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Jumps of entropy for C” interval maps
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David Burguet (Paris)

Abstract. We study the jumps of topological entropy for C" interval or circle maps.
We prove in particular that the topological entropy is continuous at any f € C"([0, 1])

+q
with hop(f) > M. To this end we study the continuity of the entropy of the
Buzzi-Hofbauer diagrams associated to C" interval maps.

1. Introduction. In this paper we study the upper semicontinuity of
the (topological) entropy in the spaces C"([0,1]) and C"(S!) of C" interval
maps and circle maps endowed with the usual C" topology where r is a real
number with 1 < r < oo. This problem has been investigated in several
previous works in different settings [19], [21], [29]. Let us recall the main
related results.

Lower semicontinuity of the entropy was proved by M. Misiurewicz and
W. Szlenk [24] for interval maps in the C° topology and by A. Katok [16] for
C1*o surface diffeomorphisms in the C'! topology. In both cases this follows
from the characterization of entropy by horseshoes which are persistent in
the above mentioned topologies. In dimension larger than two the entropy
may not be lower semicontinuous even in the C*° topology [19].

In [21] Misiurewicz investigated upper semicontinuity of the entropy for
continuous piecewise monotone maps of the interval. Let M ([0, 1]), with
r = 0 or 1, be the set of C" interval maps f which admit a partition of
[0,1] into k intervals such that f is weakly monotone on each element of
this partition.

We say x € [0,1] is a turning point of an interval map f when there exist
0<a<b<z<ec<d<1suchthat f is constant on [b,c| and strictly
monotone both on [a,b] and [¢,d] but in the opposite sense.

Misiurewicz proved upper semicontinuity (and thus continuity) of en-
tropy in MJ([0,1]) in the C° topology at all maps at which it is positive.
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For all k£ he also gave a complete description of the possible jumps of entropy

in MP([0,1]) at any f € MP([0,1]) \ U= MP([0, 1):

limsup  hiop(g) = max(hiop(f), B(f)),
0
955 f,9eMO((0,1]
with
B(f) := max {g log 2 : there exists a periodic point of f of period ¢
with p (< ¢) turning points in its orbit}.

Moreover, Misiurewicz proved continuity of entropy for the C'* topology
for C'! piecewise monotone maps with a uniform number of pieces [23], i.e.
for any positive integer k and for any f € M} ([0, 1]) we have

(1.1) limsup  hiop(9) = htop(f)
955 f,9eML(0,1]

Axiom A interval maps are open and dense in C" ([0, 1]) with » > 1 [I7].
We recall that a C' interval map f is said to be Aziom A if all periodic
points are hyperbolic and, with B(f) denoting the union of the basins of
attracting periodic points of f, the set [0,1] \ B(f) is hyperbolic, that is,
there are constants C' > 0 and A > 1 such that |(f*)(z)| > CA* for all z €
[0,1] \ B(f) and k € N. By structural stability, entropy is locally constant,
hence continuous, on the set of Axiom A interval maps.

For r > 1 the set D" ([0, 1]) of C" interval maps with no critical point flat
up to order r is also open and dense in C" ([0, 1]) and neither contains the set
of Axiom A maps nor is contained in it. The entropy is also continuous on
D" ([0, 1]). This result is due to R. Bowen [I] and Misiurewicz—Szlenk [24] for
r =2 and to K. Iwai [15] for larger r (the latter proof is based on a variant
of the kneading theory of Milnor and Thurston). We show in the Appendix
that it is in fact a direct consequence of Misiurewicz’s result .

Upper semicontinuity was also established by Y. Yomdin [29] for the
C*™° topology on any compact manifold M. In fact he bounds the default of
upper semicontinuity of the entropy for C™ maps, 1 < r < 0o, as follows:
(1.2) lim sup hiop(9) < heop(f) + d]:(f),

95 f
where d is the dimension of M and
RO ot 1D
n n
(note that R is upper semicontinuous in the C'! topology as the limit of
a subadditive sequence of continuous functions, i.e. limsup R(g) <

R(f))- -

cl
g—f
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Earlier Misiurewicz [22] proved that upper semicontinuity of the entropy
fails for diffeomorphisms in the C" topology with finite r in dimension larger
than or equal to three . For interval maps [6] and for surface diffeomorphisms
[7] the only known C" examples at which the entropy is not upper semicon-
tinuous all satisfy hiop(f) < R(f)/r. We prove in this paper that this is
always the case in dimension one.

MAIN THEOREM. Let f be a C" interval or circle map with 1 < r < oo.
Then

lim sup hiop(g) < max(hiop(f), R(f)/r)-

C’l‘
g—f

In fact we will prove a stronger statement where the lim sup is taken over
g going to f in the C! topology and staying in a C" bounded set (Yomdin’s
inequality also holds true in this setting).

Obviously the statement of the Main Theorem for arbitrarily large r
implies the same for r = oo and we recover in this last case the upper
semicontinuity of entropy in the C°° topology proved by Y. Yomdin. Note
also that the above theorem is trivial for = 1 as hiop(f) is always less than
or equal to dR(f) for any C! dynamical system on a compact manifold of
dimension d.

