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Invertibility in tensor products of Q-algebras
by

SEAN DINEEN (Dublin) and PABLO SEVILLA-PERIS (Valencia)

Abstract. We consider, using various tensor norms, the completed tensor product of
two unital lmc algebras one of which is commutative. Our main result shows that when
the tensor product of two Q-algebras is an lmc algebra, then it is a Q-algebra if and only
if pointwise invertibility implies invertibility (as in the Gelfand theory). This is always the
case for Fréchet algebras.

In 1973 L. Waelbroeck [26] introduced the concept of Banach-valued
spectrum for commutative unital Banach algebras using the projective ten-
sor product. This concept has been extended by various authors in the last
twenty five years and more recently in a systematic fashion by S. Dineen,
R. E. Harte and C. Taylor [9]-[11]. These authors considered arbitrary
tensor norms and arbitrary unital Banach algebras. In this article we ex-
tend the scope of this investigation to wider collections of algebras. Initially
we considered arbitrary locally multiplicatively convex (lmc) algebras, but
as our investigations proceeded we found that the main results centered
around Fréchet and Q-algebras. For these overlapping collections we prove
{pointwise invertibility} = {invertibility} results using different methods.
In the Fréchet algebra case we use techniques due to R. Arens [3], and
for the Q-algebra case we develop and apply a vector-valued spectral the-
ory following [9]-[11]. By combining the two cases we obtain necessary and
sufficient conditions under which certain tensor products of Q-algebras are
Q-algebras.

In §1 we define uniform tensor norms and topologies, Imc algebras and
Q-algebras and give a number of examples. In §2 we define a number of
vector-valued spectra and discuss their basic properties. We specialize to
algebra-valued spectra in §3 and prove invertibility results. In §4 we use the
Gelfand transform to obtain further criteria for invertibility.
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1. Uniform tensor norms and Q-algebras

DEFINITION 1.1. A method 7 of assigning a norm || ||; on E® F to every
pair of normed linear spaces is called a uniform tensor norm if the following

hold:

(1) for normed linear spaces E, F, ||z ® y||; = ||z| - [|y|| for z € E and
yeF,

(2) for normed linear spaces E;, F;, i = 1,2, and T; € L(E;; F;) (con-
tinuous linear mappings from FE; to F;), i = 1,2, we have T} ® Tp €
L(E1 ®; Ez; I ®; Fy) and

T @ Tol| < [ITa] - [[T2]-

A uniform tensor norm satisfies the projective limit condition if for any
set of projective limits
fm E; =lim Fj,  lim G, = lim Hy
i J a B
of normed linear spaces we have
lim(E; ©, Go) = lim(F; ®, Hp).
/L"a ]7ﬁ
When the projective limit condition is satisfied we let
(lim Ej) ®7 (lim Go) = Iim(E; @7 Ga).
7 loY [NeY
For locally convex spaces we let E ®, F denote the completion of
E ®; F. The projective () and injective (¢) norms are uniform tensor norms
which satisfy the projective limit condition. Further examples are given by
the Lapresté tensor norms [7, §12.5 and §12.7].
If 7 is a uniform tensor norm which satisfies the projective limit condition
then

(1) for any pair of locally convex spaces the canonical bilinear mapping
E x F — E®; F is separately continuous,

(2) if E;, F;, i = 1,2, are locally convex spaces and M; C L(E;; F;),
i = 1,2, are equicontinuous sets, then M; @ My C L(E) ®; Ea; F1 ®@; F) is
an equicontinuous set.

All algebras considered are over the field of complex numbers. An algebra
A which is also a locally convex space is a locally multiplicatively convez
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(Imc) algebra if its topology is generated by a family (pa)acr of continuous
seminorms such that

(1) Pa(T - y) < pa(z) - paly)

for all « € I' and all z,y € A.

If A is a complete Imc algebra then there exists a collection (Ag), of
Banach algebras and continuous homomorphisms . : A — A, such that
Ta(A) is dense in A, and A = lim, (Aq, 7o) (a projective limit representa-
tion such that m,(A) is dense in A, for all « is called reduced).

