(x) do(y).
S§n—1y§n—1
Now the rest of the proof follows by the same argument as in [AA2] and [As].
We omit the details.

3. Some definitions and lemmas

DEFINITION 3.1. For arbitrary functions ¢(-) and ¢(-) on R4, a measur-
able function h: Ry — C and 2, : S" ! — R with m € NU {0}, we define
the family {o¢ . : t € Ry} of measures and the maximal operator O':n’h on
R 1 by

1 2,
| fdormn== §  F@(ube v (ul)h(lu) Wf_Q) du,
Rn+1 t/2<u|<t
J;th(xamn+l):: Sup|‘0tn%h|*,f(x,$n+1)h
eR L

where |04, | is defined in the same way as oy, j,, but with §2,, replaced by
|£2,,| and h replaced by |h|.
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LEMMA 3.2. Let m € NU{0}, an, = 2™FL 9(+) be an arbitrary function
on Ry, and h € A,(Ry) for some 1 < v < oo. Let £2, be a function on
S*1 such that:

@) 92mllLr -1y <1,
(i) [192m]l2sn1) < af,
(iii) £2,, satisfies (1.1) with £2 replaced by $2y,.
Assume that ¢ is a C?%([0,00)), convex, increasing function with ¢(0) = 0.

Then there exist positive constants C' and « independent of k, ¢, b and m
such that

ak+l
T dt
(3.1) | Brma&ml® — < Cm+1),
ak,
ak+1 d
m . t _ _
(32) J 1Gema(&m — < Clm+1)[¢(ap, g~/ 0D,
ak,
okl J
"o t
(3.3) | Brama€n)l® S < Clm+ Dlg(al el "0,
ak,
Proof. It is easy to see that (3.1) holds. Next, we prove (3.2). By a change
of variable and Hélder’s inequality we have

t
’at,m,h(fyn” < S |h(8)|‘ S Qm(x)e—z((f’(s)ﬁm-‘rm/’(s)) dO’(LE) @
t/2 Sn—1 y
1 ' 1y
< 0< S ‘ [ 2o @E0EE MO0 go(r)[ ds) '
1/2 sn—1 s
If 1 < v < 2, by noticing that
‘ | Qm(x)e—i(¢(3t)§'$+77¢(5t))do-(x)’ <1,
S§n—1
we obtain
1 . 2 ds\ /"
Gt mn(€,m)] < c< | ) [ O(w)e i @E0ETTMC0) o) > ,
S
1/2 sn—1

Now, if v > 2, by Holder’s inequality, we get

¢ 1/2
ds
R )

Grmn(&sm)] < ( g
t/2

! , 2 1/2

y <S | | Qu(a)e CODErm0) () ds)

1/2 sn-1 5
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‘ 2 ds\ /2
g(;(H [ 2o OEOEEHMON) do () ) ‘

1/2 Sn—1 S
So in either case, we get
‘ ; 2 ds\ /max{"2}
|a\t,m,h(£,77)’ < C( S ‘ S Qm($)€—2(¢(st)§':v+m/1(st)) da(az) S) ’
1/2 sn—1
which in turn implies that
Fmn€ml <C( | Q) 2nly) Au(67,y) do(2) da(y))l/max{w "
Sn—1lxsn—1
where )
At(§7$7y) = S e*iqﬁ(st)g-(xfy) %
1/2
Now )
A&, x,y) = | Li(s) %,
1/2
where

S
Li(s) = | e7@tw&v gy, 1/2<s<1,
1/2
By the mean value theorem and the assumptions on ¢ we have

%((b(tw)) = t¢/(tw) > d)(;w) > ¢(t8/2) for 1/2<w<s<1.

