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1. Introduction. In the theory of abelian extensions of imaginary quad-
ratic number fields K, elliptic units play a role analogous to that of cyclo-
tomic units in the theory of abelian extensions of Q. Elliptic units are central
objects in the Iwasawa theory of CM elliptic curves. In fact, they appear in
Rubin’s two-variable main conjecture [Ru91, Theorem 41(i)] and they are
used in the construction of p-adic L-functions (see [Y82], [dS87] and [BV10]).
Moreover, Coates and Wiles [CWT77] studied elliptic units in connection with
the Birch and Swinnerton-Dyer conjecture.

Now, let K be an imaginary quadratic number field and E/K an el-
liptic curve with complex multiplication by O, the ring of integers of K,
with good ordinary reduction above a split prime p, p # 2,3. Denote by p
and p the two distinct primes of Ok above p and write Ky, ,, := K (E[p*p"]),
k,n > 0, for the field obtained by adjoining to K the coordinates of p*p-
division points of E. We write Ko = |J;,, Kkn, G for the Galois group
G(Ks/K) and A(G) for the Iwasawa algebra of G with coefficients in L.
By S C A(G) we denote the canonical Ore set as defined at the beginning of
Section BJand write S-tor for the category of finitely generated A(G)-modules
that are S-torsion. Furthermore, we write £ = I&nkn(Of(M ®z ZLyp) for

the projective limit (with respect to norm maps) of the global units le(k, ;

tensored with Z,. We will define two A(G)-submodules Cy and Cg of 50;,
consisting of those elliptic units considered by Yager in [Y82] and Rubin in
[Ru91], respectively. Under the assumption that the conductor § of E/K is
a prime power, we prove the following result.

THEOREM 3.19. Let f=1[" for some prime ideal | of O and somer > 1.
Then in Ky(S-tor) we have
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[Cr/Cy] = [A(G/Dy)],
where we write Dy for the decomposition group of | in G = G(K/K).

Before we outline the structure of this paper, let us make some remarks
concerning the generality and the applications of the theorem. First, we
note that if E is already defined over Q and FE is a representative with
minimal discriminant and conductor in its Q-isomorphism class as in [Si99,
Appendix A, §3], then § = [",r > 1, is a prime power (see [S14, Theo-
rem A.6.8 and Proposition A.6.9]), so that the theorem applies in these
cases.

Next, we briefly mention some applications of Theorem [3.19 In a talk
held in Cambridge on the occasion of J. Coates’ 60th birthday, K. Kato
stated a conjecture for, in general, non-abelian p-adic Lie extensions F,,/Q
containing the cyclotomic Z,-extension Q%°. Kato’s conjecture concerns
the existence of an element Ly, € Ki(Z,[[G(Fx/Q)]]s+), where S* is a
certain Ore set, depending on a global unit w. This L,, is required to
satisfy a prescribed interpolation property and to map to a specified el-
ement under the connecting homomorphism 0 : Ki(Z,[[G(Fx/Q)]]s+) —
Ky(S*-tor) from K-theory, where S*-tor denotes the category of finitely
generated Zy[[G(F/Q)]]-modules which are S*-torsion. Theorem can
be used to prove (under a torsion assumption) an analogous statement
in the commutative setting K.,/K described above (see [S14, Theorem
2.4.41)).

Moreover, Theorem can be used to bridge the work of Yager and Ru-
bin on the two-variable main conjecture when proving the non-commutative
Iwasawa main conjecture as stated in [CEKSV] for CM elliptic curves E/Q
(with prime power conductor over K'). Compare the work [BV10] of Bouga-
nis and Venjakob, in particular Remark 2.8 there.

In the present paper we proceed as follows.

1° In Section [2| we define groups of elliptic units studied by Rubin, de
Shalit and Yager.

2° In Subsection [3.1] we show that Yager’s elliptic units coincide with a
group of elliptic units considered by de Shalit (Proposition .

3° In Subsection we determine a (relatively small) set of generators
of Cr = @kn(C(K’m) ®z, Zyp) (Corollary , and afterwards show
that the quotient of Cr and de Shalit’s elliptic units (i.e., Cr/Cy by
step 2°) is S-torsion by giving a concrete element of S that annihilates
the quotient (Theorem [3.10).

4° In Subsection we determine the image of Cy under the (two-
variable) semilocal version LL of the Coleman map for the formal group
E associated to a WeierstraB equation of E (Corollary .
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5° In Subsection [3.4] we determine the image of Cr under L subject to
the condition that the conductor of E/K is a prime power (Theorem
3.18).

6° In Subsection we combine the descriptions of Cy and Cr via L
and prove Theorem

For basic facts about elliptic units our main references are the works [Ru91]
by Rubin and [dS87] by de Shalit. For Robert’s treatment of elliptic units see
[R73], [R90] and [R92]. There are other useful accounts due to Rubin [Ru87,
Appendix| and to Coates and Wiles [CWT77, Section 5], [CWT8| Section 3].
The different notation used in some of the above is compared in Bley [B04].

We note that large portions of the present paper are slightly modified
versions of parts of the author’s doctoral dissertation [S14]. For related re-
sults about elliptic units, we refer to the paper [V12] by Viguié, who proves
a similar statement to Lemma (compare [VI12, Lemma 2.4, Corollary
2.5]). He also determines a set of generators for projective limits of elliptic
units for certain Z,-extensions [V12| Lemma 2.7]. Our situation is different
in that we deal with Zg—extensions, which requires different ideas.

We also want to refer to the paper [K12|, where Y. Kang establishes, for
a p-adic L-function interpolating values of primitive Hecke L-functions, an
analogue of Yager’s main result from [Y82]. Kang uses a modification of the
elliptic units used by Yager.

2. Definition of elliptic units. In this section we recall some different,
yet (as we will see) closely related definitions of elliptic units. Throughout,
K will denote a quadratic imaginary number field. We will eventually be
interested in the fields F' = K}, := K (E[p*p"]) for an elliptic curve E/K
with complex multiplication by O, where p and p are distinct primes of K
above a rational prime p, p # 2,3, at which E/K has good reduction.

2.1. Rubin’s elliptic units. Let us recall the definition of elliptic units
for a number field F' which is an abelian Galois extension of a quadratic
imaginary field K containing the Hilbert class field H of K that is used by
Rubin in [Ru91]. For an integral ideal m of K we denote by K(m) the ray
class field of K modulo m. We fix an embedding K C C and a period lattice
L C C of some elliptic curve defined over H with complex multiplication
by Og; for the existence of such a curve Rubin refers to [Sh71, Theorem 5.7].
For any integral ideal a C Ok, (a,6) = 1, he then considers the meromorphic
function

(p(23 L) —p(u; L)),

u€(a=1L/L)/+1

O(z;a) = Op(z; L,a) = (A(U'IL)
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where A is the Ramanujan A-function, a twelfth root of A(L)N®/A(a"'L)
is fixed and @(z; L) is the Weierstraf§ p-function for the lattice L.

Now, let m be an integral ideal of K such that O — Ok /m is injective
(recall that O is a finite group) and let 7 € C/L be an element of order ex-
actly m. It is shown in [B04, Proposition 2.2] that ©y(7; a) belongs to K (m).

