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On bivariate Hermite interpolation and the limit
of certain bivariate Lagrange projectors

by PHUNG VAN MANH (Hanoi)

Abstract. We give a new poised bivariate Hermite scheme and a formula for the
interpolation polynomial. We show that the Hermite interpolation polynomial is the limit
of bivariate Lagrange interpolation polynomials at Bos configurations on circles.

1. Introduction. Let P(R?) be the vector space of all polynomials
(with real coefficients) on R2, and P4(R?) the subspace consisting of all
polynomials of degree at most d. The vector space P(R?) is endowed with
the norm

_ . - ok
IPloo = mp el for P09 = 3 cprls
Suppose that E C R? is some set. Then the polynomials in P4(R?), when
restricted to F, form a certain vector space, say Py(E). When E = R? or E
contains some open disk, Py(F) is identical with Py(R?). The dimension of
Pa(E) is denoted by mg(E). It is well-known that mgq = mg(R?) = (43?). If
E is a circle in R?, then my(E) = 2d + 1.

A subset X = {x1,...,X;,,(g)} of E that consists of mg(E) distinct
points is said to be unisolvent for Py(FE) (or degree d on E) if, for ev-
ery function f defined on X, there exists a unique P € Py(F) such that
f(x) = P(x) for all x € X. This polynomial is called the Lagrange interpo-
lation polynomial of f at X and is denoted by L[X; f]. In studying Lagrange
interpolation, it is useful to introduce the (generalized) Vandermonde de-
terminant. Choose a basis B = {p1, ..., Ppm,(g)} for Py(E). Then

VDM(B; X) = det [pi(x))]1<i,j<mq(E)

is called the Vandermonde determinant. Here j is the row index of the
matrix. It is well-known that X is unisolvent if and only if VDM(B; X) # 0.
Of course, the condition is independent of the choice of the basis B. We can
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use the Vandermonde determinant to write the formula for the Lagrange
interpolation polynomial,

(1.1)
") ) YDM(B; X[xi  x]) VDM(B[p  f]; X)
L[X Z f(x VDM(B; X) :Z VDM(B; X) P

peEB

where X[x; < x| means that we substitute x for x; in X and likewise for
Blp + f].

We consider the problem of Hermite interpolation by a polynomial of
two variables. More precisely, the problem is to find a polynomial which
matches, on a set of distinct points in R?, the values of a function and its
partial derivatives. We deal with the case where the number of interpolation
conditions is equal to the dimension of Py(R?). If the interpolation prob-
lem has a unique solution, then we say that the problem is poised. Unlike
univariate Hermite interpolation, bivariate Hermite interpolation is not al-
ways poised. Moreover, it is difficult to check whether a particular bivariate
Hermite problem is poised.

We now state a general problem. Associated with a homogeneous poly-
nomial P(x) =, ;4 cjrrly®, x = (z,y), we define a homogeneous differ-
ential operator P(D) by

olf
P(D)f = Z Cjkw-
jt+k=d
In the case when P(x) = ¢, we set P(D)f = cf.

PROBLEM 1. Let A = {ay,...,a,} be m distinct points in R%. Let
N1, ... Ny and d be positive integers such that ny + -+ + ny = mg(R?).
Find homogeneous differential operators Pj,(D) for 1 < j < m and k =
0,...,nj — 1 for which the interpolation problem

Piy.(D)f(aj) = fir, 1<j<m,0<k<n;—1,
has a unique solution in Pg(R?) for any given data {fjx}.

In this paper, we give a solution of Problem 1 in which the homogeneous
differential operators are the real and imaginary parts of complex differential
operators of the form 9%/0x? with x = x 4 yi. Theorem gives a poised
Hermite scheme. A formula for the Hermite interpolation polynomial is given
in Theorem 2.2

Roughly speaking, a univariate Hermite interpolation is the result of
the collapsing of points in a univariate Lagrange interpolation. However, in
several variables, the problem of determining the limit of Lagrange interpo-
lations is not easy.
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PROBLEM 2. Suppose that the points of a unisolvent set X for Pg(R?)
converge to some limit points. Determine the limit of the Lagrange interpo-
lation polynomial at X of a sufficiently smooth function f.

In [I], the authors gave a condition implying that multivariate Lagrange
projectors tends to a Taylor projector. However, it is difficult to check the
Bloom—Calvi conditions. In [§], the authors treated the case when X is a
natural lattice. They gave a natural geometric condition on X that ensures
that the corresponding Lagrange interpolation polynomial (of fixed degree)
of a sufficient smooth function converges to a Taylor polynomial. In a recent
work, based on a beautiful result of Bos and Calvi, Calvi and Phung [9]
proved that the limit of Lagrange projectors at Bos configurations on irre-
ducible algebraic curves in R? are the Hermite projectors introduced by Bos
and Calvi [0, 6]. Note that in [9] the authors fixed the curves and let Bos
configurations move along them to Taylorian points.

