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Holder’s inequality for roots of symmetric operator spaces
by

KEN DYkEMA (College Station, TX)
and ANNA SKRIPKA (Albuquerque, NM)

Abstract. We prove a version of Holder’s inequality with a constant for pth roots
of symmetric operator spaces of operators affiliated to a semifinite von Neumann algebra
factor, and with constant equal to 1 for strongly symmetric operator spaces.

1. Introduction. Let B be an infinite-dimensional, o-finite von Neu-
mann algebra factor equipped with a normal, faithful, semifinite (or finite)
trace 7 and acting on a Hilbert space. A closed, densely defined, unbounded
operator T on the Hilbert space is affiliated with B if the partial isometry
from its polar decomposition and all spectral projections of its absolute value
lie in B, and it is said to be T-measurable if for every € > 0, there is a pro-
jection p € B such that 7(p) < € and T(1 — p) is bounded. B together with
the set of T-measurable operators T' as described above is a x-algebra under
natural operations (performing addition and multiplication with appropri-
ate domains, and taking closures; see, for example, [§] for details.) We let
S(B,T) denote this *-algebra. Note that when B is a type I von Neumann
algebra, then S(B,7) = B.

We will consider subspaces Z C S(B,7) that are B-bimodules and such
that there is a complete symmetric norm || - |z on Z (see Definition [2.1)).
Such a pair (Z, || - ||z) is called a symmetric operator space |8]. Note that if
Z C B, then 7 is an ideal of B. Among the symmetric operator spaces are
the fully symmetric Schatten—von Neumann ideals SP, noncommutative LP
spaces, 1 < p < 00, and the Marcinkiewicz (or Lorentz) operator spaces

(1.1) Ty = {A € S(B,7):[|Allz, = iggwb)éus(fl) ds < oo},
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where 1 is a concave function satisfying
li = li =
Jim () =0, lim 9(t) = 0o

and p(A) is the generalized singular value function of A (see (2.1))).
For 1 < p < 0o, define the set

(1.2) VP = {A e S(B,7): |A]P € T}

and the function

(1.3) 1Allze = [[|[AP[Y7 for AT,

The space TP endowed with the function || - |71/, is also a symmetric op-

erator space (see Theorem [2.3). When Z is the noncommutative L! space
{A € S(B,7):7(|A]) < 0o}, then Z'/? is the noncommutative L? space, and
the noncommutative Holder inequality

(1.4)  [|ABllz < | Allz»lIBliz1/a
(AeT?, BeTIYi 1<p<oo,1/p+1/qg=1),

holds [3, Theorem 4.2]. By [2, Proposition 2.5|, the Holder inequality
holds when Z is a Marcinkiewicz operator space of a o-finite semifinite von
Neumann algebra factor B, with norm [| Az, as indicated in (and also—
see the erratum to [2]-—for Z,,NB with the symmetric norm max{||-|, [|-||z, })-

In this note (see Theorem , we show that a weaker Holder-type
inequality

(1.5) IAB||z < 4[[Allz2/5 || Bllz1/4

holds in an arbitrary symmetric operator space (Z,| - ||z). We also show
that the Holder inequality holds in an arbitrary strongly symmetric
operator space (see Definition . The class of strongly symmetric operator
spaces includes the fully symmetric operator space, and the first example
of a symmetric operator space that is not fully symmetric is due to [10].
An example of a symmetric (Banach) function space that is not strongly
symmetric can be found in [11], and examples of symmetric operator spaces
that are not strongly symmetric can be constructed based on Theorem

Observe that if we take the equivalent norms || - ||y, = 2| - [l71/» and
- 1li/q =2l llz1/a on TP and T4, respectively, then from we get the
inequality

(1.6) IAB||z < [[All1pll Bll1/q-

Our interest in these versions of Holder’s inequality for symmetric opera-
tor spaces is motivated in part by the second order trace formulas in [2, [12],
which are proved in the case of a symmetric operator ideal Z for perturba-
tions in the square root ideal Z'/2 that possesses a norm | - ||; /2 satisfying

(1.6) with p = ¢ =2.
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2. A Holder-type inequality in symmetric operator spaces. The
generalized singular value function p(A) of A € S(B, 1) is defined by

(2.1) pe(A) = inf{s > 0 7(x(uo)(|AD) <8}, £ 0

(see [3]). It has properties analogous to those of the decreasing rearrangement
and to usual singular values of operators (see |3, Lemma 2.5]).

