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Abstract. We characterize the partial differential operators P(D) admitting a con-
tinuous linear right inverse in the space of Fourier hyperfunctions by means of a dual

(©2)-type estimate valid for the bounded holomorphic functions on the characteristic va-
riety Vp near R%. The estimate can be transferred to plurisubharmonic functions and is
equivalent to a uniform (local) Phragmén—Lindel6f-type condition.

1. Introduction. Continuous linear right inverses for partial differential
operators and convolution operators have been studied in many classical
spaces of (generalized) functions. The problem was posed by L. Schwartz
for partial differential operators in C*°(RY) and has been solved in this case
and for the spaces of (ultra)distributions and ultradifferentiable functions by
R. Meise, B. A. Taylor and D. Vogt (see [22, 25]) by means of a Phragmén—
Lindel6f condition. Since then corresponding results have also been obtained
for weighted spaces of (ultra)distributions and (ultra)differentiable functions
and convolution operators (mainly in one variable). A by no means complete
list of relevant papers is contained in the references (intended as a first hint
to the relevant literature, see [1, 11-14, 17-23, 25, 28]).

In the present paper, we will study this topic for Sato’s space of Fourier
hyperfunctions (see [30] and [9, 10]). This space of generalized functions is
the dual space P,(R?)’ of P.(R?) := limind;_ o Ps ;, where

Poj={f € HU;) | I£]l5 = sup £ (2)| exp(|2]/7) < oo}

is the space of exponentially decreasing holomorphic test functions on strips
d .
Uj :={z € C*|[S(2)] < 1/j}
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near R? We have chosen this way of defining Fourier hyperfunctions to
emphasize the analogy to Schwartz’ tempered distributions since P, (R%) can
be considered as a holomorphic counterpart of the Schwartz space S (Rd) of
rapidly decreasing test functions. L. Schwartz’ problem has been solved for
the space S(R?)} of tempered distributions in [12] by different methods. The
reader should compare the results with the present case.

Let P(D) be a partial differential operator with constant coefficients in
d variables and let

Vp:={zeC%| P(—2) =0}, Xp:=VpNRL
Let d(x,Vp) and d(z, Xp) denote the distance from = € R? to Vp (and to
Xp, respectively).

One might think that P(D) admits a right inverse in P,(R%){ if Xp = 0.
While this is not true, we will prove the following characterization in this
basic case: If Xp = () then P(D) admits a right inverse in P,(R%)] iff there
is € > 0 such that d(z, Vp) > ¢ for z € R? (see 2.6).

To state the characterization for Xp # () we need some more notation:
Let By (z0) := {z € C¢ | |z — 20| < r} if 29 € C%, and for f € H(U;) let
| fllvp,; be the canonical norm || ||; of Py ; restricted to Vp, i.e.

1fllvps:=sup [f(z)]exp(|z]/7).

2€U;NVp
MAIN THEOREM. Let Xp # 0. The following are equivalent:
(a) P(D) admits a right inverse in P,(R%)] .
(b) There is D € N such that for any j, n and k there is Cy such that
for any f € H(Uj),

1-1/n 1/n
(1.1) 1 11vi D < CollFllvd " 11357
(c) There is C1 > 0 such that for any o € N¢,
(1.2) |P)(2)| < C1|P(x)| if & € R and d(x, Xp) > 1/Cy
and Vp satisfies the following uniform local Phragmén—Lindelof con-
dition:

(UPL)joc  there are r1 > ro > 0 and Cy > 0 such that, for any a € Xp
and any plurisubharmonic function v on Vp N By, (a), the fact
that

(1.3) v(x) <0 forze XpNBy(a), viz) <1 forzeVpnB,(a)
implies that
(1.4) v(z) < ColS(2)|  for z € VpN Byy(a).

Several equivalent intermediate conditions are needed in the proof of this
characterization (see 3.4 and 4.6).
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The local Phragmén—Lindel6f condition (PL)jc(a) has been introduced
by Hérmander in his pioneering paper [7] on surjective partial differen-
tial operators on real analytic functions. (UPL)j,. is a uniform version of
(PL)]OC(G).

Variants of Héormander’s Phragmén—Lindelof conditions have been in-
tensively studied since then (see [4, 23, 24, 26]) and were applied to several
interesting problems in analysis, e.g. to characterize the surjective partial
differential operators on Roumieu type ultradifferentiable functions and on
real analytic functions (see [2-5, 34, 35]), to the right inverse problem for
partial differential operators already mentioned (see [22, 25]), or to char-
acterize the real analytic varieties admitting an extension operator for real
analytic functions [32]. In fact, the present paper owes very much to the
point of view from [32].

The Main Theorem has several interesting implications:

If ) # Xp is compact then P(D) admits a right inverse in P.(R%)] iff
Vp satisfies Hormander’s (PL)joc(a) for any a € Xp.

If P(D) is homogeneous then P(D) admits a right inverse in P, (R9){ iff
Vp satisfies (PL)oc(0).

If P(D) admits a right inverse in P,(R?)] then any localization of P at
a € Xp or at oo also admits a right inverse in P,(R?), while the principal
part P,,(D) of P in general need not.

The paper is organized as follows: In the second section, the necessity of
(1.1) is shown. The proof is based on the fact that Py(R?){ is isomorphic
to a power series space of finite type by Hermite expansion (see [16]). We
show that ker P(D) C P.(R?)] satisfies a strong (tame) (Q)-type condition
if P(D) has a right inverse in P,(R%)]. By duality and a tame version of
the division and extension theorem (related to the Ehrenpreis/Palamodov
fundamental principle) in P, (R?) this can be translated into (1.1).

The sufficiency of (1.1) is proved in Section 3 using the tame splitting
theory for exact sequences of power series spaces of finite type from [11].

In Section 4, the estimate (1.1) is transferred to psh functions using
the construction of suitable holomorphic approximations for psh functions
from [23]. This is used to show that (b) and (c) of the Main Theorem are
equivalent.

(PL)10c(0) is equivalent to a scaled local version of (1.1) for psh functions
(see 4.4(c)) which is used in Section 5 to transfer our results to several types
of localizations of P. We also prove that (PL)j.(0) is equivalent to a local
uniform radial Phragmén—Lindel6f condition combined with the following
distance condition (see 4.5): there are 1 > ro > 0 and B > 1 such that

(1.5) d(z, Xp N By, (0)) < BIS(2)| if z € Vp N By, (0).
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2. The basic tame estimates. In the following, P(D) is always a

partial differential operator with constant coefficients in d variables and
Vp :={z e C%| P(—2) = 0}.

We want to study when P(D) admits a right inverse in P,(R9){, that is,

when there is a continuous linear operator
R: P,(RY), — P,(R%)] such that P(D)o R =1d on P,(R%).

Though we will look for necessary conditions for this problem in this section,
we first treat a simple sufficient condition:

EXAMPLE 2.1. P(D) admits a right inverse in P,(R?)] if
(2.1) VpNUj, =0 for some jy € N.