DEFINITION 2.1. Let K be a quadratic imaginary number field and F
a finite abelian Galois extension of K, containing the Hilbert class field of K.
Rubin makes the following definitions:

(i) CF is the group generated by all elements

(1) (Npk(m)/#Oo(T30))7 7,

where o ranges over Gal(F/K), m over the integral ideals of K such that
O — Ok /m is injective, a over the integral ideals such that (a,6m) = 1,
and 7 over the primitive m-division points. Npg )/ denotes the norm map
from the composite field FK(m) of F' and K(m) to F' and we note that the
elements o — 1 generate the augmentation ideal I(F/K), i.e., the kernel of
the augmentation map aug : Z[G(F/K)| — Z.

(ii) C(F), the group of elliptic units of F, is

C(F) = poo(F)CF,

where po (F') is the group of all roots of unity in F'.

(iif) For Ky, := K(E[p*p"]) as above we also define the projective limit
of Rubin’s elliptic units

Cr:= %iﬂl(c(Kk,n) ®z ZLp),

3

where the limit is taken with respect to norm maps.

2.2. De Shalit’s elliptic units. De Shalit considers the function
O(z;L,a) = Op(z;a)'?,

which is an elliptic function with respect to L and can be expressed in
terms of the fundamental theta function, which is noted in [dS87, II, 2.3].
Moreover, ©(z; L, a) satisfies the monogeneity relation

O(cz;cL,a) = O(z; L,a), ceC*.

ASSUMPTION 2.2. From now on we assume that K has class number one.
Note that this is automatically satisfied whenever we consider an elliptic
curve F/K with complex multiplication by O-.

So we can find {2 € L and x, € O such that L = Og {2 and n = (x,) for
any integral ideal n of K. With this notation, £2/x, is a primitive n-division
point in C/L.
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DEFINITION 2.3. De Shalit makes the following definitions:
(1) ©y is the subgroup of K (n)* generated by
(2) O(1;n,a) = O(7; L, a),

where a ranges over the integral ideals of K such that (a,6n) = 1, and 7 is
a primitive n-division point in C/L.

(ii) Cy is the group of units in K(n)* whose 12th power belongs to
fioo (K (1)) O, for any integral ideal n of K such that O — Ok /nis injective.

REMARK 2.4. (i) ©, is independent of 7, which follows from 1 and Re-
mark 2.6l

(ii) If n is divisible by at least two distinct primes, then ©, is a subgroup
of the group le((n) of units in K (n)*.

(iii) The groups 6, and C, are G(K (n)/K)-stable, which follows from
[dS87, II, Proposition 2.4(ii)].

(iv) Note that Rubin’s group C(F') for a ray class field F' = K(n) is, in
general, larger than (K (n)/K)Cy, since in the definition of generators as in
he allows m to range over all integral ideals of K such that O — Og/m
is injective.

The values of © at two different primitive n-division points are related
through the action of the Galois group G(K (n)/K), which we want to illus-
trate in the next remark. Let us first introduce some notation for arithmetic
Frobenius elements.

DEFINITION 2.5. Let F'/K be an abelian (finite or infinite) extension in
which the prime ideal q is unramified. We then write

(9, F/K) € Dg C G(F/K)

for the arithmetic Frobenius at q which (topologically) generates the decom-
position group Dy. If ¢ is an ideal which has a prime decomposition [[;_, ;"
and each q; is unramified in F//K, then we define
'
i=1

REMARK 2.6. If 7 is any primitive n-division point we can find ¢ € O,
¢ prime to n, such that 7 = ¢£2/x,. Let us write 0. = ((¢), K(n)/K) in
G(K(n)/K). Then

(3) O(R2/wn; L, 0)7 = O(2/x4; (¢) ' L, )
= Q(C(Q/xn)S C(C)_1L7 Cl) = @(73 L, a)a

where the first equality follows from [dS87, II, Proposition 2.4(ii)], using the
main theorem of complex multiplication [Sh71l 5.3]. For the second equality
we have used the monogeneity property. We conclude that the values of ©
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at two different primitive n-division points belong to the same orbit under
the action of G(K(n)/K).

2.3. Yager’s elliptic units. Let Ig,; be the set of integral ideals of K
which are prime to 6pf and let

S = {,u : Iops — Z | pp(b) = 0 for almost all b € Igy;

and > (Nb—1)u(b) = 0}.

bel6pf
For any p € § we define
(z;L, ) H O(z; L, b)* ©),
b€I6pf

For certain fp"p¥-division points 7 Yager then considers O(7; L, i). Let us
write Fj, ., = K (fp™p*) for the ray class field modulo fp™p*.

DEFINITION 2.7. (i) Let Cy,, be the group generated by elements of
the form

NF . Een©(T Ly 1)
for k,n > 1 and p € S, where we write Np, /g,  for the norm map from
ka to Kk:,n-
(ii) We also define the projective limit of Yager’s units
Cy = m(Cy pn @z Zp),
k,n
where the limit is taken with respect to norm maps.

REMARK 2.8. (i) Cy . is Galois stable by [dS87, II, Proposition 2.4].

(ii) Moreover, it does not matter which fp™p*-division point 7 we start
with since O(7; L, u) and ©(7'; L, i) are in the same orbit under the action of
G(F},n/K) for any two such division points 7 and 7’; compare Remark

3. Results. As before, we write Fj, ,, = K (fp"p¥) and K, := K (E[pFp])
for an elliptic curve E/K with complex multiplication by O, where p and
p are distinct primes of K above a rational prime p, p # 2,3, at which
E/K has good reduction. For any Galois extension F/K we denote by
I(F/K) the augmentation ideal in Z|G(F/K)]. We set Koo = Uy, K,
G = Gal(K/K) and write A(G) = A(G, Z,) for the commutative Iwasawa
algebra of G with coefficients in Z,. We also define the canonical Ore set

S ={x € AG) | A(G)/A(G)x is finitely generated over A(H)},

where H = G(Ks/K%¢) and K% is the cyclotomic Z,-extension of K so
that G/H = 7,
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3.1. Comparison of Yager’s and de Shalit’s elliptic units
PROPOSITION 3.1. We have

Cypn @2 Ly = (I(Kpn/K)Np, k.., (Ojongt)) @z Ly
for all k,n > 1.
Proof. We start by showing that

I(Kkvn/K)NFk,n/Kk,n (@fp"ﬁk) g CY,k,n'

Let o be an element of G(K},,/K). Note that I(K},/K) is generated by
the various 1 — o with ¢ running over G(Kj,,/K). We have to show that
elements of the form

(Nka/Kk,n@(T; L7 a))1_07
where 7 is an fp"p*-division point and a is an ideal of K prime to 6fp"p”,
belong to Cy k., ®@z Z,. To see this, choose a prime ideal ¢ of O prime to
6§p™p” such that o = (¢, Ki,/K). Let us define an element u € S by
p(a) =1, wu(c)=Na, plac)=-1, and pb)=0 Vb +#a,ac,c.
Using [dS87, II, Proposition 2.4(ii)], one can immediately verify that

