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Singular homology groups of
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Abstract. Let X be a one-dimensional Peano continuum. Then the singular homol-
ogy group Hi(X) is isomorphic to a free abelian group of finite rank or the singular
homology group of the Hawaiian earring.

1. Introduction and main result. The study of singular homology of
one-dimensional spaces goes back to Curtis and Fort [3]. They proved that
for every one-dimensional separable metric space X the singular homology
groups Hy(X) are {0} for k > 2.

A Peano continuum is a locally connected, connected, compact met-
ric space. As we have proved previously, the fundamental groups of one-
dimensional Peano continua determine their homotopy types [8], and in par-
ticular the fundamental groups of one-dimensional Peano continua which are
not semi-locally simply connected everywhere determine their homeomor-
phism types [7]. Consequently, the fundamental groups of one-dimensional
Peano continua are abundant. We recall that the Hawaiian earring is the
plane compactum

H= |J {(@y): (@-1/n)?+y>=1/n"}.
1<n<w
It is known that the singular homology group of the Hawaiian earring is
isomorphic to the abelian group
Zo@Poa [[ 4.
c p: prime
where w is the least infinite ordinal, ¢ is the cardinality of the continuum,

and A, is the p-adic completion of the free abelian group of rank c [11],
Theorem 3.1] (see Remark [1.3)).
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In contrast to the case of the fundamental groups, we have

THEOREM 1.1. Let X be a one-dimensional Peano continuum. Then the
singular homology group Hi(X) is isomorphic to a free abelian group of
finite rank or the singular homology group of the Hawaiian earring.

The proof shows:

COROLLARY 1.2. Let X be a one-dimensional Peano continuum. If X
is semi-locally simply connected, then Hi(X) is isomorphic to a free abelian
group of finite rank. Otherwise, Hy(X) is isomorphic to the singular homol-
ogy group of the Hawaiian earring.

The result is somewhat unexpected, because the classification is the same
as those of the Cech homology groups and the shape groups (Cech homotopy
groups) of one-dimensional Peano continua, while that of the fundamental
groups is different, as mentioned above. Though proofs for the classifications
of the Cech homology groups and the shape groups are rather geometric,
the proof for the singular homology groups is highly group-theoretic as we
show in what follows.

As is well-known, M. G. Barratt and J. Milnor [I] proved that the three-
dimensional singular homology group of the two-dimensional Hawaiian ear-
ring is non-trivial, which shows a counter-intuitive behavior of singular ho-
mology. Our result is another counter-intuitive one even in dimension one.

REMARK 1.3. The proof of [II, Theorem 3.1] depends on [6, Lemma
4.11]. However, there is a gap in the proof of the latter. Hence we prove
Lemma of the present paper, which permits us to give another proof
and generalize [11, Theorem 3.1].

2. Sequences and abelian groups. To express finite or infinite se-
quences of paths and elements of groups, we introduce some notation, which
we have used in [6, 5, @]. Let Seq be the set of all finite sequences of non-
negative integers and denote the length of s € Seq by lh(s). The empty
sequence is denoted by ( ). For s,t € Seq, let s * ¢ be the concatenation of
s and t, i.e. Ih(s xt) = lh(s) +1h(¢t) and (s xt); = s; for 1 < ¢ < lh(s) and
(s*t)i = ti_m(s) for Ih(s) + 1 < i < 1h(s) + 1h(¢). In general, s € Seq is
denoted by (s1,...,s,) where s (1 <k < n) are non-negative integers and
n = 1h(s). The lexicographical ordering is denoted by =, i.e. for s,¢ € Seq,
s X tif s; < t; for the minimal ¢ with s; # t; or t extends s. For a non-empty
sequence s € Seq, let sT € Seq be the sequence such that lh(s™) = lh(s)
and s; = s; for i <1h(s) and s = s; + 1 for i = Ih(s).

We recall some notions for abelian groups (in this section a group means
an abelian group). For a group A, the Ulm subgroup U(A) of A is ({n!A :
n < w}. If Ais torsionfree, U(A) becomes the divisible subgroup D(A) of A.



Singular homology of one-dimensional Peano continua 101

The divisible subgroup is a direct summand of A. A torsionfree divisible
group is a direct sum of copies of the rational group Q.

A group A is called complete mod-U if A/U(A) is complete [16, VII 39],
i.e. for a given a, € A (n € N) such that n!|a,+1 — ay, there exists an
element a such that n!|a — a,, for every n € N.

It is known that a group A is algebraically compact if and only if A
is complete mod-U and U(U(A)) = U(A) []. If A is torsionfree, then
U(A) = U(U(A)) = D(A). Hence, a torsionfree, complete mod-U group
is algebraically compact. The structure of a torsionfree algebraically com-
pact group is well-known and determined by cardinalities depending on
primes [16, p. 169]. Let Z be the Z-completion of Z [16, p. 164]. Then
7 = I prime Jp» Where Jp, is the p-adic integer group.

A subgroup S of a group A is pure if, for a € S, n|a in A implies n|a
in S. It is known that a group A is algebraically compact if and only if A is
pure-injective, i.e. whenever A is a pure subgroup of a group B, then A is a
direct summand of B.