By the last estimate and van der Corput’s lemma,

o(t/2)€| ™

[Le(s)] < € (@ =y

Thus, by integration by parts, we get

|Ae(&, 2, y)| < Clo(t/2)El7H e (x = )7
which when combined with the trivial estimate |A:(&,z,y)| < log2 and
choosing « so that 0 < 2a < 1 yields

| A&z, )| < (t/2)€17E" - (x —y) |~
By Hélder’s inequality, (ii) and the choice of a we get

1Gemn(€,m)| < Clo(t/2)g] o/ maxt2H| @, ||/ maxtr 2}

<(§ I @y do(@) do(y)

Sn—1x§n—1

< C|op(t/2)g| o/ maxin’ 2} g2/ max{y',.2}

) 1/max{y’,2}
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and hence

—2a/max{vy’,2}
4/max{+/,2}
Ay s

| frmate. < clon+1)o(Jab )¢

k
Am

which when combined with the trivial estimate in (3.1) yields (3.2).
For (3.3), we use the cancellation property of {2, and the increasing
property of ¢ to get
t
la\t,m,h(&n)’ < S ]h(s)\’ S Qm(x)(e—i((b(s)f'x-ﬁ-ﬁw(s)) —an(s))dg( )
t/2 §n-1
< Clgo(t)],
which easily implies
akt

d
| Bumal&ml? S < Clm o+ lgolal 2

k
m

ds
S

a

By combining the last estimate with (3.1) we get (3.3). This finishes the
proof of Lemma 3.2.

By a similar argument we get

LEMMA 3.3. Let m € NU{0} and ¥ (-) be an arbitrary function on R.
Let 2,,(-) and ¢ be as in Lemma 3.2. For (£,n) € R™ x R let

k+1

am 1 —i(p(st)€-z+mp(st)) 2 dsdi
Lni(&m) = S S ‘ S QO (z)e do(z) prast
ai’“n 1/2 Sn—1

Then |1 (&,m)| satisfies the estimates in (3.1)—(3.3) (with the expression
SaL" Gt m.n(&,m) |2 dt/t replaced by |Im 1 (€,m)]) for some positive constants

am

C and « independent of k, m, £, n, ¢(-) and ¥(-).

We shall need the following result from [AP1] which has its roots in [DR]
and [FP1].

LEMMA 3.4. Let {0} : k € Z} be a sequence of Borel measures on R™.
Let L : R™ — R™ be a linear transformation. Suppose that for all k € Z and
&€ R™ and some a > 2, o,C >0, A>1 and py € (2,00), we have:

(i) [3(6)] < CA(a*| L))/,

(i) |(Crezlowxgil®) 2l < CAI(Chez l9r*) 2 lpy for arbitrary func-
tions g on R™.

Then for py < p < po, there ezists a positive constant C,, such that

(S i)™

Le (&) < CpAl fllrwr)
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for all f in LP(R™). The constant C) is independent of A and of the linear
transformation L.

Now, we need to introduce two more maximal functions. First, define

ak+1 d
« T t
mn(f) = sup S (#t,m,h *f)?
S

where f >0, m € NU{0}, and pi ym n = |0¢,m,n|- We notice that if we define
the measure A, 1 5 by

akit

~ N dt n
Am,k,h(§7n) = S Mm,t,h(&ﬂl) 7 for (5777) € R™ x Ra

ay,
it is easy to see that

)‘:n,hf(x7 xn—l—l) = ?cuIZ) |)\m,k,h * f(xa .I'n+1)|-
S

LeEMMA 3.5. Let m € NU {0} and h € L*(R"). Let {2, be a function
on S~ satisfying conditions (i) and (i) of Lemma 3.2. Assume that ¢ and
Y are C2([0,00)), conver, increasing functions with ¢(0) = ¥(0) = 0. Then
for every 1 < p < oo, there exists a positive constant Cp independent of m
such that

(3.4) A (Nlp < Cplm + 1| f]]p
for every f € LP(R"F1).

Proof. Fix a ¢ € S(R™) such that ¢(§) =1 for |{| < 1 and p(§) = 0 for
€] > 2. For each t € Ry, let (o) (&) = P(t€). Define the family of measures
{Tmt}ter, and {Up k}rez by

Lot (€,1) = T n(€,1) — Timan(0,7)(00) (€),

k+1
(3.5) ~ hme dt
ﬁm,k(§7 77) = S Tm,t(f; 77) ?

af,

/
(1) = (W0 F) . 05al) = sup i 1

keZ
t
ds
My f(x,2ns1) = sup | | f(z, 2011 — 6(s)) —|.
teR4 t/2 S

By the proof of Lemma 3.2 and the choice of ¢ we find that 9, ; satisfies
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the estimates
(3.6) [Pkl < C(m + 1),

(3.7) D (€,m)| < C(m+ 1)|(aky byg| =/ (m+D),
(3-8) G (€,m)] < Cm + 1)]p(alsH e/ D),
By (3.5) we have