(Npy, /K, O3 L,0)) 77 = N,k O(T5 L, ).
We now turn to the other inclusion
Cypn @2 Zp © (I(Kyn/K)NF, /5., (Oppnir)) @2 Lp.
Let 4 € S and choose an integral ideal ¢ of K prime to 6pf such that
Nc¢—1 € Z; (recall that p # 2,3). For any integral ideal a of K we write
oq = (a,F,/K). Using the identities O(7; L, b)N =% = O(7; L, c)Nb=0%
from [dS87] and > (Nb —1)u(b) =0 we get
O Lw)N - O Ly ) =7 = O(r; L)V =T [ (O(7; L, o) Ver7e)®
b

_H O(r; L, ¢) Vo= yu(®)

_ H (r:L,¢) 1 Uh)u(h)

whence it follows that ©(T; L,/A)N‘*1 € I(Fin/K)Ojynpr. Taking the norm
from Fy , to Ky and recalling that Nc¢ — 1 € Z; finishes the proof. m

3.2. Comparison of Rubin’s and de Shalit’s elliptic units. In this
subsection we compare Rubin’s elliptic units Cr := lglkn(C(Kkn) ®gz, L)
for the fields K}, to de Shalit’s units, and hence, througil Proposition
to Yager’s units Cy := LiLnk’n(nykm ®z ZLp). We will show in Theorem
that the module Cr/Cy is S-torsion.
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In order to prove Theorem [3.10] we will determine in three steps a rel-
atively small set of generators of Cg. First, for the fields K}, we prove the
following lemma, which says that in the definition of Ck, , we can restrict
ourselves to certain integral ideals m dividing the conductor of Kj ,. The
conductor of Ky, for k,n > 0, (k,n) # (0,0), is given by fpFp™, where
f is the conductor of ¢ g, the Groflencharacter of E/K (see [S14, Lemma
2.4.17]). As before, we assume that p # 2,3. As a second step, we show that
when passing to the projective limit @k,n(CKk,n ®zZp) we can restrict to an
even smaller set of integral ideals m (compare Lemma [3.5)). In a third step,
we show that for the tower Koo/K, Koo = U, , K(E[p"p"]), the projective
limit m KCL/CRa HP™ (L") of p-power roots of unity, taken with respect to

norm maps, vanishes.

The three steps combined give us the desired description of Cgr in terms
of a smaller set of generators (Corollary . For elements x of this smaller
set of generators we can define an explicit element s belonging to S such
that the product sz belongs to Cy, which proves Theorem [3.10)

LEMMA 3.2. Let k,n > 1 be such that O — Ok /p* and O — Ok [p"
are both injective. Let us write F = K, = K(E[p*p"]). Then, as a
Zp|G(F/K)]-module, Cr ®7Z, is already generated by elements of the form

(NpK (m) rO(T; ),
where o ranges over Gal(F'/K), m over the integral ideals of K such that
either

m={pkp" or m=§p* or m=f§p" for some divisor f of f,

a over integral ideals such that (a,6m) =1, and T over primitive m-division
points.

Proof. First note that after extending scalars, since 12 is a unit in Z,,
we have

(N sy 0 @)™ @1 = (N rO(rs0)) 7 @ 2
so clearly all elements of the form (Npg(m)/rO(T; a))?~ L, for general m, 7,
a and o as in , generate Cr ®z Zy as a Z,-module. Hence, from now on
it is sufficient to consider the function ©(z;a) = O(z; L, a) (we omit the L
from the notation).
Let us now fix an integral ideal m of K such that O — Og/m is
injective. Write
T := Npg(m)rO(7;0),
where a is an integral ideal such that (a,6m) = 1 and 7 is a primitive
m-division point. We will show that 271, for any o € G(F/K), is already
contained in the module generated by the elements from the statement of
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the lemma. We will show step by step that we can impose more conditions
on m and still obtain a set of Z,|G (K /K )]-generators for Cr,  ®z Zy.

Let us first make some general definitions. We define f = ged(f, m). We
can then write

m= f'ﬁk/p”/m’
for some m’ such that ged(m’,p) = 1, so that n’, resp. &, is precisely the
exponent of p, resp. p, in m. We need not have ged(m’, f) = 1. Let us define
q = ged(m, fp*p™), so that
FNEK(m) C K(fp*p") N K (m) = K(q),
where the last equality is a simple excercise in class field theory. Since f and
p are prime to each other, we have an equality

q= f/ﬁmin{k,k’}pmin{n,n’}_
For the norm map Npg )/ F restricted to K (m) we can write

(4)  Nerm)r = Nk@m)/raxm) = Nk@)/(Fakm) © Nk m)/K )

where we note that F' N K(m) = F N K(q). Let us now start with the
computations. We will show that we may exclude the following classes of m
and still be left with a set of Z,[G (K /K )]-generators for Ck, , ®z Zy.

CASE 1: ged(m,p) = 1. In this case, since E/K has good reduction
at p and p, we also have ged(mf,p) = 1. By [dS87, II, Proposition 1.6,
Corollary 1.7] we know that K(mf) = K(E[mf]) and that K(E[mf]) and
F = K(E[p*p"]) are linearly disjoint over K. Therefore,
FNK(m)C FnK(mf) =K,

which implies that G(FK(m)/F) = G(K(m)/K). This shows that if we
restrict the norm map Npgm)/r to K(m), then Npg(m)/r = Ng(m)/x- We
conclude that

27 = (NgmyxO(r50)7 1 =1,
since o fixes K. From now on, we may and will assume that ged(m,p) # 1,
i.e., that p|m or p|m.

CASE 2: 0/ >nor k' > k. If n’ > n, then [dS87, II, Proposition 2.5] (see

also [Ru99, Corollary 7.7, p. 197] for a more detailed proof) shows that

N (m)/K(m/p)©(T50) = O(77; 0),
where 77 is now clearly a primitive %—division point. Here we use the fact
that p™ | % and O — O /p" is injective, i.e., there is precisely one root of
unity in K that is congruent to 1 modulo p™. Since q | %, we also have

FNK(m)=FnNK(@m/p).
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Using , this shows that © = Npg (m/p) rO(77; a). Proceeding inductively,
we may and will assume that n’ < n. Analogously, we may assume k' < k.

CaAsE 3: 1 <n’ <norl <k <k Without loss of generality, assume
that n’ > 1 (if n’ = 0, then, by the first case, we may assume that &’ > 1
and the following works precisely in the same way for £’). So p|m. While
we have used [dS87, 11, Proposition 2.5] above to see that we may make the
exponent n’ of p in m smaller if n’ > n, we now use it to see that we may
make it bigger whenever n’ < n. In fact, by the above-cited proposition we
have

-
O(r;a) = NK(mp)/K(m)@<7r; Ct),

where, if we consider 7 as an element of E(C), we write = for some primitive
mp-division point in E(C) such that 7= = 7 (while if we consider 7 as an
element of C/L then we can actually divide 7 by 7; this depends on whether
we view © as a function on E(C) or on C/L). Using again, we get

-
= NK(mp)/(POK (m) © (W? ﬂ)

-
= Nrark mp)/(Frk @) © N (mp) /(FOK (mp) © <7T; u) ,

showing that x is just a product of G(F'/K)-conjugates of the element
Ni(mp) /(P K(mp))@(%; a). Proceeding inductively, we may assume that
n' =n.