For a group A, Rz(A) is the subgroup (\{Ker(h) : h € Hom(A4,Z)},
which is a radical, i.e. Rz(A/Rz(A)) = {0}. It is easy to see that A/Rz(A)
is a subgroup of a direct product of copies of Z. For undefined notions for
abelian groups, we refer the reader to [16].

3. Paths in one-dimensional metric spaces and group-theoretic
properties. To investigate the divisibility in Hq(X) we recall reduced paths
following [7].

For a < b, a continuous map f : [a,b] — X is called a path from f(a) to
f(b). The points f(a) and f(b) are called the initial point and the terminal
point of f respectively. When a = b, the path f is said to be degenerate.
A loop f is a path with f(a) = f(b). For a path f :[a,b] = X, f~ denotes
the path such that f=(s) = f(a+b—s) for a < s < b. Two paths f :
[a,b] = X and g : [¢,d] — X are equivalent, denoted f = g, if there exists
a homeomorphism ¢ : [a,b] — [c,d] such that ¢(a) = ¢, p(b) = d and
f=g-¢. Two paths f : [a,b] = X and g : [¢,d] — X are homotopic if there
exists a continuous map H whose domain is the quadrangle in the plane

with vertices (a,0), (b,0), (¢,1) and (d, 1) such that
H(s,0) = f(s) fora<s<b,
H(s,1) =g(s) forc<s<d,
H((1—-t)a+tc,t)= f(a) =g(c) for0<t <1,
H((1—-t)b+td,t) = f(b) =g(d) for0<t<1.

The homotopy class containing the path f is denoted by [f]. The homotopy
defined above is usually called “homotopy relative to end points”. Since all
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homotopies that appear in this paper have this property, we drop the phrase
“relative to end points” for simplicity.

A path f : [a,b] — X is reduced if no subloop of f is null-homotopic,
that is, for each pair u < v with f(u) = f(v), f[[u,v] is not null-homotopic.
Note that a constant map is reduced if and only if it is degenerate. For
paths f : [a,0] — X and ¢ : [¢,d] — X with f(b) = g(c), fg denotes the
concatenation of f and g, that is, the path from [a,b+d — ¢] to X such that
fg(s) = f(s) fora < s<band fg(s) =g(s—b+c)forb<s<b+d-—c
A loop f is cyclically reduced if ff is reduced. An arc A between points x
and y is a subspace of X which is homeomorphic to the unit interval [0, 1]
whose end points are x and y.

LeMMA 3.1 ([7, Lemma 2.4]). Let X be a one-dimensional normal space.
Then every path is homotopic to a reduced path, and the reduced path is
unique up to equivalence.

LEMMA 3.2 ([7, Lemma 2.5]). For a reduced loop f, there exist a unique
reduced path g and a unique reduced loop h up to equivalence such that
f =g hg and h is cyclically reduced.

LEMMA 3.3 ([7, Lemma 2.6]). Let X be a one-dimensional space. For
reduced paths f : [a,b] — X and g : [¢,d] — X with f(b) = g(c), there exist
unique paths h, f' and g’ up to equivalence such that

e f=f'h~ and g = hg';
e g is a reduced path.

Though any path in a one-dimensional space X is homotopic to a re-
duced path (Lemma , there is no effective reduction procedure in gen-
eral (see Example . However, if fi--- f,, is a path in X and each f; is a
reduced path, we obtain the reduced path of f; --- f,, by cancellations using
Lemma [3.3] at most n — 1 times, i.e. we have a finite step reduction. For a
loop f in a space we denote the homotopy class of f by [f] and the singular
homology class of f by [f]x.

DEFINITION 3.4. A sequence of non-degenerate reduced paths f1, ..., fox
is a 0-form if its concatenation f; - - - fon is aloop and the indices {1,...,2N}
can be paired up into {ix,ji} (1 <k < N) so that f;, = f;, for 1<k <N.

The word 0-form means that the concatenated loop represents the trivial
element in the singular homology group. We remark that the empty sequence
is a O-form.

DEFINITION 3.5. The length of a O-form fi,..., foy is N and its rank is
the cardinality of the set {1 <i < 2N — 1: f;fi+1 is not reduced}.
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LEMMA 3.6. Let lg be a reduced loop in a one-dimensional space X.
Then [lo]p, = 0 in H1(X) if and only if ly is a degenerate loop or there exists
a O-form fi1,..., fan such thatlo = f1--- fon-

Proof. The “if” part is clear; we show the other direction. Since by
Lemma/3.1|any loop is homotopic to a unique reduced loop up to equivalence,
and the homotopy class of a 0-homologous loop belongs to the commutator
subgroup of the fundamental group by the Poincaré—Hurewicz theorem, it
suffices to show that any 0-homologous loop is homotopic to a reduced loop
of a 0-form.

We prove the lemma by induction on the rank r and the length N where
the ordering of the pairs (r, N) is lexicographical. We remark that this or-
dering is a wellordering, which ensures our induction works. If » = 0, then
the loop of a 0-form is reduced and we have the conclusion. On the other
hand, if N = 1, then fifs is homotopic to a degenerate loop. Hence we
proceed to the inductive steps.

