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Order convexity and concavity of Lorentz spaces
Apws 0 <p < o0

by

ANNA KAMINSKA (Memphis, TN) and LECH MALIGRANDA (Lulea)

Abstract. We study order convexity and concavity of quasi-Banach Lorentz spaces
Apw, where 0 < p < oo and w is a locally integrable positive weight function. We show
first that Ap .« contains an order isomorphic copy of IP. We then present complete criteria
for lattice convexity and concavity as well as for upper and lower estimates for Ap . We
conclude with a characterization of the type and cotype of Ap . in the case when Ap . is
a normable space.

0. Introduction. The purpose of this paper is to characterize order
convexity and concavity in quasi-Banach Lorentz spaces Ay, where w is
a locally integrable arbitrary weight and 0 < p < oo. First results on this
topic in Lorentz spaces belong to Creekmore [7], who has studied the spaces
Ly, with 1 < p,q < 00, as well as to Carothers [4] and Reisner [24], who
considered the Lorentz spaces A, , with a decreasing weight w and p > 1.
These spaces have been further investigated by the authors in [14], where
convexity and concavity properties as well as the type and cotype of A,
have been characterized by means of several equivalent integral inequalities
as well as by indices of w and its integral W (t) = Sg w. It is well known
that A, are Banach spaces whenever w is decreasing and p > 1 ([18]).
The present article is a continuation of [14]. We extend our study to 0 < p
< oo and an arbitrary weight w such that A, ,, is a quasi-Banach space. In
this general setting, when the weight is not decreasing and 0 < p < oo is
arbitrary, different methods and techniques must be used.

The paper is organized as follows. In the preliminaries we set up notations
and we recall the definitions, notions and results which will be used later on.
Among other results, we recall that A4, ,, is a quasi-normed space whenever
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W satisfies a growth condition called Ag (see [10]). Moreover, in Theorem
A, we present several equivalent conditions for normability of A, ,,, that is,
for the existence of a norm equivalent to the original quasi-norm of the space
([1, 23, 25]).

The first main result, proved in the second section, states that A,
0 < p < oo, contains an order isomorphic copy of [P. This is an extension
of the analogous result for w decreasing and p > 1 due to Figiel, Johnson
and Tzafriri [9]. We then apply this fact in the next sections, proving as
corollaries that Ay, cannot be normable for 0 < p < 1 and that it cannot
be r-convex (resp. r-concave) for r > p (resp. r < p).

In Section 3, we present criteria for r-convexity and for an upper 7-
estimate in A, ,,. While these criteria are different for r # p, they coincide
for » = p. We show for instance that for » < p, A, ,, is r-convex whenever
the Hardy operator H (") is bounded, which is equivalent to the fact that the
upper Matuszewska—Orlicz index (W) is strictly less than p/r, that is, for
some € > 0, W(t)/tP/"~¢ is pseudo-decreasing. A consequence of this fact
is that A, is L-convex ([11]). For the same r < p, A, ,, satisfies an upper
r-estimate if and only if W (t)/t?/" is pseudo-decreasing. If r = p, then we
prove that A,,, is p-convex if and only if it satisfies an upper p-estimate,
which is equivalent to the fact that W (t)/t is pseudo-decreasing.

Section 4 contains criteria for r-concavity and for a lower r-estimate
in A, .. While characterizations of lower r-estimate or r-concavity for r = p
are counterparts of the corresponding theorems in Section 3 for convexity,
the integral characterization of r-concavity with r # p requires more ef-
fort. We introduce here a new integral condition called D,,, which plays an
analogous role in studying concavity to the role of condition B, in studying
convexity of A, . It is well known (Theorem A) that A,,, 1 < p < oo, is
1-convex if and only if w satisfies condition B, that is, for some B > 0,

.
St_pw(t) dt < Bx PW(z) forallxel,
xr
where I = (0,1] or I = (0,00), and v = 1 or oo, respectively. We show
(Theorem 5) that A,,, 0 < p < 1, is 1-concave if and only if w satisfies
condition D), that is, there exists A > 0 such that

x

St‘pw(t) dt < Az PW(z) forallzel.