We conjecture that the Main Theorem should also hold true for surface
diffeomorphisms.

Let f be a C" interval map, 1 < r < 0o, and let p be a repelling periodic
point with period 7. Here f may be non-invertible, and the unstable man-
ifold W*(O(p)) of the orbit O(p) of p is then defined as the set of points
x such that there exists an infinite backward orbit (xj)r<o through z, i.e.
Tp+1 = f(zg) for any & < 0 and = = x; for some [ < 0, such that zxr
goes to p when k goes to —oo. We say that f has homoclinic tangency of
order r at p if there exists a critical point ¢ € [0, 1] flat up to order r, i.e.
f(z) = f(c) = o((x — ¢)"), such that ¢ € W*(O(p)) and f*(c) = p for some
k > 0. In dimension one the stable manifold at a repelling periodic point is
in general zero-dimensional, and homoclinic tangency may be geometrically
interpreted as a point of intersection of the stable and unstable manifold
at which the graph of the interval map is tangent to the horizontal axis.
Observe that homoclinic tangency of order r is of order s for any s < r.

PropPOSITION 1.1. Let f be a C" interval map, 1 < r < oo, with homo-
clinic tangency of order r at a repelling periodic point p. Then

lim sup htop(g) > max(htop(f)v )\(p)/T),

C’I‘
g—f

where A(p) is the Lyapunov exponent at p. When moreover \(p) = R(f), we
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have
lim sup hop(g) = max(hiop(f), A(p) /7).
g5 f
Note that R(f) is the maximum of the Lyapunov exponents of all invari-
ant measures (and zero). Indeed, firstly the Lyapunov exponent A(u) of an
f-invariant measure p satisfies

Au) = \log |f'| du = |lim dp < R(f).

For the converse inequality we may assume R(f) > 0. If z,, is such that
(™) |(zn) = [|(f™)]loo > 1, we let v, be the atomic measure given by

1 n—1
Vp = E Z(kaxn
k=0

log |(f™)'|

n

Clearly we have
10 n\/
o vy = 128107V l)
n
and then any limit v of (v,), in the weak-* topology is f-invariant and
satisfies, by upper semicontinuity,

Slog|f’\ dv > 1i£11§10g|f'\ dv, = R(f).

QUESTION 1.2. Let f be a discontinuity point of entropy in C"(]0,1])
with 1 < r < 0o. Does there exist f, € C"([0,1]) with homoclinic tangency
of order r at a repelling periodic point py, and going to f in the C" topology
when n goes to infinity? Do we have moreover

lim sup hiop(g) = limsup A(py,, ) /77
95 f "

The proof of the Main Theorem is based on the study of the Buzzi-
Hofbauer diagram and its behaviour under C" perturbations. This diagram
is introduced in Section 3. In Section 2 we investigate the upper semicontinu-
ity of the entropy of topological Markov shifts with countable state sets. The
Main Theorem then follows by applying the previous abstract framework to
the Buzzi-Hofbauer diagram and by applying the strategy developed in [§],
[4] (to prove existence and finiteness of measures of maximal entropy for
C" interval maps f with hyop(f) > R(f)/r). Finally we sketch the proof
of Proposition in the last section, which is based on a classical con-
struction of arbitrarily small horseshoes near a homoclinic tangency by C”
perturbations.

2. Continuity of the entropy of topological Markov shifts with
countable state sets. In this section we introduce a notion of convergence



Jumps of entropy 303

for countable Markov shifts and analyze the case of lack of upper semicon-
tinuity of Gurevich entropy. We first recall standard terminology.

Let G be an oriented graph with a countable set of vertices V(G). For
u,v € V(G), we use the notation u — v when there is an oriented arrow from
u to v. A closed path at a vertex u is a sequence of vertices (ug, ..., upy1)
with u; = upy1 = v and with u; — u;41 for ¢ = 1,...,p. The integer p is
called the length of the closed path. The period p(G) of the graph G is the
greatest common divisor of the lengths of its closed paths. A closed path
(u1,...,upy1) at w is said to be a first return at w if u; # u for i # 1,p+ 1.
Any closed path v at u is a concatenation of first returns (v;)i=1,..; at u
and we write

(2.1) Y=Yk R
In other words, if v = (u1,...,upt+1) then there exist 1 =k < -+ < k; <
- < kjy1 = p+ 1 such that v; = (ug,,...,ux,,) are first returns at u.

A graph G is said to be admissible when for any M € N and for any vertex
u € V(G) the number of closed paths at u of length M is finite.

We let A,(G) (resp. A;(G)) be the set of closed paths of length p in G
(resp. at u). For any positive integer M and for any u € V(G) we let A} ;/(G)
be the set of v € AJ(G) such that all first returns 7; at u appearing in the
decomposition of v in G have length at most M.

Consider X(G) = {(vp)n € G : ¥n € Z, v, — vpt1}. The Markov
shift on G is the shift o((vy)n) = (Vnt1)n on X(G). Obviously there is a
correspondence between p-periodic points of X'(G) and closed paths of length
p in G: to any closed path v = (u1,...,up41) in G of length p corresponds
the p-periodic point 4 = (vy), of X(G) with vy, = Uy, (medp)+1 for all n.