We conclude that so far we may assume k' < k and n’ < n and either
n =n' or k = k'. If both ¥ and n/ are greater than zero, then the last
argument shows that we may assume that k¥’ = k and n’ = n.

In the last step we made m larger so that p™ |m (or p* |m). By our as-
sumption on n and k, it follows that there is only one root of unity in K that
is congruent to 1 modulo 7. This enables us to use [dS87, II, Proposition
2.5] in the next step to eliminate m'.

Case 4: w' # 1. Let [ = (1) be a prime ideal of K dividing m’. In
particular, [ is prime to p. First note that

m __
q = ged ([’ fp’“p”)

In fact, if gcd(%7 fﬁkp") were equal to { (it certainly could not be anything
else), write [" for the exact power of [ in q. We then see that [" | fpFpm, and
hence [" | f. Moreover, [" | m, so that I" | . By the assumption ged (', fp*p") =
q/l, we have [" { T. On the other hand, [" | ’mT/ and f’m—[/ | - This is a con-

tradiction, showing that q = gcd(%, fﬁkp")
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By [dS87] we have
Nictoy iy O ) — { O(lt;a) B if 1] %,
’ Olr;a)t=7 if (4
where o; = (I, K()/K) in the case [ %. We conclude that
Ng w1 /(Frk(q)©UT;a) if [,
Nicm/n(rr ) (O a)700 ) if 14,
In the latter case, as all of the Galois groups involved are abelian, we see that

T = Ni(m)/(FrK(q)©(T;0) = {

l—o; !

a1
) = (Ni(m/n /(i @)@ a) 7,
where we write &y for any lift to F' of the restriction of oy to F N K(q). In
any case, we find that z is a product of G(F/K)-conjugates of the element
Nic(m/1)/(Frk(q)©(IT; ). Therefore we may assume that m’ is trivial.

Nim1)/(Prk(q)(@(T;a)

We have shown that we may restrict to m of the form m = {p¥p™ or
m = {'p¥ or m = {p" for some divisor § of § and still get a generating set; in
any case m|fpFp™. m

We now split the set of Z,[G(F'/K)]-generators of Cr ®z Z;, determined
in Lemma (F = K}, as in the lemma) and define two new modules.

DEFINITION 3.3. Let the setting be as in Lemma Let F = Ky p,
k,n > 1.

(i) We define C% to be the subgroup of Cr generated by elements of the
form

(NrK (m) FO(T; )7,
where o ranges over Gal(F/K), m over the integral ideals of K such that
m = f'pFp"  for some divisor § of f,

a over integral ideals such that (a,6m) = 1, and 7 over primitive m-division
points.
(ii) Moreover, we define Dp to be the subgroup of Cr generated by
elements of the form
(NrK (m)/ O (T; )7,
where o ranges over Gal(F/K), m over the integral ideals of K such that
m = {p* or m = f'p" for some divisor f' of f,

a over integral ideals such that (a,6m) = 1, and 7 over primitive m-division
points.

REMARK 3.4. (i) First note that, by definition and Lemma we
have (CnDr) ®z Zy, = Cp ®z Zy. Also, Cf and D are G(F/K)-stable (see
[dS87,, II, Proposition 2.4]). Moreover, it is not a difficult exercise to show
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that the norm maps N, /K, ,» k >k >1,n>n'>1, restrict to maps
C’}(m — C’}(k/’n/ and Dg, , — Dk,, . respectively.

(i) For any m and any primitive m-division point 7 the element O(7; a)? !
belongs to O;((m) for any 0 € G(K(m)/K) (see [S14, Remark 2.4.10]). It
follows that (Npg(m)/r@(T; a))°~! belongs to OF for F = K}, and any
oeG(F/K).

With the above definitions, Lemma [3.2] implies that for all k,n > 1 as in
the lemma, we have surjections of Z,[G(K} ,,/K)]-modules

‘DKk,n Qz Lp — (CKk,n/C}(k,n) Rz Lp.

The next lemma shows that the natural inclusions C}(k L= CKk,n induce
isomorphisms of A(G)-modules
(5) @(C}{kn ®z Lp) = @(CKIW ®z Lp)-
k,n k,n
LEMMA 3.5. We have

@(DKk,n ®Z Zp) = 07

k.n
where the limit is taken with respect to the norm maps.

Proof. In Remark we have explained that Dy, , C OIX(k . This in-

clusion induces
DKk,n X7, Zp — O;(k,n X7z, Zp,

and we note that by Dirichlet’s unit theorem the group on the right is given
by the direct sum of a finite number of copies of Z,, and the finite group of
p-power roots of unity in Kj ,,.

Let us make a few more observations. For any integral ideal a of K we
always have K(a) C K(E[a]) (see [Si99) II, Theorem 5.6]). It follows from
[S14, Proposition A.6.3] that, for all k,n > 1,

(6) Kjn N K(15%) C Ky 0 K(E[5"]) = Ky o.
Likewise, for all k,n > 1 we have
(7) Kin NK({fp") C K NK(E[fp"]) = Kon-

For any r > 1, let us consider di4y 54, = (NKk+r r K () / Kopr n-‘rT‘@(T; a))7 1,
an arbitrary element of the set of generators of Dk, .. given in Defini-
tion [3.3] where

m=fp**" or m=fp"*" for some divisor § of f.

First assume that m = {'p**". Note that for k,n > 1 the Galois group
G(Kksrntr/Kisirn) is of order p”, which follows from [dS87, II, Corollary
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1.7], and any g € G(Kg+rn+r/Kitrn) fixes Kjip 0. Then @ shows that for
k,n > 1 we have

NKk+r,n+r/Kk,n (dk+r,n+r)

o—1
= (NKyspir/ K © NEFarr) /(16 oK (7504 O (T3 )

) -1
= (NKyirin /K © NEpirimir/ Kiprn © VK547 /(K ronk (754 O(T5.0))7

= (Nt /Ko © NEGB7)/(Kiy oK (7447 O (T3 a))P e,

By a similar argument for m = {'p"*", for k,n > 1 we have

NKk+'r,n+7‘/Kk,n (dk+rvn+T)

= (NKk’nJrT/Kk’n o NK(f'P"+T)/(Ko,n+rﬂK(f’p"+T)@(7‘; a))pr(a—l)’

which follows from . These two cases imply that for any element d of
DKHMH we have

(8) NKk+r,n+r/Kk,n (d) = &
for some unit ¢ in (’)
Now, let (akn)kn be an element of lglk Dk, ®z Zp. Let k,n > 1 be

large enough so that they satisfy the conditions of Lemma i.e., so that
both 0% — Og/pF and O — Ok /p" are injective. For any r 2 1 the
element Aktrntr € Diyyyonyr @2 Zyp is of the form

m
Ak+rn+r = Z d; ® b;

for some d; € Dk, ., and b; € Zy, 1 = 1,...,m. Using , we can find
Cly...,Cm in (’)Ix(k such that

Ms

akn = (NKyypir /K @ 1d2,) (@hprngr)

& @b = (Zcz ®bz')Pr7
=1

and we see that as an element of O} k.., ®2Lp, ajp is divisible by an arbitrar-

=1

ily large power of p since we can choose any r > 1. By the remark made at
the beginning of the proof, only the trivial element satisfies this divisibility
property. =

According to the definition we gave, elliptic units of an abelian extension
F of K contain the roots of unity of F'. Eventually, we will be interested in
projective limits of elliptic units and need the following vanishing result for
p-power roots of unity for Zg—extensions of K.