An algebra with identity 14 is called a wnital algebra. We shall also
use 14 to denote the identity operator on A, i.e. 14(z) = x for all z € A.
A complete unital Imc algebra is a @Q-algebra if the set Ay, of invertible
elements in A is open (a more general definition of Q-algebra is given in
[20] but we have used the above for convenience). This is the case if and
only if the identity has a neighbourhood consisting of invertible elements.
The spectrum of A, M(A) (the set of all continuous non-zero C-valued
homomorphisms on A), is a weak*-compact subset of A" when A is a Q-
algebra ([27, Proposition 10]). All unital Banach algebras are Q-algebras. An
important classical example of a Q-algebra which is not a Banach algebra
is the space C*°[0, 1] endowed with the topology of uniform convergence of
functions and all their derivatives over [0, 1].

We now connect the concepts of tensor product and Imc algebra. If A
and B are algebras then universal properties of the tensor product show that
the product

(a1 ®b1) - (a2 ® ba) 1= ajaz ® biby

for a; € A and b; € B extends to define a product on the algebra A ® B
(19, 20]).

DEFINITION 1.2. If A and B are complete lmc algebras and 7 is a uniform
tensor norm which satisfies the projective limit condition, then we say that
A &, B is representable if there exist reduced projective Banach algebra
representations A = lim, (Aq, 7o) and B = limg(Bg, 0s) such that A, - Bs
is a Banach algebra for all @ and S.

If A ®, B is representable then, by the projective limit condition,
A®,; B= lim, 5(Aq ®r By, Ta ® 0g) is a complete Imc algebra.

Results in [9] show that A &, B is representable for any pair of Imc
algebras A and B, and A ®. B is representable if there exists a reduced
projective limit representation A = lim (Aq, 7o) Where each A, is a uniform
Banach algebra and B is an lmc algebra. Further examples can be obtained
using Lapresté’s tensor norms [7, §12.5 and §12.7].

We call a complete lmc algebra whose topology is generated by a count-
able set of seminorms a Fréchet algebra; a more general definition is given



272 S. Dineen and P. Sevilla-Peris

in [20]. Thus every Fréchet algebra has a countable reduced projective repre-
sentation by Banach algebras and continuous homomorphisms. An element a
in a unital algebra is left invertible if there exists b € A such that b-a = 1 4.
The following result for unital lmc algebras is due to M. Fragoulopoulou
([13, Lemma 6.8] and [14, Proposition 4. 13]). For the sake of completeness
we include a proof for Fréchet algebras, a case that we require later.

ProposiTION 1.3. If A and B are unital Fréchet algebras with A com-
mutative, T is a uniform tensor norm that satisfies the projective limit con-
dition and A ®; B is representable then the following are equivalent for

ac AR, B:

(1) a is left invertible in A &, B.
(2) (h® Ip)(a) is left invertible for all h € M(A).

Proof. Since algebra homomorphisms map left invertibles to left invert-
ibles we clearly have (1)=-(2).

Now suppose that (2) is satisfied. By our hypothesis we have A =
liLnn(-An,ﬂ'n)a BA: mn(lgn’@n) and A ®T B = linn(-An /(:837' By, ® Qn)
where each A, ®; B, is a Banach algebra and 7,, ® 0,(A ®; B) is dense in
Ay @- By

If hy, € M(A,,) then hy, o m, € M(A) and, by (2), ((hy, o m,) ® Ig)(a) is
left invertible in B. Hence o, ((hy o m,) ® Ig(a)) is left invertible in B,,. By
first considering elements of A ® B and then using continuity we see that

on((hp omy) @ Ig(a)) = (hy ® Ip) (T, @ on(a)).

By [9, Proposition 20|, m, ® on(a) is left invertible in A, ®5 B, and by 3,
Theorem 4.2], a is left invertible in A &, B. =

EXAMPLE 1.4. Let X be a completely regular hemicompact kgr-space
(see [16, Chapter 3|, [20, Theorem 1.2, p. 223]). Then C(X), the complex-
valued functions on X endowed with the compact open topology, is a unital
Fréchet algebra and 9M(C(X)) can be identified with point evaluations at
points of X ([16, 4.1.7]). If B is unital Fréchet algebra then C(X,B) =
C(X) ®. B ([18, 16.6.3]). If 6, is point evaluation at z € X then, by the above
identification d, ® Ig(f) = f(z) for all f € C(X,B). By Proposition 1.3,
f € C(X,B) is left invertible if and only if f(z) is left invertible in B for all
x € X. This result is a special case of [8, Proposition 1] due to S. Dierolf
and K. Aye Aye.