(3.9) U f(x,zns1)

< gnf (@, Tng1) + C(m + 1) ((Mgn @ idg1) 0 My) f (2, Tnt1),
(3.10) AL f(w, p41)
< gmf (@, 2pi1) +2C0(m + 1)(Mpn @ idg1) o My) f(, Zn 1),

where Mpa is the classical Hardy-Littlewood maximal function on R?. By
the argument in [DR, p. 558] we get

(3.11) My f (2, 3ns1) < C Mg (2, ) (ns1).
By (3.6)—(3.8) and Plancherel’s theorem,
(3.12) lgm (Hll2 < C(m+ 1) f]]2-

By the boundedness of Mpgn on LP (1 < p < 00), (3.9) and (3.11)—(3.12) we
get
(3.13) 17 ()ll2 < C(m + 1) f]]2-

Now, by (3.6), (3.13) and applying the proof of the lemma in [DR, p. 544]
with pg = 4 and g = 2, we obtain

o1 (St <m0 (S,
keZ

kEZ

for arbitrary functions {gy }rez on R"*1. By (3.6)(3.8), (3.14) and applying
Lemma 3.4 we get

(3.15) lgm ()l < Cp(m + D[ £l

for all p € (4/3,4) and f € LP(R"*!). By replacing p = 2 with p =4/3 + ¢
with e — 0" in (3.12) and repeating the preceding arguments, we get (3.15)
for every p € (8/7,8) and f € LP(R™'!). By continuing this process we
ultimately get

(3.16) lgm (H)llp < Cp(m + D[ £l

for all p € (1,00) and f € LP(R™"1). Therefore, by (3.10) and (3.16), we
obtain (3.4), which completes the proof of the lemma.

LEMMA 3.6. Let m, 2, ¢ and ¢ be as in Lemma 3.5. Then for every
1 < p < o0, there exists a positive constant C), independent of m such that

(3.17) 17 (Dl < Cplm + D] fl,
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for every f € LP(R™1), where

F,flf(x,an)
1 ’ s
=sup( § o G- olsulid i — wsu) T ddu)

keZ
ak, <|u|<alFl1/2

This lemma can be proved by using Lemmas 3.3 and 3.4 and following
an argument similar to the one in the proof of Lemma 3.5. The details will
be omitted.

LEMMA 3.7. Let h € A (Ry) for some v > 1 and let £2,, ¢ and ¢ be
as in Lemma 3.2. Then for ~' < p < oo, there exists a positive constant C,
independent of m such that

(3.18) o (Nllp < Colm+ DY £,
for all f € LP(R™1).

Proof. By using Holder’s inequality we have o}, ,(f) < (PN,
where

Voravm =\ fleul)e,d(ul))ul ™™ () du
Rn+1 t/2<u|<t

and 7y, (f) = super, | [Teml| * f|. Therefore, to prove (3.18) it suffices to
show that

319)  Tn(P)llr@e+y < Cp(m+ D[ fllp@n+ry  for 1 <p < oo.
It is easy to see that
T’;Lf(l'a‘/ETH*l)
(U
< 2sup( [ 1= ol s = ()] e ),

keZ
b <lu|<akf!

and it now suffices to adapt the argument in the proof of Lemma 3.5.

LEMMA 3.8. Let h € A (Ry) for some vy > 2 and v < p < oo. Also, let

m, 2m, ¢ and ¥ be as in Lemma 3.5. Then there exists a positive constant
Cp such that

afnJrl d 1/2
(Z S |0tmh*9k\ t)

keZ ak,

<aym e (5m) ],

(3.20) ‘
P kEZ

for any sequence {gi}rez of functions on R™H1.
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Proof. Let v/ < p < co. By a change of variable, we have

ant 1/2 am 1/2
dt dt
a2) (3§ ol T) " < (X Vlowgemaral )
kEZ ak, keZ 1
By Holder’s inequality we get
(3:22)  |otmn * gr(@s )"
a}fnt
’Yl ds
<c( |V 12a)llgr@ = d(s)u, zni1 —1(s))] do(y) — ).
ak t/285n—1

Let d = p/+'. By duality, there is a nonnegative function f € LY (R™+1)
satisfying || f|| .« (rn+1) < 1 such that

o ,dt\Y
<Z S ’ffa':nt,m,h*gk\7 t)

keZ 1

,y/

(3.23) '