If F is a subset of vertices of the graph G we write [F| := {(v,,)n € X(G) :
vo € F}. We also let M(X(G)) be the set of invariant Borel probability
measures on X(G).

2.1. A notion of convergence. We consider a set F and a family
E = (Ep)rer of subsets with £ = J; Er.

A family (G;)ier of oriented admissible graphs with vertices in F is said
to be uniform with respect to £ when for any L € £ we have
(2.2) sup tV(G;) N B, < oc.

el

DEFINITION 2.1. A sequence (G, )nen of graphs uniform with respect to

E converges to a graph G when VL VM dng Vn > ng we have

Yu" € V(Gn) N Er Ju € V(G) such that Vp, §A%,/(G,) < $A%(G).

Clearly (Gn)nen does not determine G uniquely. For example, if we add
some edges to G, then (G,), also converges to the resulting graph.
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DEFINITION 2.2. Let (G,)nen be a sequence of graphs uniform with re-
spect to E. We say (&n)nen € [ ey M(Z(Gn)) goes to infinity when for any
L € £ we have lim,, &,([EL]) = 0.

As sup,, 1V (G,) N EL < oo for any L by (12.2)), the sequence (&, )nen goes
to infinity when for any L the sequence (Supyncy(g,)ne, $n([{u"}))n goes
to zero.

2.2. Entropy and measure of maximal entropy. The shift space
X(G) is a priori not compact. Following B. Gurevich we define the entropy
h(G) as the supremum of h(o, &) over all o-invariant probability measures &.
A o-invariant measure £ is said to be mazimal if h(c,&) = h(G). Such a
measure does not always exist. In the following we consider a converging
sequence (G )p of graphs with lim, h(G,) > h(G). We do not assume that
the graphs G, or G admit maximal measures.

We will use the following theorem of Gurevich which enables us to work
with finite connected @ graphs.

THEOREM 2.3 ([12, Corollary 1.7]). Let G be an oriented graph with a
countable set of vertices. Then

h(G) = sup h(Go),
Go

where Gy ranges over all finite connected subgraphs of G.

A finite connected graph admits a unique measure of maximal entropy
(the so-called Parry measure). We now recall the characterization of the
Parry measure: periodic orbits equidistribute along this measure.

THEOREM 2.4 ([2]). Let Gy be a finite connected graph with h(Ggy) > 0.
Then periodic points equidistribute along the unique maximal measure p of

(£(Go),0), ie.
Z 5, LRGP, p:p(9o)lp i,
ﬁA gO v€Ap(Go)

where 05 denotes the Dirac measure at the periodic point ¥ € X(Go).

Finally, we recall that the Gurevich entropy of a connected oriented
graph with a countable set of vertices may be written as the exponential
growth rate in p of the number of closed paths of length p at a given vertex w:

THEOREM 2.5 ([13]). Let G be a connected oriented graph with a count-
able set of vertices. Then for any u € V(G),

1
h i ~log 1A% (G
) = ppl(gl)lpp o ( )

(*) A graph is said to be connected when any pair of vertices may be joined by a path.
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As the Gurevich entropy of an oriented graph G with a countable set of
vertices is the supremum of the Gurevich entropies of its connected compo-
nents, for any u € V(G) we always have

(2.3) h(G) > h(m)lpplogjjA“( ).

2.3. Main proposition

PROPOSITION 2.6. Let (Gp)nen be a sequence of graphs uniform with
respect to E converging to a graph G. Let (G))nen be a sequence of finite
connected graphs with G, C Gy, for all n and lim, h(G]) > h(G). Let p, €
M(X(G)) C M(X(Gn)) be the mazimal measure of X(G),). Then (in)nen
goes to infinity.

Proof. Fix Le L. Let €>0. Let 6 >0 be such that lim,, h(G},) > h(G) + 4.
We fix M large enough so that 1/M < /2 and lim,, e ~¢0P/4 >0<k<p/M *)=0

1 P
(it is well known that lim sup M — 0 as @ — 0). By convergence of

Gn to G we may fix ng large enough such that for n > ng, there exists for
all u™ € V(G,) N £, a vertex u € V(G) such that for all integers p,

(2.4) 1AL 1 (Gn) < £AF(G).

We can also assume that h(g,g) > h(G) + 9 for n > ng. We fix n > ng and
we now prove p,([{u"}]) < e for any u™ € V(G,) N EL.

As [{u™}] is a clopen (possibly empty) set in X(G/), by Theorem [2.4| we
have

ol =l e L sl = e e

The number of returns at u" in a closed path v = (v = uy,ue,...,

upy1 = u") of length p at u” will be denoted by r(v), i.e. r(y) = {1 <
kE < p: u, = u"}. It is also the number of closed paths at u" defining
the same periodic orbit in X(G,). We let A;”(g,g) be the subset of closed
paths v € A%"(G},) such that the minimal period of ¥ € X(G},) is p. When
v € Ag"(g;l) there are p distinct closed paths in A,(G),) (in general not at
the vertex u™) defining the same periodic orbit in X(G/,). Therefore we have,
for any p,

t{y € A (G),) : r(y) < pe}

<e
1AL (97)
It follows immediately from Theorem and h(G)) > 0 that
LA GNAG)) L Tt G)

p:p(G)Ip 8A,(G)) = pip(Gl)lp 14,(G)
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To deduce p,([{u"}]) < € (recall n is fixed), it is enough to show that
for large p the cardinality of the set of closed paths v of length p at v with
r(7) > pe is less than eP(?(9)=<0/8) hecause the cardinality of A,(G) grows
exponentially faster in p by Theorem [2.5] and thus we will finally get

v e 44(G,) : r(7) <pe}
n(Hu™}) = lim <e.
plltI) = 8 £4,(0))
Therefore Proposition will be proved once we show

