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Hyper-order and order
of meromorphic functions sharing functions

by JIANMING QI (Shanghai), WENJUN YUAN (Guangzhou)
and HONGXUN Y1 (Jinan)

Abstract. In this paper we mainly estimate the hyper-order of an entire function
which shares one function with its derivatives. Some examples are given to show that the
conclusions are meaningful.

1. Introduction and main results. In Nevanlinna theory, the order
and the hyper-order of a meromorphic function are two important concepts.
They are defined respectively by

log T loglog T
p(f) = limsup log T(r, f) f), o(f) = limsup log log T'(r, f) f)
r—00 log r r—00 10g r
The respective definitions for an entire function f are

log log M log log log M
o(f) = lim sup 12818 (r 1) o (f) = lim sup 12810818 (r, f)
r—00 logr r—00 logr

(see [9]).

Consider a rational function R which behaves asymptotically as cr? as
r — 00, where ¢ # 0 and [ are constants. Define the degree of R at in-
finity as deg R = deg,, R = max{0,5}. Let f(z) and g(z) be two non-
constant meromorphic functions in the complex plane C, and let «a(z) be
a meromorphic function or a finite complex number. If g(z) — a(z) = 0
whenever f(z) — a(z) = 0, we write f(z) = a(z) = g(z) = a(z). If
f(z) = alz) = g(z) = a(z) and g(z) = a(z) = f(z) = a(z), we write
f(z) = a(z) & g(2) = a(z) and say that f(z) and g(z) share a(z) IM
(ignoring multiplicity).

In 2008, Li and Gao [4] proved the following
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THEOREM 1.1. Let Q1 and Qo be nonzero polynomials, and let P be a
polynomial. If f is a nonconstant solution of the equation

F® = Q1 =e"(f ~ Q)
then o(f) = n, where k is a positive integer and n denotes the degree of P.

The uniqueness problem for meromorphic functions sharing values with
their derivatives is closely related to some kind of complex differential equa-
tions. Therefore, it is of interest to consider the growth properties of mero-
morphic functions under conditions involving sharing value.

In 2012, Lii and Xu [6] obtained the following result.

THEOREM 1.2. Let f be a nonconstant entire function, and let o = Pe®
(o # ') where P (#0) and Q are polynomials. If

fe)=a(z) = fl(2) =az) and ['(z) = a(z) = ['(2) = a(2),
then f is of finite order.
We propose four natural questions, related to Theorem

PROBLEM 1.3. From Theorem|1.2], we see that f, f', f share a function
of finite order. What will happen if they share a function of infinite order?

PROBLEM 1.4. Can the polynomial P be replaced by a rational func-
tion R?

PROBLEM 1.5. Can f be a meromorphic function in Theorem [L.2]?
PROBLEM 1.6. Can the order of f be estimated sharply?

In this paper, we discuss the above problems and derive the following
results.

MAIN THEOREM 1.7. Let P be a polynomial and f,~ be entire functions.
If
fR)=a(z) = f'(z) =a(z) and [f'(z) =a(z) = f"(2) = a(2),
where « = Pe? (a # '), and if « — &' has at most finitely many zeros, then
a(f) <o) = p(y)-
REMARK. The following examples show that our conclusion o(f) < p(7v)
is sharp.
EXAMPLE 1.8. Let f(z) = Ae*, where A is a nonzero constant. Let
a(z) = e "%, Noting that f = f' = f”, we have
f) =a(z) = f(z) =a(z) and [f(2) =a(z) = f"(2) = a(2).
Obviously, a(z)—a/(z) = e* ~ has no zeros. Thus it satisfies the assumptions
of Theorem [1.7|and o(f) =0 < o(a) = 1.
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EXAMPLE 1.9. Let f(z) = 2¢% and a(z) = (422 — z + 2)e*". Noting that
f=f =f" we see that

f(z) =a(z) = f(z) =alz) and f(z) = a(z) = f(z) = a(z).
Thus f satisfies the assumptions of Theorem and o(f) = 0.