Proof. We first notice that there is C' > 0 such that for all polynomials
P with deg(P) < m we have, for any = € R,

(2.2) 1/C < d(z,Vp) Y _ [P ()/P()M1* < C if P(x) #£0
a#0
(see [8, 11.1.4]), where d(z, Vp) :=inf,cy, |x — z| denotes the distance from
z € R% to Vp.
Let Py(z) := P(z +iy) for y € R% Then d(-,Vp,) > 1/(2jo) by as-
sumption if |y| < 1/(2jg). Hence, (2.2) implies that there is &€ > 0 such
that

[P(2)] > e if [S(2)] < 1/(240),
and therefore the division operator

is a continuous linear operator in P,(R?). Thus, R := Fo S} o F~lis aright
inverse for P(D) since the Fourier transformation F is an isomorphism in
P.(R9)] (see e.g. [6, Chap. IV.6] or [16, 3.6]). =

Condition (2.1) means that d(x, Vp) > 1/4q if # € R%. In fact, (2.1) holds
iff there is C'7 such that
(2.3) P (2)| < C1|P(z)] if a#0and z € R%

This can be easily checked using (2.2). We will see in 2.6 below that (2.1)
is also necessary for the existence of a right inverse for P(D) in P,(R%); if
Xp :=VpNR? = (). From now on we will assume that

(2.4) VpNU; #0  for any j.

In this general case, division by P in P, (R%)’ needs more sophisticated meth-
ods (see Section 3) and we will concentrate in the rest of this section on
necessary conditions for the existence of a right inverse for P(D).
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We will have to use precise (so-called tame) estimates in the proofs, and
recall some basic related notions first.

A Fréchet space E with a fixed increasing system (| |;);jen of seminorms
defining the topology of FE is called a graded Fréchet space.

In this paper, P, (]Rd)]’D will always be considered with the canonical grad-
ing defined by

vl = sup{l(Dl | 1 € PR, If; <1} if v e Pu(RY.

A linear mapping
T(Ev‘ ‘])_)(F7| |])
between two graded (F)-spaces (E,| |[;) and (F,| |;) is called (linearly)
tame if there is A € N such that for any j € N there is C1 > 0 such that for
any f € E,
IT(H)l; < Cilfla-

We call T' tame open iff there is A € N such that for any j € N there is
Cy > 0 such that for any g € F there is f € F with T'(f) = g such that

If]; < Cilgla;-

Finally, T is a tame isomorphism iff T is bijective, tame and tame open.
The linear topological structure of P, (Rd){) is known in this precise sense
by the following result from [16]:

THEOREM 2.2. P.(R9)] endowed with its canonical grading is tamely
isomorphic to Ao(kl/@d)) by Hermite expansion.

Recall that power series spaces of finite type and their canonical gradings
are defined as follows: Let (ag)reny be an increasing sequence of positive
numbers. Then

Aoar) = { (erlren | Vi € N [(en)l = Y lenle /7 < oo}
keN

Tame maps are the appropriate tool when working with power series spaces
of finite type. So we will use these precise continuity estimates in this paper,
and we will always fix the grading in the (F)-spaces under consideration.
Our basic tool from the theory of partial differential equations is a tame
version of the division and extension theorem in P,(R%) (see 2.3 below). Let

(2.5) P = Py ... P, with irreducible and relatively prime factors.
Let 0;(f) := f‘vme]- and

[fllveg = sup [f(z)[exp(|z[/7) if f € H(Uj).

2€U;NVp
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THEOREM 2.3. Let P be as in (2.5).

(a) 0j(P(—=-)f) =0if f € P.j. Conversely, if 0;(f) =0 for f € P,
then there is g € Py 2; such that P(—-)g = f on Us;.

(b) For any j there is C; such that for any f € H(U;) with || f|lvy,; < o0
there is g € Py gj such that

08i(f) = 08i(9),  llglls; < Cjllfllvps-
Proof. (a) If pj(f) = 0 then f = P(—-)g for some g € H(U;) by (2.5).
By the Malgrange lemma (see e.g. [8, 7.3.12]) there is C such that for any
z e Ugj,

(2:6)  g(2)|eVED <O sup | f(z )|V < G| £
Inl<1/(24)
(b) The proof of [8, 15.3.3], applied to P;(z) := P(z/(4j)), shows that
there are C,¢; and C; such that for any F' € H(U;) there is G € H(Uy;)
such that gg;(F) = p8;(G) and

. . 1/2
21 s (GRS < o |16 ¢2)
ZEUSj U4]'

<¢iC sup |F(z)e VW14 |z)
ZGVpﬂUj
<00 swp ()
zeVpNU;
if the right hand side is finite. Let f € H(U;) with [|f|lvs,; < oo and set
F(z) = f(2) Hle cosh(z;/j). Then (2.7) can be applied to obtain G €
H(Usj). Set g(z) := G(,z)/]_[;i:1 cosh(z;/j). For z € Ug;j we clearly get
9|V < [GE)TVI < 00 sup P < v

ZEVpﬂUj

and 0g;(f)(2) = 0s8;(9)(2). =

The tame invariant behind our calculations is a strong formulation of a
dual (Q2)-type condition. For (cx)ren € Ao(ax)’ let [(ck)[} := supgen |cg| e/
be the canonical dual norms in the dual power series space Ag(ax)’ of finite
type. An easy calculation shows that for any k,n,j € N there is Cy such
that

| g < Cull Y
Thus by 2.2 there is B € N such that for any k,n,j € N there is Cs such
that
1-1 1 .
(2.8) lgllzns < Collgl™"lgll™ it g € Pey.

Inequality (2.8) can be transferred to the dual of ker(P(D)) if P(D) has a
right inverse in P, (]Rd){D and this leads to the first version of the main result
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of this section. Here and in similar subsequent estimates we set aco := oo if
a > 0.

THEOREM 2.4. Let P satisfy (2.4) and let P(D) admit a right inverse
n P*(]Rd){o. Then there is D € N such that for any j,n,k € N there is C;
such that for any f € H(U;),

1-1 1
(2.9) 11V, 0ng < Cull Fllv 11V
Proof. (a) Let P = P/"™ ... P with irreducible and relatively prime

4
factors and let R be a right inverse for P(D) in P.(R%)]. Then Rg
[Lic, P,(D)™i~1R is a right inverse for Q(D) := [li<, Pi(D) in P.(R%); and
Vp = V. We may thus assume that P = Q. We find that R is tame by
31, 5.1] since P.(R%)! is tamely isomorphic to Ag(k*/?*9) (with its canonical
grading) by 2.2. Since the Fourier transformation is a tame isomorphism in
P.(RY)] (see [16]), R’ defines a left inverse L : P.(R?Y) — P.(R%) for the
multiplication operator Mp in P.(R?) and there is A € N such that

(2.10) IL(Nag < Crllfll; if f € Py
Let w(f) := f — P(— - )L(f) for f € P,(R%). Then
(2.11) [ (F)ll2a; < Collfll; if f € Paj.
(b) Let f € H(Uj;). By 2.3(b), for any k > j there is g; € P, g) such that
(2.12) osk(gr) = 0sk(f),  llgrllse < Crllfllve k-
Notice that by 2.3(a), for any k > 7,
(2.13) osk(m(gr)) = osk(gx — P(—-)L(gk)) = osk(gk) = o8k (f)-

By 2.3(a) and (2.12) there is hy € P, 16k such that P(—z)hy(z) = g;(z) —
gk (2) if z € Uyg. This implies by the definition of 7 and (2.10) that 7(g;) =
7(gr) on Ui7ax and hence