Lp(Rn+1)
o dt
= VD7V 1oak o = gr(@, @nrn)|” + F(@ 2n41) dz dnyy.
R" keZ, 1

Therefore, by (3.21) and a change of variable we get

oo e\
(X [ lougema s )

keZ 1

’Y/

Lp(RnH1)

<C S Z\gk($,$n+1)\7/)\fn,1ﬂ—$,—$n+1)da?d90n+1,
Rn+1 keZ

where f(x,zp4+1) = f(—x,—2n41). By Holder’s inequality, we obtain

QAm, ’y/ dt 1/,7/ ,Y/
Z S Ok tmhn * Gkl n
keZ 1 Lr(Rn+1)
A LAY -
v * )
S CH (Z ‘gk| ) ‘ LP(RH+1)|’)‘m,1fHLd (Rn+1)-

kEZ

By Lemma 3.5, we have

an ,dt\M
(5 V tougima vl )

(3.24) ' > |

Lp (Rn+1)

< C(m+ 1)”“” <Z nglvl)l/v’

keZ

Le(Rn+1)
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On the other hand, by Lemma 3.7, we get

(3.25)  [[sup sup o4k ¢ p * Gkl |l Lo @niy
kEZ te(l,am]

< |lop p(sup |ge )l pogetry < Clm+ 1) | sup |ge || o gn+1)-
keZ keZ

Define the linear operator S on any function g = gi(z,zn+1) by
Sgr(@, Tpi1) = Ok 4 * Gr(T, Tnt1).-
Then by (3.24), we have
(3.26) [l HS(Q)HLW’([l,am],dt/t)”l“/’(Z)HLP(R"+1)
< C(m+ 1)1/7/" ”g”m’(z)HLP(RnH)-
Also, by (3.25) we get
(3:27) IS () zoo (11,am.dt /e 1o 2) | Lo w1y
= 11 11S( oo ([1,am],dt) lliee ) | Lo 41
< C(m+ DY |gllise 2yl o nsry.

Therefore, we can interpolate (3.26) and (3.27) (see [GR, p. 481] for vector-
valued interpolation) to get (3.20). The lemma is proved.

LEMMA 3.9. Let h € Ay(Ry) for some 1 < v < 2 and 2 < p <
2v/(2 —). Also, let m, (2, ¢ and ¢ be as in Lemma 3.5. Then there
exists a positive constant Cy, such that

ar! de\ /2 1/2
<Z S Tt * gi|? t) H < Cp(m—i—l)l/Q"(Z ’91@‘2) Hp
P

(3.28) '
k€Z ak, keZ

for any sequence {gi}rez of functions on R™H1,

Proof. We use an argument similar to the one in the proof of Theorem 7.5
in [FP1]. By duality there exists a nonnegative function f € L®/2)(R"+1)
with || f[|(, /2 < 1 such that

k+1

am, 1/2
(X T totma v )

kE€Z ak,

p

aki

dt
=> | | ‘Ut,m,h*gk(x,xn+1)|27f(xaxn+1)d$d$n+1-
keZ rRn+1 a]fn

By Schwarz’s inequality we get
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‘thuh*<gk(x>xn+l)F

<(] 1 lonte = 6 mmr = sDPI 2 )P o) % ).

t/28n—1

Therefore, by a change of variable we have

afHl 1/2
(X 7§ totmn e o )

k€Z ak,

2
(3.29) '

Lp(Rn+1)

I (O 190 2nst) ) Xy oo F(—, ~a) da davsa.
Rrntl keZ

By Lemma 3.5 and noticing that [h(-)]*™7 € A, o_)(Ry) and (p/2)
(v/(2 —7~))" we obtain
(3.30) A% jhz— (Nl pwr2y nry < Cplm 4+ D fll sz gasry < Cplm +1).
Thus, by (3.29)—(3.30) and Holder’s inequality we get (3.28) for 2 < p <
2v/(2 =)

LEMMA 3.10. Let m € NU{0} and h € A,(Ry) for some 1 <~y <2 and

2v/(3y —2) < p < 2. Also, let m, 2, ¢ and 3y be as in Lemma 3.5. Then
there exists a positive constant C, such that

ak! 1/2
dt
(S0 s )