We introduce a basic reduction of a O-form fi,..., fan,. Suppose that
fig1 -+ fan, is reduced and f; - - - fan, is not reduced. Let rg be the rank of
fi,---, fan,- By Lemma we have f; = fjh and fiy1--- fon, = h7fi
with f/ fi, | reduced. A basic reduction of fi,..., fan, is the following 0-form
Iiseo oy,

CASE 1: f] and f],, are not empty. We cancel hh~, replace f; and fi1

by fi and f;,, respectively and write the O-form f1,..., fi—1, fi, fi i1, fire,
oy Jang @s f1, ..., fon,, whose rank is 7o — 1 and N7 = No + 1.

CASE 2: f] or fi,| is empty.

SUBCASE 2.1: f is empty and f;1f{, is reduced, or fi, | is empty and
flfiva is reduced. We cancel hh~, rearrange pairings if necessary and get
a O-form ff,..., f3y,- Then in the former case N1 = Np — 1 or the rank

/

is 7o — 1 according to whether f; ; is empty or not, and in the latter case

N1 = Ny — 1 or the rank is 79 — 1 according to whether f/ is empty or not.

SUBCASE 2.2: Otherwise, i.e. f{ is empty and f;_1f] , is not reduced, or
fiy1 is empty and f]firo is not reduced. We get a O-form ff, ..., f3y, asin
Case 2.1, whose rank is at most ro and N1 = Ny (actually the rank is rg but
this is not necessary for our argument).

Starting from a given loop [ of a 0-form, we iterate basic reductions. If the
cases other than Subcase 2.2 appear, we have the conclusion by induction
hypothesis. We will show that Subcase 2.2 does not occur infinitely many
times, which completes the proof of Lemma [3.6] For contradiction, suppose
that Subcase 2.2 occurs infinitely many times starting from a loop [ of a
0-form. Then we have an infinite sequence of 0-forms o, and 0 < ap41 <

ap < ---<ay=b; <---<by < by <1 such that:
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(1) the rank and the length of o, are the same as those of oy;
(2) (1110, an])(I][bn, 1]) is a concatenation of paths in o,.

We remark that (I[[an,a1])” = [[[b1,bn]). Let ax = inf{a, : n < oo} and
boo = sup{by, : n < c0}.

In step my we have N pairings. If the two intervals of a pair are in
[0, Goo] U [boo, 1], then this pair is not changed in any step m for m > my.
For intervals appearing in some steps, we call an interval outside if it is con-
tained in [0, aoo] U [boo, 1], and inside if it is contained in [aoo, boo]. We call
an interval [c, d] overlapping if ¢ < aoo < d < boo OF Goo < ¢ < bsy < d. First
we claim that an outside interval is never paired with an overlapping one.

For contradiction, suppose an outside interval [cg, dp| is paired with an
overlapping interval [c1,d;]. We assume ¢; < ao, < di, since the other case
is symmetric. Once [cg,dp] and [c1,d;] are paired, infinitely many [u, dp]
are paired with some overlapping interval [c1, v] in some steps. This implies
that there are more than N pairs in some step one of whose intervals are
subintervals of [cg, dp], which is a contradiction.

Next we show that after some steps, all outside intervals are paired with
other outside intervals. If an outside interval I is paired with an inside
interval, then I is possibly partitioned. But such partitionings for I occur
only finitely many times, since this procedure fixes the number Ny of the
pairs. Now we consider a non-degenerate subinterval Iy of I, which will not
be partitioned. We claim that Iy will be paired with an outside interval.
Otherwise, Ij is paired with infinitely many inside intervals, which implies
that I is the degenerate path [(a) = l(bs), a contradiction. Hence we
conclude that after some steps every outside interval is paired with another
outside one.

We remark that if an overlapping interval does not appear in some step,
then it does not appear in further steps, and if an overlapping interval is
paired with another overlapping interval in some step, then in further steps
two overlapping intervals are paired.

Next we show that after some steps all overlapping intervals are paired
with other overlapping intervals. For contradiction, suppose that an over-
lapping interval [cp, do] with ¢y < as < dy < b is paired with an inside
interval, and in further steps its overlapping subintervals are paired with
inside intervals. Then as in the case of outside intervals there appear only
finitely many subintervals of [cg, aso] in further steps, and hence we have
an overlapping interval [c1,di] with ¢y < ¢1 < as < di < dp such that in
further steps an overlapping interval containing a., is of the form [¢1,d] for
some d < dj. Since l][c1, ax) is not degenerate, we have a contradiction as
in the case of outside intervals. The case ao, < ¢g < boo < dg is symmetric
and we omit its proof.
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This implies that after some steps every inside interval is paired with
another inside interval. Now choose two points ug, u1 from an inside interval
so that [(u1) # l(uz2). Then we have their copies in some inside interval at any
further steps and we have a contradiction l(u1) = l(aco) = l(boo) = l(u2).