EXAMPLE 1.10. Let f(z) = 42% — 82 + 8 and a(z) = 2z2. Note that
F# ' #f7 and f(z) — a(z) = 2(z = 2)%, f'(2) — a(z) = —2(z — 2)* and
1'(z2) —a(z) =2(2—2)(24 2). It is easy to see f(z) = a(z) = f(2) = a(z)
and f'(z) = a(z) = f"’(2) = a(z) and o(f) = o(a). Thus f satisfies the
assumptions of Theorem [1.7|and o(f) = o(a) = 0.

EXAMPLE 1.11. Let f(2) = z%Ae®* + 2% + 823 + 2422 + 482 + 48 and
a(z) = 24 +823 42422 + 482+ 48, where A = e? is a constant. Differentiating
f twice yields f'(z) = (2% + 423) Ae® + 423 + 2422 + 482 + 48 and f(2) =
(2% + 823 +122%) Ae® + 1222 + 482 + 48. Then f(2) = a(z) = f/(2) = a(?)
and f'(z) = a(z) = f"(2) = a(z). Thus o(f) < o(a), but f # f'.

REMARK. The condition that o — o/ has at most finitely many zeros is

essential in our proof of Theorem But we do not know whether it is
necessary or not. If « is a polynomial, then this condition obviously holds.

REMARK. In Theorem if the order of « is zero, for example 7 is a
polynomial, then o(f) = 0, which is an important property for a meromor-
phic function f.

MAIN THEOREM 1.12. Let f be a meromorphic function with at most
finitely many poles, and let a = Re? (a # /), where R (# 0) is a rational
function and Q is a nonconstant polynomial. If

fz)=a(z) = fl(z) =alz) and f'(z) =a(z) = f'(2) = a(2),
then p(f) < 2deg@.

MAIN THEOREM 1.13. Let f be a nonconstant entire function, and let
a = Re? (a # ), where R (# 0) is a rational function and Q is a non-
constant polynomial. If

fR)=a(z) = f'(z) =a(z) and [f'(z) =a(z) = f"(2) = a(2),
then p(f) < deg@.

EXAMPLE 1.14. Let f(2) = 2¢*, a(z) = ze**L, s0 p(f) =1, degQ = 1.
Note that

fe)=a(z) = f(z) =a(z) and ['(z) =a(z) = ['(2) = a(2).
Thus p(f) =1< 1.
REMARK. Example 5 illustrates both Theorem and Theorem [1.13
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2. Some lemmas. In order to prove our theorems, we need the following
lemmas.

Using the famous Pang—Zalcman lemma [8, Lemma 2| and the result of
F. Li, J. F. Xu and A. Chen [7, Lemma 2.1, p. 595], it is easy to obtain the
following lemma. It plays an important role in the proofs of Theorems

and [L.12]

LEMMA 2.1. Let {f,} be a family of meromorphic (resp. analytic) func-
tions in the unit disc . If a, — a, |a| < 1, and fg(an) — 00, and if there
exists A > 1 such that |f](2)] < A whenever f,(z) =0, then there exist

(i) a subsequence of f, (still denoted {f,}),
(ii) points z, — 20, |20| < 1,
(iii) positive numbers p, — 0,
such that p,t fn(zn + pn&) = gn(&) — g(&) locally uniformly, where g is a

nonconstant meromorphic (resp. entire) function on C such that p(g) < 2
(resp. plg) <1), g*(€) < g*(0) = A+1 and

Pn < M/fﬁb(an)v

where M is a constant independent of n.
lg" (&)
1+[g(&)I?

LEMMA 2.2 ([5]). Let f be a meromorphic function with o(f) > 0. Then,

for any € > 0, there exists a sequence z, — 0o such that f%(z,) > elenl "D
if n is large enough.

Here, as usual, g*(£) = is the spherical derivative.

LeMMA 2.3 ([I0]). Let f(z) be a meromorphic function in the complex
plane with p(f) > 2. Then for each 0 < p < (p(f) — 2)/2, there exist points
ap — oo (n — oo) such that

#
lim I*(an) =
n—00 |an|:u
LEMMA 2.4 ([3]). Let f(z) be an entire function with p(f) > 1. Then
for each 0 < p < p(f) — 1, there exist points a, — oo (n — 00) such that
#
lim F¥(an) =

n—o00 ‘an‘#

LeMMA 2.5 ([1]). Let g be a nonconstant entire function with p(g) <1,
let k > 2 be an integer, and let a be a nonzero finite value. If g(z) = 0 =
d(z)=a and ¢'(z) = a = g™ (2) = 0, then g(z) = a(z — 29), where zy is a
constant.