We remark that the left inverse of an element of an algebra is not nec-
essarily unique and thus this result says that we may make a continuous
selection of left inverses. The same result is true for right inverses and com-
bining these two cases we obtain the result for inverses. However, the result
for inverses is trivial since f~!(z) := (f(z))~! defines a continuous inverse.
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ExaMPLE 1.5. Let U denote a connected pseudo-convex Riemann do-
main over E = F! where F! is endowed with the compact open topol-
ogy and F' is a Fréchet space with the approximation property. Results by
J. Mujica [23] and M. Schottenloher [24] show that (H(U), 1) is a Fréchet
space and M(H (U), 19) = U (via point evaluations). Note that if F' is sepa-
rable then U is a hemicompact topological space but, in general, U will not
be hemicompact. We have

(H(U,B),m0) = (H(U),70) ®: B

for any unital Banach algebra B ([12]). Using the method of the previous
example and Proposition 1.3 we see that if f € H(U, B) is left invertible at
each point, i.e. if f(z) € B is left invertible for all z € U, then there exists
g € H(U,B) such that g(z)f(z) = 1p (identity on B) for all z € U. This
result is due to G. Allan [1], [2] when F is finite-dimensional. An example in
[6] shows that the pseudo-convexity condition is necessary. Connectedness
can be removed by considering each connected component separately.

2. Vector-valued spectra. We require three different left spectra in
this article. For the reader’s convenience we collect here the notation that
we shall subsequently use. If A is a unital lmc algebra, F is a locally convex
space and 7 is a uniform tensor norm we let:

. a%‘jft(a) denote the left joint Harte spectrum of a collection a := (a;)ier

C A,
e o'f(a) denote the vector-valued left spectrum of a € A ®, E, and
e 0'$%(a) denote the (usual) left spectrum of a € A.

In this section we develop a theory of vector-valued spectra similar to
that developed for Banach algebras in [9]-[11]. We use this theory to extend
Proposition 1.3 to Q-algebras in §3.

DEFINITION 2.1. For a family a = (a;);er C A, a unital lmc algebra, the
left joint Harte spectrum oi$t(a) of a is the set of all (\;);e; € C! such that

14 9{{ ';I bi(ai—)\ilA) b EA}
;—‘EﬁnTte

Note that the set of all finite sums above is the left ideal generated by
(a;)ier- When the family consists of just one element, the joint left spectrum
is the scalar left spectrum. If A := (\;);er € C! then \ € ol (a) if and only
if (\j)jes € 01 ((a;)jcs) for each finite subset .J of I. If the indexing set I is
a locally convex space F, then we can interpret a := (a;)zcp as a mapping
a: E — A by letting a(z) = a,, and A = (A\;)zep as a mapping A : £ — C
by letting A(z) = A;. Under certain conditions, properties of a as a mapping
are inherited by elements of the spectrum.
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LEMMA 2.2. If A is a Q-algebra, a € L(E;A) and \ € a%‘jft(a), then
A€ E'. If E=Bisan Imc algebra and a is a non-zero algebra homomor-
phism, then so also is A € oi$f(a).

Proof. The algebraic properties follow from the proof of [9, Lemma 3].
It remains to show that A is continuous. Let (z4)o € F and suppose x, — T
as @ — oo. If A € oi$®(a) and A(z,) /4 A(z) as @ — oo then we can find
0 > 0 such that (on taking a subnet if necessary) |[A(zq) — A(z)| > ¢ for
all . We have
(020) = Nta)1)~ (3(0) ~ M) 1) = (o) =Moo (S 41 )
for all a. Since A is a Q-algebra there exists a neighbourhood U of 0 such
that 14 + U C Ajny. For « sufficiently large
ap, — Qg

e e R

A@) —Awa) ©
and hence (a(zqo) —A(zq)1a)—(a(z) —A(z)14) is invertible. This contradicts
the fact that A € oi$™(a). Hence ) is continuous.