Now we have completed the proof of Lemma We remark that our
proof implies that the basic reductions stop after finitely many steps, since
Subcase 2.2 never occurs infinitely many times and other cases decrease the
order of the pair (r, N). =

A family U of open subsets of a space X is of order 2if UNV NW =10
for any distinct U, V,W € U. If a space X is one-dimensional, then every
finite open cover has a refinement of order 2 [15].

There is a natural homomorphism from singular homology to Cech ho-
mology. Though we shall use a result of [12] in principle, we need to investi-
gate the homomorphism more precisely and we present a direct presentation
of the homomorphism according to [10].

For a loop [ in a one-dimensional space X, we define a loop fi; in the
nerve X as follows [14].

We take a sequence 0 =ty < --- < t, = 1 and elements Uy,...,U, € U
with the following properties:

o I(t;) € U; for each 0 < i < n and Uy = U, = zy;
o l([ti,ti+1]) CU;UUjyq for 0 <i < m.

Define [y, : [0, 1] — X3y by setting l;4(t;) = U; and extending linearly on each
[ti,tix1]. Then Iy is unique up to homotopy:

(1) Take another sequence 0 = t(, < --- < ¢, =1 and elements Uj, ..., U},
€ U and define a loop Ij, in Xy so as to satisfy the above two
conditions. Then l;; and [j, are homotopic.

(2) If m is a loop in X homotopic to [, then my and [y are also homo-
topic.

The natural homomorphism ¢ : H;(X) — H;(X) for a path-connected
space X is defined by py(o([l]n)) = [lu]n, where py is the projection from
Hy(X) to Hi1(Xy), [I]n is the homology class containing I, and [l];, is the
homology class containing [;,.

For the following construction we suppose that X is a locally path-
connected metric space and U/ is an open cover of X consisting of path-
connected sets and is of order 2. Since we use this construction for locally
path-connected spaces, we always use covers consisting of path-connected
sets.

We use the preceding notation for a loop [ in X and a cover of X. Let
Uy ={U;:0<i<n} CU be a finite cover of Im(l) and py, = [(0). Choose
py € U for U € Uy with U # Up. Then using the path-connectivity of U
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and V' we inductively define an arc Ayy = Ayy € U UV between py and
py for U,V € Uy with U NV # () so that Ayy is the unique arc between
pu and py in (UUV)NU{Auv : U,V € Up}. Then |J{Ayy : U,V € Up} is
homeomorphic to a finite graph and (UUV )N UJ{Avyy : U,V € Up} is simply
connected for any U,V € Uy. We remark that py may not be a branching
point in this finite graph and Ayy is the one-point set {py}. Since U is
infinite, to avoid a tedious argument we do not construct a graph in X for
the nerve Xy,.

Next we construct a loop [ in the finite graph |J{Ayv : U,V € U} for a
loop ! with base point Up in the nerve Xp,,, which is a finite graph, so that a
path in the edge UV corresponds to a path from py to py on the arc Ayy .

We apply this construction to the above loop ;. Then Iy [[t;, t;11] is a
path from py, to py,,, on the arc Ay,u,,, and l;(0) = 1(0) = I(1) = Iy(1).

LEMMA 3.7. Let X be a one-dimensional locally path-connected metric
space. If 1 is a loop such that [l], € Ker(o), then | is homologous to a sum of
arbitrarily small cycles. In addition, the cycles can be chosen in the image
of .

Proof. Let | be a loop with [l];, € Ker(o). For a given cover V, by
the paracompactness of X we have a locally finite refinement V, of V. By
Dowker’s theorem [I5], 7.2.4], we have an open 2-cover V; which refines V.
Let U be the set of all path-connected components of sets V' € V;. Then U
is a 2-cover consisting of path-connected open sets. Hence, for a given € > 0
we can choose an open 2-cover U of X which consists of path-connected
open sets with size less than £/2. Taking sufficiently large n, according to
the preceding construction we obtain 0 =tg < t; < --- < t, =1, U; € U,
Uy, pu for U € Up, lyy and E

Let ¢; be a path from py, to I(t;). Since [ly]n = 0, we have a partition
of the index set {0,1,...,n — 1} = {ig,jx : 1 < k < m} U S such that
n = 2m+|S| and l[[t;,, Jk+1] (I1tiy, tip+1])~ and U; = Uj4q for each i € S.
We remark that this is the edge-path version of the 0-form in Lemma
Hence Iy, is a null-homologous loop in X. We have

W — [l = [(n — [ + Z[%(%)‘]h
= [(”[to,t1])Q1(th07t1])_]h
+ Z [t6, tisa])givr (T Mtis tia]) ™ (00) ™1,

{0, D @l )]

Since the homology classes of cycles in the last summations are of size less
than ¢ and [ly];, = 0, we have the conclusion.
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For the additional statement, we remark that Im(() is a Peano continuum
and every path in X is homotopic to the reduced path in its image. Thus,
the preceding proof can be done in Im(l). m

LEMMA 3.8. Let X be a one-dimensional locally path-connected metric
space. Then Rz(H1(X)) < Ker(o).