(3.31) '
keZ ak,

p

< Cp(m + 1)(3772)/(27) H (Z |9k|2>1/2H

keZ P

for any sequence {gi}rez of functions on R™H1,

Proof. Assume 27v/(3y — 2) < p < 2. By a duality argument, there exist
functions f = fe(z,2ps1,t) = fet(z,2n41) defined on R x RT with
s M g oty 2l < 1 stch that

akHl 1/2
dt
(Z S |0, % 91| t>

(3.32) '
k€Z ak,

p

a1

dt
=\ > (omm * (2, T4 1)) ot (@ Tng1) = dT dzn
R+l KEZ ak,

< Cym+1) 1/2H(ngk| )L i,
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where
o't dt
Tf(x anp1) =Y | lowmn s foe(@ ani1)? 7
k€Z ok,

Now, since p/ > 2, there exists H € L®'/2 (R"*1) with [ H|[pr/2 < 1 such
that

akHl

dt
HT(f)”p'/z = Z S S |t m,h * fk,t(x7$n+1)|2H(xvxn+l) N dx dp1.

kEZRn+1 ok,
By an argument similar to the one in the proof of Lemma 3.9, we have

1T /2

k+1
. _ m dt
< C S O‘m7|h|27—yH(_x,_$n+1) (Z S |fk;7t(:l:,xn+1)|2 t) dIL‘dﬂj‘n+1
Rn+1 k€Z qk,
< Z S | fret (- 0)] N o7 2= )|l 72y
kEZ E,, p'/2

By invoking Lemma 3.7 and Hoélder’s inequality we obtain
o7, ippp—r (Dl 2 < Cop(m+ 1%/ [ H |y j2y < Cp(m + 1)*7".
Thus by our choice of fi(z, Znt1),

(Z aﬁiﬂ | ot ( )2 Cit>

kEZ ak,

< Cyp(m+ 1),
/2
which along with (3.32) gives (3.31) for 2v/(3y —2) < p < 2. The proof is

complete.

LEMMA 3.11. Let m € NU{0} and h € A(Ry) for some 1 <y <2 and
2v/(2vy —1) < p < 2. Also, let m, (2,, ¢ and ¥ be as in Lemma 3.5. Then
there exists a positive constant C), such that

akt 1/2
dt
PONEEYAILY

keZ ak,

1Tl y2 < Cp

(3.33) '

p

<Cym+ 1)<2771)/(27>H (Z !gk(2>1/2Hp
kEZ

for any sequence {gi}rez of functions on R™H1,

Proof. We adopt the same notations as in the proof of Lemma 3.8. Since
lotmnll < C we get
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(3.34) 1] HS(g)HLl([L%],dt/t)||11(Z)HLI(RnH)
am
dt
R+l kEZ 1
0 dt
= Z S HUt,m,h * ngLl(Rn+1) ?
kezZ 1
i dt
<2 Vol 5 < Com+ DS e, o

By interpolating between (3.34) and (3.27) (see [GR, p. 481]) we get (3.33).

4. Proof of main theorems

Proof of Theorem 1.3(a). Assume that (2 satisfies (1.1) and belongs to
L(log L)Y/ (S 1) and 1 < < 2. First, by Minkowski’s inequality we have

IDE I B = )

k=0 2=k-ltcly|<2-Ft

(4.1) ./\/l9¢whf(a: Tnt1) ((S)

x f(x = d(JuDv, 21 — Y (|ul)) du

N 2w
N
0

2dt>1/2

[e.9]

<21

h(|ul)

2@ 1/2
t

2—k—lic|y|<2-Ft
x flz = o(lulu', 2ny1 — (|ul) du

= AUM?L@Q/,JLJC(QU $n+1)7

where

M%yqsﬂz,,hf(xymn—i—l) = (

(e 9]

S

0

1 2u') "
to S ‘u|n_g h(| ’)

t/2t<|u|<t
< f(z = ¢(JuDv, 21 — Y (Jul)) du

2 g1\ 1/2
" .