0
We then apply some modifications of this condition to the study of r-
concavity of these spaces. We conclude the paper with characterizations
of type and cotype in normable A, ,, spaces. Most results contained in this
article were announced in the research report [13].
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1. Preliminaries. We begin with some introductory definitions and re-
sults. Recall first that a quasi-Banach space X ([12]) is a complete metrizable
real vector space whose topology is given by a quasi-norm || || satisfying the
following three conditions: ||z| > 0, z € X, x # 0; || Az|| = |\l ||z, A € R,
z € X; and |21 + 22| < C(||lz1]| + ||x2]|), 1,22 € X, where C > 11is a
constant independent of x; and z3. Given 0 < p < 1, if || || satisfies the
first two conditions and ||z + 22||P < ||z1]|P + ||2||P, 21,22 € X, then || |
is called a p-norm. A quasi-Banach space (X, || ||) is said to be p-normable,
0 < p < 1, if there exists an equivalent p-norm in X. A 1-normable space
is simply called normable. If a quasi-Banach space X is a vector lattice
and || || is monotone, i.e. x| < ||y|| whenever |x| < |y|, we say that X is
a quasi-Banach lattice. A quasi-Banach lattice X is said to be p-conver,
0 < p < o0, respectively g-concave, 0 < g < oo, ([8, 11, 17]) if there is a
constant K > 0 such that
n 1 n 1
[(Cte) < e (o herr) ™
i=1 i=1
respectively

)

n 1 n 1
OEDRET OEDIS

i=1 i=1
for every choice of vectors x1,...,z, € X. We also say that X satisfies an
upper p-estimate, 0 < p < oo (resp. a lower g-estimate, 0 < q < 00), if
the above condition defining p-convexity (resp. g-concavity) is satisfied by
elements x1,...,z, € X with disjoint supports ([11, 17]). We easily observe
that for 0 < p < 1, p-convexity implies p-normability and this in turn yields
an upper p-estimate.

Given 0 < p < oo and a quasi-Banach lattice X let X®) = {z: |2P € X}
denote the p-convezification of X equipped with the quasi-norm ||z|| y) =
[||[P||*/?. Tt is clear that X () is 1-convex (resp. 1-concave) iff X is 1/p-convex
(resp. 1/p-concave). Notice also that a quasi-Banach space is normable iff it
is 1-convex.

Let further I = (0,1] or I = (0,00), and L° = L°(1, | |) be the set of all
Lebesgue measurable functions f : I — R, where | | denotes the Lebesgue
measure on . By v we will always denote 1 in the case when I = (0, 1]
and oo when I = (0,00). We also agree that “decreasing” or “increasing”
will mean “non-increasing” or “non-decreasing” respectively. For f € L° we
define its decreasing rearrangement as f*(t) = inf{s > 0:dy(s) < t}, t > 0,
where d¢(s) = |{t : |f(t)| > s}| is the distribution function of f. Given
0 < r < oo, the Hardy operators on LY are defined as follows:
¢

HOf(t) - (%gf’”’(s) ds)w, Hi (1) = (%Sf”(a) ds)w.
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For r =1, H® f will be denoted by f** and Hyf by fe It is well known

([2, 16]) that (f+g)** < f**4g¢**. One can also show that for any 0 < r < oo,
and fi,..., fn € LY,

1o ((S180)") < (S amr)
i=1

=1
m((iw)” e (ﬁ;<ﬂ<r><|fi|>r)1“.

The Lorentz space Ay, 0 < p < 00, is a subspace of LY such that

1/p B

1£1= 16l = (§770) 7 = (§ 2@ty ae) " < .
I I

where a measurable weight function w : I — (0, 00) satisfies the conditions

t
W (t) ::Sw <oo foralltel,

0
oo
S w =00 in the case when I = (0, c0).
0

The functional || ||, admits several equivalent formulas ([2, 4, 5, 16]). In
fact for f € Ay, 0 <p < o0,

1= (§ Frw) " = (?W(df@))d(tp))” "= (<fwwara)

1

If in addition w is decreasing then
1/p
171 = (sup § £ ()Pt at)
T
and if w is increasing then

171 = (i § 7P a)

1

where both the supremum and infimum are taken over all measure preserving
transformations 7 : I — 1.

It is well known that the functional || ||, is a norm if and only if w is
decreasing and 1 < p < oo ([18]). Moreover, for any 0 < p < o0, || |[pw is a
quasi-norm if and only if W satisfies condition Ag, i.e. W(2t) < KW (t) for
all t € 11 and some K > 0 ([10]). Indeed, if W satisfies condition Ay then
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for any f,g € Apw,

17+l < 2 ((~§warre2) " + (- jwndgras) ")
1 I

< 20k (= §Wie/2) dro(e/2) "y (= §wit/2)agt/2) Up)
7 I

< (A =+ llgl)-

On the other hand, assuming that || || is a quasi-norm and choosing f =
X(0,2/2) and g = X(z/2,2] We obtain

WP () = X0l < CllIxoae2ll + X2 ) = 2CWP(2/2)
for all x € I, that is, W satisfies condition As.
Since we deal further with the functional || ||, ., which is at least a quasi-
norm, we will assume in what follows that W satisfies condition As.

