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Abstract. Let p,(n) denote the number of overpartitions of n in which only odd parts
are used. Some congruences modulo 3 and powers of 2 for the function p,(n) have been
derived by Hirschhorn and Sellers, and Lovejoy and Osburn. In this paper, employing
2-dissections of certain quotients of theta functions due to Ramanujan, we prove some
new infinite families of Ramanujan-type congruences for p,(n) modulo 3. For example, we
prove that for n,a > 0,

Po(4%(24n + 17)) = po(49(24n + 23)) = 0 (mod 3).

1. Introduction. The aim of this paper is to establish some infinite
families of congruences modulo 3 for the number of overpartitions in which
only odd parts are used.

We start with an overview of the terminology and notation on partitions
and g-series. An overpartition of n is a partition of n where we may overline
the first occurrence of a part (see Corteel and Lovejoy [CL]). Arithmetic
properties of overpartitions have been established in, for example, Chen and
Xia [CX], Fortin, Jacob and Mathieu [F.JJM], Hirschhorn and Sellers [HS-1],
Kim [K], Lovejoy and Osburn [LOJ], Mahlburg [M], and Xia and Yao [XY].
For any positive integer n, let p,(n) denote the number of overpartitions of
n using only odd parts. Set p,(0) = 1. As noted in [HS-2], the generating
function for p,(n) is given by

v I3
(1.1) > Poln)q
n=0

R
here and throughout, for any positive integer k, fr is defined by
o0
(1.2) fo=JJa-d"). ld<1
n=1

The generating function for p,(n) has appeared in the works of Ardonne,
Kedem and Stone [AKS]|, Bessenrodt [Bes|, Santos and Sills [SS]. Hirschhorn
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and Sellers [HS-2] proved some functional equations involving the generat-
ing functions for overpartitions and overpartitions into odd parts. They also
used these functional equations to develop characterizations of p,(n) mod-
ulo small powers of 2. They discovered two infinite families of congruences
modulo 3 for p,(n), namely, for all n,a > 0,

(1.3) Po(9%(9n +6)) =0 (mod 3),
(1.4) D6(9%(27n +9)) = 0 (mod 3).

Later, Lovejoy and Osburn [LO] proved that for n,a > 0,

(1.5) Do(4%(24n +9)) = 0 (mod 3),
(1.6) Do(4%(24n + 15)) = 0 (mod 3).

Recently, Chen [C] proved an identity involving p,(n), and established many
explicit Ramanujan-like congruences for p,(n) modulo 32 and 64.

In this paper, employing 2-dissections of certain quotients of theta func-
tions due to Ramanujan, we establish further Ramanujan-type congruences
modulo 3 for p,(n). We list our main results in the following theorem.

From this point on, all congruences are to modulus 3.

THEOREM 1.1. For all nonnegative integers n and o, we have

(1.7) Do(4%(12n + 8)) = po(12n + 8),
(1.8) Do(4%(12n + 5)) = po(12n + 5),
(1.9) Do(4%(48n + 44)) = —po(12n + 11),
(1.10) Do(4%(48n + 8)) = —po(12n + 2),
(1.11) Do(4%(24n + 17)) = 0,

(1.12) Po(4%(24n + 23)) = 0,

(1.13) Fo(4%(48n + 26)) = 0,

(1.14) Do(4%(48n + 38)) = 0.

2. Proof of Theorem The following lemma gives generating func-
tions of p,(6n + 2) and p,(6n + 5).

LEMMA 2.1. We have

_ f1 f425 13 2f2f4f8
2.1 o(6n + 2)¢" = 2 7
2 Zp "t 7S T L 72
(2.2) Zpo (6n + 5)q i +qf2f47f8 +2qf1f2f£?+q2f2 5

f1 313 12 f3 1
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Proof. From [HS-2| proof of Theorem 3.5], we have

o0 9
(23) ) po(n)e" = 3;%% (D(¢"*) = 2¢°Y (¢°))
n=0

x (D*(¢”) +24D(q")Y (¢°) + 44°Y?*(¢%)),
where D(q) and Y (q) are defined by

_ i
(2.4 D(g) =1,
_hif§
(2.5) Y(q) = ols
It follows from f that
2 S oo+ 2 =1 0 GBI,

f6f12 fEfafd

By the binomial theorem, it is easy to see that for any positive integer k,

(2.7) far = fi.
Employing ([2.7), we can rewrite ({2.6]) as
> i
(2.8) D Do(B3n+2)q" = = + .
n=0 fl f2