LEMMA 3.6. Let L be a number field and M /L an extension containing
a Zp-extension Lo /L that is independent of the cyclotomic Zy-extension



52 U. Schmitt

Leye/L of L. Then
yﬂl Hpoo (L/) =1,
LC;L/CM
where pp (L") denotes the group of p-power roots of unity in L', and the
limit is taken over the finite extensions L' of L contained in M and with
respect to norm maps.

Proof. Let ((1/)r be an element of @LQL,CM pipee (L'). Let us show

that ¢;» = 1 for any finite extension L’ of L. For any such extension the
composite L'L,, contains only finitely many p-power roots of unity since
L /L is independent of the cyclotomic Z,-extension Lcyc/L.

Let (pn be a primitive p™th root of unity belonging to L' L, such that n
is maximal with respect to this property. Write L/ for the mth layer of the
Zy-extension L' Lo, /L’ (note that G(L' Lo /L") embedds into G(Leo/L) = Z,,
and the image is the continuous image of a compact set in a Hausdorff
space and therefore closed in G(Ls/L), hence of the form p"Z, C Z,, and
it follows that G(L'Loo/L’) is a Z,-extension). Then G(L;,/L’) has order
p™. Let k be large enough so that (,» belongs to Lj (such a k exists since
L'Loe =, L,,). Then

Crr=Np 0, )= NNy

AT NL;/L/(C?ZM) =1,

k+n
since (py € ppe (L' Log) = ppn C L} m

Let us now recall that Rubin’s elliptic units for an abelian finite extension
F of K were defined by C(F') = pioo(F')Cr, where pio(F') is the group of all
roots of unity in F'. Tensoring with Z,, kills the roots of unity of order prime
to p, so that as subgroups of O ®z Zy,

C(F) @z Zp = (pp (F)CF) ®z Ly,

where iy (F') is the group of p-power roots of unity in F. The exten-

sion Koo/ K, Koo = U, 1 K(E[p™p¥]), contains the cyclotomic and the anti-
cyclotomic Zy-extension, so that Lemma implies
@(CKIW ®z Lp) = @(C(Kkm) ®z Zp) = Cr.
k.n k.n
Together with this proves the following result.
COROLLARY 3.7. The natural inclusions induce the equalities
im(Cr,  ®z Zp) =1m(C, , @z Zp) = Um(C(Kyn) @z Zp) = Cr.
k.n kmn k,n
Let us record one more technical lemma stating that multiplication with
the augmentation ideal commutes with passage to the projective limit. We
will write Fy,, = K(fp*p™) for the ray class field of K modulo fp*p™. Recall
the definition of ©, from and Remark
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LEMMA 3.8. Let p be a prime number (p,6) = 1 hat splits in K into
distinct primes p and p. Then as subgroups ofIL k:( K, O L),

(9)  Im((Ng,, k.., Ospnpr) Oz Zyp)

<_
k’ .
= 1 (1K / K )N i Opprs) 92 L),

3

where we write I for the augmentation ideal I(Ks/K).

Proof. This follows from the fact that the norm maps on the groups
Ojpnpr are surjective (see [dS87, 11, 2.3 and proof of Proposition 2.4(iii)]).

Before proving the next theorem, we need to make one more definition.

DEFINITION 3.9. For any prime ideal [ dividing f we define a Galois
automorphism oy in G(K~/K) as follows. Write n for the exact exponent
of [in f. Then we can consider the arithmetic Frobenius

<[, K (p - ) /K) at [in G(K (p™ o)/ K),
take a lift of it to G(K (p°°f)/K) and write oy for the restriction to G(Ko/K).

THEOREM 3.10. Fiz any prime ideal ¢ of Ok such that (¢, 6pf) = 1. The
quotient Cr/Cy, where
Cy = Im((NF, , /K, Oprpr) @2 L),
k.n

18 annthilated by the element

(oe - No)- [[(1 = o7 ),
(f
where 0. = (¢, Koo/ K) and the product is taken over the primes dividing the
conductor §. In particular, the quotient is S-torsion.

Proof. For the last statement about S-torsion, we refer to [S14, Lemmata
A.9.2 and A.9.5] for the fact that choosing ¢ to be equal to a prime q such that
N(q) is congruent to 1 modulo p makes the element (oc — N¢)-J[y:(1— o h)
belong to S. Let us now prove the first part of the theorem.

Let us write C, for the subgroup I(Ky,n/K)NF, , /K, , Ot of Cl,
By Corollary [3.7] and Lemma [3.8 the statement we are proving is equlvalent
to the assertion that the quotient of

@(C}an ®z Zp) C 1&1(0}(1“1 ®z ZLp)
n,k k,n

is annihilated by (o — N¢) - [[;(1 — o D). Tt is clearly sufficient to show
that, for all k,n > 1 as in Lemma (i.e. such that both O — Of/p*
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and O — O /p" are injective),
(C}(k,n/cg(kyn) ®Z Zp

is annihilated by (oc — N¢) - [T;;(1 — o ). Take an arbitrary generator of
C¥k, ,» which is of the form

o—1

(NKk,nK(f/ﬁkpn)/Kk,RQ(T; ),
where o belongs to Gal(Ky,/K), f is some divisor of f, a is an integral
ideal such that (a,6fp) = 1, and 7 is a primitive §p¥p"-division point. We
will show that this generator multiplied by (oc — N¢) - [T;;(1 - o; ") belongs
to Ck, .-

Recall that we write

=11
tf
where ny > 0 is the exponent of the prime [ in the decomposition of §.

If []f, then we may assume that [ |§. This can be shown just as the
third case in the proof of Lemmal[3.2] In fact, if [ is an Ox-generator of [ and
my, with m; < ny, is the exact exponent of [ in ', then by [Ru99, Corollary
7.7], we have

T

NK(["[*m[f'ﬁkp”)/K(f’ﬁkp")8 <ln[_m[ ; Cl) = @<7—7 Cl),
which yields

(Nic,. . k(75rpm) 1y, O (T50)) T

o—1
_
= <NK(I”r-m[f'pw>/(K<f’pkpn)mf<k,n>9<ln[_m,;C‘)) :

showing that our arbitrary generator is a product of Galois conjugates of

o—1
.
(N K= (K () NE, ) © (lm—m[ 3 “)) :

This shows that we may assume that the exponent of [ in ' is equal to ny
whenever [ already divides .