In this paper, we collect interpolation points from disjoint circles to get a
unisolvent set X . Then we fix the centers of the circles and let the radii tend
to 0. We prove in Theorem that the Lagrange interpolation polynomial
converges to the Hermite interpolation polynomial given in Theorem [2.1
Theorem [£.2] is a slight modification of Theorem (1] in which the radius
of the circle containing the largest number of interpolation points remains
constant. We show that the corresponding Lagrange interpolation tends to
the mixed Lagrange/Hermite interpolation constructed in Theorem

The tools for proving the convergence theorems are given in Section 3
in which we study the limit of Vandermonde determinants on circles when
the radii tend to 0. Note that there are many ways to collapse points in R",
n > 2. In general, each way will give a Hermite interpolation scheme. For
a recent account of the theory of Hermite interpolation, we refer the reader
to [11), 13] and the references therein.

2. A new Hermite scheme in R2. As usual, to x = (2,y) € R?,
we associate the complex number x + yi which we still denote by x. It is
understood that x is a complex number when we write x* for k € N. The
Euclidean norm of x is defined by |[x| = y/x? + y2. The derivatives in the
complex setting are defined as usual,

9 (0 0N 0 _1(0 0
ox 2\0x Oy ox 2\0x Oy’

If f and g are sufficiently differentiable real-valued functions in a neighbor-

ok f (a)) — &4() 414 the Leibniz formula

hood of a € R?, we have the law (

Oxk 8§k
ok a MK\ f(a) digla
@1) (éfiiz( ) =2 (;) 8xkf—(j 3 agx(j)‘

J=0
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Moreover, since for each k > 1,

O fla) _ 1 i2 (B 0f*@a)
DxF —2k( > <—1>/2<j>axk—jayj

0<j<k,jeven
) , E\ ofF(a)
§ : 1)/2

0<j <k, jodd J

k
the relation %(,f) = a + bi is equivalent to the following two relations in

the real setting:
s2 (K _0f*(a)
_1)J/2 Y\ ok
PO (;) dekiay o
0<5<k, jeven
k
Y (e (k‘> 0@ o,
0<j <k, odd J) w0y

The following theorem gives a poised Hermite scheme.

THEOREM 2.1. Let d > 2 be a positive integer and m = [d/2] + 1. Let
sp=d—2k+2 fork=1,....,m and let A = {aj,...,a,} be m distinct
points in R%2. Then the Hermite scheme
8jH(ak)

OxJ
is poised for Pq(R?). Here the {f;1} are any given data.
Proof. We first remark that (2.2) gives 2s; + 1 = 2d — 4k + 5 interpo-

lation conditions for £ = 1,..., m. Hence the total number of interpolation
conditions is equal to

e d+2
> (2d — 4k + 5) = 2md — 2m(m + 1) + 5m = < ) > = mg(R?).
k=1
To prove the Hermite scheme is poised, it suffices to check that if H € Py(IR?)
and
O'H
ﬂ:(), Vi<k<m,0<j<s,
oxJ
then H = 0. Since H is a polynomial of degree at most d, it is equal to its
Taylor expansion at a; in the complex form (see for instance [12], p. 74]):
1 6j+kH(a1) :

— - \E _ il _ = \k

(2.4) Hix) = Y i oo - ) (- )
Jj+k<d

(2.3)

From (2.3) we have
ajH(al) _ 8jH(a1)
oxi  oxI

=0, Vj=0,...,s1.
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Since s; = d, we conclude from ([2.4)) that

. 1 8j+kH(al)
H(x)=(x—a;)(X—a) E W ook
7,k>0
Jj+k<d

(X — al)jfl(f — 51)1671

= |x — a1|*H1(x),

H(x)
|X—a1 |2

where H; € Py _o(R?). Applying the Leibniz formula for Hj(x) =
and using ([2.3) again, we obtain
& Hy (ay)
oxJ
By similar arguments, we have Hy(x) = |x—ag|?Ha(x) with Hy € Py_4(R?).

We continue in this fashion to obtain

m
H(x) =[] Ix - ac[’Hn(x), Hmnm € P(R?).
k=1
It follows from the last relation that H = 0. Conversely, suppose that H # 0.
Then the degree of the polynomial on the right hand side is at least 2m > d.
This contradics the fact that deg H < d, and the proof is complete. u

=0, V2<k<m,0< < sg.

We shall give a formula for the Hermite interpolation polynomial. Let f
be a real-valued function of class C* in a neighborhood of a € R?. Define

(25)  Hi(f)(x) a) + Z <0]aj;y —a)l + a]aj;(f) (X — a)j)

a)+2Re Z G —a),

axﬂ

It is easily seen that HE(f) is a polynomial in Py (R?). Moreover,

Y H(f)(a) _ 0 f(a) :
2.6 & = A Vo <j <k
(26) oxJ oxJ =7 =
If k£ = 0, then the empty sum in ({2.5)) is taken to be 0. In this case, we have

HL(f)(x) = f(a).

THEOREM 2.2. With the assumptions of Theorem the Hermite in-
terpolation polynomial of a function f of class C** in a neighborhood of ag,
k=1,...,m, is given by the formula
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where

T1(30) = H3)() (). H R = [
=1

fork=2....m

Proof. We see at once that H € Py(R?). We need to verify that
& H(ay) _ 0 f(ag)
oxi  oxJ

For simplicity of notation, set g (x) = [x —ag|?. As qr(x) = (x—a;)(X—ag),
we have

(2.7) Vi<k<m,0<j<s.