If a is an algebra homomorphism then so also is A by [9, Lemma 3]. If
a # 0 then a(1p) = 14 and

e ';Bbia(z’) b€ Al
ZFgﬁn_ite

and A = 0 does not belong to oi$(a). This contradicts the fact that A €
olsft(a) and completes the proof. m

DEFINITION 2.3. Let A be a unital Imc algebra, E a locally convex space
and let 7 be a uniform tensor norm on A® E. If a € A ®, E we define the
left vector spectrum o'°f(a) of a to be o1t ({[14 ® 2'](a) }srer).

By Lemma 2.2,
Uleft<a) _ {x// e £ -

La# Y bi([la®ai)@) - 2"(@)1a), bi€ A, o} € E}
el
F finite
We now prove results which allow us to rewrite o'*®*(a) in a more convenient
fashion. Let Jg denote the canonical mapping from a locally convex space
into its bidual. The following result extends [9, Proposition 6] from unital
Banach algebras to Q-algebras.

PROPOSITION 2.4. Let A be a Q-algebra, E a complete locally convex
space and T a uniform tensor topology. If a € A ®,; E and " € o'°%(a)
then " = Jg(x) for some x € E.
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Proof. If a € A® FE then the mapping
¥ € (E,o(E E)—[lag®2]@) e A

is easily seen to be continuous.

Let M denote a closed equicontinuous subset of E’ and suppose (x,)o C
M converges in the o(E’, E) topology to 2’ € M as a — oo. Let p denote
a continuous seminorm on A and let € > 0 be arbitrary. Since {14} ® M C
L(A ®,; E;A) is equicontinuous there exists a continuous seminorm ¢ on
A &, E such that

(2) sup p([1a ® 2'](b)) < q(b)

z'eM
for all b € A ®, E. Now choose b € A® E such that ¢(a — b) < ¢. Since b
is a finite tensor there exists ag such that

(3) p([1a ® 23] (b) — [la ® 2'](b)) < &

for all @ > ap. By (2) and (3),

p([la®ay](a) - [La®a’](a)) < p([la®ag](b) —[1a®2](b)) +2g(a—b) < 3¢
for all @« > ap. Hence the mapping 2’ € E' — [14 ® 2'](a) is o(F', E)-
continuous on equicontinuous subsets of E’.

Let 2" € o'*f(a). Suppose (), is an equicontinuous net in E’ which
converges to ' € E' in the o(FE’, E) topology as o — oo. If 2”(x,) does not
converge to x”(z'), then, by taking a subnet if necessary, we can suppose
there exists 6 > 0 such that |z”(z],) — 2" (2)| > 0 for all «. Since A is
a QQ-algebra we can choose a convex balanced neighbourhood U of 0 such
that 14 + U C Ajpy. Since 2’ — [14 ® 2'](a) is o(E', E)-continuous on
equicontinuous sets, there exists ag such that

“[la® (2 - 2)(a) € 6U
for all o > ag. Hence
[la® (z —2')](a) — 2"(zf, —2')1a
-y (- DS INE y

z(z!, — )
This contradicts the fact that z” € ¢'*(a). Hence " is o(E’, E)-continuous

on equicontinuous sets of E’, and Grothendieck’s completeness criterion [17,
Chapter 4, Section 11, Corollary 3] implies 2" € Jg(x) for some x € E. =

Because of Proposition 2.4 we identify o'**(a) with a subset of E for any
ac AR, E.

By first considering elements of A ® E and then using density and con-
tinuity we see that
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b([La®@a](a) — 2'(2)1a) = b([la®2](a) — [La® 2'[(14 ® v))
=b([la®a(a-1a®2))
=pber)(a-14®)

forbc A, 2’ € E', x € E and a € A®, E. This allows us to rewrite ¢'°f(a),

a€e A®, F for A a Q-algebra, E a complete locally convex space and 7 a
uniform tensor norm, as follows:

(4) O_left(a)
:{er:1A¢{ Y ai((la@afl(a—14®)): a € A, xieEl}}

1€EF
F finite
={rek:14#b-(a—14®2z) foranybe A® E'}.

In (4), A® E’ acts on A® E by a linear extension of the action (a ® z’) -
(b ® x) := 2/(x)ab. This final description is similar in form to the classical
one.