Proof. Decompose X into path-connected components X; (i € I). Then
Hl(X) == @z‘el Hl(Xz) and Rz(Hl(X)) == ®i61 Rz(Hl(Xl)) Hence, with-
out loss of generality we can assume that X is path-connected. To prove
Rz(H1(X)) < Ker(o), for contradiction suppose that o([l]n) # 0 and
[l[]n € Rz(H1(X)) for a loop [. According to the proof of Lemma
there is a 2-cover U consisting of path-connected open sets such that
0 # [lu]n € Hi(Xy). Since Hi(Xy) is a free abelian group, we conclude
that [I], ¢ Rz(H1(X)), a contradiction. =

EXAMPLE 3.9. We show the existence of a loop [ which is homotopic
to the constant loop, but does not contain a non-degenerate subloop of
the form ff~. We denote the clockwise winding onto the ¢th circle of the
Hawaiian earring H by a;. Let Seq(2) be the subset of Seq consisting of
sequences of 0, 1. We define a loop as an infinite concatenation of loops whose
sizes converge to zero. Let [ = Seq(2) \ {( )} and I be the loop obtained by
concatenating a; and a; according to the lexicographical ordering of 1, i.e.

{ZTQUFZ 02~ 2i+1 ZQ 21+Zn:s 9— 21+1+2—2n:| =g

if s,, =0, and

I {22 2z+z 02~ 2i+1 22—21+Z 2—21+1+2—2n} =a;

if s,, = 1, where n = lh(s).

To show that [ is homotopic to the constant loop, let p,, be the projection
of H to the bouquet B,, consisting of the first n circles. Then p,, ol is a loop
in B, and it is easy to see that p, ol is null-homotopic. Then [ itself is
null-homotopic [10, Thm. 1]. The reason for the non-existence of a subloop
of [ of the form ff~ is that in [ both a; and a; have immediate successors,
but neither has an immediate predecessor.

The next example shows that we cannot replace the notion of reduced-
ness of a loop in a space X with a sequence of reduced loops in the nerves
of X.

ExAMPLE 3.10. We construct a reduced loop [ in H such that no pro-
jection of [ to B, is reduced for 1 < n < w. The construction is similar to
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the above. Let I = Seq(2) \ {{ )} and concatenate a;a; and a; according to
the lexicographical ordering on [ instead of concatenating a; and a; .

That p,ol is not reduced can be seen as follows. Consider the appearance
of apay in ppol. Then a,; follows immediately, i.e. there is a subloop anana,,
of p, ol and hence p, o[ is not reduced. To see that [ is reduced, for con-
tradiction suppose that a non-degenerate subloop I’ of [ is null-homotopic.
Without loss of generality we may assume that the base point of I’ is 0. Then
" should be an infinite concatenation of a;. Let n be minimal such that a,,
or a;, appears in I’. Since I’ is null-homotopic, the times of appearances of
an and a,, are the same. In the subloop between neighboring a, and a,,,
or a, and a,, an4+1 appears one more time than a, ,,, and hence I’ is not
null-homotopic. Thus, [ is reduced.

4. Construction of loops. For our construction of loops and cycles we
prepare some notions which have been used in [6, 5, [9], but some modification
is necessary, since we need to deal with loops with different base points.
Though this has been done by J. Cannon and G. Conner in the proof of [2]
Theorem 6.7], their presentation is not sufficiently precise to prove the next
lemma. An exact presentation as in the previous section is preferable, and
we follow [0, [5, 9.

Suppose that natural numbers k; are given. Let

S={se€Seq:0<s; <k;for1<i<Ih(s)},
and for s € S let a; = ng) 32‘/H§:1 k;j. Next let
T={teSeq:0<t < (i+1)k;for 1 <i<Ih(t)}.

Let Sy, = {s € S :1h(s) = m} and T;,, = {t € T : 1h(t) = m}. For t € Seq
with 0 < t; < (i + 1)k;, define s, ¢, € Seq with 1h(s;) = lh(e;) = 1h(t) by

(C+1)(se)i+ (cr)i=ti, 0<(s)i <ki, 0<(ct)i<i+1.

Let
1h(¢) i

by = Z((fﬁ +2)(s)i + (cr)i + 1)/ H(Sj + 2)k;

i=1 j=1
Ih(t) i

= (3ti— (s)i + 1)/ [ [ (35 + 2)k;
i=1 j=1

and &5, = 1/[[72; (37 4 2)ki. If (ct)iny < Th(t) = m for t € T, then t* € T
and by+ = by + 3. But if (¢¢)in) = Ih(t) = m, then by + 3¢, is not equal to
any by for t' € T. We remark that as < ay if and only if s < s’ for s,s" € S,
and by < by if and only if ¢t Xt for t,t' € T.

Let f:[0,1] — X be a path.
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(*)  Suppose that we are given finite open covers U,, of Im(f) such that
each U € U, is path-connected, the diameter of each U € U, is less
than 1/n, and U,41 is a refinement of U, and also suppose that Uy
in U(s) and ky, are chosen so that f([as,as+]) € Us and U, C Uy for
s <t.

Let Is be a loop in Us € Uy, with base point f(as) for s € S with lh(s) = n.
Let am+1 = D701 D ies, (i + D[ls]n + a1 in Hy(X) for m > 1. Our purpose
is to define a path g along f so that ¢g- f~ is a loop and

(m+D[g-f]n+a1—an foreach m e N.

