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The strong spectral extension property
does not imply

the multiplicative Hahn–Banach property

by

A. Sołtysiak (Poznań)

Abstract. An example is given of a semisimple commutative Banach algebra that has
the strong spectral extension property but fails the multiplicative Hahn–Banach property.
This answers a question posed by M. J. Meyer in [4].

Let A be a commutative Banach algebra. For an element a ∈ A we denote
by rA(a) and σA(a) its spectral radius and spectrum in A respectively. An
extension of A is a Banach algebra B such that A is algebraically embedded
in B. Hence we can view A as a subalgebra (not necessarily closed) of B.
If B is an extension of A, then σB(a) ∪ {0} ⊂ σA(a) ∪ {0} and therefore
rB(a) ≤ rA(a) for all a ∈ A. In [4] M. J. Meyer investigated the following
three conditions:

(1) rB(a) = rA(a) for all a ∈ A and all extensions B of A;
(2) σB(a) ∪ {0} = σA(a) ∪ {0} for all a ∈ A and all extensions B of A;
(3) every multiplicative linear functional on A has a (multiplicative lin-

ear) extension to every commutative extension B of A.

A Banach algebra A has the spectral extension property if it satisfies (1),
the strong spectral extension property if it satisfies (2), and the multiplicative
Hahn–Banach property if it satisfies (3).

Notice that if A is commutative we can restrict ourselves to commutative
extensions when dealing with properties (1) and (2) (cf. [5, Thm. 11.22]).
Obviously, if a commutative Banach algebra has the multiplicative Hahn–
Banach property, then it has the strong spectral extension property, and this
in turn implies the spectral extension property. M. J. Meyer in [4, Ex. 2] gave
an example of a semisimple commutative Banach algebra with the spectral
extension property which does not have the strong spectral extension prop-
erty. He asked if for a commutative semisimple Banach algebra the strong
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spectral extension property implies the multiplicative Hahn–Banach prop-
erty. We show by an example that the answer to this question is negative.

For an element a of a Banach algebra A the permanent radius rp(a) is
defined to be the infimum of rB(a), where B runs through all extensions
of the algebra A. This notion plays an important role in characterization of
the spectral extension property of commutative semisimple Banach algebras.
For convenience of the reader we state the following three results of Meyer
which are crucial for our reasoning.

(A) [4, Prop. 2(1)] Let A be a Banach algebra and let a ∈ A. If ax = x
or xa = x for some nonzero x ∈ A, then rp(a) ≥ 1.

(B) [4, Thm. 1] A semisimple commutative Banach algebra A has the
spectral extension property if and only if for every closed subset F
of the maximal ideal space M(A) that does not contain the Shilov
boundary Γ (A) of A, there exists an element a ∈ A such that its
Gelfand transform â is zero on F and rp(a) > 0.

(C) [4, Thm. 2] A semisimple commutative Banach algebra A has the
strong spectral extension property if and only if it has the spectral
extension property and â(Γ (A)) ∪ {0} = â(M(A)) ∪ {0} for every
a ∈ A.

Example. Take the open ball B(0, 1) = {(z, w) : |z|2 + |w|2 < 1} in C2

and closed ball B(0, 2) = {(z, w) : |z|2 + |w|2 ≤ 4}. Let A be the algebra of
all continuous functions on B(0, 2) that are holomorphic on B(0, 1). Then
A is a semisimple commutative Banach algebra. The maximal ideal space
of A, M(A), can be identified with the ball B(0, 2) in such a way that the
Gelfand transforms f̂ coincide with the functions f . The Shilov boundary
Γ (A) is then the set {(z, w) : 1 ≤ |z|2 + |w|2 ≤ 4}. Moreover if F is a
closed subset of B(0, 2) not containing the Shilov boundary, then there is
an open subset U of {(z, w) : 1 ≤ |z|2 + |w|2 ≤ 4} with closure disjoint
from F . The algebra A contains a function f which is zero on F and 1 on
U . Also A contains a nonzero function g with support in U . Then fg = g
and by (A) we have rp(f) ≥ 1. By (B) the algebra A has the spectral
extension property. From the well-known property of holomorphic functions
of several variables (see e.g. [3, Thm. 1.2.6]) it follows that if a function
f from A takes value c at a point (z, w) ∈ B(0, 1), then there exists a
point (z0, w0) such that |z0|2 + |w0|2 = 1 and f(z0, w0) = c. Therefore
σA(f) = f(B(0, 2)) = f({(z, w) : 1 ≤ |z|2 + |w|2 ≤ 4}). By (C) the algebra
A has the strong spectral extension property. But obviously it does not have
the multiplicative Hahn–Banach property since the evaluation functionals
at the points of the unit ball B(0, 1) do not extend to the Banach algebra
of continuous functions on Γ (A) = {(z, w) : 1 ≤ |z|2 + |w|2 ≤ 4}.
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In the remaining part of the paper we shall try to clarify the difference
between conditions (2) and (3). First notice that we can restrict ourselves
to unital Banach algebras and unital embeddings. Indeed, if j : A → B
is an embedding and A1 and B1 are unitizations of A and B respectively
(regardless of whether A or B have units), then we extend j to j1 : A1 → B1
by j1(a+ λ1A) = j(a) + λ1B, where 1A and 1B denote units adjoined to A
and B respectively. Then σA1(a) = σA(a) ∪ {0} and σB1(a) = σB(a) ∪ {0}
(see [1]). Hence condition (2) may be written in the form