LEMMA 2.6 ([9]). Suppose f(z) and g(z) are nonconstant meromorphic
functions in the complex plane. Then

p(fg) <max{p(f),p(9)}, p(f+g) <max{p(f),p(g)}
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3. Proof of Theorem In the proof, we use some ideas of [2, [7, [5].
Since o = Pe7, we have o(a) = p(y). So, we just need to obtain o(f) <
p(7)-
On the contrary, assume that o(f) =d > ¢ = p(y). Set H = f —a. Then
(1) H(z) =0 = H'(2) = a(z) — a/(2),
(I) H(z)=a—do = H'(z) =a—d".

Set
B=a—a =(P-P —Py)e", ¢=a—-ad" = (P"+2P'y+P~y" +P~y?%e.
Set F = H/f. Obviously, o(F) = o(f) = d. By Lemma [2.2] for 0 < € <
(d — ¢)/2, there exists a sequence w,, — 00 as n — oo such that
Fﬁ(wn) > elonl”®7¢ _ glwnl®™,

As f = a — o has finitely many zeros, there exists a positive number r
such that F' has no poles in D = {z: |z| > r}.

In view of w, — 0o as n — 0o, we may assume |w,| > r + 1 for all n.
Define D; = {z: |z| < 1} and
H(wy + 2)
Blwn + 2)’
then every F,, is analytic in D;. Now, fix z € Dy.If F,,(z) = 0, then H (wy,+2)

= 0. It is clear from (I) that H'(w, + z) = B(w, + z). Hence (for n large
enough)

Fo(z) = F(w,+2) =

= H' (w, + 2) ~ H(wn +2) B (wy + 2) _
6(wn+z) 6(wn+z) B(Wn—i-Z) .

|1F(2)

Also Ff(0) — oo as n — oo. It follows from Marty’s criterion that (F},), is
not normal at z = 0.

Therefore, we can apply Lemma Choosing an appropriate subse-
quence of (F,), if necessary, we may assume that there exist sequences
(zn)n and (pp)n with |z,| <7 < 1 and p, — 0 such that
_ p—1H<wn + 2n + pnC)

" B(wn + zn + Pno

locally uniformly in C, where g is a nonconstant entire function of order at
most 1. Moreover, g#(¢) < ¢#(0) = 2 for all £ € C and

M M
T Fi0)  FH(wn)

for a positive number M.

(3.1) gn(C) == py, Fo(zn + pnC) —9(¢)

(3.2) Pn < Melonl®™*
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From (3.1)), we have
" B(wn + 2n + prC) B(wn + 2n + prC) B(wn + 25 + puC)
H’wn—i—zn—i- n 6,wn+zn+ n
-1 28 () o) g1,
/B(wn +zn + pnC) /B(wn + zn + PnC)
Since =a—a' =(P—P' —Py)e’ and p = a — " = (P" + 2Py +
Py + Py'?)e?, we have
él _ P’ +P7’ _ p"_ ZPI’)// o P'Y// _ P7,2
3 P—P — Py
and p(7") = p(v/) = p(v'?) = p(7) = c. In view of the definition of order,
we have

(3.4) < ‘wn|qM(‘wn+zn+pnC|77,)

‘ i

Z:wn+zn+Pn<
< [wa| "M (2fwnl, o) < fun] eI,

where A is a positive constant and ¢ is an integer. As 0 < e < (d — ¢)/2, we

have d — € > ¢+ €. Combining (3.2)) and (3.4) yields

Wy, + 2y + pnQ) B (Wn + 2n + pn() prgn(C) B'(wn + 2n + pnC)

W + 2n + pnC)B(wn + zn + PnC) o B(wn + zn + pnC)

< M|gn(Q)] |wn’qu‘w"|c+€_‘w"|d_e —0 asn— oo.

