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Unitary equivalence of operators and dilations
by

CHAF1Q BENHIDA (Lille)

Abstract. Given two contractions T and T’ such that 77 — T is an operator of finite
rank, we prove, under some conditions, the unitary equivalence of the unitary parts of the
minimal isometric dilations (respectively minimal co-isometric extensions) of T and T”.

1. Introduction. Let H be a separable Hilbert space. £(H) will denote
the algebra of all bounded operators on H. An operator T' € L(H) is a
contraction if || T|| < 1 or equivalently I —T™*T is positive. Note also that any
contraction 7" has a canonical decomposition T' = T7 & T5 into a completely
nonunitary contraction 77 and a unitary operator 7. We say that T is
absolutely continuous if the unitary part Ts is absolutely continuous, which
means that the spectral measure of T5 is absolutely continuous with respect
to the Lebesgue measure.

The defect operators are the positive operators defined by Dp =
(I — T*T)l/Q7 Dp« = (I — TT*)1/2; the defect spaces are Dy = DrH and
Drs = DpH.

2. Main result. Recall the following result which is due to Carey ([2]).

LEMMA 2.1. Let W1,Ws be isometries on a Hilbert space such that
Wi — Wy has finite rank. If W; = W @ Wf is the Wold decomposition

of Wi (i = 1,2), then the absolutely continuous parts of W{* and W' are
unitarily equivalent.

We shall use this result to prove the following one.

PROPOSITION 2.2. Let Ty, T> € L(H) be contractions such that To — Ty
is a finite rank operator and the dimension of \/k>0(D%)k(T1*T1 —T5To)H
1s finite fori =1 ori = 2. If Wy, is the minimal isometric dilation of T; for
@ = 1,2, then the absolutely continuous parts of W, and Wi are unitarily
equivalent.

To prove the last proposition, we need the following lemma:
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LEMMA 2.3. Let A, B be positive operators on a Hilbert space H such
that A — B = R is a finite rank operator. If the dimension of \/k20 B*RH

= M is finite, then VA — /B is a finite rank operator.

Proof. Consider a family of polynomials ¢, that is convergent to
the square root function uniformly on o(A) U o(B). We then have v A =
lim,, ¢,(A) and VB = lim,, qn(B). Let ¢, = Z%lo anme™. Then

VA~ VB =1im(gn(A) = ¢u(B)) =lim Y _ apm(A™ — B™).
m=0
It is quite clear that we have by induction
A™ — B™ = RA™ ' 4+ BRA™ 2+ ...+ B"2RA+ B™ 'R.

Under the assumptions made on A and B, the range A" — B™ has a finite
dimension since it is included in M. This ends the proof. =

REMARK. It is an interesting question whether the statement of the
lemma given above remains true without the condition on M. For example,
consider A = > ale, ® e, and B = A+ f® f, which is a rank one
perturbation of A. Assume that f = )" -, Bnen. It is clear that A and B
are positive operators. Could we choose the «,, and 3, such that vA — VB
is not a finite rank operator?

Proof of Proposition 2.2. Set D =Dy, VD, and K=H®DED D ---.
Consider on K the two isometries

T, 0 0
Dy, 0 0

W;=| 0 I 0 :(TZ’ 0), i=1,2.
0 01 Dr, 5%

where « is the dimension of D. It is easy to see, by the construction of the
isometric dilation given in [3], that W; is the direct sum of the minimal
isometric dilation 7; and an (eventual) shift. Then

- T —T, 0
Wi — Wy = 1= .
Dy, — Dy, 0

By using Lemma 2.3 with D%l and D%Q instead of A and B, we see that

Wl — Wg is a finite rank operator and Carey’s result gives the announced
statement. m

COROLLARY 2.4. Let Th,T> € L(H) be contractions such that Ty — T}
is a finite rank operator. If Wr, is the minimal isometric dilation of T; for
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i = 1,2, then the absolutely continuous parts of Wi, and W, are unitarily
equivalent when one of the following statements is satisfied:
(i) T1|Dp, =0,
(ii) (D%1 - D%Q)H s invariant under D%l or D%z,
(iii) Dy, or Dy, is a finite rank operator.
Proof. (i) Let T1|Dry = 0. In this special case Dy, = Pp,, is the orthog-
onal projection on Dr,, and this obviously gives the assumption of Propo-

sition 2.2.
(ii) If (D%1 = D%Q)’H is invariant under D%l or D%Q, then

\ DR)MITT — T Te)H = \/ (D7) (D, — Di,)H
k>0 k>0
has finite dimension for ¢ = 1 or i = 2.
(iii) If D, or Dy, is a finite rank operator, then both are, since D%l —D%Q
has finite rank.
Note that with (iii) we retrieve the result obtained in [1]. m

Of course there is a dual version of Proposition 2.2. This is due to the
fact that the adjoint of the minimal isometric dilation of T™ is actually
the minimal co-isometric extension of 1. The corresponding result can be
formulated as follows.

PROPOSITION 2.5. Let Th,T> € L(H) be contractions such that Ty — T}
is a finite rank operator and the dimension of \/~o(D2.)*(TV T} — ToT3)H
is finite for i =1 or ¢ = 2. If Br, is the minimal co-isometric extension
of T; fori = 1,2, then the absolutely continuous parts of By, and Bf, are
unitarily equivalent.
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