P ar(an) _ O qi(ar)
OxJ ox/
Fix k € {1,...,m}. Then for every n > k, T, contains the factor g;. There-

fore, relation (2.8) and the Leibniz formula imply that

8an (ak)

oxJ
To shorten notation, we write Qi1 for g1 - - - qx_1. Now applying the Leibniz
formula again and the interpolation property of Hak(-) in we find that,
for 0 < j < sy,

Vo) (@k—lﬂéﬂf‘ﬁé;;:ﬂ*))< )
oxi oI Ak
Qe O (Ha(FRg)
Coxi—l (ax) - ox! (a)

(2.8) =0, Vj=0,1,....k=1,...,m.

(2.9) =0, V0O<j<sp, k<n<m.

Z

J 9i-1 ol (=0 —Th
Z() St e ( o o
1=0

Ty ——Th_y )
V@G o) R T,
oxJ F oxJ oxJ

Combining the last relation with (2.9)), we obtain (2.7)). m

DEFINITION 2.3. The Hermite interpolation polynomial of a function f
in Theorems is denoted briefly by H[(A, S); f], where A = {a;,...,a,}
and S = {s1,...,Sm}-

ExamMpPLE 2.4. Take d = 2. Then m = 2, = 2 and s9 = 0. The
interpolation conditions for H[({a1, a2}, {2,0}); ] aj,ay € R? are given
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by
2 2
P ), o gt £ g £ (g ) fla)
2
[ mf(al)a [ f(az).

According to Theorem the Hermite interpolation polynomial is given
by H[({a1,a2},{2,0}); f] = Th + T2, where

a a 2 a

Tix) = flan)+ aff)(xl) (x =b1) + 8f8(y1) (y—c1)+ a@i(ayl)(x —b1)(y —e1)
270 2 f(a

+ 1(8 afin) 0 53521))(@—()1)2 C—a))),  ar=(by,c1),

and
f(ag) — Th(az)
|ag — ay[?
REMARK 2.5. There is another way to obtain the conditions for the
factorization in Theorem Let H € P4(R?) and ¢(x) = |x — a|? with
a = (a,b). We have ¢(x) = [(y — b) + i(z — a)][(y — b) — i(z — a)]. By [14]
Lemma 2.5], (y—b)+i(z—a) is a factor of H if H(z) := H(z,b—i(z—a)) =0
for all 2 € R. Since H is a univariate polynomial of degree at most d, H = 0
is equivalent to

Th(x) = |x—a1|2.

d"H

(2.10) Tr@=0, k=01....d

Since di[b(f) = (8% - ia%)H(:L', b—i(x — a)), relation (2.10)) gives
O"H

Similarly, (y — b) —i(x — a) is a factor of H if
o*H
ok
which is equivalent to . Hence H is a multiple of ¢ if holds.

A well-known result shows that the set Py(R?) restricted to the circle

(2.12) (a)=0, k=0,1,...,d,

C(0,7) = {x : |x| = r} forms a (2d + 1)-dimensional vector space whose
basis can be taken to be
(2.13) B = {1,Re(x),Im(x), ..., Re(x?), Im(x%)}.

Let X be a set of 2d + 1 distinct points on C(0, 7). For a function f defined
on X, we set

(2.14) LIX; f](x) =)

pEB

VDM(Bp < f]; X)

2
VDM@B. x) ) xeR
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By Lemma[3.3|below, VDM(B; X) # 0. Therefore L[X; f] is well-defined and
belongs to P4(R?). When we restrict the polynomial L[X; f](x) to C(0,r), it
is identical with the Lagrange interpolation polynomial of f at X on C(0, ).
In other words,

(2.15) L[X; f](a) = f(a), Vac X.

As usual, when a Hermite scheme is constructed by using the factorization
method, it can combine with another interpolation scheme (of Hermite type)
to make up a new interpolation process. Here we only exhibit the simplest
case when the additional interpolation process is Lagrange interpolation.

THEOREM 2.6. Let d > 2 be a positive integer and m = [d/2] + 1. Let
sp=d—2k+2 fork=2,...,m and let A’ = {ag,...,a,} be m—1 distinct
points in R%. Let B be a set of 2d+ 1 distinct points on the circle C(ay,r1)
with C(ay,m1) N A" = 0. Then, for any sufficiently smooth function f, there
exists a unique H € Py(R?) such that

H(a) = f(a), VYae B,

and . '
8JH(ak) _ 8Jf(ak) .
OxJ - 8X] ) V2Sk§m70§]§3k,
Furthermore,
(2.16) H=>"T,
k=1
where
- T oo T,
7, (x) = L{B: /1) H g (T ) g,
q H] 2 4j
k=2,...,m. Here q(x) = |x — a1|2 — 72 and qi(x) = |x — ag|? for k =
2,...,m.