DEFINITION 2.1. A norm on a B-bimodule Z of S(B, 7) is called symmet-
ricif Ae S(B,7), B€Z, u(A) < p(B) implies A € Z and ||Al|z < || B]|z.

We note that the properties of an operator ideal that were important
in [2, 12] naturally hold for an ideal in a symmetric operator space. If a
B-bimodule Z C S(B,7) is symmetric, then A € B, Be€ Z, 0 < A< B
implies ||A||z < || B]|z. It is proved in [8, Theorem 2.5.2] that for a Banach
bimodule (Z, || - ||z) of S(B,7), the symmetry of the norm || - ||z is equivalent
to the property

IABC|z < [[Al|Bllzl[C]l,  (A,C€B, BeI).
It was also assumed in [2, [12] that Z lies in B and the norm has the property

||| < KJ||-||z for some constant K > 0, where ||-|| is the operator norm. If J
is a symmetric operator space in S(B, 7), then J N B endowed with the norm
max{| - ||| - |7} is a symmetric operator ideal satisfying these properties.

There is a correspondence between symmetric operator spaces and Ba-
nach function and sequence spaces that is provided by the generalized sin-
gular values of operators. In the case of a type I, factor, this is the well
known Calkin correspondence. We will recall some salient aspects here; see,
for example, [§] for a thorough exposition. Let

N, B a type I factor,
J=2<[0,1], B a type Il factor,
[0,00), B a type Il factor,

equipped with counting measure if J = N and Lebesgue measure otherwise;
let D(J) denote the vector space of all measurable, real-valued functions f
on J such that for every e > 0, the measure of {¢t € J : |f(t)| > €} is finite
(and where elements of D(J) are regarded as being the same if they differ
only on a set of measure zero). Let z* denote the decreasing rearrangement
of |x| when = € D(J). Properties of the decreasing rearrangement can be
found, for example, in [I, Proposition 1.7].

DEFINITION 2.2. A symmetric function space (also called, when J = N, a
symmelric sequence space) is a subspace E of D(J) equipped with a complete
norm || - ||g such that = € D(J), y € E, z* < y* implies x € F and
x|z < [lylle-
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Henceforth, we will refer to these as symmetric function spaces, including
the possibility that they are symmetric sequence spaces.

By [4], every B-bimodule Z C S(B,7) can be uniquely described by its
characteristic set

W(T) = {u(A) : A € T}.

Alternatively, the correspondence can be seen at the level of function spaces
and this goes further to characterize also symmetric norms. In particular,
given a symmetric operator space (Z, || - ||z) in S(B, T) consider the subspace

Er:={x e D(J):z" € u(2)}
and for x € E7 set |z|g, := ||A|lz for A € T such that p(A) = z*. Con-
versely, given a symmetric function space (F, || - ||g), define
Ip:={AeSB,7): u(A) e E},  [[Allzg = |lu(A)] e

We have the following correspondence between symmetric operator spaces
and symmetric function spaces.

THEOREM 2.3 (|8, Theorem 3.1.1|; see also [5, Theorem 8.11]). The map
(Z - Mlz) = (Ez, [ - 2

is a bijection from the set of all symmetric operator spaces in S(B,T) onto
the set of all symmetric function spaces in D(J), whose inverse is the map

(B, - 1le) = e |l - llzg)-
It is proved in [6, Theorem I1.4.1] that every symmetric function subspace
E of D(J) satisfies
L'NL>*CECL"+ L™,
Due to Theorem , every symmetric operator space Z in S(B, 7) satisfies
LYB,7)NL>(B,7) CZ C LY(B,7) + L=®(B,7).