In the commutative case we recover the definition of Waelbroeck [26].
This extends the Banach algebra result in [9, Proposition 7].

PROPOSITION 2.5. Let A be a commutative Q-algebra, E a complete lo-
cally convex space and T a uniform tensor norm. If a € A ®, E, then

o"f(a) = {[h @ Ig](a) : h € M(A)}.

Proof. Suppose x ¢ ¢'°'(a). Then there exists b € A ® E’ such that
b-(a—1lg®x) =14 If h € M(A) then by first considering elements in
A® FE and a density argument we see that

hib-a—1g4®x)=1=(h®Ig))(h® Ig(a)—z).

Hence z # h ® Ip(a) for any h € 9M(A) and h ® Ig(a) € a'%(a).

Conversely, if z € o'**(a) then, as A is a Q-algebra and so all its maximal
ideals are closed ([22, p. 80]), there is h € M(.A) such that h(b-(a—14 @ x))
=0 for all be A® E’. In particular taking b = 14 ® 2’ we obtain

0=h(ly®@z'-a—-14®2)=2"(h®Ig(a)— ).
Since 2’/ was arbitrary the Hahn-Banach theorem implies [h ® Ig](a) = =

and this completes the proof. m

The following result generalizes [5, Proposition 2.3] to the non-commut-
ative setting.

PROPOSITION 2.6. Let A = lim;(A;, ;) be a reduced projective limit rep-
resentation of the Q-algebra A by complete unital Imc algebras A; where each
m; s an algebra homomorphism, let E be a locally convex space and suppose
T 18 a uniform tensor norm which satisfies the projective limit condition. If
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aeA®, F and a; = m; @ Ig(a) for all i € I then
O,left(a) _ Uo_left(ai)‘
i€l
Proof. If x ¢ o'*®*(a) then there is b € A® E’ such that b- (a — 14 ® z)

= 14. By first considering elements of A ® F and then using density and
continuity and the fact that the projective limit is reduced we obtain

1y, =m(la) = mi(b- (a—1a® 1))
= (m @ Ipr)(b) - (mi © Ip(a) — mi(1la) @ )
= (m @ Ip)(b) - (a; — 14, ® T).
Since (m; @ Ig/)(b) € A; ® E' this implies = ¢ ¢'°(a;) and
Uo,left(ai) C O_left(a)‘
i€l
Now suppose = € 0'*®(a). Let Z denote the left ideal in A generated by
{la®a’) - (a—14®z)}ep. Since A is a Q-algebra and z € o't (a) we
have 14 ¢ Z. By the Hahn-Banach theorem we can choose ¢ € A’ such
that ¢(14) = 1 and ¥(Z) = 0. By the projective limit representation there

exist ¢ € I and ¢; € A, such that ¢ = ; o 7. Since 7; is an algebra
homomorphism,

Yi(la,) = ¥i(mi(1a)) = ¥(1a) = L.
Let Z; denote the left ideal in A; generated by
{(1A¢ ® :E/) ’ (ai - 1A¢ ® w)}z’EE"
Since m(la®@2')-(@a—-14®@a)) = (14, @ 2') - (a; — 14, ® ) we have
mi(Z) € Z; and m;(Z) C Z;. Since the projective limit representation of A
is reduced m;(.A) is dense in A;. Let b; € A; and suppose (by)a € A and
7i(ba) — bi as o — oo. If 2’ € E’ then

(b @a)-(a;— 14, @)= Ii;n(m(ba) @) (a; — 14, @)
= limm;(bo ®2') - (3; — 14, ® T)

and IZ - m(I) Hence fl = WZ(I)
If w € Z; then there exists (wg)g C Z such that w = limg 7;(wg). Hence

i(w) = i i wg) = i s © 7 ) = i () = 0.
On the other hand 1);(14,) = 1. Hence Z; is a proper closed ideal in A;. This
implies 2 € 0'*®(a;) and completes the proof. m

Our next example generalizes [3, Theorem 4.2] concerning invertibility
in a projective limit of algebras.
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EXAMPLE 2.7. If A = lim; A; is a Q-algebra then A ®; C =2 A. There-

fore, A ¢ o'®(a ® 1¢) if and only if there is a finite sum, with a; € A and
w; € C, such that