From and , we deduce that

H'(wy, 4+ 2z, + pnl)
B(wn + 2n + pnC)

In a similar way, we obtain

H" (wy, + zn + pnC)
B(wn + 2 + pnC)

o [

(3.6) — 4'(C)

(3.7) Pn — 4"(0).

We claim that

(1) 9(Q) =0=4'(¢) =1,

(2) ¢'(Q)=1=4"(¢) =0.

Suppose that g((p) = 0. Then by Hurwitz’s theorem there exist ¢, — (o
such that (for n sufficiently large)

1 H(wn + 25 + pnGa

gn(Cn) :pnl ( p C ) —
B(wn + 2n + pnin)

Thus H(wy, + 2n + pnn) = 0, and by (I) we have

(3'8) H/(wﬂ + zn + pnCn) = ﬁ(wn + zn + Pn(n)
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From (3.6), we derive
H/
§(Go) = Tim T \nt 20t o)
n—00 B(wn + Zn + pnCn)
which implies that g({) =0 = ¢'({) = 1.
To prove (2), suppose that ¢'(ng) = 1. We know that ¢’ # 1, since

otherwise ¢*(0) < 1 < 2, a contradiction. Hence by (3.6) and Hurwitz’s
theorem, there exist 7, — 1o such that (for n sufficiently large)

=1,

H/(wn + zn + pnnn) = 5(wn + zn + pnnn)

It is obvious from (IT) that H” (wy, + zn + ppin) = @(wy, + 2n + ppin). By
(3.7), similarly to (3.4) and (3.5)), we obtain

(3.9) 9”(770) — lim p, H" (wn, + 2n + pnin) — lim pn()@(wn + 2n + Pniin)
n—00 B(wy + zn + pnin) n—o0" " B(wy, + 2n + puiin)
— qim p, BT E2PY Py Py)(wn + 20 + pntin)
n—oo (P =P = Py)(wn + zn + puin)
which yields (2).
From Lemma it is now easy to deduce that ¢g(¢) = ¢ —bg, where by is
a constant; then ¢*(0) < 1 < 2, which is also a contradiction. This completes
the proof of Theorem

=0,

4. Proof of Theorem We mimic the previous proof, so we will
omit the identical calculations.

Set H = f — «. Then
() H(z) = 0= H'(z) = a(z) — (2),
(Il) H(z)=a—do = H'(z) =a—d".
Set
B=a—-d =(R-R —RQ’)eQ = R,
p=a—a"=(R—-R"-2RQ — RQ" — RQ™®)e% = Rye?,
where R; (# 0) and Rg are rational functions. Set F' = H/p.

Suppose that p(F) > 2deg@. By Lemma for every 0 < pu <
(p(F) —2)/2, there exist w, — oo such that
Ft
(4.1) lim Tn) _ o

n—00 |wn|#

Since 8 = o — &’ has at most finitely many zeros and f has finitely many
poles, there exists r > 0 such that F' has no poles in D = {z: |z| > r}.
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As w, — oo, we may assume that |w,| > r + 1 for all n. Define D, =
{z:]z] <1} and
H(wy +2)
B(wn + Z) ’
then every F,, is analytic in D;. Now, fix z € D;.If Fj,(2) = 0, then H (w,+2)
= 0. It is clear from (I) that H'(w, + z) = B(w, + z). Hence (for n large
enough) |F)(z)] = 1. Also FE(0) = 00 as n — oco. It follows from Marty’s
criterion that (F},), is not normal at z = 0.

Therefore, we can apply Lemma Choosing an appropriate subse-
quence of (F),), if necessary, we may assume that there exist sequences
(2n)n and (pp)n with |z,| <7 <1 and p, — 0 such that

(4.2) 9n(C) == pp F(2n + pnC) — 9(C)

locally uniformly in C, where g is a nonconstant entire function of order at
most 1. Moreover, g*(¢) < g#(0) = 2 for all £ € C and

(4.3) < M M
. pn < =

" T RN 0)  FH(wn)
for a positive number M.