CrLAIM. There ezists P (depending on n) such that for all p > P,
#H{y € AL (Gr) = 7(7) > pe} < ePGn)=/8),

Proof. For~ € A;n (G!) welet v~ and v be the closed paths at u obtained
by concatenating the first returns at u™ appearing in v of length less than or
equal to M and larger than M, respectively (recall M was fixed earlier and
depends only on € and §). More precisely if v = 71 *- - - ¥, is the writing
of v in first returns at u, then we let v~ = ~;, *- - -%~;, where {i; < --- <y}
is the set of integers i € [1, j] such that the length of 7; is at most M, and we
define 4" similarly. For y = (u" = uy, ug, ..., upt1 = u") € A" (G},) we also
let i(vy) be the set of integers k € [1, p] such that there exists a first return
at ux = u” of length larger than M. Note that the cardinality of i(y) is no
more than p/M < pe/2.

We let P]lg be the set of all subsets of {1,...,p} whose cardinality is less

than or equal to I. We consider the map & : Agn (Gn) = Uo<g<p Afﬁw (Gn) %

(g’) M \Which maps any 7 € A“ (G) to the triple (v, v",i(7)).
Clearly thls map is 1nJect1ve Now for any v € A“ (Gl) the length of v~ is
at least r(y) — fi(y). By (2.4) it follows that, for all D,

Hy € 457G r() Zpek < Y0 HATM(Gn) ¥ AF4(G) x PR
P>q>pe/2
<Y HANG) x84 (Gr) x ¢PEM,
p=q>pe/2
and then for large p (depending on the fixed n) we finally obtain, by ,
H € A (G) s r(y) Zpe} < e ST 4AN(G) < 4AY” (G
p>q>pe/2
< <0p/3 Z e?M(9)+(p—a)h(Gy,)

p>q>pe/2
< eP(h(Gn)—€d/8)

The Claim is established. =
As previously mentioned, this concludes the proof of Proposition n
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3. Proof of the Main Theorem via the Buzzi—-Hofbauer diagram

3.1. Symbolic dynamics associated to natural partitions and the
Hofbauer—Markov diagram. We consider a C! interval map f. Let C(f)
be the critical set of f, i.e. the set of vanishing points of the derivative f’.
A monotone (resp. strictly monotone) branch of f is an open interval I
such that f|; is monotone (resp. strictly monotone). We say [ is a critical
monotone branch if I is a monotone branch (not necessarily strictly) and the
two boundary points of I belong to C'(f) U {0,1}. A (countable) collection
P of disjoint critical monotone branches is called a natural partition of f
when the union of all monotone branches in P covers any strictly monotone
branch of f, i.e. {f' #0} C U;epI.

For a natural partition P of f the two-sided symbolic dynamic X(f, P) as-
sociated to f is defined as the shift on the closure in PZ (for the product topol-
ogy) of the two-sided sequences A = (A, ), such that for alln € Z and [l € N
the word A, ... A,y is admissible, by which we mean that mi:o fEA,
is non-empty and the f‘*'-image of this open interval is not reduced to a
point. The follower set of a finite P-word By, ... B4 is fol(By, ... By4;) =
{Ap i Apsiir ... € PN 3(A,) € X(f, P) with A, ... Ay = By... By}

Let P be the set of admissible P-words. We consider the following
equivalence relation on P. We say A_,,...Ag ~ B_,, ... By if there exist
0 < k < min(m,n) such that:

OA_k...A():B_k...Bo;
[ ] fOl(A_n cee Ao) = fOl(A,k e Ao);
[ fOl(B_m cee Ao) = fOl(B_k ce AQ)

We endow the quotient space D = D(f, P) := P/~ with a structure
of oriented graph, known as the Buzzi—-Hofbauer diagram, in the following
way [6]: there exists an oriented arrow o — 8 between two elements «, 3 of
D if and only if there exists an integer n and A_,, ... AgA; € P such that
OéNA_n...AO and ﬁNA_n...AQAl.

The significant part of a € D is the representative A_,_ ... Ay of «
with the shortest length. Such a word A_,, ... Ap is also called irreducible;
it is the shortest element in its class. In particular fol(A_,, ... Ay) #
fol(A_p 41 .. Ag) when n, > 0.

We let Dy be the subset of D generated by elements of Ui\;l Pk ie.
a € Dy if and only if there exist 0 < k < N and A_...Ag € P such
that a ~ A_g ... Ag. Thus Dy is the subset of D whose significant part has
length less than or equal to N.

