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On the first sign change in Mertens’ theorem
by

JAN BUTHE (Bonn)

1. Introduction. Mertens’ Theorem states that

Ap(x) = Z L loglog(z) — M = O(log(x) ™)
p<w b

for z — oo, where M = 0.26149. .. denotes the Mertens constant [§]. Rosser
and Schoenfeld observed that Ay, (x) is positive for 1 < 2 < 10% and posed
the question whether this would always be the case [12, p. 72f]. This has
been answered by Robin who showed that Aps(z) changes sign infinitely
often [10].

In this paper we show that the first sign change occurs before
exp(495.702833165) = 1.909875 ... x 10215, More specifically, we prove

THEOREM 1.1. There exists an
2o € [exp(495.702833109), exp(495.702833165)]
such that Apr(x) < 0 for all z € [z¢ — exp(239.046541), x¢].

This problem is similar to bounding the Skewes number, the number in
[2,00) where the first sign change of A(x) = 7(x) — li(x) occurs [14]; this
number is by now known to lie between 109 (see [2]) and exp(727.951335792)
(see [13]). The functions A(z) and Ays(z) are closely related and the Prime
Number Theorem, A(x) = o(li(z)) for x — oo, is in fact equivalent to
Apr(z) = o(log(x) 1) for  — co. But since A(z) and Ay () are biased in
opposite directions, there is no correlation between the sign changes of the
two functions. On the Riemann Hypothesis, sign changes of Ajs(x) rather
occur at points where A(z) = —2/x/log(x).

Theorem|I.1]is proven by an adaption of the Lehman method for bounding
the Skewes number [6], using explicit formulas and numerical approximations
to part of the zeros of the Riemann zeta function from [4]. In doing so, the
kernel function in Lehman’s method is replaced by the Logan function [7],
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which appears to be more suitable for this problem. This is done in such
generality that it can easily be reapplied to the original Lehman method.

2. Notation. As usual, ((s) denotes the Riemann zeta function and
zeros of ((s) are denoted by p = 5 + iy with 3,+ € R. The Euler constant
is denoted by Cp = 0.57721... and the Mertens constant by

(2.1) M:CO—Zim;n:o.z(mg....

P m=2

We use the symbol >’ to define normalized summatory functions, i.e. we

define
Z/ an::% Z an—i—% Z Q.

z<n<y r<n<y z<n<y
Moreover, we define the Mertens prime-counting functions

’ . (/™
()= 3L and @) = Y )

m
p<z p m=1

The Fourier transform of a function f is denoted by f and defined by
o0
fa) = | ftye .
—0oQ
Finally, we will use Turing’s big theta notation for explicit estimates and

write f(z) = O(g(x)) for |f(z)| < g(=).

3. Description of the method. The method we use is similar to the
Lehman method for finding regions where 7(z) — li(z) is positive [6]. We
aim to calculate upper bounds for a weighted mean value

w+te
(3.1) | K(y—w)ye*[rar(e?) —log(y) — M| dy,

w—¢&
where K (y) is a non-negative kernel function. By using explicit formulas
this mean value can be expressed as a sum over the non-trivial zeros of {(s),
which can be approximated numerically. Then, if an w can be found for which
the value in is negative, there must exist an z € [exp(w—¢), exp(w+¢)]
such that mys(x) — loglog(x) — M is negative.

Lehman’s method uses the Gaussian function as a kernel function but
we prefer to use dilatations of the function

Ko(y) = { Temng eVI=¥): bl <1

0, otherwise,
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where Io(t) := D02 ,(t/2)?"/(n!)* denotes the Oth modified Bessel func-
tion. The Fourier transform of K. is given by the Logan function (see [4,
Proposition 4.1])

. ¢ sin(vVtZ —c?
Keol@) = to(w) := sinh(c) (t;— c? )7

which satisfies an optimality property well-suited for this problem [7], and
which outperforms the Gaussian function in the similar context of calculat-
ing the prime-counting function analytically [4].