For t € T,,, define g[[b, by — e;] = Is, and for ¢ € T with lh(t) = m and
0 < (¢t)m < m, define gl[bs + e, bt + 2e4,] = (f[[ast,asj])_. If we define
these for ¢t € T with 1h(¢) < m, the parts in [0, 1] where g is not defined are
Urer,, (b, be +em) U{1}. For ¢ satisfying t; = (i +1)(k; — 1) +i (for 1 <4 <
m = 1h(t)), we have by + ¢, = 1. If g(z) is defined for = € (b, by + ), then
g(x) € Us,. Hence g uniquely extends to a continuous map on [0, 1], which
we also denote by g. Now ¢ is a path from f(0) to f(1), and hence gf~ is a
loop. We shall show that

0f D= 3 G DL

i=1 s€S;
is divisible by (m + 1)!.
For a fixed 1 < m < w, we cut ¢ into finitely many pieces and consider
an element of the chain group:

m—1 m—1
oD glbr—eibd+ >, D gllbi+ei, by + 2]

i=1 teTy i=1 tcT;,0< ()<
+ > gl b+ em).
teTm

We see that g[[b —e;,b] = 15, is a loop if Ih(t) = 4, and g[[bs, by + 2¢;] is
also a loop if 1h(t) =i and 0 < (¢p); < 1.

For s € Sy, let Ty, s = {t € Ty, : sy = s}. For t € Ty, define t* so that
t=1"x (tlh(t*)+17 R ,tm), (Ct)lh(t*) < lh(t*), and (Ct)i =4 for lh(t*) <1< m.
We remark that t* =t if and only if (¢;), < m, and t* = () if and only if
(ct); =i for 1 <i<m.

Since g[[bt, by +¢em| is determined only by s, if s, = s then g[[by, by + €]
= g[[bt/, by + 5m] for t,t' € Ty,.

If t* = ¢'* for distinct t,t’ € T,,, then s; # sy. Hence the correspondence
t — s on {t € Tp, : t* = u} is one-to-one for u € Y-, T; with u(lh(u)) <
Ih(u) or for u = (). In addition, for u € (J;*, T; with u(lh(u)) < lh(u) we
have g[[by +€im(w), bu+26m@w)] = (fllas,,ad ])~, and for t € T,,, with t* = ()
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we have a corresponding subpath in f~ with which g[[bs, by + €, forms a
loop.

Let Cp, ={t € Tp, : (cr); =i for 1 <i < m}. Since |[{t € T}, : st = s}| =
(m 4+ 1)! for s € Sy, we have

m—1
9 In =D G+ D! ln+ Y (m+1)!5,,

i=1 s€S; SESm
where 85 = [g[[b, bt + em](f]as, al])"]n for ¢t € Cy, with s, = s.

Hence, [gf7]n + a1 — am = Y g, (m + 1)!1Bs and [gf7]n + a1 is as
desired.

LEMMA 4.1. Let X be a one-dimensional Peano continuum. Then Ker(o)
is complete mod-U.

Proof. Let au, € Ker(o) and (m+1)!| apmt1 — oy in Ker(o) for 1 <m <
w. Then there exists 7, € Ker(o) such that (m + 1)y, = i1 — .

Let f:[0,1] — X be a path such that Im(f) = X and let U, be finite
open covers of X such that each U € U,, is path-connected, the diameter
of each U € Uy, is less than 1/m, and Uy,+1 is a refinement of U,,. To use
the preceding construction, we inductively choose k,, in the following way.
First, ky, should be so large that for each s € S with lh(s) = m there exists
U € Uy, with f([as,as+]) € U. By Lemma Ym can be expressed as the
sum of the homology classes of arbitrarily small loops. We want loops in
some U € U,,, hence the number of loops might be large. Second, k,, should
be so large that ~,, can be expressed by k,, loops each of which is in some
U el

We choose k,,, which satisfies the two conditions. Since each U € U,, is
path-connected, a sum of the homology classes of loops in U can be replaced
by a homologous loop in U. Hence there are Us € Uy,(s) and loops s in Uy
with base point f(as) such that

Ym = Z [ls]h-
lh(s)=m

Then ami1 = D701 D e, (i + D [s]n + a; in Hi(X) for m > 1. Now, the
assumptions for the preceding construction are satisfied and we have the
desired element [gf 7] + a1. =

LEMMA 4.2 ([I1, Theorem 2.1]). Let X be a one-dimensional normal
space. Then H1(X) is torsionfree.

Now, according to the facts in Section [2 Lemmas and imply

LEMMA 4.3. Let X be a one-dimensional Peano continuum. Then Ker(o)
1s algebraically compact.
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LEMMA 4.4 (folklore). Let X be a one-dimensional Peano continuum.
If X is semi-locally simply connected, then the Cech homology group Hy (X)
is isomorphic to a free abelian group of finite rank. Otherwise, Hy(X) is
1somorphic to 7% .

Next we construct loops whose homotopy classes are in Ker(o) and the
homology classes which generate pure subgroups of Hi(X) when X is not
semi-locally simply connected. Suppose that X is not semi-locally simply
connected at zg € X.