1-1/n 1/n

1 Ve7aBin < [I7(g5)li7aBin < cillm(gi)llizar I7(g5)1174;
1-1/n 1/n 1-1/n 1/n
< callm(gr)llizar 17(9i)llh7a; < csllgrlls,  llgills;

1—-1/n 1/n
< el FI IR
by (2.8) and (2.11)—(2.13). =

We can omit the exponential weights in (2.9) and then state (2.9) in a
much stronger form. Set
Xp:=VpNR?

and for f € H(Uj) let
I1f1ll; == sup [f(=),  [Iflllxp = sup [f(z)]

zeVpNUj zeXp

(Il £1ll; and [[[f[llx, may be infinite).
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THEOREM 2.5. Let Vp satisfy (2.4). Then (2.9) is valid iff Xp # 0 and
there is D € N such that for any j and n and any f € H(U;),
1-1/n 1/n
(2.14) 1Mo < WA A
Proof. Necessity. (a) (2.9) implies that for any j,n,k € N and any f €
H(U;) we have
1-1/n 1/n
(2.15) 1Mo < MLANE A1
Indeed, let f € H(U;) be bounded on Vp NUj. Then |g||v,,; is finite for
g9(z) == f/]_[l:1 cosh(z;/j) and we get by (2.9), for fixed zg € Vp N Upn,
1-1/n 1/n
(2.16) |£(20)] < C(20)|9(20)] < C(20)Chlglly, " g1V,

Vp.j
< G AL I

Applying (2.16) to f™ instead of f for m € N we get (2.15).

(b) The transition to [||f]||x, instead of ||| f]||z now follows similarly
o [32, (4)]: When proving (2.14) we may assume that [||f||[pn; > 0. Fix
20 € Vp N Uppj such that ||| f|l|pn; < 2[f(20)| and set

g9(2) == f(z)e” (#=20)* " where (z — z)* Z]
n<d
Choose zi € VpNUy such that |||gl|x < 2|g(zk)|. Then S(z) — 0 and R(zy)
is bounded since g(z) — 0 if R(z) — oo and
0 <|[[flllons < 21f (z0)| < 2[llglllon; < 2|9l

< 4lg(z) YA e O

1-1/n 1/n

g1l

since
’e—<2—zo)2’ - f3—I?R(Z—zo)\QJr\S(z—zo)l2 < 64/(j2) if 2 € U;j.

We can thus assume that ¢ := lim z;, exists. Clearly, ¢ € R¢NVp = Xp,
hence this set is non-void. We may take the limit as K — oo and obtain

2 —1/n 1/n i2 —1/n 1/n
1fllDns < 4€YT* gAY < 467 | FO Y 1£11
1—-1/n 1/n
<4V A I
As in (a), we can get rid of the constant. This proves (2.14).

Sufficiency. Let f € H(U;) with || f|lv,; < oo. For zg € Vp N Upyp; we
set
d
g(Z) = f(z) HCOSh(Zl/(Dnj))e_<Z—ZO>2‘
=1
Then g is bounded on Vp N U; and

1-1
£ (0]l P) < Jg(z0)| < lglllons < g,

1
lglll;""
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by (2.14). To pass to f on the right hand side we notice that for x € R?,
|| /(Dnj) — [R(x = 20)* + [S(20)|* = ||/ (Dnj) — | = z0|* + 2|S(20) [
< C1 + |20l /(Dnj) + & = 20| /(Dnj) — | — z0|* < Ca + |20|/(Dnj)
and therefore
1-1/n n)lz n 1-1/n

(2.17) g™ < Cyeti=1 /sl Dniy i,
For z € U; we similarly get

(1= 1/n)|z0l/(DJ) + |2|/(Dnj) = |z = 20 +2|3(z = 20)|* < Ca+ |21/
and therefore

eI PD g5 < Cs| fllvp -

This estimate together with (2.17) implies

1-1 1
(2.18) 1 1ve. s < Coll Fllx, 51 F 145
Inequality (2.9) follows. m
Combining 2.1 and 2.5 we get

COROLLARY 2.6. Let Xp = (. Then P(D) admits a right inverse in
P.RY), iff Ve N Uj, =0 for some jo.

A simple negative example is provided by P(z,y) := xy + it for fixed
t € R. Clearly, Xp = 0 if t # 0 and Vp N U; # 0 for any j, hence P(D)
admits no right inverse in P, (]Rd) by 2.6. ThlS also shows that our problem
is very sensitive to small perturbations since Q(D) := Dy Dy admits a right
inverse in P, (R9)].

We finally show that a distance condition is valid on Vp if P satisfies
(2.14). A local version is also connected to the local Phragmén—Lindel6f
condition (see 4.5).

PROPOSITION 2.7. Let Xp # () and let P satisfy (2.14). Then
(2.19) d(z,Xp) <4D|S(2)| if z € VpNUsp.

Proof. Fix zg € Vp N Usp and set g(z) := e~ {z=20)* Choose j € N such
that 1/(2D(j + 1)) < |S(z0)| < 1/(2jD). By (2.14) (for n = 2) we get

1= g(20) < lllglll2n; < lllglllx, llglll;
< e—d(0,Xp)?/2+(32D%+1)|S ol

1/2 1/2 o~ 20, XP)? /243 (20) > +2/5°
by the choice of j. m

Condition (2.19) is equivalent to certain polynomial inequalities (see
(2.22) below):
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REMARK 2.8. The following are equivalent:
(a) There is A > 1 such that
(2.20) d(z,Xp) < A|S(2)] ifz€VpNUa.

(b) There is B > 1 such that

(2.21) d(z, Xp) < Bd(z,Vp) ifx €R? and d(z, Xp) < 1/B.
(c) There is C > 1 such that for any «,

(2.22) 1P (2)| min{1/C, d(x, Xp)}*! < C|P(z)| if xR

Proof. (a)=(b). For x € R? with d(z, Xp) < 1/A we choose z € Vp
such that |z — z| = d(x, Vp). Then

1S(2)| < d(z, V) < d(z, Xp) < 1/A.
Choose y € Xp such that |z — y| = d(z, Xp). Then (2.20) implies
dz, Xp) <l|z—y|<|z—z|+ |z —y| < d(z,Vp) +d(z, Xp)
< d(z,Vp) + A[S(2)| < (A +1)d(z, Vp).
(b) (c). If d(=, Xp) < 1/B we get, by (b) and (2.2),
Xp) Y [P (x)/P)|"'* < Bd(z, Vp) Y|P (x)/P(x)|"/1* < BCy
a#0 a#0
and this implies (2.22) for these z. If d(z, Xp) > 1/B then (2.2) shows that
PO (@)](1/B)*! < | P(a)]
if o # 0. This completes the proof of (2.22).
(c)=(a). By (2.22) and (2.2) there is C such that
(2.23) min{1/C, d(z, Xp)} < Cid(z,Vp) if z € R%
Let z € VP NUcc,. Then d(R(z), Xp) < 1/C since otherwise (2.23) implies

that
1/C < Cid(R(2),Vp) < C1|S(2)| < 1/C,

a contradiction. Choose y € Xp such that |y — R(z)| = d(R(z), Xp). Then
d(z, Xp) < |z —y| <dR(2), Xp) + [S(2)| < C1d(R(2), V) + [S(2)]
< (C1+1D)[S(2)]
by (2.23) since d(R(z), Xp) <1/C. m

3. Tame splitting theory. We will show in this section that the esti-
mates (2.9) and (2.14) are also sufficient for the existence of a right inverse
for P(D) in P,(R%){. We will use tame splitting theory to solve this problem;
we recall the corresponding basic notions and facts first. An exact sequence

(3.1) 0-E-5rFr T a0
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of graded (F)-spaces E, F and G is called tame ezact iff S is a tame isomor-
phism onto its range (with the grading induced from F') and T is tame and
tame open. The splitting of (3.1) is decided by means of the tame invariants
(DN); and (Q); which are defined as follows (see e.g. [11, 1.3]): a graded
(F)-space (E,| |;) satisfies (DN); if there are A € N and C' > 1 such that

for any n > C there are j and C; such that
1/(C 1-1/(C
| <l [ [em.