Given an arbitrary F': I — R4 we define the Matuszewska—Orlicz lower
and upper indices as follows:

a(F) =sup{p € R: F(at) < CaPF(t)
for some C' >0 and allt € 1,0 <a < 1},
B(F) =inf{p € R: F(at) < CaPF(t)
for some C' > 0 and all at € I, a > 1}.
If F is increasing then 0 < a(F) < B(F) < oco. A function F : [ — Ry is
called pseudo-increasing (resp. pseudo-decreasing) if there exists a constant
K > 0 such that F(s) < KF(t) (resp. F(s) > KF(t)) for any 0<s<t;
s,t € I. As usual two functions F,G : I — R, are said to be equivalent if
there exist positive constants C, Cy such that C1F(t) < G(t) < CoF(t) for
every t € I.
Recall also the following result due to Matuszewska and Orlicz [21].
LEMMA A ([21, 16)). If F : I — (0,00) is pseudo-increasing (resp.
pseudo-increasing and F satisfies condition As) and F(t)/t is pseudo-de-

creasing (resp. pseudo-increasing) on I, then there exists a positive concave
(resp. convex) function on I equivalent to F'.

In the theorem below we summarize all known results characterizing
normability of A, ,,.
THEOREM A. Let 1 < p < oco. The following conditions are equivalent.
(i) Ap . is normable.
(ii) The Hardy operator f**(t) =t~} SE f*(s)ds is bounded in Ay, .
(iii) The weight w satisfies condition Sy, that is, for some A > 0 and
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p+1/p' =1,

o1/t NP N\
(Sw) <S<Z§w> dt> < Ax  forall x € 1.
0 0N 0

(iv) The weight w satisfies condition By, that is, there exists B > 0 such

that .
\tPw(t)dt < Ba PW(x) forall x € 1.

(v) There is C > 0 such that
v
St_p_lW(t) dt < Cx ™ PW(x) forall z €l.
(vi) B(W) < p, i.e. there exists € > 0 such that W(z)/xP~¢ is pseudo-
decreasing.

Notice that Boyd proved equivalence of (ii) and (vi) in [3] when w is
decreasing but his techniques work just as well for general w (see also
[16, Ch. II, Th. 6.6]). Arino and Muckenhoupt introduced condition B,
and showed the equivalence of (ii) and (iv) in [1]; Sawyer proved in [25]
that conditions (i)—(iv) are equivalent, and Raynaud in [23] demonstrated
the equivalence of (ii) and (vi). We add here condition (v), which is an easy
consequence of (iv) and integration by parts. A direct proof of the equiva-
lence of (iv) and (vi) together with a simple proof of the fact that B, implies
B, was given by Maligranda in [20]. The equivalence of (v) and (vi) was
proved in [19].

2. Copies of [? in A, ,. We start by showing that A,, contains an
order copy of IP. In the case when w is decreasing and 1 < p < oo, this fact
has been proved in [9] (for increasing weight see [5]; see also [6]). Notice that
the proof we provide here is different than the one in [9] or [5], because of
the lack of monotonicity of w.

THEOREM 1. Let 0 < p < oo. The Lorentz space Ap,, contains an order
isomorphic copy of 7.
Proof. Let I = (0,1] and € > 0. We shall construct a sequence { fj}Jo.’;l
C A, with disjoint supports which spans an isomorphic copy of I” in Ay, .
Let k& = 1, N > Ny > k; and b; > 0 be such that ¥y (27%) = 1 and
YW (27N1) < /4. Setting
fi= biX(1—2-#1 1)

we have
2—M

IAl=1 | fAPw<e/a
0
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By induction we find sequences (N;) and (k;) of natural numbers and a
sequence (b;) of positive numbers such that letting

15 =X s 2 moyist ok
for j =1,2,... with k&; = 1 and ) = 0, we have
1£51 = Biw(27h) =1,

27
V T =b,W(@ ) <e/¥, k< Nj <kja—1,
0

for j =1,2,... It is clear that b; < b;;1 and
o % o
(X27) =X s,
j=1 j=1

where B; are intervals with |Bj| = 275 j = 1,2,..., and U;’il B; is an
interval (0, ) with oo < 1.