We will use the Holder inequality in Banach lattices to obtain the in-
equality (|1.5) in symmetric operator spaces.

DEFINITION 2.4 (|7, Definition 1.a.1]). A partially ordered Banach space
X over the field R is called a Banach lattice provided

(i) <y implies x + z < y + z, for every z,y,z € X,
(ii) ax > 0 for every 0 < z € X and every a € (0, 00),
(iii) for all x,y € X there exists a least upper bound z Vy € X and a
greatest lower bound z Ay € X,
(iv) ||z|lx < |lyl|x whenever |z| < |y, for x,y € X, where |z| := 2V (—z).
Every symmetric function space (F, || - ||g) is a Banach lattice with the
partial order defined by pointwise inequality (almost everywhere), with V

and A then taken pointwise. Indeed, the properties (fil) and hold trivially
and the property is an immediate consequence of monotonicity of the
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decreasing rearrangement and the symmetric property of E. Let z,y € E.
Since 0 < |z Vy| < |z| V |y| < |z| + |y|, by monotonicity of the decreasing
rearrangement and the symmetric property of E, we get x V y € E. Since
rANy=x+4+y—xVy, wealso have £ Ay € E. Thus, the property also
holds.

In a Banach lattice X, there is a functional calculus
X"> (z1,...,xn) = f(z1,...,2n) € X

for functions f : R™ — R that are homogeneous of degree 1 (see [T, Theorem
1.d.1]). In the case of a symmetric function space, this functional calculus
coincides with defining f(z1,...,z,) pointwise.

PROPOSITION 2.5 (|7, Proposition 1.d.2(i)]). Let X be a Banach lattice.
For every 0 < 6 < 1 and every z,y € X,

0 —0 0 1-0
121 Jyl=7 < M2l - llyllx ™
where |2|°|y|'=? € X is given by the functional calculus described above.

DEFINITION 2.6. Let (E,| - | g) be a symmetric function space in D(J).
For 1 < p < o0, let

EYP .— {r e D(J): |z|P € E},
and for x € EY/P, let
1
(2.2) &l 1w = [l -

PROPOSITION 2.7 ([9, Proposition 2.23(i)]). Let E be a symmetric func-
tion space. Then, for 1 < p < oo, (EYP,|| || g1s) is a symmetric function
space.

Proposition asserts, in particular, the completeness of the norm (2.2))
on EYP. As an immediate consequence of Proposition we obtain the
following.

PROPOSITION 2.8. Let E be a symmetric function space. For every 1 <
p,q < oo with 1/p+1/q =1, and every x € EYP and y € EY9, we have
zy € E and

1/p 1/q
lzylle < [lle||z" Iy 5"

From Proposition and the correspondence described in Theorem [2.3
we immediately obtain the analogue of Proposition for symmetric oper-
ator spaces.

THEOREM 2.9. Let (Z,|| - ||z) be a symmetric operator space. Then
(TP || - lg1s0) defined in (1.2) and (L.3) is a symmetric operator space.
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Here is the main result of this note.

THEOREM 2.10. Let Z be a symmetric operator space in S(B,T). Then
for every 1 < p,q < oo with 1/p+1/q =1, and every A € TV/? and B € T'/1,
we have AB € Z and

(2.3) IABlz < 4| Allz1/v | Bllzi/a-

Proof. Let (E,|| - ||g) = (Ez,| - ||g;) be as in the correspondence from
Theorem [2.3] Suppose firstly that B is semifinite but not finite (namely, that
B is type Il or I). We can choose isometries Vi, V2 € B so that Vi V" +
WV =1 and then 7(ViDV}*) = 7(D) for every D € S(B,7) satisfying
D>0.1IfC,D € S(B,7), then by C® D € S(B,7) we will mean the element
VIOV + Vo DV5.