Proof. To verify the first assertion, it suffices to prove that if H € P4(R?)
vanishes on B and satisfies
&’ H (ay)

oxJ
then H is identically zero. By Lemma[3.3|below, B is unisolvent for the space
Pai(C(ai,r1)). The assumption shows that H must vanish on C(ay, ). It
follows that H is a multiple of ¢q. This enables us to write H = ¢H; with
Hy € Py_(R?). Using the Leibniz formula for H/q and relation we
obtain

(2.17) =0, V2<k<m,0<j<sp,

0 Hy(ay)

(2.18) -

=0, V2<k<m,0<j<sg,
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Analysis similar to that in the proof of Theorem shows that H; = 0.
Hence H = 0. To prove the formula for the interpolation polynomial, we
make use of a reasoning inspired from the proof of Theorem 2.2 We only
need to show that H given in satisfies the 1nterpolat10n conditions.
Since T}, is a multiple of ¢ for all k‘ = 2,...,m, we have Tk( ) = 0 for all
ac B and 2 < k <m. It follows that

H(a)=Ti(a) =L[B; f](a) = f(a), Vac B,
where we use ([2.15)) to obtain the last relation. The rest of the proof runs

as before. The details are left to the reader.

DEFINITION 2.7. The Hermite interpolation polynomial of a function f in
Theorem [2.6)is denoted briefly by H[B, (A’, S"); f], where 5" = {so,..., 8m}.

3. Vandermonde determinants on circles. The aim of this section
is to study the asymptotic behavior of Vandermonde determinants at points
lying on a circle when the radius goes to 0. We only work with circles centered
at the origin. But all results still hold for arbitrary centers. We recall the
basis B for P4(C(0,7)),

B = {1,Re(x),Im(x), ..., Re(x?), Im(x%)}.
In the trigonometric form, by setting x = €%, we get a basis for the space
of all trigonometric polynomials of degree at most d,

(3.1) T ={1,cos0,sinb,..., cosdf,sindf}.
LEMMA 3.1. Let P be a polynomial of degree at most d in R2. If we write

(32) P(x )fcro+ZcrkRe +Zdrklm ), xeC(0,r),
k=1

then lim, g ¢,o = P(0) and for 1 <k < d,

(3.3)

okP(0)  9*P(0) ¥ P(0) 8’“P(0)
hn%crk k'< p + ok ), hm dyj = k:'< Ik ok )
Proof. In the polar coordinate x = (rcos#,rsinf), 6 € [0,27), equa-
tion (3.2)) becomes

(34)  P(rcosf,rsinf)
d d
=cpo+ Z anrk cos kO + Z dﬁkrk sinkf, 6¢€][0,2m).
k=1 k=1
On the other hand, since P € P4(R?), we have

1 0k P0) .
P = D, S giot XX
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Substituting x = r(cos# + isinf) we obtain
(3.5)  P(rcosf,rsinf)

j+k
= Z L 97 P(O )r7+k(cos( — k)0 +isin (j — k)0).
k! OxiO%F
]+k<d

Comparing the coefficients of the trigonometric polynomials on the right

hand sides of (3.4)) and (3.5) we have
o7P(0)  87P(0)

1
e = PO+ ran(r), cry =5 (T + 2 g,

and

o'P(0)  &'P(0)
drj = Jl( oxJ 5

where g;(r), h;j(r) are polynomials in 7. In the formulas for ¢, ; and d,; we
let »r — 0 and get the desired equations. =

DEFINITION 3.2. Let § > 0. A set X = {x1,...,X2¢41} C C(a,r) with
xp =a+ret for k=1,...,2d+ 1 is said to be §-separate if
e — 5| > 5, Yk #j.
LEMMA 3.3. Let X = {x1,...,Xo4+1} be 2d+1 distinct points on C(0,r)
with x5, = re'?. Then
VDM(B, X) — (_2Z)7d67d2(01++02d+1),rd(d+1) H (esz _ eiej).
1<j<k<2d+1

)+wh<x 1<j<d

In particular, X is unisolvent for Py(C(0,r)). Moreover, if X is 6-separate
for 6 >0, then
’VDM(B, X)| > 2—drd(d+1)5d(2d+1)‘
Proof. 1t is easily seen that
(3.6) VDM(B; X) = r*HDVDM(T; 0),
where © = {01,...,62q11}. Here VDM(T;60) = det[h(0)]heT 0co is the
(generalized) Vandermonde determinant. It follows from the computation
in [10, pp. 30-31] that
(3.7) VDM(T;0) = (_22')_de_di(91+"'+92d+1) H (eié’k . eiej).
1<j<k<2d+1
Hence the first assertion is proved. Next, it is easily seen that VDM(B; X)

# 0. Hence X is unisolvent for Py(C(0,7)). The last assertion is a conse-
quence of the fact that |e — €| > § for all k # 7,

(3.8) [IVDM(T;0)| > 2795941 o

LEMMA 3.4. Let § >0 and {r,} a sequence of positive numbers tending
to 0. For each n, let X,, be a set of 2d + 1 points on C(0,1y,) such that
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X, is §-separate. Then for any function f of class C? in a neighborhood of
0 € R? we have

. VDM(B[1 « f]; X,) _
A VDM(B; X,) 1(0),

VDM(B[Re(x*) < f[; Xn) _ 1 (9"f(0) = 9*f(0)
00 VDM(B; X,,) _k:'< oxk T oxh )

. VDM(B[m(x*) + f; X,) _ @ (9"f(0) 9"f(0)
m VDM(B; X,,) TR < oxF oxk ) lsk<d

where Blp < f] means that we substitute f for p in B.