3.2. Convergence of the Buzzi—Hofbauer diagram. Let E be the
union (J; p D(f, P) over all C' interval maps f and all natural partitions P
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of f. For a € D(f, P) let L(«) be the length of fN,H(ﬂogigN' fimN"A_y) for
some (any) representative A_nv ... Ay € P of a. For any (N, K) € (N\{0})?
we consider the subset En g of E defined by

Eni = {a e JDn(f.P): L(a) = 1/K}.
P
Clearly we have £ = Jy ; EN K-

We now analyze the éonvergence of the Buzzi-Hofbauer diagrams asso-
ciated to a converging sequence of C'! interval maps. We begin with some
preliminary facts.

FacT 0. Let F be a C' bounded set of C' interval maps. For any
N,K,M there exist N,K depending only on N, K, M, supser || f'|loo such
that for any f € F and for any natural partition P of f, any closed path in
D(f,P) of length M at a vertex in En i is contained in Eg k-

Proof. This is an immediate consequence of the following two properties
of the Buzzi—Hofbauer diagram:

o if « € Dy(f,P) and o — (3 then 8 € Dni1(f, P);

e if @ — B then L(B) < || f'||soL().
Indeed, just set N = N 4+ M and K = [Ksupser || f/13]+1.

For any C'! interval map f, any natural partition P of f and any positive
integer m, we denote by P(m) the set of elements of P where |f’| attains
1/m.

FACT 1. Let F be a C' bounded set of C' interval maps. For any N, K

there exists m depending only on N, K,sup e || f' oo such that for any f € F
and any natural partition P of f, the set D(f,P) N En i is generated by

N
U=t P(m)*.

Proof. Let o~ A_pnv... Ag with N" < N and suppose that the length of
fN/H(nogigN' fi=N"A_;) is larger than or equal to 1/K. Clearly we have
vazlo supgea_, |f'(z)] > 1/K and thus, for any 0 <i < N/,

1

su "(z)| > —_—.
Sup 1P @2 g

Therefore it is enough to take m > K max(1,supscr I loc). =

From now on we fix C! interval maps f and (f,)nen such that (fy)ns
converges to f in the C! topology, and we consider natural partitions (P,),

of (fn)n-
Fact 2. For any positive integer m we have

sup P, (m) < oc.
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Proof. Let m € N. Assume sup,, §P,(m) = oo. Clearly for any fixed
n the set P,(m) is finite. Then up to extracting a subsequence one may
find for each n an element (ay,,b,) of P,(m) whose length |a, — b,| goes
to zero as n — oo. For any n we let ¢, € (an,b,) with |f](c,)] > 1/m.
We may assume that a,, b, are not boundary points of the unit interval, so
that f) (an) = f}(bn) = 0. Any accumulation point (a,b, c) of the sequence
(@n, by, c,) satisfies a = b = ¢. Moreover, as (f,), C'-converges to f, we have
f(a) = f'(b) =0 and |f'(c)| > 1/m and we get a contradiction. Therefore
sup,, §P,(m) < oo for any given m. =

When A is an open interval and n is an integer, we denote by A" the
element @ of P, which contains the midpoint of A.

FAacT 3. There exists a subsequence (ny), with the following property.
There is a non-decreasing sequence (Rpy,)m of finite collections of disjoint
critical monotone branches of f such that for any positive integer m:

o for all k > m we have P, (m) ={A™ : A€ Ry};
o for any A € R, the sequence (A"™*)y>p, goes to A in the Hausdorff
topology as k — oo.

Moreover the union R := J,,cn Rm defines a natural partition of f.

Proof. By Cantor’s diagonal argument, one may find a subsequence
(ng) such that for any m the cardinality of (P,, (m)) is constant for k > m
and P,, (m) converges in the Hausdorff topology to a (finite) collection R,
of critical monotone branches of f. We may also assume P, (m) is so close
to Ry, for any k > m that P, (m) is given by the family {A" : A € R, }.

Finally, observe that for any point x in {f’ # 0} there exist an integer m
and an open neighbourhood U of x which is contained in a unique element
of P,, (m) for large k. By taking the limit in k£ we deduce that U is contained
in some A € R,,, C P. Therefore R = |J,,cr R is a natural partition of f. m

We let D" and D be the Buzzi-Hofbauer diagrams associated to the
natural partitions P, and R (given by Fact |3) of f,, and f respectively. It
follows immediately from Facts (1| and [2 that (D™),, is uniform with respect
to E = (EN k) N,k - From Facts |§| and (1| one also easily sees that all these
diagrams are admissible graphs. In fact by Theorem admissibility may
be deduced more directly from the finiteness of Gurevich entropy, which will
follow from the Isomorphism Theorem (Theorem [3.2).

We now prove the convergence of the Buzzi-Hofbauer diagrams by taking
a subsequence again.

() If it exists; when using the notation A", we claim it is well defined.
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LEMMA 3.1. There exists a subsequence (ny,); such that the Buzzi—Hof-
bauer diagrams (D™*); of (fnkl )1 converge to the Buzzi—Hofbauer diagram D

of f.