The first lemma is well-known and it can be proved using arbitrarily
small simple closed curves; we omit its proof.

LEMMA 4.5. Let X be a one-dimensional space Peano continuum which
s not semi-locally simply connected at xg. Then there exists a closed sub-
space Y such that (Y, xq) is homotopy equivalent to the Hawaiian earring

(H, o).

Then we have a dendrite D in Y such that Y\ D consists of countably
many open arcs A, which converge to xy by [7, Theorem 1.2 and its proof].

We construct certain reduced loops in Y. Let [,, be a reduced loop which
starts from xg, reaches one end of A, in D, goes through A,, and goes back
to xg in D. We call this direction of A, to be plus and the reverse direction
to be minus.

Let I, be the reduced loop of lanlont1l5,1l5,, 1, i-e [}, goes plus Az, plus
Agpt1, minus Ag, and minus Ag,y1 when we disregard D. We call this
last property (x;,) for simplicity. Moreover, the reduced loops of [ - - - I}, for
m > n also have property (x,). Let {* be the reduced loop of the infinite
concatenation [jj--- % ---. Then we see that, for each 6 > 0, I*[[1 — 6,1]
has property (x,) for sufficiently large n, and for each n there exists § > 0
such that [*[]0, 1 — 0] has property (%,,). We remark that {*~ does not have
property (xp,).

For a non-degenerate path f : [0,1] — X, a tail of f is a subpath
f1[1 = 6,1] for some § > 0. The following lemma is straightforward and we
omit its proof.

LEMMA 4.6. Let fo--- fr be a reduced path. There exists a tail mg of 1*
such that every subpath m in fo- - fi, which is equivalent to mqg or my is a
subpath of some f;.

LEMMA 4.7. The homology class [I*]}, generates a pure subgroup of Hy(X)
which is isomorphic to Z.

Proof. Since H;(X) is torsionfree, it is sufficient to show that [I*], is not
divisible by any n > 2. For contradiction, suppose that [I*]; is divisible by
some n > 2. Then we have a cyclically reduced loop [ and a reduced path p
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such that plp~ is reduced with base point zg and [*p{"p~ is a 0-form among
paths in X. We consider several cases.

CASE 1: p is degenerate and [*I"™ is reduced. We have [*I" = f1--- fi
where f1,..., fr are paired forming a O-form. By Lemma [4.6] we have a tail
mg which has the property in the lemma for [*[---[ and f; - - - f under these
presentations. Then the number of occurrences of mg in fi - - - f is the same
as that of mg. Let at be the number of occurrences of mg in ! and a~
be the number of occurrences of mg in I. Then na™ + 1 = na~ and hence
n(a~ —a™) = 1, which contradicts n > 2.

CASE 2: p is non-degenerate and [*pl™p~ is reduced. We choose mg sim-
ilarly to Case 1 considering p and p~. Since the number of occurrences of
mo in p is the same as that of my in p~, and that of m; in p is the same
as that of mg in p~, we have a contradiction as in Case 1.

CASE 3: p is degenerate and [*I" is not reduced. Since there is a tail ¢
of I* such that ¢~ is a head of [, the reduced loop of [*I" is of the form
q0q2l™ 1 where qoq1 = I* and ¢1¢q2 = I. Using the presentation qog2q1 - - - q1¢2
and the O-form, we choose mg. Let a® be the number of occurrences of my
in I = q1q2 and a~ be the number of occurrences of mg in [ as before. Since
mg occurs once in ¢; and mg does not, we have n — 1 +n(a™ — 1) = na™,
and hence n(a®™ — a~) = 1, which is a contradiction.

CASE 4: p is non-degenerate and [*pl™p~ is not reduced. For a sufficiently
small tail mg of I*, we have gymg = I* and m pg = p. Then in the reduction
of qopol"pymo any tail of [ or its inverse is canceled. Hence we have a
contradiction as in Case 2. u

LEMMA 4.8. Let X be a one-dimensional normal space. If Y is a path-
connected subspace of X, then H1(Y') is a subgroup of Hy(X).

Proof. Since every element of H;(Y') is the homology class of a loop
in Y, we let | be a reduced loop in Y. We only deal with the case that [
is non-degenerate. Since the reduced loop of a loop is in the image of the
original loop, the reducedness does not depend on whether we consider the
loop in X or in Y. Suppose that the homotopy class of [ belongs to the
commutator subgroup of 71 (X ). Then [ is equivalent to a 0-form where each
path is in X, but Lemma [3.6] implies that each path is in Y. Therefore,
H,(Y) is a subgroup of Hi(X). m

Proof of Theorem . Let h : Hi(X) — Z be a homomorphism. By
Lemma we have h(Ker(o)) = {0}, and consequently by Lemma we
have Ker(o) = Rz(H;(X)). Therefore H;(X)/Ker(o) is a subgroup of the
direct product of copies of Z, which is obviously torsionfree. By Lemma
this implies that Ker(o) is a direct summand. If X is semi-locally simply con-
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nected, then it is well-known that H;(X) is a free abelian group of finite rank.
Otherwise, we have H;(X) = Z“ and hence H;(X) = Ker(o) @ Z*. Since
there exists a subspace of X which is homotopy equivalent to the Hawai-
ian earring H, the divisible part D(H;(X)) contains D(H;(H)) = @.Q by
Lemma Since the cardinality of H;(X) is equal to or less than c, we
have D(H;(X)) = @, Q. The remaining task is to determine the cardinality
of the reduced algebraically compact group.