La=> a;([1a® pl(a®lc) = Al a)

j=1

=Y aj(uja — A1) =Y ajuila— M)
- pt

=bla— Aly)

and this is equivalent to A ¢ o' (a). Then 0'*(a ® 1¢) = o'§(a). If m;(a)
= a; then Proposition 2.6 implies

left U O_left az) )

el

Since a € A is left invertible if and only if 0 ¢ o'*®(a) = |,; Jﬁ&( i), this
is equivalent to 0 ¢ Uleft( ;) for all i. Hence, a € A is left invertible if and
only if every a; is left invertible in A;.

3. Algebra-valued spectra. In this section we use the results in §2
with E an lmc algebra to obtain invertibility results. We consider a € A &, B
where 7 is a uniform tensor norm and we suppose that A ®, B itself is an
Imc algebra.

To obtain our results we need to extend a number of Banach algebra
results in [9] to Q-algebras. The extensions are fairly straightforward, except
for the following lemma, which is used to extend [9, Proposition 11]. We
include the other results without proof. In the following lemma 0A denotes
the boundary of the set A.

LEMMA 3.1. Let A be a Q-algebra and let z € 0 Aiyy. Then there exists
a continuous multiplicative seminorm p on A and a net (zq)a C A such
that p(za) = 1 for all a and

limp(zq2) = 0 = limp(2zq).

Proof. Since z € OAjny, there exists a net (r4)a € Ajny such that
limy ro, = 2. Since A is a Q-algebra there exist ¢ > 0 and a continuous
multiplicative seminorm p such that {a € A : pla — 14) < €} C Ainy.
Suppose (p(r5'))a is bounded. Then

p(rat(z —71a)) < p(ro)p(z — 1) — 0.

Since 7,1 (z — 1ro) = 7,'2 — 14 we have r 'z € A, for a sufficiently

large. Hence z = ro(r, 12:) € Ay Since A is a Q-algebra, A, is open
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and Aj,y N OAiny = 0. This is a contradiction and, by taking a subnet if
necessary, we may suppose lim,, p(r; 1) = co.
If 2o := 1,1 /p(r,!) then p(z,) = 1 for all a. Moreover
-1 -1 -1
1 — 1
Z’I“i1 _ .A+Z7"a_1 Talq = le —|—(Z—ra)za
p(?“a ) p(?"a ) p(?“a )

for all o. Hence

2Zq =

P(2za) < ]ﬁ + (2 — ra)p(za) — 0

as o — 00. In the same way p(z42) — 0 as @ — 0o. n

We now state the remaining results we require (the proof of (1) requires
Lemma 3.1). The references are to the proofs for the Banach algebra cases.

[9, Proposition 11] Let (a;)icr and (bj)jes denote subsets of the Q-
algebra A. If a;a;, = aya; and a;b; = bja; for all i,k € I and j € J then
(1) m (05" ((ad)icr, (b5)jes)) = 015 (b)) e)

(my denotes the usual projection).

[9, Proposition 13, Lemma 14] Let A be a unital commutative lmc alge-
bra, B a unital Imc algebra and 7 a uniform tensor norm such that A @, B
is an lmc algebra. If a € A ®; B, p € C and h € 9M(A) then the ideals
generated by
(2) {[(a = n(a)14) ® 1lacasa — p(la @ 15)}
and

{[(a = h(@)10) @ 1glaca, 14 @ ((h @ Is](a) — pulg)}
coincide.

If (ai)ier € A, (bj)jes € B then
(3) o (@i ® 1)ier, (14 @ bj)jes) = o1 ((ai)ier) x o ((bj)jes)-

PROPOSITION 3.2. Let A be a commutative unital Imc algebra, B a uni-

tal lme algebra and T a uniform tensor norm such that A @, B is a Q-
algebra. If a € A ®; B then
ot @)= |J o ((heIs)).
hem(A)

Proof. Since h®1p is a non-zero algebra homomorphism for all A € 90t(.A)

we have [h ® Ip](14 ® 15) = 1 and
o5 ([h @ Is] (a)) € o' ().