Méﬁ,nf(waxm) = sup M 5,007 (@ Tng1)l,

Al Ly vy at ey <1

Let

where the supremum is taken over all measurable radial functions h with
Al 7 (ry ey < 1. Thus in view of (4.1), we get

M) o f (@, 0001) < CME) o f (@, 2041)
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and hence here and in the following we shall deal with the maximal op-
erator M7 12} o instead of M(Z(ﬂd)} - For convenience, we normalize o so that

o(S* 1) = 1. Now, we decompose {2 as follows: For m € N, let J,, be the
set of points x € S*~! which satisfy 2™ < [2(z)| < 2™ Also, we let Jg
be the set of all x € S"~! which satisfy [£2(z)| < 2. For m € NU {0}, set
b = 2x3,, and Cp, = ||bmll1. Set T = {m € N : Cp, > 274"} and define
the sequence {2 }meruqoy of functions by

Q@)= Y b - Y ( | bm(x)da(:c)),
me{0}U(N—T) me{0}U(N—I) Sn—1
Qm(a;):(cm)*l(bm(x)— | bm(x)da(x)> for m € I.
Snfl

It is easy to verify that for all m € I U {0} and some positive constant C,

(4.2) 12mll2 < Ca,,  [|2mlh < C,

(4.3) Y m+ )Y Cr <O pog Ly @1y
melUu{0}

(4.4) | 2n(u)do(u)=0, 2= > Cunllm.
Sn—1 melU{0}

By (4.4), we have
HM;Q,QJC”LP(R"“) S Z Cm ”M b0, meHLP Rn+1)
melu{0}

and hence the proof of Theorem 1.3(a) is completed if we can show that

(4.5) IMS7) . Fllzognsy < Colm + DYV (| £l pogns)

for allm € TU{0}, and for ¥ < p< oo if 1l <y <2 and p=o0 if y = 1.
We will first handle the cases v = 1 and v = 2 and then use a suitable
interpolation for 1 < v < 2. To this end, we start with the easy case v = 1.
Let

Eo, f(z,an41,8) = | fl@— @(s)u, np1 — $(5)) 2 (w) do(w).

Sn—1
If f € L®(R") and h € L' (R, dr/r), by Minkowski’s inequality, we have

i inia] )

7= ol e — () T bl
T ds \? dt \'?
< (§ (1 170 e 200 5 ) e )

t/2<ul<t
S
0
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o

v ds \* dt \'?
< I2nlonlllo( §(§ema) 55 ) e )
0

0
00 2s 1/2
dt ds
<l (i3 ) i < Ol =1t
0 s

for every (x,,+1) € R*"!. Thus, by taking the supremum on both sides
over all radial functions h with ||A[[z1(®, ar/r) < 1 We get

~a
M) o f(@ @ng1) < Ol fll o (e
for almost every (x,z,41) € R"!1. Hence,

(4.6) MY, o (f)llpoe sty < Ol fll oo ).

The last inequality also yields Theorem 1.3(c).

Now we consider the case v = 2. By duality and a change of variable we
have

47 MS$) o fla zne)

0o 00 1/2
< sup (S <§) |h(3)|><[t/27ﬂ(3>|E9mf(x’“””"“’S)|>2 dt)

HhHL2(]R+,dt/t)§1 0 t

oo 1 1/2
dsdt
- (S S |Egmf(x,:cn+1,3t)]2 > )

st
01/2
aptt 1 1/2
dsdt
(S § Bt )
k€Z ak 1/2

For k € Z and m € N, let 0,,x = ¢(ak,). We notice that {0, : k € Z}
is a lacunary sequence with 0y, py1/0mk > am > 1. Let {tpm 72 be a
sequence in C*°((0, c0)) such that

0< Yrm <1, D tem(t) =1,
k

supp wk,m c [97:73k+17 97;?]671]7 ‘(d/dt)jwk,m(t” < Aj/tjv

where the constants A; are independent of 6, . Define an operator T}, .,

in R"*1 by (Ym)(f,n) = ¢k7m(|§\)f(§,n) (&,n) € R™ x R. Then for any
f € S(R™1) and | € Z we have f(z,2p41) = Y pez(Thtimf) (@, Tni1).
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Thus, by (4.7) and Minkowski’s inequality,

alfn‘"l 1

1/2
M(;i)p797nf($,$n+1) S (Z S S ‘ZYk-i-l,t,s,mf(x,l’n—&—l)‘Q ds dt)

k€Z ok, 1/2 l€Z st
abft 1 1/2
ds dt
< Z<Z S S |Yk+l,t,s,mf($a$n+1)’2 st )
IEZ “kEL ok 1/2
= ZXl,mf(x)l'nJrl)a
leZ
where
le,t,s,mf(xa l'nJrl) = S (T‘l,mf)(x - ¢(St)ua Tn+1 — ¢(5t))9m(u) do(“)?
Snfl
aktt 1 1/2
dsdt
Xl,mf(xvanrl) = <Z S S |Yk+l,t,s,mf(xa$n+1)|2 st > .
kEZ ak 1/2