Let now (a;) € P with |[(a:)|lh = D ooy |ailP = 1. Setting Ny = 0 and
C =max(2P~!,1) we have

_N,;

o0 oo 277
H Zaifi - Z X (aj+1fj+1 + Z aifi) p(t)w(t) dt
i=1 J=09-Njt1 i#j+1
0o 27N
< CZ S (aj+1fi+1)™P(t/2)w(t) dt
=0 9-Nji1

— N]

+0§: 2§ (> al-fi)*p(t/2)w(t) dt.

J=09=Njt+1 i#j+1

We will estimate separately each term of the right side of the above inequal-
ity. Since kj4+1 — 1 > Nj the following equality holds for j =0,1,...:

9N o= (kjp1-1)
Pari= | (apife) (/2w dt = laga? | ¥ () d.
27 Nj+1 2 Nj+1
By condition Ag for W,
9= (kjy1-1)
Ve we ket <K W) = K,
2~ Njt+1

and so
-Pj—&-lSK‘aj-f-l’p? j:()v]-v
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It is clear that

27 Nj 2N
*p
Q= § (D i) (t/2uwt)d < 5 (> #) 2w a
9 Nj+1 A+ 2 Nj+1  iFEj+L
for j=0,1,... Moreover,
J
< > fi) Z Wxs, + Y WX,
1#j+1 1=7+2 =1

where E; are intervals such that |E;| = 27%,i = 1,..., 4, and U2, 2 Bi U
ngl E; is also an interval. As kj 1o —2 > Njiq,

}U 2B‘<2 Z 9= — 9~ (kj+2-2) < 9= Ny,

i=j+2 i=kjt2
whence
2N 00
{ ( 3 beBi>(t/2)w(t)dt:0, j=0,1,...
o~ Nj+1  i=j+2
Now, since N; > k; and |E;| = 27k we have Xomn(0,2- M) < X027y
t1=1,...,7. Thus
2N j 27N
I (D tm) 2w <> § W (u(t) de
o Njt+1 =1 i=1 0
27N
<j | £Pwt)dt < je/¥ <e/2.
0

Therefore, )1 = 0 and

Qj+1<€/2j, 7=12...

Combining the above inequalities, for any (a;) € ? with ||(a;)|[, < 1 we

obtain
|50 <

and thus for all (a;) € I” and some M > 0,

Hgaifi

(KC) 1/p<z |aj41]? +5) 1/p7

< M|(ai)llp-
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On the other hand, since f; have disjoint supports, for any (a;) € 1%,

oo o 27N;
P *p
H > aifil| = | <|aj+1fj+1|+’ ) az’fi) w
i=1 7=0 9= Nj41 i#j+1
0o 2~ Nj
*p
>Nl | 5w,
Jj=0 o Nj+1
and as Nj < k‘j+1 < Nj+1,
27N 2 Nj+1
*p _ *Pp o *p o j+1
V fhw=\fhe— | flw=1-ea,
2~ Njt1 I 0

and so

> (1 e/4)"7)|(ai)]p-

o0
H Z a; fi
i=1
This completes the proof.

3. Convexity of A,,. In view of Theorems A and 1, we obtain the
following characterization of r-convexity of A, ,, for r # p. Notice that con-
ditions (i), (ii) and (iv) have also been studied in [23].

THEOREM 2. If 0 < r < p < oo then the following assertions are equiv-
alent.

(i) Ap . is r-convex.
(ii) The Hardy operator H") is bounded in Ay w, that is, the quasi-norms
I £]l and ||[H") f|| are equivalent.
(iii) The weight w satisfies condition By, that is, for some B > 0,
v
St_p/rw(t) dt < BePI"W(z) for all z 1.
x
iv) B(W) < p/r or equivalently for some e > 0, W (t)/tP/"~¢ is pseudo-
(iv) Y
decreasing.

If r > p then Ay, is not r-convez.

REMARK. (a) If 0 < p < 1 then A,,, is not normable. This fact, already
noticed in [10], is a consequence of Theorem 1 as well.