The following 2-dissections are consequences of Ramanujan’s dissection for-
mulas collected in Entry 25 in Berndt’s book [Berl, p. 40]:

o fofS . foffe
29) =g — 27
LA S
[E T A T

Substituting (2.9) and (2.10) into (2.8]), we deduce that

(2.10)

(2.11)
o n:¥<g m@ h«m_ M®5
2 plon 20" = T (g 20 +J} e R
_ 1P n 5 2 8 + g 8
f4 6 f2f4 10 f2f4 6 f2f4f126
3f4f8f16 3f2f4f16 4f4f8f16 5f4
PO AT R 2 R e

which yields (2.1]) and ( .
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LEMMA 2.2. We have

(2.12) Zpo 12n + 2)g Efl;gfg v 0f245f8 +2qf§5§+2 J}zlf
(213) nzopo o0+ 5)q" =2y 4 oo B o B S
(2.14) ;)po 120+ 8)q" = fff? 1o 1107f§21+ fj’]{é” +qf3§j2f8,
(2.15) 7;)}30(12n+11)q":2]}2 -+ f11f$ +§?f‘§ +2¢ fjegsz.

Proof. Substituting (2.9 and ( into and , we find that

) n_ [ fgfg _ f2f16)
(2.16) ;po@"“)q —f§f§‘<fzf%6 e

£ f4f%6>
+f2 <f2 2 +2 f2f8
B f4f16)
* f2f8<f2f16+2 13 fs

2
) 6< fS ) f4f16>
+ 2¢q f2f4f8 f25f126 + qf25f8
I U
=t man e
213 5 fi”fm 5 i
Tygrz, T g TR g
TN Y
2 2 8 3J4J8J16
gttt

n_ J8 f4f126>
17 . =
(2.17) nz;)p (6n + 5)q 2f2fs<f22+ 57
reef f8 o, ffﬁa)
”f2f4f8<f§f%6+ it
fg’fg<f2f85 _qu2f126>
12 \fifte fs
+q2f25 81°< B, f4f16>

_l’_

+ 2q

fir) f§f126 f2f8

19 21f2 f f

= 2 4 4 16 4J8
Bers T Tl



CONGRUENCES FOR OVERPARTITIONS 259
+2qf§1 8! +9g o [1fe I T +9g 2 2 13 I
f45f16 f3 fi
f3° 5[5 /16
+q2 +2q .
fi 1 i
Lemma [2.2] follows from (2.16) and (2.17)). =
LEmMA 2.3. We have
o Vi G f213f8
2.18 Po(24n + 2)¢" = + +gq +4q
( ) nz;) ) f2f82 f2 0 ffs f1 4
— = n _— 0f4 fl 4}
(2.19) D Po(24n +8)q" = i +2¢ 5
n=0 2 248
5 £10 1143
220 S po(2an+ 14)g" f1f2f8 v fif 22 ol
ne0 13 i fifs
10 2 £9 £2
221 Zpo 2471"‘20)(]”5 fl f54f8 _’_qf1f45f87
n=0 f2 f2
and for n > 0,
(2.22) Po(24n + 17) = 0,
(2.23) Po(24n + 23) = 0.
Proof. Substituting (2.10)) into (2.12)), we see that
= PR fif
2.24 Po(12n + 2)¢" = 22 ( 8 +2¢ 416)
20 2 e = f e
5
(o )
FRRE\ S5 fis f25f8
3
+2qf215f8< J: Hqﬁf%ﬁ)
o\ s
co BB (o S
BO\BR B
CBR LB, B
f4f126 f4 10 f2f126 fg
£t 2 f1° s 3¢ ¢5 5f4
+q° +4q +2¢° f1 3 fis + 2q :
fuffs 7 1R B i

which implies (2.18) and (2.20).
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The following identities are consequences of Ramanujan’s dissection for-
mulas collected in Entry 25 in Berndt’s book [Berl p. 40]:

PO/ 7
(2.25) fl= i agfils
LR i
1 14
(2.26) — = 1 T 4a f4f8.
f1 28
Substituting (2.10]) and ( into (| , we deduce that

= n:f%5f§< I f4f16>
(2.27) ;)p"(”"”)q = \Gm T

f§7f§< I f4f16>( 14 f4f8>
2 2 4
TG T s )\

sl £ f4f126)
”f?f“fs(fg 13 s

f%3f21”< /2 f4f16>< 'S f4f§)