Proof. We will denote by Tg( f) the Taylor expansion of f at 0 up to
order d. By the Taylor theorem, we can write

(3.9) F(x) = TE(F)(x) + x| %e(x),
where ¢(x) — 0 as x — 0. The polynomial T¢(f) restricted to C(0,7) is a
linear combination of polynomials in B, that is,

(3.10) Tg(f)()—cro+ZchRe +Zdrk1m ), xeC(0,r).
k=1

We first deal with Re(x*) for k = 1,...,d. Looking at , (3.10) and using
the column operation rule for the Vandermonde determinant

VDM(B[Re(x") ¢ f; Xy)
we get,

VDM(B[Re(x*) «+ f]; X,,)
— VDM (B[Re(x") « ¢, 1 Re(x") + |x|%0(x)]); X,).

Writing the right hand side in the trigonometric form as in the proof of
Lemma we obtain

VDM(B[Re(x") + f; X,)

= rUFDVDM (T [cos kO Crpk COS KO + 18 o(r,e)]; 0,)

= rﬁlL(dH) (crmkVDM(T; O,) + VDM(T [cos kO + rd kap(rnew)]; Qn)),
where ©,, is the set of the arguments of X,,. From we conclude that

VDM(B[Re(x*) « f]; X»)

(3-11) VDM(B; X,,)

VDM(T [cos kO <+ rd kgo(rnew)]; 6n)
VDM(T;6,) '

= Cr, .k +
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By Lemma we have

(3.12) lim ¢,
n— oo

1<3’“T8(f)(0) 3’“T3(f)(0)> 1<3’“f(0) a"if(O))

Yy oxFk oxk AN oxF

On the other hand, since ¢(r,e')

(3.13) nl;ngo VDM(T [cos k0 « rd=*p(r,e)]; 0,) = 0.

n

— 0 as n — oo uniformly in 6, we get

Hence the fraction on the right hand side of (3.11) tends to 0 as n — oo
since [VDM(T;0,,)| is bounded from below by 2-4§%4+1) due to (3.8). It
follows that

. VDM(B[Re(z") « f; Xa)
(3.14)  lim VDM(B; X,,)

_ 1 (9Ff(0)  9*f(0)
_k!< oxk %k ) tshsd

The proofs of the remaining equations are similar. The details are left to
the reader. =

REMARK 3.5. The condition that X, is d-separate cannot be removed.
For simplicity, we work with three points. Set B = {1, Re(x),Im(x)} and
X" = {rera retr2 per3}. The computation in Lemma [3.3| gives

(315) VDM(B7XT) = (—22‘)_1T26_i(0r,1+9r,2+9r,3) H (eiar’k _ eiem-)
1<j<k<3
Orc — 0y
= 4r? H sin —~——"7
1<j<k<3 2

Take f(x) = y*/3. Clearly, f € C'(R?). Now, for k = 1,2,3 choose Or1 =
k37 with d > 1. Then

1 (rsin(r®))*3 rsin(r?)
VDM(B[Re(x) < fl; X")=| 1 (rsin(8%9))¥?  rsin(8r)
1 (rsin(27r9)*?  rsin(27r%)
1 1 1
~r3@D 96 8 | = —170p50HD),
1 81 27

where we use the Taylor expansion sinz = x + o(x) in the second relation.
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On the other hand, from (3.15)) we have

3 _ :3\,.d
VDM(B; X") =4 J[ sin K= y7ogy5i+2,

1<j<k<3 2
Consequently,
VDM(B[Re(x)  fl;X") —170r5@+) 170
VDM(B; X™) 172973d+2 " {=9q,.5d—1/3"

The last fraction tends to —oo as r — 0.

COROLLARY 3.6. Under the same assumptions of Lemma[3.4], we have
Tim LIX,., f]() = HY()().

where L[ X,; f] is defined in (2.14)).
Proof. By Lemma [3.4] and the formula for L[X,, f](x), we have
d

k k
lim L[X,, fl(x) = f(0) + Z [k' <8 /(0) + 0 f(0)> Re(x")

n—oo 8Xk 0xk
k k
<6 F(0 8 J;(k )> Im(xk)]

41 /9kF(0) ok £(0)_
kzk< Oxk x" + %k Xk>:Hg(f)(X)7

which completes the proof. =

Suppose K is a compact neighborhood of a € R2. We denote by C%(K)
the space of functions of class C¢ in neighborhoods of K. Let us define a
norm on C4(K) by

o f(x)
||f||Kd = T?Xdigg W

DEFINITION 3.7. Let {f,} be a sequence of functions of class C¢ in a
compact neighborhood K of a. We say that {f,} is d-regular at a if for
every €1 > 0, there exist e5 > 0 and ng € N such that

. feCYUK).

|gpn(x)| <e€1, Vx € D(a, 52), n > ng,
where ,, is defined by

Fa(x) = Ta(fn) (%) + [x — al%pu(x).