(b) The space Ay, 0 < p < oo, is L-convex (for the definition and
consequences see [11]). Indeed, by As-condition for W, (W) < oo ([21, 19])
and so (W) < p/r for some r > 0. Hence in view of Theorem 2, A, ,, is
r-convex and thus L-convex by Theorem 2.2 of [11].
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PROPOSITION 1. Let 0 < p < 0. Given two weight functions wi and
wa, the Lorentz spaces A, and Ay ., coincide and there exists a constant

C such that O~ fllpar < || Fllpan < Cllf s for any f. if and only if Wy

and Wy are equivalent.

Proof. The sufficiency follows from the formula || f|| = (= §, W d(f*? NP,
The necessity is a consequence of the equality [x (o4 llp.w; = Wi(x), i = 1,2.

THEOREM 3. Given 0 < p,r < oo, the following conditions are equiva-
lent.

(i) Apw satisfies an upper r-estimate.
(ii) W (t)/tP/" is pseudo-decreasing and r < p.
(iii) W (t"/P) is equivalent to a concave function and r < p.

If in addition 0 < r < 1, then each of the above conditions is equivalent to

(iv) Apw is r-normable.

Proof. By Theorem 1, r < p. Moreover, the equivalence of (ii) and (iii)
is a consequence of Lemma A. In view of Kalton’s result (Theorem 2.3(ii)
in [11]) any L-convex quasi-Banach lattice is r-normable for 0 < r < 1 iff it
satisfies an upper r-estimate. Hence (i) is equivalent to (iv). Now it remains
to show that (i) is equivalent to (ii).

Since (Ap’w)(l/r) = Ay/rw, it is enough to prove that A, 1 < p < oo,
satisfies an upper l-estimate iff W (t)/t? is pseudo-decreasing. Let us begin
with the sufficiency part, taking any {f;}? , C A, with disjoint supports.
By Lemma A, W'/P(t) is equivalent to a concave function and in view of
Proposition 1 we assume without loss of generality that W1/? is concave.
Since also W1/P(0) = 0, W/? is subadditive ([16, p. 51]). Then dsn g =
S°% , dy,, and by subadditivity of W1/P and the Minkowski inequality,

= (OXO (W”p(fjdfxt)))pd(tp))”’”

0
< (T (S wam) am)”

<> (Fwinyam)” = Y5l

~
Il
—

o

In order to prove the necessity, given 0 < s <t, t € I, set n = [t/s] and

fi = X (Gt ity i=1,...,2n.

2n  ’2n
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By an upper l-estimate for A, ,,, there exists C' > 0 such that
2n 2n 2n
W) = xogl = | oI5| < €D = > wr/2m)
i=1 i=1 i=1

= 20nW /P (t/2n) < 20(t/s)WHP(t/2n) < 20(t/s)WHP(s),
which means that W (t)/t? is pseudo-decreasing.

THEOREM 4. Given 0 < p < oo the following properties are equivalent.
(i) pr is p-convex.
(ii) Ay satisfies an upper p-estimate.
(iii) W(t)/t is pseudo-decreasing.
v)

(iv) There exists a decreasing weight wo such that Ay = Apw, and || |[pw
and || ||pw, are equivalent.

Moreover, for 0 < p <1 each of the above properties is equivalent to
(v) Ay is p-normable.

Proof. Since (i)=-(ii) is obvious and (ii)=-(iii) follows from Theorem 3,
we start with (iii)=(iv). By Lemma A, there exists a positive concave func-
tion Wy on I equivalent to W. Thus Wy is absolutely continuous on I and so
Wo(t) = SE wo for some decreasing positive function wg, and then in view of
Proposition 1, A, = Apw, and || [|pw and || ||pw, are equivalent. In order
to prove that (iv) yields (i), we assume without loss of generality that w is
decreasing and applying a suitable formula for || ||, for any finite sequence
{fi}}-y C Ap . we obtain

(S0 < (Spfrcoreon)” - (S)

For 0 < p <1, the immediate 1mphcat10ns (i)=(v) and (v)=-(ii) complete
the proof.

4. Concavity of A, ,. We begin the discussion of concavity of Ay,
with a lemma which provides a number of equivalent integral conditions.
Notice that the equivalence of the first three conditions does not require
assuming As for W.

LEMMA 1. Let 0 < p < co. The following conditions are equivalent.

(i) a(W) > p or equivalently W (x)/zP*e is pseudo-increasing for some
e>0.