AT T ANy T
10 10 2 r9 r2
fs 2 2 f8f16 2 2f2 3f2f8f16

= P E T 1 = I

Congruences (2.19) and (2.21)) follow from (2.27).
Substituting ([2.25) and ([2.26]) into (2.13)), we have

2
(2.28) § (12n + 5)¢" = 222 2 i 4q fi13
. Do(12n )" = 14 4+ 210

2+2

fafg\ f3
212 < 10 f22f§1>
2q —4
e BT e
0, pof Ji f4f8 4°
+2qf5 faf$ 14 4 +4q +4q
2 fzfs
f4 N
f2 o2 fa

which implies (2.22)).
Substituting (2.25) and (2.26]) into (2.15]), we see that

o - 11 10 f2f4
(2.29) > Po(12n+11)q" =2 ( —4q 8>

o - fQ R\ 2
+fglfg< g f4f8>
i \f; 2
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(I T o 1
2\A 2 13
_ S +q 2 fofg°
1318 7
which yields (2.23)). =
LEMMA 2.4. We have
- 3 fofi!
(2.30 Po(48n 4+ 8)¢" = 22— +¢
) ZO =R TR
19 15
2.31 Do(48n + 20 +2¢-5 75,
(231) 2) =2 My
27
(2.32) > Do(48n +32)¢" = 5 ffl + qf2 f‘ng ,
2 0T, /i
- w_ oI 8, FS3
(2.33) > Po(48n + 44)¢" =2 ;8f$ +2¢ j@ 8.
n=0 174 2
and forn > 0,
(2.34) Do(48n +26) =0,
(2.35) Do(48n + 38) = 0.
Proof. Substituting (2.9) and ([2.25)) into (2.19)), we deduce that
f g (2:29) into @19),
= fi (S0 BRN (RS Rl
(2.36) Do(24n + 8)¢" = —4q —2q
HE::] f3 58 f2f8 fi 11176 fs
2
Lol (fzfg 2qf2f16>
f2 N\ L1 fs
= 25 +quzlfsn +q 7fl6 +q3fff§f126
R B R 3
which yields (2.30) and (2.32)).
Substituting (2.9) and (2.25]) into (2.21)), we find that
(2. 37)
_ fuf3 <f2f85 f2f16> ( 1° f§f§>2
Do(24n + 20 —2q —4q
nzo ) f2 fé%f126 f8 f2 fs ff
2 5 2
+ qf4,§8 < f22f§ _ 2qf2f16>
f3 \Jifis fs
—9 1’ +2qf421f126 4242 f3° +2g 3f8f16
f28f8f126 fg 87 fffla f4

which implies (2.31) and (2.33).
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Substituting (2.25) and (2.26)) into (2.18), we obtain

- fi( 1 A
. Do (24 " = 4
(2.38) ;—:op (24n + 2)q o f? <f2f8 q 7 ) +f§’ 5
f4f8>

Ly 11 N f213f8< 4
R TR\
RSV
fz fgo f4 .
Congruence follows from EI)

Substituting (2.25)) and ([2.26) into , we get
(2.39) Y Po(24n + 14)q" f2f8< & —4q f2f8> + 2qf2f7 f2

+ 4q

=2

2 RN
£ 13° .@h( hﬁ)
+ 2¢° +2 + 4
fi 8\ 12°
Y
318 i
which yields (2.35). =
LeEMMA 2.5. We have
0 23 1

2.40 Do(96n + 8)¢" = +4q
(240) 2 po(9n 4+ 8)0" = s Ha, f

S 20 i
2.41 Do(96n + 32)¢" = +4q
(241 2 PO 4" = 0

- 5013 5 2
(2.42) > " Do(96n + 56)¢" = 2fo11 +2qf2f7 12,

n=0

o0 19 9 £2
(2.43) > Po(96n + 80)¢" = f2 fg +2q flf‘;fg,

n=0 fl f2
and formn >0,
(2.44) Do(96n + 68) = 0,
(2.45) Do(48n + 20) = po(12n + 5),
(2.46) Do(96m 4+ 92) =0,
(2.47) ;50(4871 +44) = —]50(12n + 11)

Proof. Substituting (2.10)) and - ) into ( , we get

2 f8 f4f16)< 14 f4f8>
ﬁﬁ(ﬂ%+25k Friga

(2.48) Zpo 48n + 8)¢" =
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+

P I ( B fff%)
RV T
_ i + 8! +2g f2 1
f2fg 2 f4f2 fzfsl

which implies (2. 40|) and (2. 42|)

Substituting (2.10]) and ( into ( , we obtain

(2.49)