By the properties of the generalized singular values (see [3, Proposition
2.5]), we have

(2.4) pt(AB) < pieja(A) peja(B) = (A ® A) (B & B),

with A@® A € VP and B @ B € TI'4. Applying Proposition gives
w(A® A)u(B @ B) € E and

1 1
ln(Ae Au(B & B)|e < |(w(A® A)P|H(u(B & B))| L

= (A ® Al g/plln(B & Bl g1/a-

From ({2.4) and the symmetry condition, we have u(AB) € E and
|1(AB)||e < |[m(A & A)llp»lln(B & Bl gi/a-

Thus, AB € Z. The equality of norms ||C||z = ||u(C)||g for C € T (and
similarly for C' in Z'/? and 7'/ 7) immediately implies
(2.5) |AB|lz < |A® Allz1/|B @ Bll11/4-
Since we have

(2.6) [[A®Allzp < [A® Ol + 0@ Al = 2/|u(A) | gr/e = 20 All 270,

and a similar inequality for B, from we get . This completes the
proof when B is not of type II;.

When B has type 11, essentially the same proof works. However, instead
of A® A we use Wi |A|W+Ws|A|Ws where Wi and Wy are partial isometries
satisfying W;*W; = P for i € {1,2}, and W1 W] +WoW5 = 1 for a projection
P of trace 1/2 in B that commutes with |A| and so that

iy = {040 0<r <1
, /2<r<1.
A similar procedure is performed for B, but with a projection Q and partial

isometries U; and Us. Then arguing as above, instead of (2.5 we get

IAB|lz < [[WAl AW + WalAIW5 || 11, || U1 BIUT + U2| BIUS || 114
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and instead of (2.6 we get
[WAAIWY + Wal AW || 11, < 20l0(|AIP) | pr/e = 2[[|AIP] 710 < 20 Allz1s,
and a similar inequality for |B|@. Thus, also in this case we get (2.3]). m

QUESTION 2.11. What is the best constant in (2.3)7 In particular, can
4 be replaced by 17

In the next section, we see that the constant is 1 in strongly symmetric
operator spaces.

3. The Holder inequality in strongly symmetric operator spaces.
For a symmetric Banach function space E, recall that we have E C L'(J) +
L*>(J). We have the notion of the Hardy-Littlewood submajorization: for
z,y € I/, we write x << y to mean

t t
Sm*(s) ds < Sy*(s) ds, t>0.
0 0

Similarly, for A, B in a symmetric operator space Z C L*(B, 1) + L= (B, 1),
we say that A is submajorized by B and write A << B if

t t
Vps(A)ds < \po(B)ds, t>0.
0 0

The following definition is standard.
DEFINITION 3.1.

(i) A symmetric function space E C L' (J)+L(J) is said to be strongly
symmetric if x,y € E, x << y implies ||z||g < ||y| .

(ii) A symmetric operator space (Z, ||-||7) is said to be strongly symmetric
if the corresponding symmetric function space (Ez, ||-|| ;) is strongly
symmetric. Equivalently, a symmetric operator space Z C L'(B,7)+
L>(B,7) is strongly symmetric if A, B € Z, A << B implies that
lAlz < 1Bz

Now we see that the Holder inequality holds (with constant 1) in strongly
symmetric operator spaces.

THEOREM 3.2. Let (Z,|| - ||z) be a strongly symmetric operator space in
S(B,T). Then for every 1 < p,q < oo with 1/p+1/q =1, and every A € T'/?,
B e TY4, we have AB € T and

(3.1) IABlz < [[Allzi/» |1 Bllz1/a-

Proof. Let (E, |- ||g) = (Ez, || - |z;)- Making use of Proposition [2.8] and
the functional calculus described above it, we infer u(A)u(B) € E and

(3.2) 11(A)(B) e < lp(A) | /o LB g1/a-
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By Theorem we also have u(AB) € E, and |3, Theorem 4.2| (with
f(z) = ) yields u(AB) << u(A)u(B). As FE is strongly symmetric, we have

[W(AB)| e < |ln(A)u(B)||e-
Now ([3.1)) follows from this and (3.2]). =
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