A space F satisfies (Q2); if for any j there is 7 < D € N such that for any
n > D and k there is C; such that for any ¢ > 0,
C
1/ 1w
Wep Ct/" W, + A-1/n W]
where Wy := {f € E'| |f|; <1} is the unit ball with respect to | [;. B
We will be checking (€2); in a dual formulation. In fact, E satisfies (2);
iff for any j there is j < D € N such that for any n > D and k there is C
such that

(3.2) [yhn < Crllyl) "y ity € E,
where |y[; 1= sup|s,<1 [y(f)| are the dual seminorms for | |; (see e.g. [33,

1.9] and compare (2.8)).
Notice that (DN); and (£2); are inherited by tame isomorphisms and that

(3.3) any power series space of finite type satisfies (DN); and (),

(see [11, 1.4(b)]). The following tame splitting theorem (see [11, 1.6]) is a
special case of the general splitting theorem from [29].

THEOREM 3.1. Let E, F and G be graded (FN)-spaces and let
0-E->LF G0

be a tame exact sequence. Then the sequence is split if E and G satisfy (DN);

and ().
We want to apply 3.1 to the sequence

(3.4) 0 — ker(P(D)) 2% P.(RY), 22 P, (R, 0,
which is exact by [19, Remark after 3.3]. Notice that many of the assump-
tions of 3.1 are satisfied for (3.4) for any P(D). Since ker(P (D)) is endowed
with the grading induced by P.(R%)], the identity is a tame isomorphism.
Clearly, P(D) is also tame. P,(R?){ satisfies (DN); and (Q); by 2.2 and
(3.3), and ker(P(D)) satisfies (DN); since (DN); is inherited by subspaces.
Hence 3.1 applies if ker(P(D)) satisfies (Q); and if P(D) is tame open. This
is shown in the next two lemmata.

To check (€2); we will prove (3.2) for the dual space of ker(P(D)), which
may be identified with the quotient space P,(R?%)/P(—-)P.(R?) via Fourier
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transformation since the multiplication operator Mp is surjective and since
P, (R%), is an (FS)-space.

LEMMA 3.2. Let Xp # () and let P satisfy (2.5) and (2.14). Then
ker(P (D)) satisfies (2);.

Proof. ker(P(D)) is tamely isomorphic to E := ker(Mp) by Fourier
transformation. Recall that the grading on F C P, (Rd){D is defined by

vl = sup{lv(f)|| f € PRY), I fl; <1} ifveE.
Let [f] € E' = P.(R%)/P(—-)P.(R%). To show (3.2) we fix j and we may
assume that |[f]|7 < co. Then there is g € P ;j such that
(3.5) gelfl and |lgllve.e; <llgllaj < I[f][7 < oo
Indeed,
(N =1 < [f1lv]; i v € E = ker(Mp).
By the Hahn-Banach theorem there is g € P.(R%) such that v(g) = v(f) if
v € E (hence g € [f]) and such that
(9)l < [AGlul;  if p € Po(RY).
For z := z + iy € Us; we apply this estimate to
peom = expl(21/) 3 00 /11 € (Y
I<m

and conclude that g € Py o; and that g satisfies (3.5). Moreover, for fixed k,
(3.6) 9l xp .20 < [[f]]1 < o0
Indeed, as above we get g € [f] such that

Al = Mlgllve 2x = (19l xp.26 = gl xp 25

since g, € [f], hence g = g on Vp N U; for some [ and therefore g = g on
Xp=VpNRL
By (3.5), (3.6) and (2.18) we get

(LAY LAY 2> Mgl llgll ar > Cillglve 2pms = Collf1lispns-

The last estimate is seen as follows: By 2.3(b) there is g € P, 16pn; such that

g =g on VpNUiepn; (hence [f] = [9] = [9]) and ||glliepn;j < C3llgllvp20n;-
This completes the proof, since |[f]|15p,; = [9]T6pn; < [I9ll16Dn; by defini-
tion. m

LEMMA 3.3. P(D) : P(RY)] — P.(R%)] is tame open if P satisfies (2.5)
and (2.14).

Proof. (a) Clearly,
M= Mp : P,y — Py
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is continuous. Let K; := ker(M}) C (P, ). We then have the following
density result: ker(Mp) is dense in Kgp; with respect to | |; for any j.
Indeed, | |; is the canonical (dual) norm on P ;. Let g € (P ;)" be such

that g(ker(Mp)) = 0. Passing by the reflexive spaces P, ; defined with Lo-
norms instead of sup-norms we see that g € Py ;. Since 0, € ker(Mp) if
x € Xp, we know that g(Xp) = 0 and therefore g(Vp NUspj) = 0 by (2.14)
for n = 2. This implies by 2.3(a) that ¢ = P(—-)h for some h € P, gp; and
therefore

(9,0) = (P(= ), ) =0

ifve ICng.
(b) To prove the lemma, it is sufficient to show that
(3.7) Mp : P(R%); — P.(R%)} is tame open.

Let v € P.(R?) with |v|y; < 1. For k > j let
Hy: By :=P(—- )Py — C,  Hg(f)=v(g) if f=P(=-)g,9€ Puy.
By (2.6) we have

[Hi(f)| = v(9)] < [Vlarllgllee < [v]ox][ £l

By the Hahn-Banach theorem, Hj may be extended to puy € (Pyy) such
that

(3.8) |k < V|-

Clearly, (Mppag, f) = v(f)if f € Pyy. If k > 1 > j then (uar — por)(E;) =0
and hence (por — po) € K. Since ker(Mp) is dense in Kgp; with respect to
| |; for any [ by (a), we may use the classical Mittag-Leffler argument to get
1 € Po(RY) such that P(—-)u = v and |u|; <2 by (3.8). =

THEOREM 3.4. Let Xp # (). The following are equivalent:

(a) P(D) admits a right inverse in Py(R%)] .
(b) There is D such that for any j, n and k there is Cy such that for
any f € H(Uj),

1—1 1
1 Vi Dns < CullF Iy LI IR

(¢) There is D € N such that for any j and n and any f € H(Uj),

11 < AN, LA™

Proof. By 2.4 and 2.5 we only have to show (c)=(a). We may assume
that P is as in (2.5) since then any prime factor of P and therefore also
P(D) has a right inverse. The claim now follows from 3.1 (and the remarks
following that theorem) by 3.2 and 3.3. m
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4. Uniform Phragmén—Lindel6f conditions. Having an estimate for
holomorphic functions on an algebraic variety V', one of the main goals is to
transfer the estimate to plurisubharmonic (psh) functions on V since these
have more flexibility than holomorphic functions in concrete constructions.
This will lead to a uniform condition of Phragmén—Lindelof type and to the
corresponding local version, connecting our problem to the manifold results
which have been obtained for such conditions in recent times (see [4, 5, 7,
22-26, 32, 34, 35]).