(ii) The weight w satisfies condition Dy, that is, there exists A > 0 such
that

St*pw(t) dt < Az PW(x) forall x € 1.
0
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(iii) There is B > 0 such that
St_p_lW(t) dt < Bx PW(x) forall x € I.
0

(iv) The weight w satisfies condition Dl’g, that is, for some C > 0,

S (x — )Pt Pw(t)dt < CW(x) forall x €1.
0

If 0 <p <1, then each of the conditions (i)—(iv) is equivalent to
(v) There is D > 0 such that

T 1—
(Xt_ﬁW(t)ﬁ dt) : < Dx PW(x) forall x € 1.
0
(vi) There is E > 0 such that

r p_ 1-p
(St =p W (t)T-rw(t) dt> < Ex PW(x) forall z € 1.
0
Proof. (i)=(ii). Since W (27Fz)/(2 Fz)P*te < CW(x)/xP* or equiva-
lently W (2 %z) < 027kt W (z), > 0, k = 0,1,..., it follows that

T 00 2 kg 00 2 kg
Vtrwmyde=)" | tPw@de<d @ "™ | w
0 k=092—(k+1)4 k=0 2—(k+1) 4

<P 2ty (27ky) < C2raP Y " okra PRy (a)
k=0 k=0

= C2Pz PW (x) Z 27h = Ko PW(x).
k=0

(ii)=(i). First we show that if w satisfies D, then it also satisfies Dp
for some ¢ > 0; in fact, for all ¢ < p/(A — 1). Multiplying the inequality
in (ii) by 27°~! and integrating it from 0 to 7, we obtain

T xT T X
S ze1 ( S t Pw(t) dt) dr < A S z ey < S w> dx.
0 0 0 0

After changing the order of integration in both integrals we get

[ Py T:U_g_l T rw Tx_a_lx_p T
(S)t (t)<§ d )dt§A§ (t)<§ d )dt

or
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and applying condition D, gives

1 A\ - A
<— - > ferewtydt < "t Pu(t)dt - r 7w
E E€+p €9 e+p o
T
< <é— A )T_p_ESw
€ E+Dp 0
Hence, if 0 < e < p/(A — 1) then
T A T
St*p*Ew(t) dt < S r*p*ESw for all r € I,
5 p+e— Ae 5
i.e. w satisfies condition D;.. Now, if 0 < z < y then
W(z) _{ [ e W(y)
T <St Pty dt <\t P w(t)dt < Ky P {w=K e

0 0 0
(iii)=(ii). Since §jt P 'W(t)dt > (27 ?/2)W(x/2), it follows that
lim, o+ 27 PW(z ) = 0. Thus, integration by parts yields

§t‘pw(t) dt = St‘p AW (t) =t "W (t)|; — §W(t) d(tP)
0 0 0
=2 PW(z) +p\t P W(t)dt < (14 pB)a "W (x).
0

(ii)=>(iii). From the inequality z W (z) < {jt Pw(t)dt we see that
lim, .o+ x7PW(x) = 0, and so by integration by parts,

-1

x 1 x
VP tw(t)de = - ( VtPw(t)dt — x_pW(aj)) <
0 Py
(ii)e(iv). If condition D, holds then
V(@ — 1)t Pw(tydt < \aPt Pw(t)dt < Afw
0 0 0
On the other hand, if (iv) is satisfied then in view of Ay for W,
T x/2
CEW(z/2) > CW (x) > | (z — )Pt Pw(t)dt > (x/2)P | tPw(t)dt,
0 0

x PW (x).

which is condition D).
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(i)=(v). For an appropriate € > 0,

z 1—- z c 1—
(St_ﬁW(t)ﬁ dt) - (St‘ﬁ(t—P—EW(t))ﬁt% dt) :
0 0
1-p,.—p—¢ ( T 1=p —p—¢€ > -
< clPgP W(:z:)(Stl—p dt) — dz P W (2)2f = dae PW (z).
0

(v)=(i). In view of condition Ay we have

K1or=l < 97l (2/2) < f(x) := xp(gSEt_llpVV(t)llp dt>1_p < DW (),

0
and so a(W) = a(f). Moreover, for sufficiently small € > 0,
d
(= ()

1 1 1 1
= <—E£L’7€71 S t 1 W(t)rdt+2 (1 —p)x T2 W(x) 17p>
0

Jwo s a)”
x((s)t W (H)T dt)