Proof. Let N, K, M be positive integers. By Facts [B] there exists an
integer m depending only on N, K, M, sup,, || f},||c such that for k& > m any
closed path ~; of length M’ < M at a vertex o € D™ N Ey g is given by
a P -word A", .. At ATF .. AR with N’ < N such that

n Nk Nk Nk NEg ANk Nk
Q% o AT AR o AT AR ATE AT

where A_nv, ..., Ay belongs to R,,. Up to extracting a subsequence one
may assume by uniform convergence of (fy, )i to f that A_nv ... Ap is an ad-
missible word and moreover A_ns ... AgA1 ... Ay ~ A_nr ... Ap. This last
relation defines a closed path ~ of length M’ at the class o of A_n/... Ag
in D. The function ¢y, : AY* (D™) — A$,(D) mapping 7% to v may be ex-
tended to Az‘z\'} (D™k) for all p by concatenating the ¢g-images of the first re-
turns at o™ appearing in the decomposition of a closed path in Ag‘z\’} (D™x).
The resulting map, which takes values in Ag‘(D), is injective. Indeed, any
closed path 7y, in Ag‘;\]}(l)”k) is given by a P, -word A™, ..  AgFATR . AT
with N’ < N and with A_y/,..., A, € Ry, such that

Nk nk ng Nk N ANk Nk
QM ~ AT AT~ AT ATEATE AT,

Then ¢ (k) is the closed path in D of length p at o whose gth term is the
class of A_pn/...AgAy...Ay—1 in D for any 1 < ¢ < p. Since these classes
allow us to determine A, for 1 < ¢ < p, two closed paths in Ag;\’j[ with the
same image under ¢y, coincide. It follows that

A (D) < 4A%(D).

Finally, by Cantor’s diagonal argument we may extract a subsequence
(ng,); such that this holds true for any N, K, M whenever [ is large enough,
i.e. the Buzzi-Hofbauer diagrams (D"*); of (fn,, )i converge to the Buzzi-
Hofbauer diagram D of f. =

3.3. Isomorphism Theorem. Let f be a C! interval map and P be
a natural partition of f. The symbolic dynamic extends the dynamic on
the interval as follows. For any A = (Ap)nez € X(f, P) we let mo(A) =

MNien ﬂf:o f~tA;. As f is monotone on each element of P, the set ﬂf:o f7ta,
is an interval for all £ € N. In particular my(A) is a point or a compact
non-trivial interval; but this last possibility occurs only for a countable set
of elements (Ay)nen. Therefore there is a Borel subset of X(f, P) of full
p-measure for any o-invariant measure p with positive entropy such that
the restriction of 7y to this subset defines a Borel map (in the following,
this Borel map will also be denoted by 7).
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Moreover, consider the projection m : X(D) — X(f,P) defined by
71((an)n) = By, where By, is the last letter of the word .

We now recall the Isomorphism Theorem for C''* interval maps ob-
tained in [4] based on previous work of J. Buzzi [6]:

THEOREM 3.2 ([]). Let f be a C" map of the interval with r > 1. The
Borel map 7 :=myom : X(D) — [0, 1] induces an entropy preserving bijec-
tion between ergodic invariant measures with positive entropy of (X (D), o)
and ([0,1], f).

REMARK 3.3. In [4], [6] the authors consider the particular natural par-
tition given by the set of connected components of [0, 1]\ D(f), where D(f)
is the set of points which do not belong to the interior of any strictly mono-
tone branch of f. However the proof of the Isomorphism Theorem applies
straightforwardly to general natural partitions. Here we need to work with
general natural partitions because Lemma [3.1] is false for the above partic-
ular choice used in [4], [6].

3.4. Bound of the entropy at infinity. We first prove the following
refinement of [8, Proposition 3]:

LEMMA 3.4. Let (fn)nen be a sequence of C interval maps converging
in the C* topology. For any integer n let D™ be the Buzzi—Hofbauer diagram
associated to some natural partition P, of f,. Let (§,)n be a sequence of
ergodic o-invariant measures on X(D™) such that:

o h(o,&,) > 0 for all n;

o (&n)n goes to infinity.
Then limy, &,([DY]) =0 for all N € N.

Proof. For any N,n,m we denote by DY, the subset of D} given by
irreducible P,-words A_pv ... Ap (note that N < N) with

sup S (@) > 1/m.
w€No fr " A N1 44

Obviously DY, ,,, C DY, for m’ > m. We now fix N.

STEP 1: & ([Dy\DR 1)) 7% 0 wniformly in n. Assume for contradic-

tion that for infinitely many m there exists n = n(m) with &, ([DX\Dy,,]) >
a > 0. Let p, = 7*&, be the induced f,-invariant ergodic measure on [0, 1]
and A, its Lyapunov exponent. By the ergodic theorem one easily gets

alogm

2N
)2N/a

A < 1og™ [ fllos =

Therefore by choosing m > max(1,sup,, || f}|/co we conclude that the
Lyapunov exponent of i, is negative and thus its entropy is zero by Ruelle’s
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inequality, h(f,pn) < max(Ag,,0). We get a contradiction with our first
assumption h(o, &,) > 0, as by the Isomorphism Theorem (Theorem we
have h(f7 fin) = h(O’, fn)

STEP 2: For all m there exists K with |, D%’m C FEn,k. Observe
that for any irreducible P, word A_p ... A representing o € D%’m there
exists z € ﬂf\[:lo it A_nrgg with [(FN 41 (2)] > 1/m. There is a posi-
tive integer K’ such that |(fN'+1)(t)] > 1/(2m) for any t in the 1/K’-
neighborhood of z in [0, 1] (in particular this neighbourhood is entirely con-
tained in ﬂfV:/ o fatA_Nryi). We may also choose K’ independent of z by
uniform continuity of f,,, but also independent of n by C' convergence of

(fn)n- Consequently, L(a) > 1/(2mK’) and thus a belongs to Ey x for
K =2mK'.