The following theorem transfers the crucial condition (2.14) from 2.5 to
psh functions defined on VpNUj;. Recall that a function u # —oo is (weakly)
psh on an algebraic variety V' (in symbols u € PSH(V)) if u is locally
bounded from above and upper semicontinuous (usc) on V and if u is psh
near the regular points.

For uw € PSH(Vp NUj) we set, just as before,

l[ulllvp,s = [llulllj == sup u(z) and |[[Jufllx, := sup u(z).
ZEVpﬂUj zeXp

THEOREM 4.1. Let Xp # 0 and let P satisfy (2.14). For any j,n € N
and any v € PSH(Vp NU;) we have, with D from (2.14),

1 1 .
(4.1) mwwst—ﬁﬂmmfmﬂwb if ol < oo,

Proof. The main step is the proof of the following claim (for D from
(2.14)): For any 0 < 6 < 1, any n,k,j € N with & > j and any 2y €
Vp N Uispnj there is Cy such that for any v € PSH(Vp N U;) satisfying

(4.2) v(z)>1 ifzeVpnU;
we have
@) o) <Cotg (1= )l (5o +1-0) el
. v(z0) = C1t g Yl on Ullly-
We first show that the claim implies (4.1): we may assume that v # —oo
on Vp N Uspyj and that |||[v]||; < co. Set
Vet(2) := max{v(z) + ¢+ 1,1}t, =ze€ VpNUj,

for ¢ > 0 and t > 1. Clearly, vey > 1. Let 29 € Vp N Uspp;. If v(29) > —o0
then we choose ¢ > 0 such that v(zp) > —c and get by (4.3), for ¢t > 1,

t <t(v(zo0) +c+1) = vet(20)

1 1 1
<0t (1= 3 Mol + (g +1-6) el

t 1Y, ~ 1 1
=+ 5(1 - E) el +t<% +1- e)mumj +(c+ 1)t(5 +1- e)
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for v := max{u(z), —c} since [[lvetlllr = E([[[vc[llr + ¢ + 1) and [[lucell; =
t(|[|v]llj + ¢+ 1) since z9 € Vp N Uspp; C Vp NU;. Dividing by ¢ and letting
t — 0o we get

oten) < (1= L)+ (g +1-6) ol + e+ (5 -0),

Letting 6 T 1 we get
1\, - 1 .
oten) < (1= 2 )Cllect 2l if o) > .

Hence v # —o0 on Vp N Uj, since v # —oo on Vp N Uspy; and therefore (as
c— )

1 1
(44) lollapn < (1= 3 ) el + el

We may replace [||v|||x in (4.4) by |||v|||x, as in the proof of 2.5. Notice that
lim supy,_, o v(zx) < v(limg_ o 2%) since v is psh. We thus obtain

1 1
lollapns < €5+ (1= 3 ) lollxp + 3 el

As above, we can get rid of the constant C]. This proves (4.1).

Let 1 < v € PSH(VpNUj) be bounded from above and let £ := |||v]||;+1.
Let 29 € Vp N Usppj. We first construct a kind of local extension u €
PSH(Vp) of v as follows: Let ¥(z) := (|S(2)| — 1/k)kjk/(k — j) if |3(z)| >
1/k and 9(z) := 0 if |3(2)| < 1/k. Then ¥ is psh on C%. For z € Vp let
u(z) := max{v(z),9(2)} if |3(2)] < 1/j and u(z) := ¥(z) if |S(2)| > 1/5.
Then u € PSH(Vp) by the definition of x and
(4.5) l[@llle = lllollle  and l[ulll; < [[lo]ll; + 1.

Set u(z) := u(z) — |R(z — 20)|? + |S(2z — 20)|? if z € Vp. If we prove that

1 1Y, ~ 1 ~
46 o) < Cot (1= )+ (o + 1) I,

then (4.3) follows since

1 1 - 1 ~
vlan) < u(ea) < Ca+ 5 (1= 2 )+ 5+ 1= 0) il

1 1 1
< _ i _ _ .
<t (1= olleo+ (5 +1-0) ol

by (4.6) and (4.5).

To prove (4.6) we need a set of holomorphic functions f, for z € Vp
near zp such that f,(z) almost equals u(z) and such that f, essentially has
the same growth as w on Vp so that we can then apply (2.14). A possible
construction of such functions was explained in [23] and a modification will
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suit our purposes. We will use the notation from [23] and refer to that paper
for any details. We may assume that P satisfies (2.5) and that the first unit
vector is non-characteristic for P. Then the discriminant D(w) for w € C4~!
does not vanish identically. The set

Sy :={(s,w) € Cx C¥ 1| |D(w)| < (1 +|w|)~¢}

contains the singular points of Vp. Using D(w) we can define a pseudoconvex
open neighborhood {2 of the regular points with the properties listed in [23,
4.1] and such that for any psh u on a neighborhood of Vp NSy we have

(4.7) u(z) <max{u(C) | ¢ € VP \ So, |¢ — 2| <1/(12k)}

(cf. [23, 4.1(iv)]). In fact we may use the construction of [23, 4.1] for P(12kz)
instead of P and then shrink the coordinates again to arrive at (4.7).

To prove (4.6) for zg € Vp NUipn; we may assume that zo € (Vp \ Sp) N
Usnp; by (4.7) if kE > nj (without loss of generality). By [23, 4.1] we then
have zp = (s;(w),w), where s;(w + -) is a holomorphic function on B :=
{1 € C¥ 1| || < e(20)} such that z(7) := (s;(T +w), T +w)) € VpN 2 and
the radius satisfies £(z0) = 1(1 4 |20]) ™" and

(4.8) 2(7) — 20| < 1/(12k) if |7] < 8e(z0)

(by the argument after (4.7), cf. also [23, 4.1(v)(c)]).

With a constant C to be determined later we now define holomorphic
functions f; on 2 as in the proof of [23, 5.1] (using [23, 3.2] with ¢ defined
by [23, (5.5)]) for ¢ := Ce(z0)/((1 + |z0|)k). Notice that

u(z) >wv(z) — |z — 22 >0 if |z — 2| < 1.

By the proof of [23, 5.1] (see [23, (5.7)]) there is an exceptional set E C B
such that for 7 € B\ E we have, for r defined by (1 —7)/(1+71) =0,

(4.9) In|f-(z(7))| = Ou(z(1)) + In(rd/2) — CsIn(2 + |z(7)|)
> Ou(z(1)) —Ink — C51n(2 + |20])
> Ou(z(1)) — (1 —0)0(k — 1)/2 — CsIn(2 + |20])
> Ou(z(7)) — (1 = 0)0][[ull|;/2 — C7(20)

by the definition of k and w.
The measure of the exceptional set FE is estimated in [23, p. 304] by

(4.10) |E| < Cs|B| ﬁ sup  {u(s;j(w+7),w+71)
20) |7|<2e(20)
+ Cy(In |D(w)| 4+ In(2 + |w]))}
< CCs|B|([l[ulll; + C10In(2 + |w]))/(k(1 + [20]))
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< CCGy|B|(k + Criln(2 + [20])) / (5(1 + [20]))

< CCg(1+2Cn)|B| < |B|(1—0)/2
if C=(1-0)/(2Cs(1+2C41)), where we have used (4.5) and the fact that
lfellly < lllufll; +1 < &+ 1.