From (4.2)) we have, as in (3.3)),

F,(2) = F(w, +2) =

< Mfwy, [

(4.4) 9n(Q) = 4'(0)-
Since B =a —a' = R1e? and ¢ = a — o = Rye?, we have
/ / /
(4.5) ‘5 _ ‘Rl +RQ
B lz=wn+zn+pnC Ry 2=wWn+2n+pnC
_ R/ o R/l _ 2R/Q/ o RQ/! 4 RQI _ RQIQ _ O(’w ‘ll)
- R—- R — RQ/ z2=Wn+2n+pnC N " '
By (4.1) and (4.3]), we deduce that
(4.6) nlggo whp, =0,
where
R —R'— QRIQ/ _ RQ” + RQ/ _ RQ/Q
[y = deg
R— R — RQ'
R R” Ry " / 2
R R’ _ oR _
=deg £ R%, e -d = deg @/
1-—% -
R

is a fixed constant. Combining (4.1)), (4.3)), (4.5) and (4.6) yields, as in (3.5]),

H(wy, + 2n 4 pn€) ' (wn + 20 4 pnl)

) B wn = 2 + OBt + 20+ Pu0)

< Mgn(Q)| lwa|"7#¢ =0

as n — oo.
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From (4.4) and (4.7), we deduce that
H'(wn + 2n + pn€)
6(wn + zn + Png)

— g'(0).

In a similar way,
H"(wn + 20 + pnl)

Pn
We claim that
(1) 9(¢) =0=4¢'(¢) =1,
(2) 9'(Q)=1=4"(()=0.
The proof of (1) is exactly the same as the proof of Theorem 1.7. To
prove (2), just replace (3.9) in the previous proof by
H" (wy, + 2n + pnin)
1 — lim n n n'in
g (770) n—00 P ﬁ(wn + zn + pnnn)
P(wn + Zn + Puin)
n—00 nﬁ(wn + zn + pnnn)
(R —_ R'"— 2R/Q/ _ RQ// _ RQ/2)<wn + 2z, + pnnn)
(R - R — RQ/)(wn +zn + pn”n)
= lim p,(O(Jwa|™)),
n—oo

where
' R" _ 92RO — "o 2
by — deg =R/~ 2R Q' — RQ" — RQ
R— R — RQ
R’ R” Ry " 2
BB Ry Q' -Q ,
= deg 1 _ & Ql = deg Q

is also a fixed constant.

By (4.1) and (4.3)), we deduce that
(4.8) lim w2p, =0,

n—oo
which yields (2).
From Lemma [2.5) -, it is easy to deduce that g(¢) = ¢ — by, where by is a
constant; then ¢#(0) < 1 < 2, which is also a contradiction.

So p(F) < 2deg Q.
Next we will prove p(f) < p(F'). We distinguish three cases.

Cask 1. If p(a) < p(f), then since p(a — o) < p(a), by Lemma
we have p(F(a — ) < max{p(F), p(a)}. Due to F = 01572‘, we have [ =

a + F(a — ). Thus, by Lemma p(f) < max{p(a), p(F(a — )} <
max{p(a), p(F)}, and p(a) < p(f) yields p(f) < p(F) < 2deg Q.
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CAsE 2. If p(a) = p(f), then since p(a) = deg Q, we have p(f) = p(a) =
deg Q.

CAsE 3. If p(a) > p(f), then since
f-a f-RQ _f R
a—a  Rie?  RieQ® Ry
and R/R; is a rational function, because of p(R/Ri) = 0 and p(a) =
deg @ = p(R1e9) > p(f), we obtain p(f) < degQ = p(F).

Thus, we have proved that p(f) < p(F) < 2deg@. This completes the
proof of Theorem [1.12

F=

5. Proof of Theorem Similar to the proof of Theorem we
also set H = f — a. Then

() H(z) =0= H'(z) = a(2) — o/(2),
(I) H(z)=a—ao' = H'(z) =a—d".

Set
B=a—-a =(R—R —RQ")e? = Rye?,
p=a—-ao"=(R-—R'-2R'Q — RQ" — RQ"*)e% = Rye?,

where Ry (# 0) and Ry are rational functions. Set F' = H/f3.
If p(F) > deg Q, by Lemma [2.4] for every 0 < p < p(f) — 1, there exist
wy, — 0o such that

Ft
(5.1) lim T(n) _
n—00 |u)n|'u
The remainder of the proof is very similar to the proof of Theorem [L.1
so we omit it.
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