By the last inequality, we notice that (4.5) is proved for v = 2 if we can
show that

(4.8) X ()| o ns1y < Cplm 4 D)2 1| £ ey

for some positive constants Cp, 6, and for all 2 < p < co. We start by proving

(4.8) in the case p = 2. By employing Plancherel’s theorem, Fubini’s theorem
and Lemma 3.3 we obtain

ak+l 1
T ds dt
Hle(f)H% = S Z S S ‘Yk+l,t,s,mf(x7xn+l)|2 p dx dz,41
Rn+1 k€Z a!,cn 1/2
akFl
<> | | N
kEZRe;}k+l+1§|£|§9;}k+l71 ap, 1/2
) 2
X‘ S Qm(x)e—%(¢(8t)£-:v+n¢(t8))da(:n)) ds dt d&d?’]
Sn 1
< Clm+ 1270y | |Fe.m) [ de di
REZR g <IEI<O,

< C(m+ 1272 13,
and hence
(4.9) Xt (f)ll2 < Cm+ 1) 227 £l
Now we consider the case p > 2. Choose g in L®/2)'(R"t1) with 9l p2y <1
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such that
1 X0m ()2
a]f,j'l 1

=3 0 5§ Mepemf@ za)P

keZRn+1 gk 1/2

dsdt

|9(x, Tpy1)| do dpyq

a]f,j'l 1
<> 0 VY 12a@llge + é(styu, anin + o (st)]

kEZRn+1 gk 1/2 Sn—1
dsdt

X | Thsrmf (2, 2pi1)|*do(u) dx dxp41

<O | | Tesimf (@, 20 0)PF () (—2, —Tn41) do dn
k€Z Rnt+1

< HZ|Tk+lmf| H /2 1 Em (Dl py2)s

keZ
where g(x,zp41) = g(—z, —xp41). By using Lemma 3.6, the Littlewood—
Paley theory and [St1, Theorem 3 along with the remark that follows its
statement, p. 96], we have
(4.10) 1Xem(F)llp < Cp(m +1D)Y2| f]l,  for 2 < p < oo

By interpolation between (4.9) and (4.10) we get (4.8), which ends the proof
of (4.5) in the case v = 2.

Now, we handle the case 1 < v < 2. We shall use an idea employed in
[Le]. By duality and a change of variable we have

oo , 1 2/~ 1/2

—~ ds "

Mé’:yil)}:f?mf(l"anrl) < (S < S |E9mf(x’gjn+1’st)|7 8> t> .
1/2

Thus,
||M(7 o d lo@nrry = 1L pocr2c (1 /2,10,ds/5) Rt /1) R+1)>
where L : LP(R**1) — LP(L*(LY([1/2,1],ds/s), Ry, dt/t), R"1) is defined
by
L(f)(%, xpt1,t,8) = S f(x = o(st)u, ny1 — Y(st)) 2m(u) do(u).

S§n—1
By (4.5) (for v =2) and (4.6) (for v = 1), we find that

L o (r2 2 2,00 ds ) vt o) n 1y < COm4 Y2 £l o nsy
for 2 < p < co and

L) oo (L2(Loe ([1/2,1)ds/s) R dt /) Ro41) < Cl fll oo @nty-
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Applying the real interpolation theorem for Lebesgue mixed normed spaces
(see [BP]), we conclude that

||L(f)HLp(Lz(Lv’([1/2,1],ds/s),R+,dt/t),Rn+1) <C(m+ 1)1/7/ A1l o ety

for v/ < p < oo, which in turn implies (4.5) for 1 < v < 2. The proof of
Theorem 3.1(a) and (c) is complete.