We thus deduce by the subaveraging property of psh functions, (4.9)
and (4.10) that

1 1
(4.11) u(z) < ) | u(z(r)) dr = ,S; ) dr + Bl B§Eu(2(7)) dr
< Bl (1 — 0)][[alll;
< 15| I[ulllj +2C7(20) + 5 +3 TSEE’EIH | fr(2(7))]

< Cia+ (L=l + 5 swp Inlf ()]

T€B\E
By (2.14) and [23, 3.2(iii)], for 7 € B\ E, and hence z(7) € VpNUspy; since
20 € Uspnj, we get
n|f-(2(7))| < (1L =1/n)[m ] fr|[lLxp + ] f7[[[l2; /7
< (@ =1/n)fllu+Cran(2+ |- Dllle + llu+ Craln(2+ |- Dlll;/n
=1 =1/n)ll[a—R(- = 20)* +3( = 20)* + Crsln(2+ - )l
+ [T = 1R = 20)[* +IS(- = 20)]* + Crsn(2+ ] )]ll;/n

< Cua(z0) + (1= 1/n)[[ulllx + [lfulll;/n-

Combining this estimate with (4.11) we get
u(z0) < C15 + (1 = 1/n)||[ulllr/0 + (1/(n6) + 1 = 6)|[[ulll;.

This completes the proof of (4.6) and of Theorem 4.1. w

Inequality (4.1) implies a uniform Phragmén—Lindel6f condition on Vp
near R%:

PROPOSITION 4.2. Let Xp # () and let P satisfy (4.1). Then the fol-
lowing condition (UPL) holds: there are C; > 0 and jo such that for any
vePSH(VpN Ujo), if

(4.12) v(x) <0 forxeXp, w(z)<1 forzeVpnUj,
then
(4.13) v(z) < C1|S(z)]  for z€ VpNUg,.

Proof. Let jo := 1 and Cy := 4D for D as in (4.1). Let z € Vp N Uyp.
Choose n € N such that 1/(4D(n+1)) < |3(2)| < 1/(4Dn). Since |||v]||x, <
0 and |[||v]|| < 1 by assumption, from (4.1) we get

v(z) < llvlllapn; < [llvlllj/n < 1/n < 8D[S(2)].
This shows (4.13) for C; :=8D. =
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Recall that Vp satisfies (PL)joc(a) at a € Xp (the local Phragmén—
Lindel6f condition at a) if there are 0 < r9 < r; and A > 0 such that for
any v € PSH(Vp N By, (a)), if

(4.14) wv(x) <0 forz e XpN By (a), v(z)<1 forze Vpn B, (a),
then
(4.15) v(z) < AlS(z)]  for z € Vp N By, (a).

The uniform Phragmén-Lindel6f condition (UPL) from 4.2 can be translated
into a uniform (PL)joc-condition:

PROPOSITION 4.3. Let Xp # 0 and let P satisfy (UPL). Then the fol-
lowing condition (UPL)j. holds: there are r1 > r9 > 0 and C' such that for
any a € Xp, ifve PSH(Vp N B, (a)) satisfies

(4.16) wv(z) <0 forxe XpN By (a), wv(z)<1 forzeVpnB,(a),
then
(4.17) v(z) < C|S(2)|  for z € VpN Br,(a).

Proof. Let r1 := 2/jo and ro < r1/8 = 1/(4jo) and fix 29 € Vp with
|z0 — a|] < re. For z € Vp N Uj, set

u(z) == max{0,v(2) + 4(=|R(z — 20)|* + [3()*) /ri} /2
if |R(z — 20)] < 71/v2 and u(z) = 0 if |R(z — 20)| > 71/v2. Then u is
well-defined since |z —a| < 71 if [R(20) —a| < ro < 71/8, [R(z—20)| < r1/V2
and z € Uj,. Furthermore, uw € PSH(Vp N Uj,) since
4(—1R(z — 20) 2+ IS(2)12) /< =1 if [R(z — 20)| = 71/V2 and 2z € Uy,
Also observe that u satisfies (4.12) by (4.16). Hence,
v(20) < 2u(z0) < 2C1[S(20)  if 20 € Ug,.
The claim is proved for rp := 1/max{4jo, C2}. =
For I,k € N and a € C? let
bip(a) :={z € C| |R(z —a)| < 1/1, |S(z — a)| < 1/k} and by, := b1 (0).
For a bounded u € PSH(Vp N by (a)) we set, as before,

lullly p@ == sup  w(z), |lulllxpp @ = sup  ul@)
2€VpNby i (a) mGXpﬂBl/l(a)

It is interesting to notice that (PL)j,c(0) may be formulated in the spirit of

(4.1), i.e. as a dual (2)¢-type condition:
PROPOSITION 4.4. The following are equivalent:

(a) P satisfies (PL)1oc(0) with constants 1 > 11 > 1y > 0 and A.
(b) Letl>1/re,j e Nanda € RdﬂBm/Q(O). Letu € PSH(VpNbyji(a))
be bounded above. If
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(418)  wu(z) <0 forxe XpNByla), wu(z)<1 forzeVpNbja),
then
(4.19) u(z) < 8riAjl|(z)|  for z € Vp Ny gji(a).

(¢) There is D > 1 such that for any Il > 1/ra, any j,n € N and a €
R4 N B,,/2(0) and u € PSH(Vp Ny ji(a)) bounded above,

1 1
420 Mol s < (1= 3 ol + 3 Mells o

(d) There are Re > Ry > 0 and D such that for any j, n and k there is
Cy such that for any f € H(By/g,(0)),

(4.21) Wby i@ < Calll Al iyl

Proof. (a)=(b). Let u € PSH(Vp Nby ji(a)),a € RIN B,.,2(0), satisfy
(4.22)  wu(z) <0 ifx € XpNBygyla), wu(z)<1 ifz€ VpNbyjia)
Set v(2) 1= max{0,u(z) + 82(—|R(z — a)|*> + |3(2)[*)}/(84]) if 2 € Vp N
b2174jl(a) and 'U(Z) =0if z € (VpﬁU4jl)\b2174jl(a). Then v € PSH(VpﬂUjl)

since

u(z) + 82 (—|R(z — a) | + [S(2)[?) < 1+ 81*(—1/(21)* + 1/(4j1)%) < —1/2
by (4.22) if z € Vp, |R(z —a)| = 1/(2]) and |I(2)| < 1/(441). A similar
calculation shows that v(z) < 3/(1651) if z € Vp N Uyj. Hence we may
define v € PSH(Vp) by v(z) := max{v(z),|S(2)|} if 2 € Vp N Uy and
0(z) :=[S(2)| if z € Vp \ Uyj. Clearly,

v(x) <0 ifze Xp, v(z) <max{ry,3/(16j1)} =r if z € VpN B, (0).

Let z :== a + it and |t| < 1/(8jl). Then z € B,,(0) since 51 > 1/ry and
a € B,,p(0)N R?, and by (PL)c(0) we get

(4.23) u(a +1it)/(851) < v(a+it) < riAlt|.