Hence

U ol (heIsl@) C o5t 4.
hem(A)
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ﬁ%TB(a). Since the mapping A — A &, B given by
a — a ® 1 is a non-zero continuous algebra homomorphism Lemma 2.2
implies that each element of 1% ((a ® 15)4e.4) belongs to M(A). Since A is
commutative, the system {(a ® 15)4ca,3} € A ®, B satisfies the commuta-

tivity relations in (1). Hence by (1) there exists h € 9(.A) such that

((h(a))aeas 1) € 017 ((a ® 15)aca, a).

Now suppose i € o

By (2) and (3),
((h(a))aea, ) € 0ff*((a ® 1p)aca, La @ ([ ® I5](a)))
= 01§ ((a)aca) x 75" ([ © I5)(a))-
Hence p € ol ([h ® I5](a)). =

Proposition 3.2 generalizes part of [9, Proposition 20] from unital Banach
algebras to Q-algebras, and the remaining part is generalized in Proposition
4.5 below. Clearly Proposition 3.2 also holds for right spectra. Combining the
results for right and left spectra we obtain an analogous result for the usual
spectrum and recover a special case of results due to M. Fragoulopoulou [13,
Proposition 6.9] and [14, Proposition 4.13].

REMARK 3.3. If A ®, B is a Q-algebra then, since 7 is a uniform tensor
norm, there exists a continuous multiplicative seminorm p on A such that
a®lp € (A R B)iny for all a such that pla —14) < 1. Ifbe A ®, B
satisfies

(a@1p)b=bla®1lp) =14® 15
and ¢ € B’ is chosen so that ¢(15) = 1 then, by density and continuity,

(la®p)((@a®1p)b) =a(la® ¢)(b) = (1la®@p)(b)a =14

and {a € A:p(a—14) <1} C Ainy. On interchanging the roles of A and B
we thus see that if A ®, B is a Q-algebra then so also are A and B. Our next
result shows that the converse is true if and only if pointwise invertibility
implies invertibility.

THEOREM 3.4. If A is a commutative Q-algebra, B is a Q-algebra and
T is a uniform tensor norm such that A @, B is an Imc algebra then the
following are equivalent:

(1) A®; B is a Q-algebra.

(2) Ifa € A®, B then

ot 5@ = |J oE"((heIs)()).
hem(A)

Proof. We have (1)=-(2) by Proposition 3.2. Suppose (2) holds. Since
A is a Q-algebra, 9(A) is an equicontinuous subset of A’ [20, p. 187].
Hence there exists a continuous multiplicative seminorm p on A such that
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|h(a)] < p(a) for all h € M(A) and all a € A. Since B is a Q-algebra there
exists a continuous multiplicative seminorm ¢ on B such that {1z + vy :

Q(y) < ]-} g Binv- N
Now suppose a € A ®; B and p ®; q(a) < 1. If h € M(A) then

[h@Ipl(la®1g+a) =1+ [h ® Ig](a).

Next,

q([h®1Ip](a)) = sup |o([h® Ig](a))| = sup [[h® ¢](a)] < p®7qla) <1
peB’ peB’
pEBY pEB

Hence 15+ [h ® Ig](a) € Binv and, by (2), a € (A R B)iny- Hence A ®, B
is a Q-algebra. =

The following result for the projective tensor product is due to H. A.
Smith [25, Theorem 3] and to A. Mallios [19, Proposition 4.2] and [20,
Lemma, p. 412] for more general tensor norms when A and B are both
commutative. Special cases when A = C(K), K compact Hausdorff, and A =
C*>(X), X a finite-dimensional compact manifold, and B is non-commutative
are considered in [19, Lemma 2.1] and [15, Example 3.4].

THEOREM 3.5. If A is a commutative Fréchet Q)-algebra, B is a Fréchet
Q-algebra, and T is a uniform tensor norm that satisfies the projective limit
condition and such that A @, B is a representable Imc algebra, then A &, B
is a Q-algebra.

Proof. By Proposition 1.3, condition (2) of Theorem 3.4 is satisfied.
Hence A &, B is a Q-algebra. m

Examples can now be obtained by looking at our remarks after Definition
1.2. For instance A ®, B is a Q-algebra whenever A is a commutative
Fréchet Q-algebra and B is an arbitrary Fréchet Q-algebra.