— n_ f§7f82< 3 f4f16)< 14 f4f8>
(48 32 = 2 4
,;p Wsn+ 320" = "p\ g+ 20y )\ s *

3 5 p2 f8 f4f16>
+Qf2f4f8<f§f%6 T

+ 2q3f4f85f1267

= 64%72 +2qfi9f176+ 2f2,2781 2 3f2f8f16.
[ fsfie f2 f4f16 f4
Congruences (2.41) and (2.43) follow from (2.49).
Substituting ([2.26) into (2.31)), we get
$ (L RRY
(2.50) Do(48n +20)¢" = < +4q > +2¢q
= fafg\£2'fs 2 f2fs
S fifS
f2 f2 ’

which yields ([2.44). Moreover, from ([2.28) and (2.50)), we derive ([2.45).

Substituting (2.26]) into (2.33), we see that
_ B RN, 1R
(2.51) Zpo 48n + 44)q" = 2228 ( 4 5+ 40 48 ) 4 2¢7is8

3
=0 i 2 2 f

21
_ 2 f2f3"
6 +2 3

2 8 4

Congruence (2.46)) follows from (2.51)). Furthermore, by (2.29) and (2.51)),

we obtain (2.47)). =
LEMMA 2.6. Forn >0,

(2.52) Do(48n + 8) = —po(12n + 2),
(2.53) Do(48n + 32) = po(12n + 8),
(2.54) Po(192n + 104)

(2.55) Po(192n + 152)

9

0
0.
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Proof. Jacobi [J] discovered the identity

o o0 o
(2.56) [Ta+ - J[a -1 =16g [J 1+ ™5,
n=1 n=1 n=1

which is known as “aequatio identica satis abstrusa”. We can rewrite (2.56))
as follows:

16 fo 16
2.57 2214 6y
(257) R 5

Then we deduce from (2.19)), (2.41]) and ) that
o
(2.58) > (Po(24n + 8) — Po(96n + 32))¢"

n=0
7 7 B
SR 5& AT
AL
=np\s iy tagy) =0
which implies that for n > 0,
(2.59) Do(96m + 32) = Po(24n + 8).

By means of (2.21)), (2.43]) and (2.57)), we see that

o0

(2.60) > (Po(24n + 20) — Po(96m + 80))q"

n=0
N A 7Y R i U (ﬁ?k qﬁﬁﬁ)
=2 — 2
5 57 T
:ﬁﬁﬁ(gwg_zm szo
T 13 gy ) =0

which implies that for n > 0,
(2.61) Do(96n + 80) = p,(24n + 20).

Combining (2.59) and (2.61]), we obtain ([2.53)).
Substituting (2.26)) into (2.40]), we obtain

S B
(2.62) Do(96m + 8)¢" = < +4q > +4q
nZ:O ffng 214 9 2 f2f8

P, pBE
f2 10 f4 ’

which yields (2.54)).
Moreover, in view of (2.38]) and (2.62)), we see that for n > 0,

(2.63) Do(96n + 8) = —p,o(24n + 2).
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Substituting ([2.26]) into (2.42)), we find that

25 2 4\ 2
(2.64) Zpo (961 + 56)g" pJ2 fS( i +4qf4i’;8> +2¢f2f7 3

s fll 4f8 ]
f2 fs f4 7
which yields (2.55)).
It follows from (2.39) and (2.64) that for n > 0,
(2.65) Po(96n + 56) = —p,(24n + 14).

Congruence (2.52)) follows from (2.63) and (2.65)). =

Proof of Theorem . Congruence (|1.7)) follows from (2.53) and math-
ematical induction. Replacing n by 4n + 1 in (1.7)), we deduce that for

n,a > 0,
(2.66) 50(40‘(4871 + 2())) = Do(48n + 20).

Congruence ((1.8) follows from and (| -

Replacing n by 4n + 3 in , we find that for n,a > 0,
(2.67) ]30(40‘(4872 + 44)) = Do(48n + 44).

Congruence ((1.9 . ) follows from and -

Replacing n by 4n in , we ﬁnd that for n,a > 0,
(2.68) ﬁo(4a(48n + 8)) = Do(48n + 8).

Congruence (|1.10]) follows from and (| -

Replacmg n by 8n + 5 in , and employing @ and , we
arrive at . Replacing n by 8n +7in , and using @D and ,
we deduce . Replacing n by 16n + 8 in , and employing
and (2.54]), we obtain . Replacing n by 16n+ 12 in , and utilizing

([2-35) and (2.55)), we derive (1.14)). m
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