If w € PSH(Vp Nbyji(a)) satisfies (4.18) then (4.22) holds for u(§ + -)
instead of u if £ € R? and |£| < 1/(21). Then (4.23) shows (4.19).
(b)=(c). I [[[vlllxp.5,,1(a) = lllvlllp, ;i (a) then (4.20) clearly holds. Let

Holllp 5 0(0) < el (o) and set
w(z) = (v(2) = IIlllxp.B, @)/ 0Ny sy = 10X By (a))-
Then u satisfies (4.18) and we get by (4.19), for z € by pjin(a) C by gji(a),
u(z) < 8r1ALjIS(2)] < 1/n

for D := 8max{1,r1 A}. This shows (4.20).
(c)=-(a). This follows similarly to 4.2 (set a =0, j =1 and | = 1/r).
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(¢c)=(d). We apply (4.20) for [ := 1/ry, a = 0 and v := In|f]| to show
(4.21) for j > jo := 1/r9. Then (4.21) easily follows for any j.

(d)=-(c). This may be proved as in 4.1, using the extension procedure
from 4.3. m

Formula (4.20) is used in Section 5 to transfer (UPL)j,. from P to the
localizations of P.

(PL)1oc(0) also implies a local version of the distance condition (2.19)
and a locally uniform radial Phragmén—Lindel6f condition. Recall that the
condition (RPL)jc(a) (the radial Phragmén-Lindel6f condition at a € Xp)
holds iff there are 0 < ro < r; and A > 0 such that for any v € PSH(Vp N
BTl ((I)), if
(4.24)  wv(z) <0 forze XpNB,(a), v(z)<1 forzeVpnB,(a),
then
(4.25) v(z) < Alz—a| for z e VpNB,,(a).

Condition (RPL)jec(a) was introduced in [24, 2.3] and has been intensively
studied since then. We now get the following characterization:

ProproSITION 4.5. Let 0 € Xp. The following are equivalent:

(a) Vp satisfies (PL)1oc(0).

(b) There are 0 < ro < ry and A > 0 such that for any v € PSH(Vp N

BTl (0))7 Zf
(4.26) wv(x) <0 forxe XpnB,(0), wv(z)<1 forzeVpn B, (0),

then

(4.27) v(z) < Ad(z,Xp N Br,(0)) for z € VpnN B,,(0).
Moreover,

(4.28) d(z,XpN B (0)) < A|IS(z)] forze€ Vpn B,,(0).

(c) There are 0 < 19 < r1 and A > 0 such that P satisfies (4.28) and
(RPL)joc(a) at any a € Xp N B,,(0) for these constants.

Proof. (a)=(b). The local distance condition (4.28) is proved as in 2.7

with (4.20) (for v(2) := —|R(z — 20)|> + |3(2 — 20)|? and [ := 1/ry) instead
of (2.14). Inequality (4.27) follows from (4.15) since
S < inf |z—z| < inf —z| =d(z,Xp N B, (0)).
QD)< i Jo—al < inf ] = d(e, Xp 1 By (0)

(b)=(c). With r; from (b) and @ € XpN B,, /5(0) assume that v satisfies
(4.24) for 27y instead of r1. Then (4.26) holds for v, and (4.27) implies that
for any a € Xp N B,,/2(0),

v(z) < Ad(z,XpN B, (0) < Alz—a|] ifze€ VPN B,,(a) C VpN B, (0).
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(c)=(b). As above we get (4.27) since inf,c x .np

BTQ/Q(O))'
(b)=(a). This is evident since

d(z,Xp N By (0)) > d(z, Xp N B,(0)) if z € B,,/(0).
Indeed, if 2 € B,, /2(0) and x € B, (0) \ By, (0) then
|z — x| > re/2 > |z| > d(z,Xp N By,(0))
and therefore d(z, Xp N (B,,(0) \ B,(0))) > d(z, Xp N B;,(0)). m

We can now add the Phragmén—Lindel6f conditions to the characteriza-
tion from 3.4:

©0) lz—al = d(z, XpN

ro/2

THEOREM 4.6. Let Xp # (). The following are equivalent:

(a) P(D) admits a right inverse in Py(R9).

(b) Vp satisfies (4.1).

(¢) Vp satisfies (UPL).

(d) Vp satisfies (UPL)joe and for any C > 1 there is Cy such that for
any o € N¢,

(4.29) 1P@)(z)| < Ol P(z)]  ifz € R and d(z, Xp) > 1/C.

Proof. (a)=(b)=>(c). This has been shown in 3.4 and 4.1, and in 4.2,
respectively.

(¢)=(b). (UPL) implies that there is C; > 0 such that for any j and any
V€ PSH(VP N Uj), if

(4.30) v(z) <0 forxe Xp, wv(z) <1 for ze VpNUj,
then
(4.31) v(z) < C1j|S(2)]  for z € Vp N Ug,;.

To prove this, let v satisfy (4.30) and set v(z) := max{v(z),27|3(2)|} if
z € VpNU; and v(z) = 2j|(2)| if z € VpN(U1\Uj). Then v € PSH(VpNUy)
and
v(x) <0 ifz e Xp and v(z) <2j if z€ VpNUj,.

Now (4.31) follows from (UPL) (i.e. from (4.13) for v). (4.30) and (4.31
imply (4.1) similarly to the part “(b)=(c)” in the proof of 4.4 (set u(z) :=
(v(z) = Mlwlll;)/ ol = Molllxe) i ol < lvfll;)-

(b)=(a). This follows from 3.4 since (4.1) implies (2.14).

(¢)=(d). (UPL)jo. was shown in 4.3. Since (a), (b) and (c) are equivalent
we may use 2.7 and 2.8 (especially (2.22)) to show (4.29).

(d)=(b). We have to show (4.1) for j > jo, since it then also holds
for j < jo (and joD instead of D). Let ly := 1/ro. If 2 € Vp N Up;y and
|R(2) —a] < 1/(2lp) for some a € Xp, then the desired estimate for v(z)
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directly follows from (UPL)jo. and (4.20) with [ = [p. On the other hand, if
d(R(z),Xp) > 1/(2lp) and z € Vp then

1S(2)| > d(R(2),Vp) >e >0
by (4.29) and (2.2) since z € Vp. So (4.1) holds if j > 1/e := jo. m
COROLLARY 4.7. Let Xp be compact. Then P(D) admits a right inverse
in P.(RY)] iff Vp satisfies (PL)ioc(a) for any a € Xp and there is C such
that for any o € Ng,
(4.32) 1P (z)| < C|P(x)| ifzeR?and|z| > C.
Proof. If Xp = () the statement follows from 2.6 and (2.3). Let Xp # 0.
Necessity. This follows from 4.6(d).

Sufficiency. (4.32) implies (4.29) since Xp is compact. Moreover,
(UPL)jo. follows from the assumption by a compactness argument (and e.g.
44). m

COROLLARY 4.8. Let P be homogeneous. Then P(D) admits a right in-
verse in P.(RY), iff Vp satisfies (PL)1c(0).

Proof. Necessity. This follows from 4.6(d) since 0 € Xp.