STEP 3: Conclusion. Let ¢ > 0. By Step 1 we may find m so large that
&n([Dx \ D)) < €/2 for all n. Then by Step 2 there exists an integer
K = K(m) such that for all n we have Dy m C En k and hence, for all n,

&n([Di \ Enk]) < &([Dh \ DRml)) < €/2.
Finally, as &, — oo, there exists ng such that for all n > ng we have
&n([En,k]) < €/2 and thus

En([DR]) < &u([DY \ Enk]) + &n([Enk]) <€ m

The entropy of a sequence of ergodic o-invariant measures going to in-
finity may be bounded from above as follows.

PROPOSITION 3.5. Let (fn)nen be a sequence of C' interval maps con-
verging in the C* topology with sup,, ||(fn)™||ec < 00. For any integer n let
D™ be the Buzzi—-Hofbauer diagram associated to some natural partition P,
of fn. Let (&4)n be a sequence of ergodic o-invariant measures on X (D™) such
that lim, &, ([DR]) = 0 for all N € N. Then for any weak limit p := limy, i,
of (in)n = (7*&n)n we have

§log™ | /| dp

lim sup h(fn,, tin,,) <
; r

Proposition is shown by following straightforwardly the proof of [4]
Proposition 4]. In [4] the statement concerns a single map, but the proof
works when considering a C!-converging sequence of C" maps with uni-
formly bounded r-derivative. Let us sketch the main ideas of this general-
ization.

For any A € X(fy, P,) and any N € N we let 7 (A) be the least integer
m € NU {oco} with m > N such that fol(A_,,—1...Ag) # fol(A_, ... Ap).
The latter implies that there exists y € JA_,,,—1 which shadows the piece of
orbit A_,, ... Ao, i.e. fu(y) € Mg frt Aot
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Then, a sequence (vp)n € [, M(X(fn,Pn),0) is said to satisfy the
shadowing property when lim,, v,(ry < oo) = 1 for all integers N. It follows
easily from the definitions that if (&,), is a sequence of o-invariant ergodic
measures on X(D") with lim, &,([D}]) = 0, then the sequence (77&n)n
satisfies the shadowing property.

We now consider a sequence (vp,)pn, € [[,, M(X(fn, Pn), o) satisfying the
shadowing property and we explain how to bound the entropy of (i) =
(m§vn)n. For any N, a typical orbit of length L for u, with n large enough
may be shadowed at almost any time by at most k& < L/N critical points
of f,, on disjoint orbit segments of length larger than N. Then by using com-
binatorial arguments one may bound the entropy of u, by the exponential
growth rate in L of the number of such possible k-tuples of critical points.
This last rate may be bounded in terms of the Lyapunov exponent of pu,
as follows. If at a starting time of an orbit segment the |f; |-value of our
tn-typical orbit is [ then the number of possible shadowing points for this
piece is less than C||(fn)" |leol™ "~ with C = C(r) depending only on 7.
Indeed, for a C" interval map g the number of critical strictly monotone
branches where |¢/| exceeds the value [ is at most C(r)||g\"||ool™/ "1 (see
[10, Lemma 4.1]). Then, as sup,, ||(fn)" || < 0o, there exists for any € > 0
an integer n. such that for n > n. we have

— /
W(fos i) < § —log™ | fh] dpn
r—1
Together with the Ruelle inequality, h(fn,pn) < max({log|f;|dpn,0), we
get for n > n. (we may assume h(u,) > 0)
h(fo ) < S—log!féldM:JrlSlog* |fal dpn
< —h(fns bin) + SIOng | fal dpn
- r—1

and thus for n > n. we get

+ €.

+e€

+ €,

log™ |f!|d
h(fnuun) < SgTMZ + €.
We conclude by continuity of the integral in the right member that for any
limit g := limg pon, of (fin)n,