We define

Kc,e(y) = éKc(y/g) and gc,s(l‘) = Kc,s(l') = c(5$)~

Then our main result is

THEOREM 3.1. Let 0 < e <1073, ¢ >3, w —e > 200, and let H > c/¢
be a number such that 5 = 1/2 holds for all zeros p = [+~ of the Riemann
zeta function with 0 < v < H. Furthermore, let h = 0 if the Riemann
Hypothesis holds and h = 1 otherwise. Then

w+te
32) | Kee(y —w)ye?[mar(e¥) —log(y) — M]dy
w—E€
—ivw 1 1 -10
< Z e (V)= ——5 ) +1+54 %1070+ & + & + &,
Iyl<e/e powp
where
0.71y/ce
. < 0. hw/2671 1 E
(3.3) &1 <0.33¢ ihe og(3c) log )
3.36 +126¢ e \“/*!
. < — . —
(3.4) & < 100002 —|—28<2H) log(H),
w/2 3.12y/ce w/2
e ce ee
3.5 Es < log(H)| ————— — .
(3:5) 5= 1.99H o8 )<wsinh(c) + <w> >

Moreover, if a € (0,1) satisfies ac/e > 103 in addition to the previous

conditions, then
- 1 1
c,e p pr

(3.6) >
0.32 4 3.51ce (c) cosh(ev1 — a?)
< ——log| - .

ac/e<|v|<c/e
€ sinh(c)

ca?

The proof needs some preparation.
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4. The explicit formula for 7},(x). The first ingredient is the explicit
formula for 7},(x). We define the auxiliary function

_ 0 ezt
Ei(z) = | .
0

which coincides with the exponential integral Ei(z) in R\ {0}, and which
occurs naturally in explicit formulas for prime-counting functions.

LEMMA 4.1. Let x > 1. Then

o

(4.1) 7my(x) =loglog(z) + Cy — Z* Ei(—plog(x)) + S
p T

dt
t2log(t)(t2 — 1)’

where > means that the sum over zeros is calculated as

lim Ei(—plog(x)).
T—o0
IyI<T

Proof. The argument is similar to the original proof of the Riemann
explicit formula [15]. Let

(4.2) o) = 3 80

mnr
p<z p

Then we have

From [5] (39)] we get the explicit formula
« xPT 72n r C,

_Z Zn—r_z()

Since Ei(—z) = log(:c)+Co+0(x) for z ™\, 0 [9, p. 40], and since log(¢(1+¢))
= —log(e) + o(1) for € N\, 0, we have

1/’(575, r)=

o l,l—r C/
| <1 e =(r )) dr = hm[El( elog(x)) +log(¢(14¢))] = loglog(z) + Cp.
1

The sum over zeros takes the form

OSOZ Zp__;drz Z*ﬁi(( — 1) log(x Z*El (—plog(z)),
1 p P 0




First sign change in Mertens’ theorem 187

and for the sum over the trivial zeros we find

00 0 2T (@nt1)r o0 3T
n
DBty SZ il e
1 n=1 1 n=1 1
00

dt
§ 2log(t)(2 —1)

5. The difference 7},(x) — mp(2). By definition of the Mertens con-
stant (2.1) we have

o1
v (x) = my(x) + M — Co+ (), where ry(x) = Z —
mag TP
p>x
m>2
The term rjs(x) is responsible for the positive bias in Mertens’ Theorem
and needs to be bounded from above.

LEMMA 5.1. Let log(z) > 200. Then
1+5.3x 10710
<
) = o)

Proof. First we consider the contribution of the squares of prime num-
bers which yield the main term. Let r(¢) = ¢ (t) — t, where 1 (t) := ¥ (¢,0) in
the sense of (4.2]) denotes the normalized Chebyshev function, and assume
Ir(t)| < et for t > \/x and some ¢ > 0. Then partial summation gives

/i —T(t) > T L . T r i #
(5.1) p§#’2 < [ﬁlog(t)}ﬁ—i—}itzlog(t) JSE " (thog(t))dt

1+ 3¢
flog( )

For 3 < m <log(z) we use

11 dt 1 1
> o ST e e ERM

ple/m zl/m

which gives
1 1 10~12
o< log(w) +(¢(2) - 12?8 < 0

2w S e Vrloa()
3<m<log(x)