Proof of Theorem 1.3(b). Assume that 2 < v < oo and 2 < p < co. As
above, we have

. /1 ds\ ¥ dt\'?
T e e N T R
0 /2

By applying the generalized Minkowski inequality, since 7' < 2 we get

A : /dS 1/’)/
(4.11) M) o fla,ans) < (X | Hom f (2, n41)]” S) :
1/2
where
00 2 dt 1/2
Hs,mf($,$n+1):<H | Fa—o(st)u, zp1—1(st)) 2m(u) do(u) t) :

0 §n—1

Now, we notice that Theorem 1.3(b) is proved once we prove that

(4.12) | Hom ()l o @es1y < Cplm + D)2 fll ooty

for 2 < p < oo and for some constant C}, independent of s. To this end, by
(4.11)—(4.12), applying the generalized Minkowski inequality and noticing
that 1 <~/ < 2 we get

T 0 , ds||"
15050, Flonnny < || ) 1 Hsm (DI |
1/2 Lr/7" (Rn+1)
1 1/,)//
/ ds
< (§ WD) %)
1/2

< Cp(m + D)M2||fll po o).
Let us now turn to the proof of (4.12). Let

am ' . . 2 dt 1/2
Fm,k,s(&ﬂ):( S ’ S Qm(a;)e*’@’(s )E-z+mp(st)) do () ) .

ak, Sn—1
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By the proof of Lemma 3.2, it is easy to see that

(4.13) | Fon ko6, )] < Clm+1)172,
(4.14) | P ges(€,m)] < C(m+ 1)Y2|g(ak1ye|~/ m D)
(4.15) | Frne,s (€,m)| < C(m+ 1)Y2|p(al g/ (m+D),

for some constants C' and «, where (§,7) € R"™ x R. By (4.13)—(4.15),
Lemma 3.7, using the partition of unity {1y, }3> _ ., and adapting a similar
argument employed in the proof of Theorem 1.3(a) we get (4.12) (see also
[A2]). The details will be omitted.

Proof of Theorem 1.2. Notice that

M?z,¢,¢,hf(l’a Tpy1) < Méﬂggf(x, Tnt1)

= sup ‘M?)7¢,¢7hf(x7 xn—l—l)’
IRl ey ae/n <1

and apply Theorem 1.3.

Proof of Theorem 1.1(a). Let us adopt the same notations as in the
proof of Theorem 1.3. From (4.1) and (4.4) we can see that M$, sanlf) <

> meru{o} Cm//\/lv%m’wp’h(f). Therefore, Theorem 1.1(a) is proved if we can
show that
(4.16) 1M, 5.0 (Nl o (@ns1y < Cp(m + D)V o nsny

for m e TU{0} and 2 <p < 1/(1/2 — (7)), where a(y) = min{1/2,1/4'}.
So let us prove (4.16). Since A,(R4) C Ay(R4) for v > 2, we may assume
that 1 < v < 2and 2 < p < 2v/(2 — ). By Minkowski’s inequality, it is

easy to verify that M?Zm@,w,hf(x’xnﬂ) < ZjeZ Qm,j f(x,Tpy1), where

[ 2 dt 1/2
Qm i f(T,Tn41) = ( | )ZTkH,m(U'W * f(x, Tn41)) ) :

0 keZ ¢
Therefore, to prove (4.16), it is enough to show that
(4.17) 1@ ()|l o@niry < Cp(m + 1)227%Ul ]| 1 g

for some §, > 0 and for 2 < p < 2v/(2 — 7). To this end, we first compute the
L%mnorm of Qp, ;(f). By Plancherel’s theorem and the estimates (3.1)—(3.3)
we have

1Qu g (NI 21y < Clm + 127 £ Z2gnty
and hence
(4.18) Qi ()l 21y < Clm+ 1)Y227UV2| £ 12 oy,
Also, by Littlewood—Paley theory and Lemma 3.9 we have

2
(419) 1@m(Dllzagansry < Colm+ D2 fpoqunery for 2 p< 51
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By interpolating between (4.18) and (4.19) we get (4.17). This completes
the proof of Theorem 1.1(a).

Now, as in the proof of Theorem 1.1(a), to prove Theorem 1.1(b)—(d),
we need to obtain similar LP estimates for @, ;(f) as in (4.19), and this
can be achieved by applying respectively Lemmas 3.8, 3.10 and 3.11. Thus,
Theorem 1.1 is proved.

[AACP]
[AsP]

[AAFJ]
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