> (1—p—eDTr)e S T W (z) T (gt—mW(t)ﬂ dt) o

Therefore a(W) = a(f) > p+e > p.
(vi)&(v). For x € I we have
< —D < p —DP 1

[ w )™ wt)dt > 2T {W ) rw(t)dt = (1 - p)a s W (z) ™,
0 0

—_

x €T
{=we) ™ di > | WEe(n)dt > §x‘ﬁW(x/2)ﬁ.
0 /2
Thus integrating by parts we obtain
xT x
[ W) TP w(t) dt = (1 p) (@ PW(2)) ™7 +p |5 W ()7 dt,
0 0
which in fact yields the equivalence of (v) and (vi).
REMARK. Recall that for a r.i. quasi-Banach space X over (I,] |), the

lower and upper Boyd indices are defined as for a r.i. Banach space
([17, 22]), that is,

p(X) = sup{p > 0 : there exists C' > 0 such that
| Da|l < Ca™/P for all 0 < a < 1},
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q(X) = inf{g > 0 : there exists C' > 0 such that
| Do < Ca™14 for all a > 1},
where D, : X — X is a dilation operator defined on I = (0,00) as D, f(t) =

f(at), and on I = (0,1] as
at) for 0 <t <min(a™',1),
Duf) = {1 e
0 for min(a™",1) <t < 1.
For any our weight function w, we have
p(/lp,w) = p/ﬁ(W), Q(Ap,w) = p/a(W).

We shall sketch a proof only for I = (0,00). Let ||D,|| be the operator
norm of D, on A, .. Then for any a > 0,

o/a 1774 1/p
1Dul 2 sup KOl o (L)
>0 ||X(0,:Jc)|| z>0 \ W(z)
On the other hand, since dp, ¢(t) = a~'d¢(t), a > 0, we get for any f € Ap .,

T o 1/p W (z/a)\ /P
Iasl = (§ Wity )" < sop (Ss?) i

These estimates yield directly the above formulas on Boyd indices.
THEOREM 5. Let 0 < p < 1. The following assertions are equivalent.
(i) Apw is 1-concave.
(ii) The Hardy operator fu(t) =t=1§] f*(s)ds is bounded in Ap,,.
(i) (W) > p or equivalently for some € > 0, W (t)/tP*¢ is pseudo-
imncreasing.
(iv) The weight w satisfies condition Dy, i.e. there exists A > 0 such that
x
St*pw(t) dt < Az PW(x) forall x € 1.
0
Proof. (i)=(iv). For z,y € I and for any Lebesgue measurable function
f:I — R, we have

T

Fy) =\ £*(ly — t]) dt x(0,0) (v)
0
= (Sf* + | f*>X(0,x)(y) < 2<Sf*)X(O,z)<y)7
0 0 0

whence

7 < 2§ (fu) "

0 0
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(We adopt here the convention that ||F|| = oo if F' ¢ A, ,.) On the other
hand, by the reverse Minkowski inequality which follows from 1-concavity
of Apw,

IIFH—H 1y =t dt X )| 2 € TIF Uy = thxiom(w)l dt
0

for all x € I. Settlng

grz(y) = Fly —thxow(y) (O<t<z z,yel),

we obtain
x

. 1/p
lgvll = (§57w) ™,
0
which follows from the formula

* ( ) . { f*<3/2)X(0 20— 2t ( ) + f*(S —x + t)X[QI—Qt,x) (8) if t<x S 2t,
b f*(S/Q)X(o 2t) (s) + f*(s —t)x X[t x)(S) if z > 2¢.
Combining the above estimates we obtain

¢ o \U/P CLE e/ NP
((S)f”w) < Ku éf ([S)w) for all z € I,

for any measurable function f. We can rewrite this inequality, with the
convention co/oo = 0, as
Jo frwx(0.)
(5 /P x(0.0))P
Now, recall Sawyer’s duality formula ([25, Theorem 1] and [15, Corollary

1.4]). If 1 < r < oo, then for any non-negative g € L? and any locally
integrable function h > 0, we have

ngg N <7<Sg—g>r’h>l/7“ Og
glgll; (Sg frh)l/r ~ (S) Séh S'Y 1/7"

decreasing

<Kz PW(z) forallxel.

where =~ denotes the equivalence of both sides with constants independent
of g and h, and the convention oo/oco = 0 applies. Letting in the above
formula r = 1/p, f = f*, g = wx(02) and h = x(04), We get for r € I,

W ()P

Sg f*wX (0,z)
(§o S x0,2))P
Thus, for every x € I,

sup

[ e a)
<§Jt W(t) (t)dt) +

(gfﬁwu)ﬁw(t) dt) < KW ().
0
This is however condition (v) of Lemma 1 and so w satisfies condition D,,.
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The implication (iv)=-(iii) has been proved in Lemma 1.