THEOREM 3.8. Let 6 > 0 and {r,} a sequence of positive numbers tend-
ing to 0. For each n, let X,, be a §-separate set of 2d+1 points on C(a,ry).
If K is a compact neighborhood of a, {f,} € C4K) is d-reqular at a and
fn— fin CUK), then

lim L[X,; fu](x) = Ha(f)(x),

n—oo
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where L[ Xy; fn] is defined in (2.14) in which
B ={1,Re(x — a),Im(x — a),...,Re((x — a)¥), Im((x — a)¥)}.

Proof. There is no loss of generality in assuming a = 0. It suffices to
prove that the fraction VDM(B[p < fy]; X)/VDM(B; X,,) has the limit
given in Lemma [3.4] for every p € B. We need to check that

i VDM(B[Re(x") < fo]; Xn) 1 (0%f(0) 0% f(0)
im =—
n=>00 VDM(B; X,,) kI\  oxF oxt )’
As in the proof of Lemmal3.4] we write f,, as the sum of its Taylor expansion
and an error,

(3.16) (%) = TG(f2) () + x| %pn(x).
We also set

(3.17)  TH(fa)(x)

d

= C’I"n,O + Z CTnyk R’e(xk) + Z drn,k/’ Im(Xk)7 X € C(O7 r?’l)'
k=1 k=1

By the arguments in the proof of Lemma (3.1} we have

1 (2T, FT0)

1<k <d.

> + "nGn k (Tn)

ok = OxF oxcF
1 (0% £,(0) 9% £,(0)
— H < 8Xk + aik > + Tngn,k (Tn)7

where g, (rn) is a polynomial in 7,,. Moreover, the coefficients of g, 1 (77)
are linear combinations of partial derivatives of f,, at 0 of order up to d,
and hence these coefficients are uniformly bounded in n. It follows that
Tngnk(mm) — 0 as n — oco. Consequently,

. 1 (9"fa(0) | 8" fu(0) 1 (9*f(0) , 9*f(0)
Jim ¢, = nlgl(r)lo]d< e ot ) = k'( ok T ok )
Since {f,} is d-regular at 0, @,(r,e?) — 0 as n — oo uniformly in 6.
A passage to the limit similar to the proof of Lemma implies that
k . k k
o YPMBReG!) € fi): Xo) _ oo 1 (05(0) 040
n—00 VDM(B; X,,) n—oo K1\ OxF oxk

The proof is complete.

4. Lagrange interpolation at Bos configuration on circles. Let
d>2and m = [d/2] + 1. We set s, = d—2k+2for k = 1,...,m.
Let Ci,...,C,, be pairwise disjoint circles in R?. On Cj, we take a set
X, of 2s;, + 1 distinct points. In [4, Theorem 3.3], Bos pointed out that
X = U, X}, is unisolvent for Py4(R?). Such a configuration of points will
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be called a Bos configuration on circles. Note that Bos considers two cases,
when d is even and odd. But our setting includes both of them.

THEOREM 4.1. Let 6 > 0 and d > 2 be a positive integer. Define m =
[d/2]+1 and S = {s1,...,Sm} with sy =d—2k+2 fork=1,...,m. Let
A={ay,...,a,} be m distinct points in R2. To each point ay is associated
a sequence {C'} of circles Cf) = {x : |[x —ay| = rpn} such that limy, o0 Tgn
=0. For1 <k <mandn >1, let X]! be a 0-separate set of 2s;, + 1
points on CF. Set X" = J,-1 XJ!. Then for any function f of class C** in
neighborhoods of the ay’s, we have

lim LIX"™; f] = H[(4,5); f].
n—oo

In Figure [1], we show a Bos configuration formed by 21=11+7+3 points
on three pairwise disjoint circles. It is unisolvent for P5(IR?). Fix the centers
and let the radii of the circles tend to 0. By Theorem the Lagrange
operator converges to the Hermite operator H[({a1, a2, a3}, {5,3,1});].

Fig. 1. An example of a Bos configuration

In the following result, we fix the radius of the first circle which contains
the largest number of points. We let points on this circle move along it and
get an analogous result.

THEOREM 4.2. Let § > 0 and d > 2 be a positive integer. Define
m = [d/2] + 1 and S" = {s2,...,8m} with s, = d — 2k + 2 for k =
2,...,m. Let A" = {ag,...,a,} be m distinct points in R?. To each point
ay with k= 2,...,m is associated to a sequence {C}'} of circles with C}} =
{x:|x—ay| =ri,} such that lim, o 74, =0. For2 <k <m and n>1,
let X' be a 6-separate set of 2sy, + 1 points on C}'. Let C(ay,r1) be a fized
circle which is disjoint from A’. Let X' and B be sets of 2d + 1 distinct
points on C(ai,r1) such that X7 — B as n — oo. Set X" = Ji*, X}
Then, for any continuous function f on C(ai,r1) and of class C** in neigh-

borhoods of the a’s for k=2,...,m, we have
lim LIX"; f] = H[B, (A, f

where the right hand side is defined in Definition [2.7]
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The assumption X7 — B as n — oo is understood as follows. Assume
that X7 = {b¥,.... b2, }and B = {by, ..., bogy1}. Then lim,, oo X = B
if

lim b} =by, Vk=1,...,2d+ 1.
n—oo

We first need some auxiliary results.