We now turn our attention to primes [ dividing § but not dividing f'. Tt
is now, that the element (o — Nc¢) - [];;(1 - o, ') comes into play. The next
observation will explain why we need the factor o, — N¢. For our arbitrary
generator

(N i (75m) 1 O(T50) 7
of Cl;, ~we allow any a prime to 6pf’. In particular, [ might divide a. But we
want to use [Ru99, Corollary 7.7] again, which we can only do for a prime
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to [. Writing o, also for the lift (¢, Fio /K) to G(Fx/K), we see that |[dS87,
I1, Proposition 2.4] shows

O(t; ac)
O(t;c)Ne . O(1;a)Ne

O(r;a)7 N = = O(r; )7+ Ne,

so that
(NKk,nK(f/ﬁkp")/Kkm@(T; a))(ac—NC)(o—l)

= (NKk,nK(f’ﬁkp")/Kkm@(T; c))(ffa—Nu)(cr—l)‘

Therefore it is sufficient to show that

(10) (N o i (754pm) /1, O (T3 ¢))@e N =) Tl (1o
belongs to C’}’(k - Now, for a prime [ dividing § but not dividing §', we deduce
from [Ru99, Corollary 7.7] that

T

. _ . 1—o !
NK([f/ﬁkpn)/K(f/ﬁkpn)@ <l7 C) = 8(7’, c)( [ )7

where we write oy also for the lift of

()

to G(K(p™f)/K) as in the definition of oy. Applying this to all the primes
l1,..., . dividing f but not dividing f we see that the element from is
equal to

(11)
T (0a=Na)(e=1)TTyp(1-o; )
(NK([l...[Tf/pkpn)/(Kk,nﬂK(f/Pkp"))9 (zlz °>>

)

where we write [; for generators of [;. Now we can proceed as in the first
step, when we showed that if [|f, then we may assume that [ | f/, proving

that the element from belongs to C%, . =

3.3. Description of Yager’s units via the Coleman map. For any
prime ideal ‘B of Ky, above the prime p of K we write Ky, gy for the
completion of K}, at B, O}(k o for the subgroup of principal units in the

group of units Op and @[X(k , for the p-adic completion of Ox,

D 3B

We canonically have O}, ~ O . We will write
k,n k,n, B

B

1 ~ A
Uk’n == H OKk,n,‘B = H OIX{k,n,iB
Blp Blp
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for the group of principal units, which is a subgroup of the semilocal units
X
L OKk,n,‘IB’ and set ‘
oo — l&n Uk,n7
k,n

where the projective limit is taken with respect to norm maps. We write
Eoo = lim, (O, ®zZp) for the global units, where the projective limit is
taken with respect to norm maps, and note that since Leopoldt’s conjecture
holds for finite abelian extensions of K, we have an embedding
Eoo = U

In the following we will write A(G, Zgr) for the Iwasawa algebra of G with
coefficients in 2;;", and W (FF,) for the ring of Witt vectors of a fixed algebraic
closure IF‘p of IF,. Next we remind the reader that there is a semilocal version

L : Us = AG,Z27)

of the Coleman map for the formal group F associated to a fixed Weierstraf
equation of F, which we briefly explain in the following remark and refer
to [S14, Theorem 2.4.25 and Corollary 2.4.26] for more details regarding its
construction and its injectivity.

REMARK 3.11. (i) We note that L is obtained as the limit Hm, Ly of
maps ]Lk : gnn Ukm — A(Gk,zg”) for k > 1, where G}, = Gal(K}j o/K),

(11) The ]Lk are given in the following way. Write D for the completion
of Ok, , ®ox Ok,. There is an isomorphism of formal groups 6 : Gm 2 E,

0 € ﬁ[[ X]]. We write ¢ = oy, for the arithmetic Frobenius element at p in
G(K,0/K) and note that G(K«0/K) acts on Ko 0@ x K, via the action on
the first factor and that, by continuity, this action extends to the completion.
Let us also fix a generator ((,), of Jim ppn (K), ie., a compatible system
of primitive p-power roots of unity, and write

Wn = 60" (Cn - 1)'
The semilocal version of Coleman’s theorem (compare |[dS87, II, Proposition
4.5]) says that for every

u-( EUkoo- LUkn

there exists a unique power series g, (1) € Oy ,[[T]]* such that

Up = (Cb_ngu)(wn)-
Moreover (compare [dS87, I, Section 3.4 and II, Proposition 4.6]), there is a
unique Gg-homomorphism

(12) i Uk,oo — A(G/wﬁ)a Zk(u) = Ay
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such that
(13) loggu o 8(X) = | (1+ X)) dr,(0),
Gk,0

where Gy o = Gal(Ky oo /Kkp), & denotes the Z)-valued character defined
by the action of G} ¢ on E[p*], and

log g(T') = log g(T') — — Z log g(T
wGE[p]

where, in turn, £ [p] denotes the set of division points of level 1 in E and
[+] is addition induced by the formal group. The map Ly is now defined to
be the composition of ix with a map A(Gk, D) — A(Gg,Z,") induced by
an embedding Q C C,,.

DEFINITION 3.12. Assume that p is prime to 6 and fix an Og-generator

f of the conductor f of E, i.e., f = (f). For k,n > 1 and an integral ideal a,
(a,fpp) = 1, we set

(9]
ek,n(a) = NFk,n/Kk,n< (f ko , L a)) € Ofx(k,n’

which defines a norm-compatible system e(a) = (egn(a))kn € fm, Ox, .

of global units. We write u(a) for the image of e(a) in £, and also denote
by u(a) the image in Us, = mk Uk under 5 — Us. We define

Ag 1= Au(a) - (u(a))>

as the p-adic integral measure on G corresponding to w(a) under L. We

moreover define L
A= — .2 AG, 7
TR QA(G, ")),
where x4 := 04 — Na, 04 = (a, Koo /K) € G. It can be shown that \ is inde-
pendent of a and actually an integral measure, i.e., A € A(G,Z,") (compare
[dS87,, II proof of Theorem 4.12], where this is shown at the level of each

A(Gr, ZY)).
PROPOSITION 3.13. The map L defines an isomorphism of A(G)-modules

@((NFn,k/Kn,kapnﬁk) ®Z Zp) = J)\,
n,k
where J is the annihilator in A(G) of pp~ (K ), the module of p-power roots
of unity in K
Proof. The elements u(a), (a,fpp) = 1, from Definition generate

n,k

—
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as a A(G)-module, which follows from a simple compactness argument. By
definition, the image of u(a) under L is given by
L(u(a)) = 12z4\.

Note that 12 is a unit in Z, since p # 2,3. The statement now follows
from the fact that the elements z, = 04 — Na for varying a, (a,fpp) = 1,
generate J, which we prove in Lemma below. m

Using Proposition [3.1f and Lemma we immediately get the following
description of Yager’s units Cy := l£1k n(C’me Qgz, Lp).

COROLLARY 3.14. The map L induces an isomorphism
Cy = I,
where, we recall, I denotes the augmentation ideal I(K~/K) in A(G).
LEMMA 3.15. The annihilator J = Ann g (pp= (Koo)) of ppe (Koo) in
A(G) is generated by o4 — Na, a and (a,6fpp) = 1, where o4 = (a, Koo/ K).