For m > log(x) we estimate trivially:

1 > T dt 2
§ < nm+2m§2m+§:2m<1+>
pm m
p n=3 2
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Therefore, we get

Z 1 < 1.01 Z 27m<2,02><2—log(w)< 10~16
ez, mp™  log(x) , o log(a) Vlog(z)

m>log(x
m>logx

By [3, Table 1], (5.1]) holds with e = 1.752 x 10719 and so the assertion
follows. =

6. Evaluating the sum over zeros. The next problem is to approxi-
mate the following integral of the sum over zeros:

3
* o~
| Kec(y —w)ye?’? Y Ei(—py) dy.
e P
Here, integral and sum may be interchanged, since the sum converges locally
in L'. Therefore, we may treat each summand individually.

6.1. Asymptotic expansion of the summands. Since the Logan
kernel should also be of interest for the question of finding regions where
m(x) — li(z) is positive, the following lemma is presented in a more general
version, which also covers the classical case.

LEMMA 6.1. Let 0 < e < w, and let K € L'([—¢,¢€]) satisfy || K|/, = 1.
Let a € [0,1], let p= 5+ iy, where 0 < 3 <1 and v € R\ {0}, and let

w—He

Bpa= | K(y—wye>"WEi((a - p)y) dy.
w—¢&
Then
61 @ Zk:( O @(’“!GE/QQ(I/Q_W>
. w,p,a — J—Dl——=+ o k1 )
g = (p—a) (w — &)k |F

where Fa(,jpl)(O) = *6(1/2_'0)0‘)}%(? — %) and for j > 2 and any m > 0,

n+j— 2) ()" K™ (8 - 5)

n wnti—1

62 EP0= o3
n=0

o eJ—2+e/2,(1/2—Blw (65/0J)m+1
wi—1 l—es/w )’
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Proof. By definition of Ei we have

@ wte K (1/27(1)?/ o 6(a_p_r)y d d

(6.3) soa = | Kly—we Voot

[e%¢} 1 w-te

= S _— S K (y — w)yeY/2=r=1 dy dr.
a—p-—r

0 w—E¢

Now let
FC () = (1) | g K (y — w)eW/20-v ay,

which is well defined since w > &, and satisfies d%,Fonpj ) Fw},; j). Then

partial summation gives

o0 F(O) (r) k F(_j)(()) 00 F(—k) (r)
P -] (O MO o VR SV O R NI N .20 (O R
” [S)r—i—,o—adr j;(] )(p—a)ﬂ ké(r—i—p—a)k“dr

Here, the trivial bound

€
_ K(y)| 4 es/? _
0 < | AE@ ap-pnwrw) g, < (1/2-B)w r(e—w)
[Flp (1) < _Sg (w+y)k—1e dy < w_e)k:—le €
yields
OSO Fug;)k)(r) o£/20(1/2—B)w
o | TP =TT (=)

which confirms (6.1). It remains to evaluate FOS;J )(0). For j =1 we find

€
Dy (12— —i(e—L _ ap-pep(Pr 1
FLD(0) = — /20 _SEK(y)e (8= 50 gy = 1/ p)wK(i _ 2Z>
For larger values of j we use the Taylor series expansion
1 _i u+n—1Y\(—y)"
Wty no ) e

n=0

and

e ' R
(6.4) | K(yyyre v dy = inK ™ (’.) ~ >
which gives

FCD(0) = (—1)de1/2=p) i (j +n- 2) (—i)" K™ (&~ 2%)

w,p
n=0
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From (6.4) we also get

R(n) (P - 1)‘ < 65/2{5”;
i 2

moreover the inequality (Z) < (%)b, which follows from Stirling’s lower
bound for b!, implies

. . n
(] +n 2) < el <1 + J 2) < en+]’*2'
n n
Thus, we have

o0 . > 1 . e} n
jA4n—2\|[KMW(2— L) ei-2te/2 e
Z( n ) e =D D b
n=m+1

n=m-+1

ei=2+e/2 (eg/w)mHl

w1 —eg/w’
which confirms the bound in (6.2)). =
6.2. Bounds for the kernel function. We need some bounds to es-

timate the tails of the sum over zeros. These are provided by the following
two lemmas from [I] and [3]:

LEMMA 6.2 ([3, Lemma 2]). Let 0 < e < 1073 and ¢ > 3. Then

felt =1 ™0 ()
6.5 = <(0.32— log(3c) log| — |.
(6:5) IVI>ZC/€ Y] sinh(c) (8¢) £

LEMMA 6.3 ([T, Lemma 5.5]). Let 0 < & < 1072 and ¢ > 3, and let
a € (0,1) satisfy ac/e > 103. Then

— 9
Z e ()] < 1+ 1lce log<c> cosh((:\/ﬁ).

ly| T wea? 5 sinh(c)

(6.6)

ac/e<|y|<c/e

We also need bounds for the derivatives ﬁgfs) (2 — &) occurring in (6.2)),

(2
for calculations not assuming the Riemann Hypothesis.

LEMMA 6.4. Let 0 < e <6 < ¢/100, and let z € C satisfy |R(z)| > ¢/e
and |3(z)| < 1/2. Then

156V3¢ / 9.\
(n) P R )
[lee ()] < m! sinh(c) < )
Proof. The bound follows from the Cauchy formula
! le
() (z) = LS § _57(5) de

2 n+1
T emsee F 8
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if we show that

cel56Voe
6.7 lee < —
(6.7) DNGIES e

in the range of integration. By basic properties of /.. it suffices to prove
this bound for £ = 1 under the conditions R(§) > ¢ — 6, 0 < F(§) < 4, and
we may also assume § < ¢/100. Since we have

ISHWVE2 =) < [S(V/(c—d+i0)? — 2)|
. (T 1 dc — 62
< \/WSln Z+§arctan 3
c

< 23/%5in(1.181)Vée < 1.56Vdc¢

under these conditions, the desired bound follows from

sin(z)| s,

z

7. Proof of Theorem 3.1. By Lemmas [4.1] and [5.1] we have
T (€¥) —log(y) — M = mj(e”) —log(y) — Co + ras(e?)

* ~ 14+54x%x10°10
< - Ei(-py) + ) e v/?
P

for y > 200, where we have estimated the integral in (4.1]) trivially by e=3Y.
Therefore

wte

| Keely — w)ye??[mar(e?) — log(y) — M]dy

w—E&
<= Dot 1+54x1071,
P

with @, ,0 as defined in Lemma with K = K., and K = lee. We
subdivide the sum over zeros into two parts. For 0 < v < H we choose
k =2 and m = 0 in Lemma [6.1] which gives

(7)) = > Pupo< Y e—iwc,a(v)(l - 1)

2
p o wp
[vI<H [vI<c/e

lec(7) € 1 2.72  2.01
MECAVA Y I — ik
+ Z ~ T o) T2 Z 2 T ’

3
c/e<|y|<H | <H ol




192 J. Biithe

where we have used € < 1073. For v > H we have
1
(72) D |®upol <e

k .
e
w
|’Y\>H lv|>H j=1

| h? =D~ (nti—2 We@—%)\ ¢/ 2 (ee)
S 3 U (S (=2 R Sl e

l|>H j=2 b\

1,€/2
+ el %
Iy|>H (w—¢)*|
for arbitrary k£ > 2 and m > 1, where h = 0 if the Riemann Hypothesis
holds and h = 1 otherwise. So the inequality in (3.2)) holds with

(7.3) £ = Z Ec;('y)KlJr;)

c/e<|y|<H
+ e
J— 1 ’
N =1 ¥
1 2.72¢  2.01 Kles/?
(7.4) £ = — < + 3> + ehl? —
w? Z 7 hl M%:H (w — &)y

(7.5) Eg=e? )" Z

J
|y|>H j=2 |7’

L (30 (IR I e
n whti—1 witm=1(y —eg) )’

n=1

We proceed by bounding &. To this end we choose k = m = |w/2]. In
(7.3) we take H = ¢/e, which gives
k-1 j' j
S

(7.6) & < ey
7=0

c/e<lv|

EC,E (’7
Y

where the inner sum is bounded by
e\’ 1 \!