LEMMA 4.3. Let K be a compact neighborhood of a € R2. Let {g,} be a
sequence in CH(K) that converges to g in CYTY(K). If f € CHK), then
the sequence {fgn} is d-reqular at a.

Proof. We can assume that a =0 and K = {x : |x| < r}. We write

(A1) f(x) = TH(N) + [x%(x),  galx) = TG(gn) (%) + x| “n (x).

We have limy_,0 ¢(x) = 0. Since g,, converges to g on C?1(K), the sequence
{D%g,,} is uniformly bounded on K for all |«| < d+1 and we can find M; > 0
such that ¥, (x) < M;|x|, x € K. Here, to shorten the notation, we write

D« f for % with a = (a1, a2) € N2, From li we get

F)gn() = (T ) + xI%(x)) (Td(g0) () + x4 (x))
— (X G 00 + 0 ) (3 507 0x + i) ).

|8l<d lvI<d

On the other hand, using the Leibniz formula for partial derivatives, we
obtain

|
Tdfgn ZE fgn )

or|=0
Z );5; 6")/' (0)D7(gn)(0)
|= po
N =D° x? i )
- B|J%:|§d<B!D ()(0) ><7!D7(9n)(0) 7>
Consequently,
(42) 9.0 - Tife)) = > ZoD (NOD ) 0x"
|Bl+]v[>d+1

1BL:1v1<d
+ x| %o (%) T (gn) () + x| (x) TH(f) (%) + |x[*Up(x)hn (%)

Since T&(g,)(x) is uniformly bounded on K and ¢,(x) < Mi|x| for all
x € K, the right hand side of (| can be written in the form |x|%n,(x)
where {nn( )} satisfies the condltlon For all £; > 0, there exists e3 > 0
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such that
I (x)] <e1,  V|x|<e,n>1.

This proves the lemma.

A simple argument gives the following result.

LEMMA 4.4. Let K be a compact set in the plane that does not contain
ai,...,ag. Set gj(x) = |x —aj%, 1 < j < k. For each j, let {rjn} be a
sequence of positive real numbers such that limy, oo 7, = 0. Then

1 1

— m C™(K) for all m > 0.
@) @-rL) wa (%)

Moreover if P,, P € Py4(R?) are such that P, — P asn — 0o, then

P, P
5 i > — in C"™(K) for all m > 0.
(1 — T1,n) (g — Tk,n) q1 -4k

Combining Lemmas [4.3] and [£.4] we obtain the following result.

COROLLARY 4.5. Under the assumptions of Lemma [£:4 where K is a
compact neighborhood of a, if f € CHK), then the sequence

{((h %) f (ar — Tﬁ,n)}

is d-reqular a. Moreover, if P,, P € Pm(RQ) are such that P, tends to P as

Py
n — 0o, then so does the sequence {(ql—rf,n)'“(qk—ri,n) }.

Proof of Theorem [{.1 We first recall a formula for the Lagrange inter-
polation polynomial at the Bos configuration. It can be found in [9, proof
of Theorem 6.3]. The polynomial L™ = L[X™; f] is given by

(4.3) .

m
" =Y Ly with Lj = [[(¢; - r}.)L [Xg;
k=1 j=1

k—1
foyhion
k—1
Hj:l (¢ — T]2n)

where gi(x) = |x — aj|?, the empty product in the definition of L7 is taken
as 1 and the empty sum is taken as 0. Note that when n is sufficiently large,
the m circles C7', k = 1,...,m, are pairwise disjoint. Hence X™ is unisolvent
for P4(IR?). For the convenience of the reader, we recall the proof of .
On X7, we have L} = 0 for all k£ > 2 since it contains the factor ¢; — rin.

Hence L™ = L} = f on X7 by (2.15). Similarly, on X}, for j > 2, we have

; 1<k<m,
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Li =0 for all k > j. Hence, on X7', we can write

J

j—1
(4.4) =y "Lp=0"+ Z L}
k=1 k=
j—1 =1 rn
f- LR n
-k (2 ) S i
= Hk 1@k — )

We will prove that hmn_>oo L} = Ty, where T}, is deﬁned in Theorem [2.2}
Indeed, if k = 1, then using Corollary we have

lim LY = lim LIXT; f] = H3X(f) = T1.

n—oo n—oo
Assume the assertion holds up to & < m; we will prove it for k£ 4+ 1. By
Corollary the sequence

{f—L’f—---—Lz_l}
k—1
Hj:l (¢; — T?n)
1S spt1-regular at aj41. Furthermore, when 7 is small enough, this sequence
converges in C*+1(D(ag41,7)) to
f-Th— =Ty
E—1
IT;=1 ax
as n — 0o0. Hence Theorem implies that lim;, oo Ly, ; = Tk+1. Conse-
quently,

lim L" =Y Ty =H[(A,5);f]. =
k=1

Proof of Theorem[{.3 The proof is a simple adaptation of that of The-
orem [41] Tt is sufficient to show that

thk—Tk, k=1,....m,

n—oo
where L}! and Ty are defined in 1) and Theorem respectively. We first
prove the claim for k = 1. For this purpose, we see at once that