σA1(a) = σB1(a).

Moreover every multiplicative linear functional ϕ on A extends to a multi-
plicative linear functional ϕ1 on A1 in the obvious way. Hence if ϕ extends
to B then ϕ1 extends to B1. Therefore we shall assume in what follows that
all algebras are unital and if B is an extension of an algebra A, then A is a
subalgebra of B and the unit of B belongs to A. Moreover we shall denote
the common unit of A and B by 1.

For a Banach algebra A we denote by IA(a1, . . . , an) the (two-sided)
ideal in A generated by the elements a1, . . . , an ∈ A. The Harte spectrum
σA(a1, . . . , an) is the set of all n-tuples (λ1, . . . , λn) ∈ Cn such that either
the left or the right ideal in A generated by the elements a1−λ1, . . . , an−λn
is proper. (Here we write aj − λj instead of aj − λj1.) For a single element
a ∈ A the Harte spectrum σA(a) coincides with the usual spectrum of a. It
is well known that if the algebra A is commutative, then

σA(a1, . . . , an)

= {(ϕ(a1), . . . , ϕ(an)) : ϕ is a multiplicative linear functional on A}.
Now we deal with extensions of multiplicative linear functionals to su-

peralgebras.

Proposition 1. Let A be a commutative Banach algebra with unit and
let B be its unital and commutative extension. The following conditions are
equivalent :

(i) For every multiplicative linear functional ϕ on A there exists a mul-
tiplicative linear functional ψ on B such that ψ|A = ϕ;

(ii) σA(a1, . . . , an) ⊂ σB(a1, . . . , an) for all finite subsets {a1, . . . , an}
of A;

(iii) if IA(a1, . . . , an) 6= A, then IB(a1, . . . , an) 6= B, for all finite subsets
{a1, . . . , an} of A;

(iv) every proper ideal of A is contained in a proper ideal of B;
(v) every maximal ideal of A is contained in a maximal ideal of B.

The proof is straightforward. We leave it as an exercise to the interested
reader.
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Remarks. 1. Commutativity of B is essential only in the proof of the
implication (v)⇒(i). Clearly this implication need not be true if B is non-
commutative. To see this we take a compact operator T on a separable
infinite-dimensional Hilbert space H. Let A be the closed subalgebra of
B(H) (the algebra of all bounded linear operators on H) generated by T
and the identity, and let B = B(H). Then every maximal ideal of A is
contained in the ideal of compact operators which is maximal in B(H), but
clearly no multiplicative linear functional on A extends to B(H).

2. The equivalence (i)⇔(ii) was also proved by A. Kokk [2, Cor. 4].

To formulate the next result we introduce the following notation. For a
Banach algebra B let NB denote its set of noninvertible elements. If B is an
extension of the algebra A and a1, . . . , an ∈ A, then

τB(a1, . . . , an) = {(λ1, . . . , λn) ∈ Cn : IA(a1 − λ1, . . . , an − λn) ⊂ NB}.
This notion was introduced by A. Wawrzyńczyk in [6]. He showed, among
other things, that τB is a subspectrum in the sense of Żelazko (see [7]) on a
commutative Banach algebra A.

Proposition 2. Let A be a commutative Banach algebra with unit and
let B be its unital extension. The following conditions are equivalent :

(i) σA(a) = σB(a) for every a ∈ A;
(ii) σA(a1, . . . , an) ⊂ τB(a1, . . . , an) for all finite subsets {a1, . . . , an}

of A;
(iii) if IA(a1, . . . , an) 6= A, then IA(a1, . . . , an) ⊂ NB, for all finite sub-

sets {a1, . . . , an} of A;
(iv) for every proper ideal I of A, I ⊂ NB ;
(v) for every maximal ideal M of A, M ⊂ NB;
(vi) the algebra A is inverse closed in B, i.e. for every a ∈ A, if a−1 ∈ B,

then a−1 ∈ A.

We leave the easy proof as an exercise.

Remark. Notice that in Proposition 2 we do not assume that the alge-
bra B is commutative.
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