Proof. For each n we denote by [,, the greatest number such that K, ,, =
K(E[p"]) contains a primitive p»th root of unity. Let us write G, =
G(Kpn/K). Then for each n > 1 we consider the Z,/(p")[Gp,n]-module
ppee (Knn). Let > agg be an element of Zp/(p'")[Grn] that annihilates
pipeo (K ). By Chebotarev’s density theorem, for all g € Gy, ,, we can find a
prime ideal g, prime to 6fp such that g = (qq, Kpnn/K). We can then write

Zagg = Z%(g *Niqg) jLz:agNiqg'
g g

g

Clearly, > ag(g — Ng,) belongs to the annihilator of pyee (Ky») (since
g = (a9, Knn/K) acts as multiplication by Nq, on jipo(Kpy)) and we
see that > g agNqg, which is just the residue class of an integer, must be
congruent to 0 modulo (p*); this implies that 2099 = D ag(9 — Nyy)
in Zp/(p'")[Gp.n]. We see that Anngpin) (G (Bp (Knn)) is generated by
elements of the form (a, K, ,/K) — Na, (a,6fpp) = 1.

For each n > 1 we can now consider the exact sequence

0 = Anng,yin(c, ) (Hp= (Knn)) = Zp/ (0")[Grn] = Zp/ (") (1) — 0.
Passing to the projective limit, we get
J = B Anng i) G, ) (Hp (Enn)).
Writing Jy for the ideal of A(G) generated by elements of the form o, — Na,

(a, 6fpp) = 1, we have shown above that for each n > 1 the natural projection
A(G) — Zp/(p'")[Gn.n] induces a surjection

Jo — AHHZP/(an)[Gn,n] ('upoo (Kn,n)) .
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Since A(G) is compact and Noetherian, Jy is also compact. Therefore, by
passing to the limit we get the desired surjection Jy — J. =

3.4. Description of Rubin’s units via the Coleman map in the
prime power conductor case. If F is already defined over Q and F is a
representative with minimal discriminant and conductor in its Q-isomorphism
class as in [Si199, Appendix A, §3], then

f=0, r>1,
i.e., the conductor f of the Groflencharacter of E/K is a prime power for
some prime ideal [ (see [S14, Theorem A.6.8 and Proposition A.6.9]). It is

precisely this condition that we want to impose on a general elliptic curve
E/K with CM by Ok in this subsection.

ASsUMPTION 3.16. We assume that the conductor § of the Grofien-
character v over K is a prime power
j=r
for some prime ideal [ and some r > 1.
In the previous subsection we determined the image of Yager’s ellip-
tic units Cy under the semilocal version L of the Coleman map. In this

subsection we will determine the image under L of Rubin’s elliptic units
Cr:= l'&nkm(C(Kkm) ®z, Zy) under the above Assumption Let us write

Ly, = K (p*p™) for the ray class field of K modulo p*p™, so that we have
Lyn C Kiy C Fpn. We also set Lo, = U,m Ly .

DEFINITION 3.17. Assume that p is prime to 6 and prime to #(Ox /f)*.
For k,n > 1 and an integral ideal a, (a,pp) = 1, we write

N L9
€k7n(a) = Q(ﬁ-kﬂ-n’L’ Cl) € OEk,n’

which defines a norm-compatible system é(a) = (€, (a))kn € @kn (’)Ek,n

of global units. Now take k,n > 1 such that O — (O /pF~1p"~1)* is injec-
tive. Since the natural maps (induced by restriction) G(Kp n/Kp—1n-1) —
G(Lgn/Lk—1,n-1) are bijections (see [S14, Corollary A.6.6]), é(a) is also a
norm-compatible system in @kn OIX(M.

We write @(a) for the image of é(a) in £ and also denote by @(a) the
image in Uy, = lglkn Uk, under £ — Uso. We define

Ao = Ay = L(a(a)),

as the p-adic integral measure on G corresponding to #(a) under L. We also
define

1 Zur
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where x4 1= 04 — Na, 04 = (4, Ko/K) € G. As in the case of A, the
definition of A is independent of a (see [dS87, TI, Proposition 2.4(ii)]), and
X is an integral measure, so that A € A(G, Z“’")

THEOREM 3.18. The map L gives an isomorphism of A(G)-modules
CrIJN+IJ),

where, we recall, I denotes the augmentation ideal I(Ko/K) in A(G) and
J is the annihilator of pp~(Ks) in A(G).

Proof. We know that Lk ( }(k ®z Zp) = Cr by Corollary g We
therefore look at C'.  for k,n > 1 and note that, due to Assumption 3.16
it is generated by elements

(15) (Nigy k(v 'ptpm) 16, O (73 8)7 7

where ¢ ranges over Gal(Kj,/K), 0 < 7' < r, a over integral ideals such

that (a,60"pp) = 1, and 7 over primitive I"'pFp"-division points. If 7/ is
greater than or equal to 1 (in which case a is prime to [), then by [dS87, II,
Proposition 2.5] we have

T
Ny i (7 55) /163, O (T3 @) = Nieoigm) /(5 (07 pm)0 K ) © <zr-rf ; a) :

This shows that in ([15) we may restrict to v’ = 0 and ' = r and still
obtain a set of Z[Gal(K},,/K)]-generators of Cj . We also may restrict to
primitive division points of the form ’

0]
[rrhan
since the values of ©(—;a) at other primitive division points are Galois
conjugates (see Remark for the case ' = r). The case " = 0 follows
from [dS87, II, Proposition 2.4(ii)], whose proof uses, without mentioning
it, [dS87, II, Lemma 1.4, p. 41]; see also [Ru99, Theorem 7.4]. So we have
shown that

(16)  Ck

“kon and
TR

= I(Kkm/K)(NFk,n/Kk,nefﬁkPn) + I(Kk,n/K>8ﬁkpn7
= 1K/ K)((Np, , /K, Opprpn) + Opir)
where, for two subgroups A, B of a group C, we write A+ B for the subgroup

of C generated by A and B, even though we are dealing with subgroups of
the multiplicative group OX " above.

k,n

It is not difficult to prove that the norm maps

(17) NKk/m,//Kk,n : ((NFklyn//Kk/’n/Qfﬁk/pn ) + ka p" )
— ((NFk,n/Kk,anﬁkp") + @ﬁkp")
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are surjective (compare [dS87, II, 2.3 and proof of Proposition 2.4(iii)]).
Similarly to Lemma one can show that this implies

I @ <[(NFk/,n’/Kk’,n’ @fﬁk/p’ﬂ/) + Qﬁklpn/] ®Z Zp) = @(C}{k,n ®Z Zp)
k' k.n

by compactness. Another compactness argument shows that

i (NG /8y, Oy) + Oy ©27)

/’n/
is generated over A(G) by u(a) and u(b), where a,b range through the
integral ideals of K such that (a,[p) = 1 and (b, p) = 1. We have

L(u(a)) = 12x4A,

and likewise
L(@(b)) = 12z,

where, in the last line, z, = o, — Nb with o, = (b, Koo/K) as usual if
(b,6pl) = 1. In case [|b we can consider (b, Lo/K) and then define oy to
be a lift to G(Kus/K). Note that iy (K) C Lo (because for any primitive
p"th root of unity (y» the extension K((y»)/K is unramified outside the
primes above p so the conductor of K ((yn)/K divides a power of p, i.e.,
K((pn) is contained in a field Ly, ,, for some m > 1). It follows that even
if [|b the element xp = oy — Nb belongs to J. In combination with Lemma
this concludes the proof. =

3.5. Relations in K(S-tor). Let the setting be as in the previous
subsection. In particular, we keep Assumption that the conductor of ¢
is a prime power f = [" for some prime [ and r > 1. We know from Theorem
that the quotient Cr/Cy is S-torsion. The aim of this subsection is
to determine its class in Ky(S-tor), the Ky-group of the category S-tor
of finitely generated A(G)-modules which are S-torsion. We will prove the
following theorem.