4. The Gelfand transform

DEFINITION 4.1. Let A be an lmc algebra, F a complete locally convex
space and 7 a uniform tensor norm. For each a € A ®, E we define its
Gelfand transform:

a:MA) — E, 3a(h)=[h® Ig](a).
We endow 9(A) with the topology induced by (A, A).

PROPOSITION 4.2. Let A be a Q-algebra, E a complete locally convex
space and T a uniform tensor norm. If a € A®; E, thena € C(M(A), E).

Proof. Suppose (hq)a € M(A) and hy — h as o — oo. Let ¢ be any
continuous seminorm on E and € > 0 be arbitrary. Since A is a Q-algebra,
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M(A) ® {Ig} is an equicontinuous subset of £(A &, F;E). Hence we can
find a continuous seminorm p on A ®, E such that

(5) q(lg @ Ig](b)) < p(b)

forallb € A®, F and all g € M(A). Ifa:= > a; @7 € A® E then
a(h) = > h(a;)z; is clearly continuous. If a is arbitrary we can choose
b € A® FE such that p(a — b) < . Now choose «g such that

q([ha ® Ig](b) — [h® IE](b)) < &
for all « > ag. Then

q([ha ® Ig)(a) = [h @ IE)(a)) < q([ha @ IE](b) — [h ® IE](b))
+ q([(ha — h) ® Ig](b —a))
<e+2p(a—b) < 3e.
Hencea € C(M(A),E). u

DEFINITION 4.3. If A is a Q-algebra, F is a complete locally convex
space and 7 is a uniform tensor norm, the Gelfand mapping : A®; E —

C(OM(A), E) is defined by a(h) = [h ® Ig](a).

PRrROPOSITION 4.4. If A is a Q-algebra, E is a complete locally conver
space and T is a uniform tensor norm then the Gelfand mapping is a con-
tinuous linear mapping from A &, E into C(M(A), E). If B is a complete
Ime algebra and A ®, B is an Imc algebra, then the Gelfand mapping is an
algebra homomorphism.

Proof. The Gelfand mapping is easily seen that to be linear. The esti-
mate (5) in the previous proposition shows that it is continuous. When B is
an algebra and A ®, B is an Imc algebra then the Gelfand mapping is easily
seen to be a homomorphism from A ® E into C(M(A), E). Continuity and
density can be applied to complete the proof. m

PropPOSITION 4.5. If A is a commutative unital Imc algebra, B is a
unital Imc algebra and 7 is a uniform tensor norm such that A @, B is a
Q-algebra then for a € A ®, B the following are equivalent:

(1) a is left invertible in A @, B.

(2) a(h) is left invertible in B for every h € M(A).

(3) @ is left invertible in C(IM(A), B).

Proof. By Proposition 3.2, (1)<(2). By Proposition 4.4, a — @ is an
algebra homomorphism and 14 ® 1z(h) = I for all h € 9(A). Hence the

Gelfand transform maps left invertible elements to left invertible elements
and (1)=(3). Since we always have (3)=-(2) this completes the proof. m

EXAMPLE 4.6. Let E be Fréchet—Schwartz space whose topology is gen-
erated by an increasing sequence (p,)nen of seminorms such that each E,,
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which is a Banach space, has the approximation property. Take K C E com-
pact, balanced and polynomially convex and B a unital Banach algebra. Let
H(K, B) denote the space of B-valued holomorphic germs on K. We have
the following representation (see [4]):

(H(K, B),7,) = (H(K), ) ® B.

Moreover, since K is polynomially convex, 9M(H(K)) = K by means of the
identification h(f) = f(k). Both H(K) and H (K, B) are Q-algebras, since
they are inductive limits of Banach algebras.

As in Example 1.4, [hy ®Ig](a) = a(k) for alla € H(K) ®. Band k € K.
By Proposition 3.2, F € H(K, B) is left invertible if and only if F(k) is left
invertible in B for all k € K.

Since the Gelfand mapping ~ : H(K,B) — C(K,B) is the inclusion
mapping, Proposition 4.5 implies that F is left invertible in H (K, B) if and
only if it is left invertible in C(K, B).
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