§log™ | f'| dp

lim sup h(fnk ) ,unk) <
k r

3.5. Proof of the Main Theorem for interval maps. We can now
prove the Main Theorem for interval maps. Let (f,), be a sequence of C”
interval maps converging in the C! topology to f with sup,, ||(fn)"|lee < 00
such that limsup,, hiop(frn) > htop(f). We may assume that lim, hiop(fn)
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exists and is finite since limsup,, hiop(fn) < limsup, R(f,) < R(f). Let
(Py)n be natural partitions of (fy),. By Theorem and Lemma we
can suppose by taking a subsequence that there exists a natural partition
P of f such that the Buzzi-Hofbauer diagrams D™ associated to (fn, Py)
converge to the Buzzi-Hofbauer diagram D associated to (f, P). By the
Isomorphism Theorem [3.2) we have h(D") = hiop(fn) and h(D) = hiop(f).
Also by Theorem [2.3]one may find finite connected subgraphs G,, C D" with
lim,, h(D") = lim,, h(Gy,) > h(D). The Main Proposition [2.6| states that the
measure &, of maximal entropy of G,, goes to infinity as n — oo. Then by
Lemma (3.4 we get lim,, &, ([DR;]) = 0 for all N and thus by Proposition
for any weak limit p € M(f,[0,1]) of (pn)n = (7*&,) we have

lim huop(fa) = lim (D") = lim h(Gn) = Tim h(&,) = lim Ay

log™ | f|dp _ log™ || f']lc
r - r ’

S

+ m\/
Now if m is an integer so large that R(f) ~ %, we may apply
the previous result to the sequence f;* and to f™ since

lirlln htop(f') = mliﬁn htop(fn) > Mhtop(f) = htop(f™)-

Then we get

lim hyop (f) = lim "eeUi) 18T IU™ oo o BUS).
" " m mr r

This concludes the proof of the Main Theorem for interval maps.

3.6. Proof of the Main Theorem for circle maps. For circle maps
the theorem is proved by reduction to the case of interval maps as follows.
In the assumptions of the Main Theorem one may assume that f has pos-
itive entropy. Indeed, when f has zero entropy the inequality in the Main
Theorem is just given by Yomdin’s inequality . It is well known that
a circle map with positive entropy has a horseshoe [18], in particular there
exist a positive integer k¥ and an interval J # S! such that the closure of J
is contained in the f*-image of the interior of J. This still holds for maps g
which are C-close to f. For n large enough we let p, € J be a k-periodic
point of f,,. By extracting a subsequence we may assume that (p,), is con-
verging to a k-periodic point p of f. Then the interval maps fr and f2,
obtained from fP and f% by blowing up the circle at the fixed point p and
pn respectively, are C" interval maps such that (f), converges to fp in the
C" topology. By applying the Main Theorem for interval maps we get

lim sup htop(fg) < max(htop(fp)a R(fp)/f‘)
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It is easily checked that
htop( ) = htop(fh) = Phtop(fn),

htop( p) h (fp> phtop(f)u
R(f?) = R(f") = pR(f),

so that
hmsuphtop(fn) < max(hiop(f), R(f)/7).

4. Proof of Proposition Similar examples to those below have
already been built in [7], [26], [3] and we refer to these papers for the details
of the construction. Let f be a C" interval map with homoclinic tangency
of order r at a repelling fixed point p. We denote by c¢ the critical point
flat up to order r in the unstable manifold of p with f¥(c) = p for some
k > 0. We perturb f only on a small neighbourhood |¢ — §, ¢ + [ by letting
the perturbation g be a sinusoidal of the form g(z) = asin(Nz/J) + f(c).
We may choose a = C§|f'(p)|~" for some constant C' to get an N-horseshoe
for f! with [ > |log§|. The entropy of this horseshoe is given by (log N)/I,
whereas to ensure the C"-closeness one may take aN" = ¢"/l. In this way
we obtain g; going to f in the C” topology such that

o (1) > loglN log(i’;/al) . log(5’"‘1lfl’(p)ll/0l) . Asap) o(1/0),

By lower semicontinuity of entropy we finally get

lim sup hiop(gr) = max(heop(f), A(p)/7).

Appendix. As a consequence of Misiurewicz’s result (1.1) we give a
short proof of the following theorem.

THEOREM ([15]). For any real r > 1, entropy is continuous on the set
D" (]0,1]) of C™ interval maps with no critical point flat up to order r.

Proof. 1f f € D"(]0, 1]) then its critical set is finite and thus f is piecewise
monotone. In fact for any C™-bounded set V there exist an integer k and a
C'! neighbourhood U of f such that any g € U NV belongs to My([0,1]):

Cram. Letr >1, R> 0 and f € D"([0,1]). There exist eg > 0 and a
C' neighbourhood U of f such that any map g € UNCT([0,1]) with ||g") ||

< R has at most r — 1 critical points in any ball of radius €y; in particular
g is in Mi([0,1]) with k = [r/eo] + 1.

Proof. For contradiction assume that for some r > 1, R > 0, there exists
f € D"([0,1]) such that for any 6 > 0 and any € > 0 there exists a C" map
gs.c which is 6-C-close to f with ||(gs.e)™||cc < R and with 7 critical points
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of g5 in an interval I5. of length e. Let  be an accumulation point of the
intervals (Is¢)se as 0, — 0. In particular for some arbitrarily small 6 and
e the length of g5 .(I) for any I D I is less than R|I|" by [, Lemma 3.2].
Thus as (gs5¢)s converges uniformly to f as 6 — 0, this also holds true for
f(I) for any open interval I containing x, which easily implies that f has a
critical point flat up to order r at x, contradicting our assumption. =

Finally, it follows from ([1.1]) that entropy is continuous at f € D" (][0, 1])

for the C'! topology in any C"-bounded set (in particular for the C” topol-
ogy). m
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