THEOREM 3.19. In Ky(S-tor) we have
[Cr/Cy] = [A(G/Dy)],
where we write Dy for the decomposition group of I in G = G(K/K).
Before giving the proof, we introduce some notation. Recall that we write
Loo = Upp Lns Lin = K (p"p™). The extension Ko /Lo is a Galois exten-
sion of degree wx = #u(K), the number of roots of unity of K (compare
[S14] (A.6.3), (A.6.4) and Lemma A.6.4]). Note that wk is a unit in Z, since

p # 2,3 and 2,3 are the only prime numbers that can possibly divide wg.
We define the norm element

N=Ng_.= Y. gecAQ).

9€G(Koo/Loo)
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Let us write A = A(G) and A = A(G, 2?) and recall o from Definition

Proof of Theorem [3.19. We will prove the theorem in two steps. First,
we will show that

[Cr/Cy] = [AN/(A(L — o H)N)].
Then, we will prove that AN/(A(1 — o ")) is isomorphic to A(G/Dy).
STEP 1. From Corollary [3.14] and Theorem [3.18 we know that

(18) [Cr/Cy] = [(IJ)\+IJ)\)/IJ)\] [IJ)\/(IJ)\HIJ)\)]
where we consider IJ\ and IJ) as A-submodules of A. Next, we have
(19) NA=(1 -0\ and N =wg),

which follows from the corresponding equations for the elliptic units ey, ,,(a)
and &y, (a), for all k,n > 1 such that OF — (O/pFp")* is injective
(compare [dS87, II, Proposition 2.5] for the first equation). One easily de-
rives

(20) N-(IIXNTIN) = (1 — o DI

Since multiplication with N induces an isomorphism of IJX and therefore
also of IJA N IJA, equation shows that the class on the right of
is

(21) [TIN/(ITXNTIN)] = [TIN/((1 — o7 TN

It follows from [S14, Lemmata A.9.2 and A.9.5] that all of the modules in
the two exact sequences

(22) TIN/((1 — o7 DYITX) < AN/ (1 — o7 ) ITX) — AN/TTX

and

(23) ~ ~ N . N "
(1= o, HAN /(1= o7 HIIN) — AN/(1— o7 DIIN) = AN/ (A1 — o7 HA)
are S-torsion, where by < and — we denote injective and surjective maps,
respectively. Since 1 — o 1'is not a zero-divisor in A(G,Z}D”"), i.e., for any
A(G)-submodule M of A(G Z“’T) multiplication with 1 — o' defines an
isomorphism M 2 (1 — o, ') M, the two exact sequences show that

(24) [LIN/((1 = oy DITN)] = [AN/ (AL = o HA)].

Moreover, the class on the right of is equal to

(25)  [AQd—op )/\/( (1—op ) X)) = [ANN (AL = o7 HAN)].

Equations , ., and (| show that
[cR/cy] = [ANA/(A(I ALY
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and since A is not a zero-divisor in A(G, Z;T), by [S14, Proposition 2.4.28],
we see that the class on the right is equal to

[AN/ (AL = a7 YN,
as desired.

STEP 2. We remark that AN and A(1 — 0[_1)/\/ are now already sub-
modules of A and not only of A. Let us write H' for the closed subgroup
G(Kw/Ls) of G and pr : A(G) - A(G/H') for the canonical projection.
Then we have an exact sequence
(26) 0 — ker(prjqgn) = AG)N — A(G/H') — 0,
which is exact because under pr the element N maps to wx € Z, . Now, we
claim that ker(pr)a) = 0. In fact, let zN, z € A(G), belong to ker(pr).
Then

0 =pr(zN) = pr(z)wk,
from which we conclude that x € ker(pr), because wx € Z,. But ker(pr) is

generated over A(G) by elements of the form 1 — g, g € H’, and for such
elements, (1 — g)N = 0 and therefore 2N = 0. It follows from that

AGN = A(G/H").
We get
27)  AGN/(AG) L — oy HN) = AG/H') J(AG/H')(1 =5 1),

where we write & for the restriction of oy to L. Note that, by definition,
o1 = (I, Loo/K) is the arithmetic Frobenius element at [ for the extension
Lo /K, in which [ is unramified. In particular, 6| topologically generates the
decomposition group Dy of [in G/H' = G(Ls/K). It follows that
(28) AG/H")[(AG/H")(1 = a7 1)) =2 A(G(Loo/ K)/ D).

Next, we claim that no place £ of Lo, above [ splits in K /Lo, i.€., for £
there is a unique extension £’ to Ko,. We also write vq for a non-archimedean

place q in order to stress that we think of it as a valuation. This means that
we have to show that if £ is a place of K, above £, then

(29) Vg 0 g = Vg

for all g € G(Kx/Ls). But for any g € G(K«/Ls) and any k,n > 1,
Lemma [3.21| below applied to m = p*p” shows that (vgx)mm, the restriction
of vgr to Ky p, is the unique place of Ky, above (Ug/)‘Lk!n, which implies
that

(02’)|Kk,n 9Ky = (Usf)\Kkm-
This equation holds for all k,n > 1 and therefore implies .
Having shown that for any place £ of L., above [ there is a unique
extension £ to K., we can conclude that the canonical restriction map
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induces an isomorphism
(30) G/Dy = G(Leo/ K)/ Dy,

where we write Dy for the decomposition group of [ in G = G(K/K).
All in all, equations , and show that we have an isomor-
phism of A-modules

(31) AN (AL = o7 YN) 2 AG/D)). =

Before proving the lemma we have referred to above, let us record one
immediate consequence of and of the fact that 1 — o ! belongs to S
(see [S14, Lemma A.9.5)).

COROLLARY 3.20. The A(G)-module A(G/Dy) is S-torsion.

LEMMA 3.21. Let m be an integral ideal of K and let | be a prime of K
such that (I, m) = 1. For any integer r > 1 and any prime £ of K(m) above [,
£ cannot split in the extension K(I'm)/K(m). In particular, £ cannot split
in any subextension L/K(m) of K(I'm)/K(m).

Proof. Let £ be a prime of K(m) above [. Assume that £ splits in the
extension K (I"m)/K(m). Then the fixed field Z of the decomposition group
of £in G(K(I"'m)/K(m)) is strictly greater than K (m), and £ is unramified
in the extension Z/K(m) (see [NOT7, I, §9, Proposition 9.3(iii)] for the last
fact). Since [ is unramified in K (m)/K, this implies that there is one prime
of Z above [ which has ramification index 1 in Z/K. But then, since Z/K is
Galois, all primes of Z above [ have ramification index 1, which means that
[ is unramified in the extension Z/K. In particular, [ does not divide the
conductor of the extension Z/K. But the conductor of Z/K divides ["'m and
therefore must divide m, which contradicts the fact that Z is strictly greater
than K (m). Therefore, £ cannot split in the extension K (I"'m)/K(m). =
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