Sufficiency. We show (UPL). Let v € PSH(Vp N U;) satisty (4.12) for
jo := 1. For j € N fixed let u(z) := v(jz). Then u satisfies (4.18) for [ := 2/ro
and a = 0 (since 7o < 1 without loss of generality) and we know by 4.4(b)
that there is C' independent of j such that

0(j2) = u(z) < CIS(j2)| i [RG2)| < jra/2 and [3(j2)] < r2/8.
This proves (UPL) for v since C' is independent of j. m

5. Localizations. For ¢ € C? and t € R let
~ 1/2
P(,1) = (32 PRIt

We will consider limits of polynomials Q)5 of the form

Qs(2) 1= P(Cs + t52)/P(Csrts), s €N,
where ¢, € C? and t, # 0. Notice that the Taylor coefficients (c,) of Qs at
0 satisfy
1/(deg(P))! < [[(ca)ll2 < 1.

Hence any sequence of polynomials of this form has a convergent subse-
quence. Several types of localizations of P are defined in this way and we
will study the question if the crucial estimates of this paper (and especially
(UPL)) are inherited by such limits.
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The set L(P,zg) of localizations of P at g € Xp U {co} is defined as
follows. Let Polg denote the set of non-zero polynomials in d variables. For
xg € Xp let
L(P,z0) := {Q € Polg | 3¢s € CY, (ts)s CR\ {0}, c#0:

(s = X0, ts — 0, ’%(Cs” = 0(|ts|)7 P(Cs + tsz)/P(CSats) - CQ(Z)}
and let
L(P,00) := {Q € Poly | 3¢, € C%, (t5)s € R\ {0} bounded, ¢ # 0 :

[¢s| = 00, [S(G)| = o(ts), P(Cs + tsz)/ﬁ(CSats) — cQ(2)}.
We say that P satisfies (PL)joc(00) (the (uniform) local Phragmén-Lindelof
condition at co) if there are 1 > ro > 0 and C such that for any a € Xp, if
la| > 1/ra, v € PSH(Vp N By, (a)) satisfies
v(z) <0 forz € XpN By (a), wv(z)<1 forzeVpn B, (a)
then
v(z) < C|S(2)|  for z € VpN By,(a).

The following result could also be obtained by the methods of [4, 3.5]
(see also [5, 2.7]). We present here a different argument based on the scaled
(Q)-type estimate in 4.4(c) since it is essentially elementary and might be
interesting in its own right.

THEOREM 5.1. Let P satisfy (PL)joc(x0) for some xg € XpU{oc}. Then
for any Q € L(P,xo) defined by (s,ts as above there is D depending only
on limsup |ts| such that for any j, n and k there is Cy such that for any
feH(U;),

1-1 1
(5.1) 1£llyy B < CLllFIG AL 1L

Hence (UPL) and (UPL)j,. are satisfied with a constant which is uniform
for any Q € L(P,xo) if xo0 € Xp.

Proof. By a real shift of the variables we may assume that xy € {0, co}.
(a) For (s := ys +ins, ts and ¢ # 0 as above let

Qs(z) == P(Cs + tsz)/ﬁ@srvtS) — cQ(2).
For simplicity of notation we assume that x; is non-characteristic for Q.
Then for m := deg(Q) we have

Qs(z) = ZCLJ,S(Z/)ZIJv Q(Z) = Z aJ(zl)le
J J=1

with a,, = const, where the polynomials a ;s converge locally uniformly to
ay for any J. For € > 0 let

Va(z’) = VQ(Z’,-) + Bg(O) c C.
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Let zo € Vo NUp,,; for D :=4DC} /ry, where D is the constant from (4.20)
and C7 := limsup |ts] + 1. By Hurwitz’ theorem we get sy such that for
s > so and |2’ — z{| < 2 each component of VZ(z’) contains the same number
of zeros of Q4(2', -) and of Q(Z/, - ), and the remaining zeros of Q4(2/, - ) are
larger than 3 in modulus.

(b) Let f € H(U;) be such that [|f[lv,; < co. By 2.3 we can assume
that f € P,j. Let 0 < € < ro/(4C1knD) be fixed. We then find z with
|Z — 20| < € and Qs(2) = 0 by (a), that is, P(&s) = 0 for & = (s + tsz.
Let x5 := R(&s). Then x5 € B,,/2(0) for large s if o = 0 (and |z5] > 1/ry
for large s if xg = 00). We may thus apply 4.4 for a := z for large s. Let
[ := C1/(ra|ts]). Then I > 1/ro > 1 and & € by pjin(zs) for large s by

the definition of I since 2 € Up, ., € < ro/(4C1knD) < ro/(4Cy1jnD) and

[ns| = [3(Cs)| = o([ts]). Let f(2) := f((z = (s)/ts). Then f(2) = f(&s), and
formula (4.20) in 4.4 implies that

(52) [ F(z0)|elol/P) < (2 sup |£/(2)] + [ F(E) el 0l/ D)

ZGUQj

< <el/0 sup. |7C) |+ My, 00) Nl )"
4 25
since [ > 1/rp > 1. If z € Xp and |zs — x| < 1/I then Qs(z) = 0 for
T := (x — (5)/ts and |T — 29| < 2 for large s by the definition of | and .
By the remarks in (a) we thus find zZ € Vg with |2 — 2| < ¢ < 1/(4k) and
therefore

VN Nl x5y (o) < €€21E sup | £/(2)] + Col| fllvig
z€Usy,

for large s since | > 1 and = € Uy, (as |ns| = o(|ts])). Similarly,

Il 1) < 26l sup [ £(2)] + Collf v -
ZEUzj
Now (5.1) follows if we insert these estimates in (5.2) and let ¢ | 0. The last
claim of the theorem follows from 3.4 and 4.6 since limsup |ts| = 0 by the
definition of L(P,z¢) for zg € Xp. =

COROLLARY 5.2. The operator Q(D) admits aright inverse in P,(R%)], for
any @ € L(P,xy) andxy € XpUoo if P(D) admits a right inverse in P, (]Rd){g.

The following example shows that the uniformity of the constants in
(PL)joc(00) is important, that is, we may not replace (PL)joc(00) in 5.1 by
the assumption that (PL)jc(a) holds for any a € Xp if |a| is large.

EXAMPLE 5.3. Let P(z) := x3(z323+1)—1. Then Xp consists of regular
points and therefore P satisfies (PL)joc(z9) for any z¢p € Xp. However,
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Q(z) := 2222 +1 € L(P,00) (use (s := (0,0,5) and ts := 1, s € N) and
Q does not satisfy (5.1) since Q(D) does not admit a right inverse in P, (R%)’
by 2.6. Indeed, X¢ = 0 while z; := (j,i/7,0) € Vg and 3(z;) — 0.

Also, the principal part P, of P is a limit of the general form indicated at
the beginning of this section, since cPp,(z) = lims_. P(sx)/P(0,s). How-
ever, we get a negative result in this case since the existence of a right
inverse for P(D) in P.(R%)] in general is not inherited by the principal part
P, (D):

EXAMPLE 5.4. Let P(z) := Y7_, 22 + 1. Then P(D) admits a right

inverse in P.(R%)] by 2.1 while the principal part (i.e. the Laplacian) does
not.

Proof. Observe that Py(z) = Z?Zl a;jz does not satisfy (PL)j0.(0) by [22].
Hence the claim follows from 4.6. m
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