(iii)=-(ii). We shall apply here Theorem 2 of [22] stating that H ) is
bounded on a r.i. quasi-Banach space X iff ¢(X) < 1. Although this theorem
has been proved there only for I = (0,00), it is easily verified also for
I = (0,1]. Now the implication follows since ¢(A,.,) = p/a(W) by the
remark before the theorem.

(ii)=(i). First we show that for any f € Ay, || fex| = K 7P| f]|, where
K is the constant in condition Ag. This will be done only for I = (0, 1]. In
fact, it is clear that fi.(t) > f*(2t)x(0,1/2(t) for t € (0, 1]. Hence

1/2

1eell = (§ r7Ce00(t) dt)
0
Setting f = X(0,4)» 0 < @ <1, in view of condition Ag, we have

1/p

1/2 a/2 1
\ rrebwt)dt= | w=w(a/2) > K'W(a) = K '| f7w.
0 0 0

Thus, by approximating f* by simple functions of the form  a;x(g,4,), the
above formula also holds for any function f in A, ,,, and so || fx|| > K 7P| f|.
Finally, we have

(Sl = (S,
SNNE K—PZ 15
i=1 i=1

where the first inequality follows from the boundedness of H(j), the second
from (|f] 4 |g])sx = fix + gux, and the third from the reverse Minkowski
inequality for 0 < p < 1.

The next result is a corollary of Theorems 5 and 1. Observe that condi-
tions (i)—(iii) have also been investigated in [23].

|>|<>|<

THEOREM 6. If r > p > 0 then the following assertions are equivalent.

(i) Ap . is T-concave.
(ii) The Hardy operator H ) is bounded in Ay .
(iit) a(W) > p/r, or equivalently W (t)/tP/"™*¢ is pseudo-increasing for
some € > 0.
(iv) The weight w satisfies condition D, ., that is, there exists C' > 0
such that

St_p/rw(t) dt < Caz_p/rxw forall x € 1.
0 0
If 0 <r < p<oo then Ay, is not r-concave.
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Finally, the last two theorems completing our discussion are companions
of Theorems 3 and 4, respectively.

THEOREM 7. Given 0 < p,r < 0o, the following properties are equivalent.

1) Ay satisfies a lower r-estimate.
p7
(i) W (t)/t?/" is pseudo-increasing and r > p.
(iil) W (t"/?) is equivalent to a convex function.

Proof. The proof, applying the reverse Minkowski inequality for 0 < p
< 1, is analogous to that of Theorem 3.

THEOREM 8. Given 0 < p < oo, the following properties are equivalent.

(i) Ap . is p-concave.
ii) Ay satisfies a lower p-estimate.
i) Ay sati I timat
(iii) W(t)/t is pseudo-increasing.
iv ere exists an increasing weight wgy such tha w = Apw, an
iv) There exists an i ing weight h that Apw = Apw, and
| |pw and || |lpw, are equivalent.

Proof. The proof is analogous to the one of Theorem 4. In fact we obtain
reverse inequalities. For instance, assuming that w is increasing, for any

|10 = (]S 1P )™ = (S 1) ™
i=1 Ii=1 i—1
which shows that (iv) yields (i).

We conclude the paper with a corollary on the type and cotype of
normable A, ,, spaces. This is a consequence of the above characterizations
as well as the well known relations between type (resp. cotype) and upper
estimation (resp. lower estimation) [17] (see also Theorems 11, 14 and 15
in [14]).

COROLLARY 1. Let 1 <p < oo and w € B.

(a) Let 1 <r < 2. Then Ay, has type v if and only if a(W) >0,r <p
and W (t)/tP!" is pseudo-decreasing.

(b) Let 2 < r < oo. Then Ay, has cotype r if and only if r > p and
W (t)/t?/" is pseudo-increasing.

(c) Let p # 2. Then A, has cotype 2 (resp., type 2) if and only if
1 <p<2and a(W) > p/2 (resp., 2 < p < 00 and S(W) < p/2 and
a(W) > 0).

(d) Let p = 2. Then Ag,, has cotype 2 (resp., type 2) if and only if W (t)/t
is pseudo-increasing (resp., W (t)/t is pseudo-decreasing and a(W) > 0).
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