VDM(B[p < f]; XT')
=L[XT7; f] =
peEB
where B is defined in (2.13]). Since lim,, o X{* = B and VDM(B; B) # 0,
and since f is continuous on C(aj, 1), we have
VDM(B[p < f; X1') _ VDM(B[p « f]; B)

I — :
oo VDM(B; X7 vOMB;B)  PEF
It follows that
DM B N
tim 1y =3 YOMBP SEB) g gy 7

n—oo

2~ VDM(B;B)
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A passage to the limit similar to the above implies that lim, . L} = fk
for all kK = 2,...,m, and the proof is complete. =

In Theorem we consider the case when the Bos configurations lie
on m circles whose centers are distinct. Now we turn to the problem of
finding the limit of the Lagrange interpolation at Bos configurations when
the interpolation points are taken on concentric circles. In this case, it is to
be expected that the limit is the Taylor polynomial.

Let a € R2. For d > 2, we define m = [d/2] + 1 and s, = d — 2k + 2
for k = 1,...,m. Fix m pairwise distinct radii r1,...,r,. Let {p,} be a
sequence of positive numbers such that lim, ,o, p, = 0. For 1 < k < m and
n > 1, let X' be a set of 2s; + 1 points on C}f = {x : |x — a| = rpp,}. Set

= Ui, X2. Then X™ is a unisolvent set for Py(R?) (see Bos [4]).

PROPOSITION 4.6. Suppose X;' is d-separate for every n,k. Let f be a
function of class C™4~1 in a neighborhood of a. Then
lim LIX" f] = T(/).
n—oo
Proof. Without loss of generality, we assume that a = 0. By [Il Theo-
rem 3.3], it suffices to check that for all monomial functions f,(x) = z*1y*2
with |a| = a1 + ag = d + 1, we have

(4.5) lim LX"; fo] = 0
We follow [4, p. 276] in setting
and Bi = {1,Re(x), Im(x), .. ., Re(x**), Im(x**)},
j—1
Dy =B, D= <H(\x|2 - (Tkpn)2)>3j, i=2,...,m
k=1

Then D" = |JjL, D} is a basis for P4(R?). From the arguments in [4]
pp. 279-280], we have

VDM(D"; X™)
- sk (sp+1) . 2 2 2o+ n
= [T {TT(won)? = (apn)»} " VDM(T; 03)
k=1 j=1

= Mpg! H VDM(T; 6},
k=1
where T, = {1,cos0,sin, ..., cos(sih),sin(s;f)} and O} is the set of argu-
ments of X;'. The constant M depends only on the 7;’s, and
m
oa=Y (si(sk+1)+2(k—1)(2s;+1)).
k=1
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Since X! is d-separate, the proof of Lemma [3.3] implies that there exists
M, > 0 depending only on s and ¢ such that [VDM(7y; ©})| > M. Hence

(4.6) IVDM(D"; X™)| > M(ﬁ Mk)pgd.
k=1

On the other hand, for each p € D", we can write
d
p(X") = ppEPY),
and since f, is a monomial function of degree d + 1, we have

fa(Xn) = Pd+1Ya

n
where Y)Y, € RU@+1)/2 whose entries are linear combinations of polynomials

of the r’s (with certain coefficients) multiplied by multivariate trigonomet-
ric polynomials evaluated at | J;-; ©}. Consequently,

(4.7) VDM(D"[p ¢+ fol; X") = prtt 17050 det (1),

where V), is the matrix whose column vectors are the Y,’s for all ¢ € D"
except for Y, which is replaced by Y. There exists a constant M’ > 0
(depending only on the r; and d) such that |det(V,)| < M’ for all p € D".
It follows that

(4.8) [VDM(D"[p ¢ fol; X")| < M'pfterizdess,

Combining and we obtain
L VDM(D'p  fuJiX7)
niee  VDM(D™; X7
The formula of L[X"; f,] in implies (4.5)). =

ExaMpPLE 4.7. In Proposition [4.6] every point of X™ tends to a with
the same speed as n — oo. This example shows that when the speeds are
different, the Lagrange projector may not converge. Let r1, 79 be different
positive numbers. Take a; = (r1,0), ag = (—71,0) on C(0,71) and ag =
(0,72) on C(0,72). Then X = {a; : i = 1,2, 3} is unisolvent for P;(R?). Let
f(x) = 2. It is easy to check that

=0, peD"

r 2
LIX 60 = (0 = Py, x= ()

If we take r1 = 6, 1o = 82, then L[X; f](x) = 6% — y/d. Thus L[X; f] does
not converge as 6 — 0 although X tends to 0.

REMARK 4.8. The results in this paper are very two-dimensional be-
ing based on complex derivatives. One may ask whether analogous results
hold for a higher-dimensional space using Clifford algebras, especially the
quaternions.
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