Since o([l*]p) = 0 for {* in Lemma we see that [I*];, generates a
pure subgroup of Ker(o). To show that Ker(c) contains a pure subgroup
isomorphic to a free abelian group of continuum rank, we modify the con-
struction of I* as in the proof of [I1, Lemma 3.5]. There exists an almost
disjoint family consisting of infinite sets of integers, where S and T are al-
most disjoint if SN T is finite. Let [ be the reduced loop of I} ---I7 ---,
where ig < --- < i, < --- is the enumeration of S in the order of the in-
tegers. Now it suffices to show that I5 ,...,[5 are linearly independent for
an almost disjoint family Sy, ..., S,. We have a finite set F' of integers such
that S; N.S; C F for distinct 4, j. For a set S of integers let rg : Y — Y be
a retraction such that rg(A4,) C D for n ¢ S and rg[A,, is the identity for
n € 8. Let M[lg Jn+ -+ Aull§ ]n = 0. By Lemma we may work in Y.
Let S =S;\ F. Since (rs)*([lfgj]h) is trivial for j # ¢ but S # () and Hy(X)
is torsionfree, (r5).([l% |n) is non-zero and hence A; = 0. =

REMARK 4.9. Here we show that the compactness of a space is essential
for the algebraic compactness of Ker(o) in Lemma Let X be a subspace
of the plane obtained by attaching copies of H to the half line {0} x [0, c0):

X = {0} x [Loo)U | {(2,9): (@ —1/n)+ (y —m)> = 1/n%}.
3<n<w
1<m<w

Then X is a locally path-connected, path-connected, separable metric space.
In the mth copy of the Hawaiian earring, we have a non-trivial element o,
in Ker(o) such that ([a;,]n) is a pure subgroup of H;(X), where o is the
natural homomorphism to the Cech homology group. Then

m—+1 m

(mA+D D ity =Y ilfa]h.

i=1 i=1
Suppose that Ker(o) is algebraically compact. Then there is a loop [ such
that (m+ 1)!| ], — > i~ i![ay]n for each 1 < m < w. Since the image of [ is
compact, there exists mg such that
Im(l) € {0} x[Lmo—1JU | J  {(@,9): (x=1/n)*+(y—m)* = 1/n*}.

3<n<w
1<m<mgp—1

Considering the retraction of X to
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U @) (= 1)+ (y — mo)® = 1/},
3<n<w
we conclude that (mg+1)! | =mo![am,]n. Since Hq(X) is torsionfree, we have
mo + 1| [@mg]n, which contradicts ([am,]n) being a pure subgroup.

Though Ker(o) may not be algebraically compact for a non-compact
space X, we have the following.

THEOREM 4.10. Let X be a one-dimensional locally path-connected met-
ric space. Then Ker(o) = Rz(H1(X)).

Proof. By Lemma it suffices to show that Ker(o) < Ry(H:i(X)).
Since each path-connected component is open by local path-connectivity,
the Cech homology group is the direct product of the Cech homology groups
of the path-connected components. Hence without loss of generality we may
assume that X is path-connected. Let [ be a loop with [l];, € Ker(o) and h :
H,(X) — Z be a homomorphism. We define a map ¢ : 7 — Ker(co) such that
h oy becomes to be a homomorphism. For u € Z ie.u =3 ;2 mlay, where
0 < a,, < m, we define a loop [, as follows. We modify the construction in
the proof of Lemma . Replace f by [, and for each a,, express a,[l];, as
the sum of the homology classes of loops each of which is in some U € U,,.
Then there is a loop I, such that

m
(m+1)! Z ila;[l]
Let ¢(u) = [lu]n. For u,v € Z, let u = Soyila;, v=">3 24l and u+v =
Yooy ile; where 0 < a4, b;, ¢; < 4. Since

m m m
@n+nw2:my—(§:w”+§:mﬁ,
i=1 =1 i=1

we have
(m + D A([lugo]n) = (A([Lu]n + A([lu]n))

for every m, and so hop(u+v) = hop(u)+hop(v). Since Z is cotorsionfree,
h o @ is a trivial homomorphism, which implies h([l]p) = hop(1) =0. =

REMARK 4.11. According to Theorem H,(X)/Rz(Hy(X)) is isomor-
phic to a free abelian group of finite rank or Z*. Even for one-dimensional
locally path-connected separable metric spaces X, Hi(X)/Rz(H1(X)) is
complicated. For this we refer the reader to [I3 Section 6], where we de-
fined a factor H! (X) of the singular homology group H,,(X) and in our case
HI(X) = Hi(X)/Rz(H1(X)). The spaces defined there are not metrizable,
but by a standard method we get metrizable spaces X with the same H;(X)
and HT(X).
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