— ] <[(1-——— < 1.0002
>(5) < (1-aom) <o

since ¢ > 3. Using this and (6.5)) in (7.6) gives (3.3).
In (7.4) we use the bounds } 7~2 < 0.0463 and >y ly|™? < 0.00167
from [I1, Lemma 17], the bound
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(7.7) > T < T R log(T)
[v[>T

for T > 27me and k > 2 from [6, Lemma 2], and the inequality (w — &)* >
e ¢w¥ which follows from k < w/2, and get

0.00336 + 0.126 /2 e* k!

< log(H

£2= w? c (wH)k og(H)
3.36 + 126¢ e \“/*!

< ——— Sl — .

S 100002 +2 8(2H> log(H)

In (7.5) we use ([7.7) again and the bound from Lemma where we
choose § = 4e, which gives

27’!’74

k
(7.8) & <e??> H'log(H)

<ce3'12 Cnj—1(n+j—2)
j=2

sinh(c) <~ w wnti=2

1.002¢7=1 (5 — 1)! (es)m+1)
+ — | — .
e w’ w

Since n 4 j — 2 < w we have (n + j —2)!/w"t772 < 1/w, so the inner sum is
bounded by 1/(2w). In the second summand, we use (j — 1)!/w/~1 < 2177,
Since 772, H™/ < 1.001/H, Y352 ,(2H/e)™ < 1.001e/(2H), and m + 1
> w/2, we obtain the bound in .

Finally, the estimate in follows from since

> =05 = () 2

ac/e<|y|<c/e ac/e<|v|<c/e

lee(7)
¥

8. Numerical results. To locate potential regions where the left hand
side of (3.2)) should be small, the function

iy
or(y) = .
[yI<T 1/2 -ty
has been evaluated for T' = 10° at all points in 10~7Z N [1,2500]. Since
lee(y) = 14+ 0((e7)?/c) for v — 0, this gives a reasonably good approxima-
tion to the first part of the sum in , and the objective is thus to find
regions where op(y) is smaller than —1.

The evaluation has been done using the method for fast multiple eval-
uation of trigonometric sums from [4]. A more detailed search with T' =
10% around 495.7028078, the first point where op6(y) turned out to be
promisingly small, revealed a short region of length ~ 2.8 x 10~® about
495.702833137 where oy0s(y) < —1.
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Proof of Theorem The assertion now follows by an application of
Theorem 3.1 with w = 495.702833137, ¢ = 280, ¢ = 2.8 x 1078, H = 10!
(which has been reported in [4]) and a = 0.4.

Table 1. Values of y € [1,2500] for which 046 (y) < —0.95

Y 7106 (Y)
495.7028078  —0.9972...
1423.957207  —0.9740...
1623.9204309 —0.9807...
1859.1291846  —1.0511...
2107.5263606 —1.0214...
2285.3917834 —1.0454...
2430.3039554 —1.0172...
2447.6661764 —1.0028...

The sum over zeros was calculated using approximations to the zeros with
imaginary part up to 4 x 109 which were given within an absolute accuracy
of 2764, The sum was evaluated using multiple precision arithmetic, which
gave the bound

: 11
(8.1) > e—W%c,g(y)( ~ ) < —1.00015419.

2
w
y|<4x109 powp

The sum in is then bounded by 1.2 x 107! and we have
E1+E+E<12x10712+137x1078+1.6 x 1072 <1.38 x 1075.
Thus, the left hand side of is bounded by
~1.00015419 + 1.2 x 107 + 14+ 5.4 x 1071 4+ 1.38 x 107 < —0.000154.
Consequently, there exists an = € [exp(w — €), exp(w + €)] such that
ma(x) — loglog(x) — M < —0.000154/(v/z log(x)).

Obviously, we have

¢ dt
Ty (2 —y) —loglog(z —y) — M < mpy(x) — loglog(z) — M + S tlogt
Ty

_ 0000154 y
~ Valog(z)  (z—y)log(z —y)’

which is negative for y < 0.00015,/z. Since 0.00015\/x > exp(239.046541),
the theorem follows.
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